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Abstract

This dissertation comprises three essays in distinct areas of economic theory, yet all are
related to experimentation and learning.

In the first chapter, I study how organizations assign tasks to identify the best candi-
date to promote among a pool of workers. Task allocation and workers’ motivation interact
through the organization’s promotion decisions. The organization designs the workers’ ca-
reers to both screen and develop talent. When only non-routine tasks are informative about
a worker’s type and non-routine tasks are scarce, the organization’s preferred promotion
system is an index contest. Each worker is assigned a number that depends only on his own
type. The principal delegates the non-routine task to the worker whose current index is the
highest and promotes the first worker whose type exceeds a threshold. Each worker’s thresh-
old is independent of the other workers’ types. Competition is mediated by the allocation of
tasks: who gets the opportunity to prove themselves is a determinant factor in promotions.
Finally, features of the optimal promotion contest rationalize the prevalence of fast-track
promotion, the role of seniority, or when a group of workers is systemically advantaged.

The second chapter is co-authored with Matteo Camboni. We formulate a general op-
timal stopping problem that can accommodate various non-stationary environments, such
as situations where the decision maker’s patience, time pressure, and learning speed can
change gradually and abruptly over time. We show that, under mild regularity conditions,
this problem has a well-defined solution. Furthermore, we characterize the shape of the
stopping region in a large class of monotone environments and obtain comparative statics
on the timing and quality of decisions for many sequential sampling problems a la Wald.
For example, we show that accuracy increases (decreases) over time when, over time, (i) the
learning speed increases (decreases), or (ii) the discount rate decreases (increases) (i.e., the

decision maker values the future more (less) over time), or (iii) the time pressure decreases



(increases). Since our main comparative static results hold locally, we can also capture
non-monotone relations between time and accuracy that consistently arise in perceptual and
cognitive testing.

The final chapter, co-authored with Udayan Vaidya and Boli Xu, concerns robustness
in mechanism design, with a particular emphasis on dynamic problems of learning and
experimentation. We develop a new approach to identify the class of mechanisms that
contains a robust optimum. Notably, our approach avoids the issues associated with explicitly
solving for the worst-case scenario, allowing us to consider new applications of robustness
to dynamic problems. In particular, we use our tools to characterize the robustly optimal
dynamic mechanism in a repeated seller-buyer model and the robustly optimal mechanism
in a principal-agent model in which the agent can search a la Weitzman (1979). In the first
case, the seller offers a sequence of statically optimal random posted prices, while in the

second, a debt contract is optimal.
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Chapter 1

Prove yourself: Dynamic delegation in

promotion contests

1.1 Introduction

Matching tasks to the right workers is crucial to an organization’s success. First, produc-
tive efficiency requires that more talented workers perform more complex, non-routine tasks.
Second, workers’ success in their current tasks is informative: Organizations also allocate
tasks to learn about the workers and improve future matches. Third, a worker’s assignment
determines what he learns on the job. Assigning the right worker to the right task is then
especially important when the organization seeks to identify and develop talented workers.!
Non-routine tasks are opportunities for workers to prove themselves. Workers understand
that their career trajectories in the organization depend on the opportunities to showcase
their talents. Task allocation and workers’ motivation then interact through the organiza-

tion’s promotion decisions. Designing a good promotion system is thus both challenging and

Former Xerox CEO Anne Mulcahy insists in Mulcahy (2010) that it is crucial to identify candidates
for promotion early and give them “developmental responsibilities” to develop strong workers and test their
abilities.
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essential for the organization’s success.?

A sound promotion system must include the task allocation process and the promotion
rule. It must also balance exploitation (delegating non-routine tasks to a worker known
to be good and eventually promoting him) and exploration (giving responsibilities to new
workers). Ignoring exploration, one misses an essential part of the story: who gets the
opportunity to prove themselves is a determining factor in promotions. In this paper, I
ask how the organization optimally designs the promotion system to motivate workers and
tackle the exploration-exploitation trade-off. I also address the following questions: How
does incentive provision affect the allocation of tasks and the promotion decision? Can the
allocation of opportunities exacerbate initial differences to induce significant disparities over
time? What characteristics of a worker increase his chance of being promoted?

I explore these questions in a centralized dynamic contest model. A principal (she) has one
prize to award, the promotion. She decides how to allocate a non-routine task sequentially
to N workers (he/they) and when to give the prize. Each worker has a type represented by
a stochastic process, and the processes are independent. When the principal allocates the
non-routine task to a worker and the worker exerts effort, the principal gets a reward that
depends on the worker’s type. The worker’s type also evolves, and the evolution of types
could reflect the principal learning about the worker’s or the worker acquiring new skills on
the job. The other workers are assigned uninformative routine tasks, and their types remain
frozen. Finally, the principal can only use the promise of future promotion to motivate the

workers. In particular, in the baseline model, I rule out transfers to focus on the interaction

2For example, Rosen (1982) insists on the importance of selecting the right person to lead an organization
as they set its course, and their decisions are “magnifies” many times. Rohman et al. (2018) note that when
employees believe that promotion decisions are efficient, they are more likely to exert effort and follow the
organization’s leaders’ directions and recommendations. The same authors also point out that “stock returns
are nearly three times the market average, voluntary turnover is half that of industry peers, and metrics
for innovation, productivity, and growth consistently outperform competitors” at companies that manage
promotion effectively.
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between the two classical and conflicting® purposes of promotions: to “assign people to the
roles where they can contribute the most to the organization’s performance” and to provide
“Incentives and rewards” (Roberts and Milgrom (1992)).

My model builds on the canonical multi-armed bandit model but departs in one critical
aspect: the arms are workers who exert effort. Hence the arms are strategic. In the classic
bandit model, when the decision maker pulls an arm, she gets a reward drawn stochasti-
cally from some fixed distribution. In some contexts, this assumption fits the behavior of
the problem inputs: In clinical trials, it is natural to think that the patients will comply.
However, in my problem, each arm corresponds to a worker whose incentives differ from the
principal’s. So, the arms are strategic. When the principal allocates the non-routine task,
her reward and the flow of information are controlled by the workers’ choices of effort, and
the workers exert effort only when compensated for it by the promise of future promotion.
To incentivize effort, the principal must eventually promote a worker, stopping exploration.

In this setting, I characterize the principal-optimal promotion contest. Solving the prin-
cipal’s problem is challenging for three reasons. As in bandit models, the first one is the
problem’s dimensionality. The set of feasible promotion contests is large. Second, the prin-
cipal’s promotion decision can depend on all workers’ types and their effort histories. So, it
introduces a degree of dependence among the workers that complicates the problem.* Fi-
nally, the workers are strategic. Not all delegation and promotion rules incentivize effort.
The set of “implementable” promotion contests is complex.

Nevertheless, the optimal contest is simple. I prove that, as in the canonical model,
indezability holds: The optimal promotion contest takes the form of an index contest. Each

worker is assigned a number (his inder) that depends only on his type and the cost of

3As famously illustrated by the Peter’s principle described in Peter et al. (1969).

4The stoppable bandit models studied in the literature were so under the (exogenous) restriction that
the decision to freeze an arm can only depend on the state of this arm. See, for example, Glazebrook (1979)
or Fershtman and Pavan (2022b).
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incentive provision. The principal sequentially delegates the non-routine task to the worker
whose index is the highest. Eventually, she promotes the first worker whose type exceeds a
threshold. Both the worker’s index and promotion threshold are independent of the successes
and failures of the other workers. Finally, I also show that it is optimal to promote one worker
only when the principal can design the prize-sharing rule, i.e., decide to promote multiple
workers. The optimal contest is a winner-take-all contest.

In the index contest, the delegation rule mediates the competition for promotion be-
tween the workers. To understand the determinants of promotions, it is crucial to consider
the factors that affect the allocation and timing of opportunities. This has two significant
consequences: (i) for the contractual arrangements between the principal and the workers
and (ii) for the effect of initial differences on promotion decisions (especially when thinking
about discrimination in promotion practices).

First, no mention of competition needs to appear in the contractual arrangement between
each worker and the principal. One interpretation of the index contest is the following. The
principal successively offers short-term individual trial contracts to one worker at a time.
Each trial contract specifies a target and a (potentially stochastic) deadline. The worker
gets the promotion if he achieves the target before the deadline. Otherwise, the manager
offers a new trial contract to one of the other workers until a worker eventually succeeds. The
trial contracts do not rely on relative performance measures: they are independent of what
the other workers do ® The principal uses contracts that incentivize workers separately:

the promotion thresholds do not condition on indicators of relative performance (on the

5This appears consistent with some evidence that contracts and promotion guidelines rarely mention
relative performance explicitly. For example, both Bretz Jr et al. (1989) and Bretz Jr et al. (1992) find
that less than a third of organization uses rankings explicitly. Even among organizations that use ranking
measures, they generally ”supplement other performance appraisal methods” such as the management by
objectives approach (that relies on absolute performance, see Drucker (1954)). More recently, Campbell
(2008) provides evidence that promotion decisions are made on an absolute measure of performance in
the fast food industry. Finally, anecdotal evidence suggests that organizations that used explicit ranking
appear to be abandoning it, see O’Connor (2021). Unfortunately, more evidence and data on contracts and
promotion guidelines are seldom available.
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other workers’ types). This may be surprising: why would not the principal use relative
performance to compare the candidates and select the best of them? However, it should not
be. Who gets the opportunity already summarizes the relevant ranking information. In the
index contest, other workers’ efforts and successes only affect the likelihood that the worker
will be delegated the non-routine task and, hence, get the chance to prove themselves. It is
irrelevant to the promotion decision once the worker gets the opportunity.

Second, the principal delegates the non-routine task sequentially to the workers in the
index contest. This generates significant path dependence in promotion decisions: a worker
who is not given a chance initially may never get the opportunity to prove himself, hence, will
not be promoted. In particular, early successes have an outsized impact on the probability
of promotion. They increase both the likelihood of being promoted before any of the other
workers gets the opportunity to showcase their talent and the likelihood that the worker
is allocated the non-routine task again later. One should therefore be careful where to
look to identify discrimination in promotion practices. In particular, a firm may always
promote the most qualified candidate and yet discriminates. That is because the principal
may also discriminate through the allocation of opportunities. In the context of my model,
the index delegation rule may treat different groups very differently. For example, minor
differences among workers in learning speed or the cost of effort may lead the principal to
delegate to one first. In reinforcing environments,® this dramatically affects their promotion
chance and expected time to promotion. There, the early assignment of the non-routine task
largely determines the promotion decision. If the principal delegation rule is biased toward
one group, workers from the other group will never get an opportunity to be promoted.
Moreover, at the time of promotion, they will also appear less qualified than the promoted

worker. Their type will be lower than that of the promoted worker, and they will not have

6This includes bad news Poisson learning or realistic representations of on-the-job learning. See Definition
8 in Section 1.4.



CHAPTER 1. DYNAMIC DELEGATION IN PROMOTION CONTESTS 15

worked on non-routine tasks as much. This is an instance of what has been described outside
of economics as systemic discrimination: discrimination based on systemic group differences
in observable characteristics or treatment (see Bohren et al. (2022) for a treatment of systemic
discrimination within economics).

I also obtain further predictions for organizational design from my characterization. A
notable feature of the index contest is that the promotion thresholds decrease over time.
So, a worker’s type, when promoted, decreases with time. A first consequence is that fast
tracks (i.e., that a quickly promoted worker often gets another promotion soon after, see
Baker et al. (1994) and Ariga et al. (1999)) should then not be surprising. When a worker is
promoted quickly, his type upon promotion is higher. Hence, he starts from a better place
when entering a potential new promotion contest at the next level. So, his expected time to
promotion decreases: the worker is expected to be promoted again soon. Second, the type of
a worker at the time of promotion decreases the longer he stays in his current position. So,
faster-promoted workers should perform better upon promotion than more slowly-promoted
workers. Third, in the index contest, seniority is not explicit but still confers an advantage.
It becomes easier to be promoted for a worker as time passes. The index contest backloads
incentives, implicitly putting weight on seniority.”

Finally, I study multiple extensions: I relax some of the assumptions made in the model.
I show that the winner-take-all index context is optimal when the principal can design the
prize. I consider the possibility of transfers, and I study different information structures. In
my setting, if transfers are unrestricted, the manager can incentivize effort at no cost, and
the first best is achieved. However, if wages only depend on the workers’ current types and
the workers are protected by limited liability, the principal cannot freely punish a worker who

decides to shirk. So, intertemporal distortions like the ones absent transfers are reintroduced,

"Seniority has been widely used as an explicit promotion criterion (especially in public administrations),
and, although it has fallen from favor since the 1980s, it is still seen as an important determinant of promo-
tions, see Dobson (1988) or Phelan and Lin (2001).
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and the index contest (with adapted indices and promotion thresholds) is optimal. Secondly,
in the baseline model, information is symmetric. All the players observe the types of all
workers. If only the workers observe their types and can credibly communicate them to the
principal, the indez contest is still implementable (and optimal). In particular, workers do
not need to observe who has been in charge of the project and how successful other workers
were.

Besides promotion decisions, my results apply to various problems in which a principal
owns an asset and wants to allocate it to the best agent among a pool of candidates of
unknown ability. This includes outsourcing and procurement decisions by firms, a venture
capitalist’s investment decision between multiple start-ups, or the CERN research board
deciding which team of researchers can use the colliders and when an experiment should be
abandoned, for example. When the principal earns rewards and learns by delegating the
asset, the optimal mechanism is an index contest.

The rest of the article is organized as follows. The related literature is discussed in
the remainder of the introduction. In Section 1.2, I formally describe the environment. In
Section 1.3, I introduce the index contest and presents its properties. In Section 1.4, I study
the implications of my findings on discrimination. In Section 1.5, I present an outline of
the proof of my main result: the optimality of the index contest. In Section 1.6, I consider
extensions. I conclude in Section 1.7 with a brief discussion of the results and lines of future
research. All proofs not in the main text are in the Appendices A.1, A.2, and supplemental
Appendix A.3.

Literature: This paper studies a dynamic contest for experimentation and characterizes
the optimal promotion contest when the principal can control the learning process. I then
use this model to study a big under-studied topic in personnel economics: how the allocation
of tasks affects promotions and worker careers. So, my paper builds on several streams of

literature.
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First, as mentioned above, I build on the canonical bandit problem solved in Gittins and
Jones (1974). Gittins et al. (2011) offer a textbook treatment. Bergemann and Valimaki
(2006) is a good survey on bandit problems (in economics). Here, the authors solve for the
optimal delegation rule when the arms are passive. Other papers in this literature consider
learning about multiple alternatives before making an (irreversible) decision. Examples
includes Austen-Smith and Martinelli (2018), Fudenberg et al. (2018), Ke and Villas-Boas
(2019), Ke et al. (2016), and Che and Mierendorff (2019). More closely related is the study of
stoppable bandit models in Glazebrook (1979). Glazebrook considers a multi-armed bandit
model in which the decision maker decides which arm to pull every period but can also
choose to freeze an arm and play it forever. He gives conditions under which indexability
is preserved. Again, all these papers are concerned with a decision problem: the arms or
alternatives are passive, and they study the optimal way to allocate attention before making
a decision absent incentive consideration. This is fundamentally different from my model. I
am interested in how organizations allocate tasks when the arms are strategic. To solve this
problem, I identify a new condition under which indexability holds in bandit superprocess
problems. I then use this condition to show that the problem’s separability is preserved.
Despite the strategic nature of the problem, the optimal delegation rule is an index rule.

A few other papers also look at bandit problems with strategic arms. The key distinction
between these papers and mine is that, in my paper, the principal is constrained in her ability
to provide incentives. In particular, there are no transfers (or only limited transfers), and
promotions are scarce. So the agents compete for the prize, which creates a strategic depen-
dence between arms. This strategic dependence is largely absent in the other papers in this
literature. In Bergemann and Valiméki (1996) and Felli and Harris (1996, 2018), a principal
allocates an asset between two strategic agents over time. The values from allocating to each
agent for the principal are initially unknown but can be learned over time. Their models,

like mine, can be understood as bandit models with strategic arms. However, in Bergemann
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and Valimaki (1996); Felli and Harris (1996, 2018), transfers are unrestricted and only affect
the “cost of utilization” of each arm, not the information the players get. This implies that
all (Markov Perfect) equilibria are efficient (or pairwise efficient in Felli and Harris (2018)).
So, the allocation policy is undistorted in any (Markov Perfect) equilibrium.® Since the
classic Gittins index policy maximizes total surplus, the principal always chooses the agent
whose associated Gittins index is the highest. The question is then how surplus is allocated
between players. On the other hand, in my framework, the conflict of interest between the
principal and the workers prevents allocative efficiency. This is also the case in Kakade et al.
(2013), Pavan et al. (2014), Bardhi et al. (2020), or Fershtman and Pavan (2022a), who study
strategic bandit models in which the experimentation outcomes are privately observed; or in
Guo (2016) and McClellan (2017), who study versions of a 12-arm strategic bandit model
when the principal has limited instruments. For example, in Kakade et al. (2013), Pavan
et al. (2014), Bardhi et al. (2020), or Fershtman and Pavan (2022a), to incentivize disclo-
sure, the principal needs to pay rents to the agents. The latter creates dissonance between
the principal’s and the agents’ value for experimentation and, hence, changes the relative
value of pulling one arm rather than another. In these papers, the indices are, therefore,
also distorted. Contrary to my paper, however, there is no strategic dependency between
the arms in the above papers. The presence of transfers allows them to abstract from any
linkage of incentive problems across employees. The allocation maximizes the total virtual
value and therefore follows from the standard Gittins characterization applied to the “virtual
value processes”. In my setting, this linkage of incentives is central as promotions, hence
incentives, are scarce. The principal has to promise an eventual promotion for which the
workers compete. Promise-keeping then distorts the future delegation process. In particular,
the set of implementable delegation rules in the continuation game depends on the history.

The classical approach to indexability therefore fails. Nevertheless, I show that indexability

8 Although, in Felli and Harris (2018), the players’ investment decisions may be distorted.
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still holds. The indices reflect the strategic nature of the problem and the constraints it
places on both learning and exploitation. I then focus on how incentives provision distorts
the delegation and promotion rules.

My paper is related to a last stream of works on multi-agent experimentation. See, for
instance, Bolton and Harris (1999), Keller et al. (2005), Bonatti and Hérner (2011), and
Halac et al. (2017). However, the fundamental trade-offs are different. In these papers, the
agents experiment on a common bandit machine and therefore have incentives to free-ride
on each others’ costly experimentation. Free-riding is absent from my model, as each arm is
a separate agent and the agent’s types are independent. So, there is no positive externality
across workers. The central trade-off in my paper is between retaining the option value of
experimentation and motivating workers. Two other papers on multi-agent experimentation
are related. De Clippel et al. (2021) and Deb et al. (2022) also study how to select the
best agent to execute a task when the agents only care about being selected. They focus on
different trade-offs than I do. Deb et al. (2022) look at the trade-off between retaining option
value via competition and harnessing gains from collaboration, while De Clippel et al. (2021)
are interested in mechanisms guaranteeing that the agents willingly display their private
information, ensuring efficiency. My paper is complementary to theirs. It illustrates how the
principal-optimal allocation rule responds to a different environment and trade-off.

In particular, I show that the optimal allocation rule is an index contest. So, my paper also
contributes to the growing literature on the design of dynamic contests pioneered by Taylor
(1995) and extended by Halac et al. (2017), Benkert and Letina (2020), or Ely et al. (2021).
The critical difference between my paper and the rest of the dynamic contest literature is
that, in my model, the contest is centralized; i.e., the principal controls the assignment
of tasks. Therefore, the set of participants at every point is endogenous and chosen by
the principal. This is crucial for my application. Organizations control the allocation of

tasks. Therefore, the results I derive are qualitatively different from those in the rest of
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the dynamic contest literature, where the set of participants is exogeneous. Moreover, the
optimal contest in my model is a winner-take-all contest and not a prize-sharing contest as in
Halac et al. (2017) or Ely et al. (2021), for example. Comparing my results to these papers
can also help us understand when a more meritocratic (winner-take-all) system or a more
equal (prize-sharing) system helps the principal.

Finally, my paper contributes to the extensive literature on personnel economics that
studies careers in organizations (see Prendergast (1999) for a survey). I consider an envi-
ronment where learning about workers shapes their career trajectories and hence generates
career-concern incentives (Harris and Holmstrom (1982); Holmstrom (1999)). MacDonald
(1982a,b), or Gibbons and Waldman (1999) also emphasize the importance of learning and
task assignments in shaping career dynamics, which Pastorino (2019) empirically documents.
In these papers, tasks are equally informative. So the players’ choices do not affect learn-
ing. Instead, I focus on a setting where tasks vary in the information they generate, as in
Antonovics and Golan (2012), Canidio and Patrick (2019), or Madsen et al. (2022). These
papers, however, focus on the distortionary effects of promotions and career concerns on
risk-taking when the workers control their occupational choices. In contrast, in my paper,
the principal controls the allocation of tasks. So my paper complements their findings. In
particular, I study a trade-off that arises in task allocation problems when the principal is
primarily concerned with alleviating the time inconsistency problem of promotions, as in
Waldman (2003), which is absent in their papers. Since promotions reward past effort and
sort workers, a sound promotion system should do both. Moreover, the optimal way to
incentivize effort may be suboptimal for selection. Indeed, as mentioned above, the optimal
index contest vastly differs from the optimal dynamic contest to incentivize effort in Ely
et al. (2021). I show how the principal-optimal task allocation balances incentives provision
and selection. This trade-off is also absent from other papers that look at how firms assign

tasks and learn, such as Pastorino et al. (2004) or Bar-Isaac and Lévy (2022), in which the
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principal can incentivize each worker’s effort separately. Finally, in all the previous papers
that study learning through task allocation, the employer faces no constraints on learning.
She can assign all workers to non-routine tasks simultaneously. On the contrary, I assume
that non-routine tasks are scarce, reflecting that not all workers can simultaneously lead a
team, for example. So, my paper complements their works by studying how firms design
careers to screen and develop workers when learning opportunities are limited. In particular,
I show that the delegation process is sequential, meritocratic, and creates a significant path
dependence in promotion decisions: The principal first delegates opportunities to the best
workers as measured by their indexr and immediately promotes them in case of success. So,
my paper also relates to the analysis of turnover in a leadership position. This question has
been studied by, among others, Mortensen and Pissarides (1994), Atkeson and Cole (2005),
and Garrett and Pavan (2012). As in these papers, seniority matters for promotion decisions,
and I extend such finding to a multi-agent setting. Here the main difference is my focus on

the dynamic process of experimentation that leads to the promotion decision.

1.2 Model

Let (€2, F,P) be a probability space rich enough to accommodate all the objects defined
below. A principal (she) and N workers (he/they) interact in an infinite-horizon continuous-
time stochastic game. All players discount the future at a common discount rate r > 0.° The
principal has to decide how to delegate one non-routine task and many routine tasks among
the workers to maximize her continuation value. When the non-routine task is delegated to
one of the workers, the principal gets a flow rewards that depends on the current type of the
worker and whether the worker exerts effort. If he does, his type also evolves (stochastically).

To motivate the workers to exert effort when delegated the non-routine task, the principal

9This assumption can be relaxed: the analysis can also accommodate for random discount factors for
example.
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can allocate an indivisible prize that the wokers value; i.e., she can decide to promote one of

them.

1.2.1 Actions

Heuristically, at each time ¢, the principal and the workers play in the “stage game” depicted
in figure 1.1. Within each period [t,t + dt), the principal chooses who to delegate the non-
routine task to. The other workers are allocated routine tasks. When she delegates the
non-routine task to worker i € {1,..., N}, worker ¢ then decides whether to exert effort to
complete the task. If worker i exerts effort, the principal learns about worker 7, gets a reward
7 (x%) that depends on worker 4’s current type z*, and worker i’s type evolves (stochastically).
If he does not, the principal gets no reward and worker ¢’s type stay the same. The principal
then decides whether to (i) continue to experiment before allocating the prize, (ii) promote
one of the workers, or (iii) allocate the prize to an external worker (i.e. take her outside
option W). If she chooses to continue to experiment, the next “period”, [t + dt,t + 2dt) the
players play the same “stage game”. If she chose to allocate the prize, her only decision in
the continuation game is who to delegate the non-routine task to. The workers then decides
whether to exert effort to complete the task. I assume that the principal can commit at time
zero to an history contingent sequence of plays, while the workers cannot.

Formally, at time ¢ = 0, the principal commits to a history-dependent promotion contest
comprising of (i) a promotion time 7 specifying when the promotion is allocated; (ii) a
promotion decision d specifying which of the workers is promoted; and (iii) a delegation rule
a that assigns at every instant the non-routine task to some worker.

The promotion time, 7, is a F-measurable mapping from € to R. The promotion deci-
sion is a (stochastic) process d = (do ={d}}sg, - dN = {diV}QO), which takes value in

{0, 1}V N0 ANHL where ANt is the N + 1-dimensional simplex. If d© = 1, worker i is
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1 decides whether to i’s type eyolvgs: ‘
exert effort ' € {0,1} X}, 4 = X} +e'dX]

Period ¢ * ¢ $ Period ¢t + dt

P delegates to P gets flow payoff P decides whether to:
ie{1,2} elmt (X)) (i) continue the game, or
(i) promote j € {1,,..., N}, or
(iii) take outside option W

Figure 1.1: Heuristic “stage game”

promoted at time 7. d2 = 1 stands for the principal’s decision to take her outside option.
Finally, the delegation rule a = (a1 ={at}isg, -0 = {O‘iv}tzo) is a (stochastic) process
which takes value in the N-dimensional simplex, AY. af is the share of the non-routine task
worker i is responsible for at each instant ¢ > 0. The process ¢ — oy is (at least) Borel
measurable P-a.s..!

Workers cannot commit. Each instant, they decide whether to exert effort when delegated
(a positive share of) the non-routine task. a € {0,1} denotes the effort decision of worker
i at time ¢ > 0. The effort process generated by the decisions of worker i is a’ = {af} -

t — al is required to be Borel measurable P-a.s..!!

1.2.2 Workers’ types

Together, the choices of effort and the delegation rule determine the evolution of the workers’
types. To describe the state dynamics, I follow the multi-parameter approach pioneered by

Mandelbaum in discrete time in Mandelbaum (1986) and in continuous time in Mandelbaum

10The filtration to which «, 7, and d are adapted to is not defined yet. This is deferred to Section 1.2.3,
after the dynamics of the workers’ types and the information structure are introduced.
11 As above, a more precise measurability requirement is postponed until Section 1.2.3.
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(1987).
For all i € {1,...,N}, let F' := {Fj},., be a filtration in F and X’ = {Xj}, be a
Fi-adapted process with values in the interval X* C R. For simplicity, assume that either

X* does not reach the boundary of the set X% or the boundary is absorbing. Define
T'(t) = / atagds, V0 <t < oo. (1.1)
0

T'(t) is the amount of time worker i worked on the non-routine task. At time ¢, the type
of worker ¢ is X7, ) So worker i’s type evolves (stochastically) only when he exerts effort.
When he does not, his type is frozen. Intuitively, one can think of the evolution of the type
as follows: Nature first draw a path X' = {Xﬁ}szo for worker 7. The delegation rule and the
worker’s choices of effort then jointly control “the passage of time”, T%(t), i.e., the speed at
which the worker’s type moves along the path X°.

Define the delegation process T' = (Tl ={T"(t)},5,.. ., TV = {TN(t)}tz()). The state

of the game at time ¢ is

XT(t) - (X%l(t)’ e ’XTJYN(t)> .

{XT(t)} +>0 1s a multi-parameter process adapted to the multi-parameter filtration

N
F o= {]—"t =\/F. t=@,.. tN)e [O,OO)N}
=1

defined on the orthant [0, 00)".

I make the following assumptions on the types’ processes.

Assumption 1 The filtrations F', i € {1,... N}, are mutually independent and they satisfy
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the usual hypothesis of right-continuity and completeness.'?

Assumption 1 implies that the manager does not learn anything about the type of one worker

by observing the type of another.
Assumption 2 The processes (X', F'),i=1,...,N, are Feller.'?

Assumption 2 is made to guarantee that the type process has the strong Markovian property:
the distribution of future realizations only depends on the current value of the process.
The Feller property is however stronger: it also guarantees that the expectation operator
conditional on the value of the type process is continuous. This second property is not

needed, but simplifies the analysis.

Assumption 3 For alli € {1,... N}, if X} = 2 > X} = &, then, for all s >0, X! > X’

P-a.s..

Assumption 3 states that if a worker’s initial type increases, so does his type at any instant
t > 0. Because Feller processes are time-homogeneous, it also implies that, if a worker’s type

is higher at time t along one path than along another, so is his type at any instant s > t.

Assumption 4 For each i € {1,...,N}, if t — X! is not continuous, then either (i)
X! — X} > 0 at all discontinuity points t € R; or (ii) X]_ — X} < 0 at all discontinuity

points t € R.

Assumption 4 is a restriction on the jump of the processes X*.The jumps must be“one-sided”;
i.e., if the process X jumps up, it cannot jump down, and conversely. In particular, if X is

a continuous process, Assumption 4 holds trivially.

Assumption 5 For all i € {1,...,N} and for all x € X', P, <{T(i$7oo) = 0}) = 1, where
T(i ) = inf{t>0: X! € (x,00)}. Moreover, if X' jumps down, for all k,e > 0, there

,00

exists & > 0 such that, for all x € X*, E, [T(m_(;,ﬁ(;)} < e.

12See, e.g., Protter (2005).
13Recall that any Feller process admits a cadlag modification. So I always assume that X? is cadlag.
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Assumption 5 states that any worker can always become more productive. It simplifies the
arguments and guarantees the existence of a solution to the principal’s problem. The second
part of Assumption 5 strengthens the first part for the case in which X* jumps down. In
particular, it guarantees that the expected time X stays in any small interval is small. I
relax this assumption in Section 1.6.1.

In Appendix A.1.1, I show that my framework accommodates all jump-diffusion pro-
cesses that satisfy mild regularity and monotonicity conditions. In particular, it includes the
commonly studied cases in which workers can be either good or bad and the principal learns
whether the worker is good or bad according to a Brownian signal or a bad news Poisson

signal. In these examples, worker i’s type at time ¢, X7, ( is the belief that worker ¢ is good

£)
after he has worked for T"(¢) unit of time on the project.

1.2.3 Information and Strategies

Information: The principal and the workers perfectly observe the delegation rule chosen by
the principal, and the effort decisions and types of all the workers. Information is symmetric,
but incomplete.'*

Workers’ strategies: It is well-known that perfect monitoring in continuous-time games

can come with complications.!> To avoid the issue, I take a reduced form approach.

Definition 1 A dynamic delegation process is a process
T={T@t) = (T'(),....,TV(t)), t > 0}

taking values in [0,00)" such that, for alli € {1,... N},

1 Alternative information structures are discussed in Section 1.6.

15Continuous time is not well-ordered, and, therefore, seemingly well-defined promotion contests and
effort strategies can fail to uniquely determine the outcome of the game. For a more detailed discussion, see
Simon and Stinchcombe (1989), Bergin and MacLeod (1993), or Park and Xiong (2020) for deterministic
games, and Durandard (2022b) for stochastic games.
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1 {T) <ty =L {Tit) <t} € Fr for allt = (t',...,tN) € [0,00)N, t >0,
2. T'(-) is nondecreasing, right-continuous, with T"(0) = 0,
3. SN (Tit) = TH(u)) <t —wu, Vt>u>0.

Denote by D the set of all dynamic delegation processes.'t

Condition 1. in Definition 1 ensures that delegation processes are adapted to the multi-
parameter filtration F. So they are non-anticipative: they do not depend on future events.

Given a dynamic delegation process T' € D, define the one parameter filtration G7 =
{gtT}t>O as follows. Let v: Q — [0,00)". v is a stopping point of F if {v <t} € F; for all

t € [0,00)". For any stopping point v, define the sigma-field
Flv)y={AeF : An{v <t} e F, Vi€ [0,00)"}.

Then, for all 0 < ¢ < oo, let GI' = F(T(t)).
In the remaining of the paper, with a small abuse of notation, I will redefine promotion

contests as:

Definition 2 A promotion contest (T, 7,d) consists of a dynamic delegation process T, a

G -stopping time 7, and a GT -optional promotion decision rule d, such that P-a.s.
T'(t) = / alalds,
0

forall0<t<T7andallt=1,... N.

Denote by P the set of all promotion contests.

16Tn the theory of multi-parameter processes, T'(t) is a stopping point in [0, 00)" and a delegation rule T
is called an optional increasing path (Walsh 1981, Walsh (1981)). It can be thought of as a multi-parameter
time change.
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Finally, a strategy profile is admissible if it uniquely defines a promotion contest after all
histories P-a.s.. I will require that the space of strategies is such that (i) any strategy profile
in which all workers change their effort decision at most once and the principal can adjust
the contest upon observing such changes is included, and (ii) if a strategy profile belongs to
the strategy space, then any h;-“truncated” strategy profile does too. The h;-“truncated”
strategy profile is the strategy profile that coincides with the original profile for any history
that does not contain h; and such that all players play a Markov continuation strategy after
history h;. Both conditions (i) and (ii) are richness conditions on the strategy space. They
are satisfied for example by the space of semi-Markov strategies or the strategy space defined
in Durandard (2022b).

In particular, condition (i) guarantees that any promotion contest can be obtained as
the outcome of an admissible strategy profile. By definition of admissibility, the set of
continuation values at any instant ¢ > 0 that can be generated in the game coincides with

the set of values generated by the set of promotion contests.

1.2.4 Payoffs and objective

At time ¢ > 0, when worker 7 is delegated a share a! of the project and exerts effort a,
the principal gets a flow reward alain’ (X} ( t)). Worker 7 incurs a flow cost alaic! (X} ( t)),
proportional to the fraction of the task he is responsible for. Upon promotion (at time 7),
worker 7 gets a payoff, ¢ > 0, and is now compensated for working on the non-routine
task: he gets a flow payoff alaic! (Xr} (t)>. When the principal takes the outside option, i.e.,
allocate the promotion to an external worker, she gets W > 0.

I make the following assumption on the principal’s flow rewards and the workers’ flow

costs.

Assumption 6 (i) 7' : X' — R is upper semicontinuous, nondecreasing, nonnegative, and
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such that
E {/ e Mt (XD)dt | X{ = x| < o0
0

forallx € X. (ii) ¢ : X' — R is lower semicontinuous, nonincreasing, and nonnegative.

So, given a promotion contest (7, 7,d), the principal’s expected payoff is

M (T, r,d; W) =E

i /OT e_rtﬁi(X}i(t))dTi(t) +e T (XT(T), dT)] ,
i=1
The workers’ expected payoffs are
U (T,7,d) =E [e—”gdi - / T e = di L e (X{}i(t)> dTi(t)] .
0
Define also the workers’ continuations payoff at time ¢ > 0 as
Ui (T,7.d) = E [e—ﬂf-ﬂgidﬂm - / TN = di o) (X)) | gﬂ .

Definition 3 A promotion contest (T, 7,d) is implementable if there exists a promotion
contest (a, ,d) such that (i) there exists a (weak) Perfect Bayesian Nash equilibrium with
effort processes a in the game defined by (o, T,d) played by the workers, and (ii) such that,
forallie {1,...,N},

t
T(t) = / aiaids, 0<t<7, P-as.
0

Denote by P! be the set of all implementable promotion contests.

The principal designs the promotion contest to maximize her total expected payoff among
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all implementable promotion contests:

N
3 / e (X )T (8) + €777 (X)) | (Obj)
1 0

1=

.= sup E
(T,r,d)eP!

Finally, I make the following assumption.

Assumption 7 For all i € {1,...,N}, there exists (T,7,d) € P!, with T'(t) = t for all

t > 0, such that

E{ / et (Xi) dt + e ((1_d9> / =71 (x7) dt+d2w)]
0 T

[ e (x) dt]

0

Assumption 7 guarantees that the principal’s problem when worker i is the only candidate

> E

is not trivial, i.e., she can do better than promote worker ¢ immediately. It is not needed,

but it simplifies some of the arguments by restricting the number of cases to consider.

1.2.5 Discussion of the model

Before moving to the analysis, I comment on several features of the model.

A constrained multi-armed bandit model: As mentioned in the introduction, the
model is a bandit problem with strategic arms. At each instant, the principal chooses which
arm to pull (which worker to delegate) or takes her outside option. As in bandit models, the
workers’ types only evolve when they work on the project. For example, the principal learns
about a worker’s fixed but unknown potential. Implicit here is that the principal allocates
her attention only to the worker delegated the non-routine task or that performing other
jobs is not informative for the promotion. So learning is conditional on delegation. Another
example corresponds to the acquisition of new skills and on-the-job learning: the workers’

skills improve when responsible for the non-routine task.
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Moreover, I assume that the workers’ types are independent. The performance of one of
the workers when delegated the task is uninformative about the potential of another worker.
In particular, the workers do not learn from one another. I also focus on environments in
which the workers do not need to cooperate: in my model, there is no payoff externality.
The workers’ efforts are substitutes, and the reward the principal obtains only depends on
who is in charge of the non-routine task (and not on the types of other workers).

These assumptions are crucial. As in classic bandit models, very little can be said when
the workers’ types are correlated or when a worker’s type evolves when the principal does
not delegate the project to him.!”

Multi-parameter formulation: To describe the types’ dynamics, I adopt the multi-
parameter approach pioneered by Mandelbaum in Mandelbaum (1986) for the multi-armed
bandit model. This is critical to guarantee that the types’ processes can be defined on a fixed
(exogenous) probability space. It also simplifies the analysis. It also allows capturing many
dynamic contracting environments with one unified approach. The alternative method would
be to assume that the type of each worker is defined as the solution of a stochastic differential
equation with drift, diffusion, and jump coefficients equal to zero when the workers do not
exert effort. However, such stochastic differential equations would be unlikely to admit strong
solutions.'® By taking the multi-parameter approach, I do not need to work with multiple
(endogenous) probability measures.

Only value of promotions is strategic: Another assumption of the model is the
absence of direct value in promoting someone for the principal. The flow payoff from the

non-routine task is the same whether the worker completing it has been promoted. One can

170One could relax the last assumption (the absence of payoff externalities), following the analysis in Nash
(1980) or Eliaz et al. (2021). They prove that indexability (with Nash indices) holds in multi-armed bandit
problems in which the reward from pulling an arm also depends on the states of the other arms. Nash (1980)
consider the case when arms are complements, while Eliaz et al. (2021) consider both the cases when arms
are substitutes and complements.

18See Karatzas (1984), and the discussion in Mandelbaum (1987).
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think that a given non-routine task is associated with an opening position in the organization,
for example, bringing a new product to the market. The principal allocates this same task
whether or not she has already promoted a worker. So, the promotion has no direct payoff
effect. It has, however, a strategic role. Workers value promotion. Hence, the principal uses
the promises of a future promotion to motivate the workers. In particular, upon promotion,
the workers get an exogenous prize and are compensated for their effort when working on the
non-routine task.'® This is for simplicity. It reflects the idea that the organization designs
the position so that the promoted worker willingly exerts effort and obtains a strictly positive
rent. It guarantees that the model remains tractable and allows me to focus on the interaction

between the allocation of tasks and the promotion decision.

1.3 Main Result

Lemma 1 below characterizes the set of implementable promotion contests P. In partic-
ular, it shows that it is nonempty and, hence, that the value of the principal is finite (by

Assumption 6 (i)).

Lemma 1 A promotion contest is implementable if and only if the continuation value of
each worker is nonnegative after any possible history: For alli € {1,...,N} and all t > 0,

Ui > 0.

Its proof is in Appendix A.1.2. It follows from Lemma 1 that, in any implementable pro-
motion contest, the non-routine task is allocated to the promoted worker forever once the
promotion decision is made. The principal already spent her incentive capital. The best

thing she can do is then to delegate the task to the promoted worker. So, with a small abuse

19Tn Section 1.6.2, I relax this assumption and allow the principal to design the prize.
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of notation, redefine the continuation value the principal obtains upon promotion as

N 00
T (XT(T), d) = d?_W + Z d:—/ e "t (X%i(,r)_i_t) dt.
i=1 T

The principal’s problem (Obj) is then equivalent to:

N T
Z/ €7Tt7ri(X§wi(t))dTi(t) +e 7 (XT(T)7 d.r)] ,
0

i=1

" .= sup E
(T,7,d)eP

subject to the dynamic participation constraints: for all ¢ and all possible histories h; with

t<T,
B |:e—r(7'—t)gidi _/ o (50) i (X,f'm.(s)> dT"(s) | ht} > 0.
0

1.3.1 Benchmark

A natural benchmark is when the principal does not need to incentivize the workers to exert
effort (which corresponds to ¢*(-) = 0 for all 7). The problem then reduces to the standard

multi-armed bandit problem (with passive arms):

N T
sup E Z/ e "t <X%i(t)) dT'(t) +e "W | . (Bm)
(T,7)eDXT i=1 Y0

Hence, when ¢‘(-) = 0, all promotion contests give a nonnegative continuation payoff to the
worker ¢ after any possible history. Since the flow rewards the principal obtains when worker
1 performs the non-routine task are the same before and after promotion, promoting worker
i has no direct value. It also has no strategic value when c¢'(-) = 0. However, it has a cost:
it restricts the principal’s future options. So the principal always wants to postpone the

promotion. When the workers do not need to be incentivized, any rationale for promotion
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disappears, and it is never optimal to promote a worker.
The solution of this problem is well-known. It is the index rule associated with the the

(classic) Gittins’ index. Both index rules and the Gittins’ indices are defined now.

Definition 4 A delegation process T is called an index rule if, for alli € {1,... N}, there

exists a F'-adapted processes I == {Fi}tzo such that T'(t) is flat off the set

N
{t Z 0: Eg"l(t) = \/E;v](t)} P-a.s.,
j=1

where I, = inf T%.
0<s<t

The process I is worker i’s index.

In continuous time, the existence of index rules is not obvious. It is proved (by construction)
in Mandelbaum (1987), El Karoui and Karatzas (1994), or El Karoui and Karatzas (1997).
For completeness, in Appendix A.2.1, I reproduce the construction in El Karoui and Karatzas
(1997) to obtain an index delegation rule associated with (arbitrary) indices (Fl, . ),

as | will need properties specific to this construction.

Definition 5 The (classic) Gittins’ index T9" = {th,i} associated with worker (arm) i

t>0

is defined by, for allt >0,

pi o B (Xds | ]
t T E[LTe—TSdSIH} )

with the convention that 8 = —00

Ff’i is the maximal constant price the principal is willing to pay to include worker 7 in
the pool of candidates up to time ¢ + 7*; where 7* is the optimal stopping time in (GI).
'l captures both the payoff from exploiting arm ¢ up to time ¢ + 7* and the value of the

information the principal obtains.
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Proposition 1 The index rule associated with the Gittin’s indices is optimal in the multi-

armed bandit problem (with passive arms).

Proposition 1 restates the well-known optimality of the Gittins’ index rule for the multi-
armed bandit problem. It is obtained as a special case of the main Theorem 1 below. Its
proof is in Appendix A.1.4.

Proposition 1 formally establishes that giving the prize to any of the candidates is never
optimal when they do not need to be incentivized. Hence, it confirms that the value of the
promotion is purely strategic in my model. When the workers do not need to be incentivized,
the principal never promotes them. However, she still takes her outside option (i.e., hire
externally) when she becomes too pessimistic any of the workers is good.

As a result, the principal only has to balance exploration and exploitation: delegating
to a new worker to learn about him or to a worker known to be good to enjoy the higher
reward obtained from the non-routine task. The Gittins’ index rule addresses this trade-off.
To see this, suppose that every time the principal delegates to worker ¢, she has to pay
EiTi(t) = Oigr;f% tFiTi(s)' By definition, it is the maximal flow price the principal would pay to
delegate to worker ¢ from time ¢ to t 4+ 7*. So the principal is indifferent between allocating
the task to worker ¢ and stopping the game: her value from delegating to worker ¢ is zero.
Following the Gittins index rule guarantees that her continuation value at all times is zero. If
she, however, were to choose a different strategy, her value would be negative. So, given such
prices, the index rule is optimal: it maximizes the profit collected by the bandit machine as
it moves up the use of the more costly arms and postpones the use of the less costly ones.
Since the prices are set to be the greatest possible to ensure the principal participation,
they maximize the profit of the bandit machine among all possible prices. The index rule,

therefore, maximizes total surplus and hence is optimal. This intuition was developed by

Weber in his proof of indexability in Weber (1992).
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However, because the Gittins’ rule never promotes any of the workers, it is not imple-
mentable: the continuation value of each worker when delegated the non-routine task is
strictly negative. Hence the need to incentivize the workers to exert effort constrains the
principal ability to learn. So the Gittins’ “prices” are too high in the index contest: the
principal would not delegate to the workers at these prices. In the next Section, I solve the

multi-armed bandit problem with strategic arms.

1.3.2 The index contest

The strategic index rule will play a crucial role. To define it formally, I need to intro-
duce the promotion thresholds, Pi(-)’s, and promotion times, 7%%’s, first. Define 7'(1'z 5 =

inf {t >0:,X] & (z,z)}. Foralli € {1,... N}, forallz <z <7 € X’ let

Ul(z,z,7) =E

—rri g T&’i‘) —rt 1 % %
0

U'(z,z,7) is ©’s continuation value when his current type is  and he exerts effort until his
type exceeds ¥ and he is promoted or his type falls below z and he “quits” and gets payoff
0. Define then i’s promotion threshold as:

P'(x) :— sup {j: >z im U (z,2,7) > 0}.

T—T

Pi(z) is the largest promotion threshold for which worker i is willing to stay in the game as
long as his type does not fall below . Moreover P(-) is increasing.
Define also the stopping time 7%/ := inf {¢ > 0 : X; > P’ (X})}, where X} := Oi<nf<thi

is the running minimum of X*¢. Theorem 2 in Section 1.5.2 shows that 757 is the optimal
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promotion time when worker 7 is the only worker. Next define the Fi-adapted process h' as

B = () Ly 47 (X0) Loy, £20.

TS

where
7 (z) =K {/000 e 'nt (X)) dt | X ==z|.
The strategic index of worker ¢ is defined by
I =inf {W>0: V(W) < W},
where

Vit; W) :=supE [/ e TR A 4 T TOW |
0

T>t

Worker i’s index is the “equitable surrender value”, i.e., the smallest "W such that the
principal prefers to take the outside option immediately rather than to delegate to worker
i for some time before making a decision (when worker i is the only worker). Moreover,
observe that, by assumption 2, the strategic index is a function of X! and X' only: I’f’i =
I (X, X5).

As in the classical bandit problem, it can be shown to be equal to

E UtT e "hiids | .7-";}

,,,,Fs?i = su = - 1.2
¢t TR [[[ersds | Fi] (1.2)
with the convention that (9) = —oo. The strategic index coincides with the classical Gittins

index for the modified payoff stream {h’},>o. In particular, Ff’i is the maximum price the
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principal is willing to pay for the possibility of including the worker in the pool of candidates.
Moreover, the second expression also makes it clear that the worker’s strategic index is similar
to the classic Gittins’ index (GI). The difference resides in what information is optimally
acquired.

Here, the workers control both the rewards and the flow of information. Moreover, their
incentives differ from the principal’s. Worker i’s strategic index then takes into account the
incentive provision problem. Since worker i only exerts effort if it increases his chance of
promotion, the principal has to motivate him to work by promising he will eventually get
the prize. However, upon promotion, collecting information has no value for the principal,
as she cannot incentivize other workers to work anymore. That’s captured in the definition
of the process h*': after the promotion time, the flow reward is E [7'(X}) | F!]. It is as if
no new information is obtained. Contrary to Gittins’ index, the strategic index ignores the
information generated after the promotion decision when assessing the value of delegating
to a worker. Interestingly, when the cost of providing incentives goes to zero (when ¢! — 0),
the strategic index process converges to the Gittins’ index from below pointwise P-a.s..

The index delegation rule associated with the strategic index processes (Fs’l, N )

is called the strategic index rule.

Definition 6 The index contest (i) follows the strategic index rule, (ii) promotes the
first worker i whose type reaches his promotion threshold P'(X!), and (iii) takes the out-

side option at time 7° = inf {t >0 : \/Z]\i1 EiTs,i(t) < W} if no worker was promoted before.

Figure 1.2 illustrates the index contest with two workers. Each can be good or bad. Their
types are the posterior beliefs that they are good, and the principal learns about them
according to the Poisson arrival of bad news. Initially, worker 1 is better, so the principal
first delegates to worker 1. However, too much bad news arrives. Therefore, she switches to

worker 2. Worker 2 performs well and eventually gets the promotion.
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Delegation and Promotion Rules
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Figure 1.2: Index contest
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Proposition 2 The index contest can be implemented in a (weak) Perfect Bayesian equi-
librium without commatment. The workers’ strategies only depends on their own type X "i(t),

the current running minimum of their type XiTi(t), and whether the principal promoted a

worker. The principal’s payoff is

E

~ N
/ re "t \/ E;;i(t)dt] ) (ITM)
0

=1

The proof of Proposition 2 is in Appendix A.1.3.

1.3.3 Optimality

The main result is the optimality of the index contest: despite the agency frictions, index-
ability is preserved. When deciding who to delegate the non-routine task to and who to
promote, the principal considers each worker separately. She delegates to and eventually

promotes the best worker, as measured by the value of his associated strategic index.

Theorem 1 The index contest mazrimizes the principal’s payoff among all implementable

promotion contests.

Theorem 1 is proved in Section 1.5. Its proof requires to address two main challenges.

First, implementable promotion contests have to balance the incentives of all workers.
So, there is no reason a priori that it treats them separately. For example, if the principal
promotes worker 1 when his type exceeds that of worker 2 by %, it creates a strategic
dependence between the arms. The optimal delegation rule may not be an index rule, and
the index of both workers 1 and 2 does not remain frozen when the other worker is in charge
of the non-routine task.

To overcome this problem, I show that the principal can treat the workers separately

(when it comes to incentive provision), i.e., she chooses N different promotion rules, each



CHAPTER 1. DYNAMIC DELEGATION IN PROMOTION CONTESTS 41

incentivizing one worker to exert effort. To do so, I study a relaxed problem in which
participation constraints only hold in expectations (conditional on the workers’ type). The
relaxed problem coincides with the setting where each worker can only see the evolution of
his own type. It pulls together many information sets. In that relaxed problem, workers
have to be informed when promoted to maximize the length of the experimentation phase.
Otherwise, their continuation payoff would be strictly less than the value they associate
with the promotion. Therefore the principal could delegate the project a little longer before
making her decision (which benefits the principal). So, the promotion time associated with
each worker has to be measurable with respect to their own type. As a result, it is without
loss of optimality for the principal to choose a delegation rule and N individual promotion
contracts (i.e., N individual promotion time and promotion decision that depend only on
the type of the worker).

The solution, however, needs not be a solution to the original problem, as the delegation
rule and individual promotion contracts may not be jointly implementable. Hence the prin-
cipal may be unable to keep the independent promises she made to distinct workers. I will
come back to this after describing the relaxed problem more carefully.

Second, even if each worker’s promotion time and decision depend only on his own type
process, the problem is still not a standard bandit problem. To use the techniques developed
in the bandit literature, I rewrite the flow payoff the principal gets upon promotion as the
expected payoff from delegating to the worker, conditional on the information available at the
time of promotion. Each arm is then a superprocess: each arm comprises multiple possible
reward processes, one for each individual promotion contract. So, the principal chooses both
which arm to pull and which contract to offer. In particular, when the principal pulls an
arm, the flow payoff and the information depends on the “promotion contract”.

There is no guarantee that indexability holds for superprocesses. However, in the Marko-

vian setting, there exists a condition for which it does, sometimes known as the Whittle
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condition or condition W (Whittle (1980), Glazebrook (1982)). It says that the optimal
action chosen in each state in the single-armed retirement problem is independent of the
outside option W. If for some value of the outside option, it is optimal to choose an action
rule, then it is also optimal to choose the same action rule for any other value of the outside
option (as long as the arm is not retired). If the Whittle condition holds, the bandit problem
with superprocesses is indexable.

In my setting, I show that a version of condition W for general (non-Markovian) super-
processes holds in the single-worker promotion problem. At time 0, the optimal promotion
contract in the single-worker problem is independent of the outside option (before the princi-
pal takes her outside option). That is, provided that the principal has not taken her outside
option yet, if the worker is promoted after some history, he is also promoted after this same
history when the value of the outside option is smaller. I then show that this condition is
sufficient for indexability to hold.

The index contest is the solution to this problem. To build some intuition for this result,
consider the case of two workers. Suppose that the strategic index of worker 1 is initially
higher than that of worker 2. Suppose also that the value of the principal’s outside option
equals worker 2’s index. If worker 2 were the only worker, the principal would take the outside
option immediately. The principal’s problem then reduces to the problem in which she can
only delegate to worker 1, promote worker 1, or take the outside option. The index contest
guarantees that the principal offers the optimal single agent promotion mechanism to worker
1 (as Theorem 2 in Section 1.5.2 below shows). Eventually, either worker 1 is promoted, and
the game ends, or his strategic index falls below the strategic index of worker 2, hence, below
the value of the outside option. In that case, the principal should take her outside option.
Instead, imagine that, when it happens, the value of the outside option also falls to the level
of worker 1’s strategic index. In the new continuation problem, the principal never delegates

to worker 1. However, she is willing to delegate to worker 2. In particular, she offers the
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single-player optimum promotion contract to worker 2. The index contest repeatedly plays
the single-player optimal promotion mechanism for the best current worker (as measured by
the strategic indices) until one worker is promoted or the principal takes her outside option.
Promotion happens the first time a worker’s type reaches P'(X!). The principal takes the
outside option when there is no benefit from experimentation anymore, i.e., when I'** < W
for all 7. So, at any point in time, when one worker is delegated the project, his promotion
threshold is equal to the optimal threshold in the single-agent problem.

As mentioned above, the index contest needs not be implementable. Fortunately, it is,
as Proposition 2 shows. Intuitively, when only one worker is allocated the task, the only
promise-keeping constraint that matters is the one for the worker currently assigned the task.
All other constraints are redundant and can be ignored.

The above intuition suggests the following interpretation of the index contest. The princi-
pal approaches the workers successively. The indices’ ranking determines the order in which
the workers are approached. When the principal selects one worker, she offers him an in-
dividual trial contract. It consists of a target: the promotion threshold, and a (potentially
stochastic) deadline. If the worker achieves the target before the deadline, the principal
promotes him. He is then in charge of the non-routine task forever. Otherwise, the principal
approaches another worker until one succeeds, or the principal becomes too pessimistic and
takes her outside option. Interestingly, if the principal could reoptimize at the end of each
short-term contract (when she starts delegating to a new worker in the index contest), she
would choose the same continuation promotion contest. Every time a new worker gets an
opportunity to prove himself, the continuation mechanism is optimal for the principal.

The above interpretation of the index contest is reminiscent of promotion practices de-
scribed in the strategic management literature. For example, Stumpf and London (1981)

propose to evaluate the workers sequentially until the principal identifies a satisfactory one.
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More generally, the index contest is also related to absolute merit-based promotion systems,?

in which the first worker who meets a minimum performance target gets the promotion. My
results suggest that one should expect organizations to use absolute merit-based promo-
tion systems when it is important to fill the position with the right worker. On the other
hand, when motivating effort is more important, other promotion systems, such as the clas-
sic winner-take-all promotion contest of Lazear and Rosen (1981) or the cyclical egalitarian
contest proposed by Ely et al. (2021) may be better, and, hence, more common. Intuitively,
these promotion systems are very good at incentivizing effort but less so at ensuring that
the promoted worker’s potential is high. The index contest guarantees that the non-routine
task runs smoothly after the promotion decision is made. It balances incentives provision

and selection.

1.3.4 Features of the index contest

No commitment: Often, one may want to assume little commitment within an organiza-
tion: most of the day-to-day activities are not governed by formal contracts, it is unlikely
that the performance of a worker is verifiable. .. In my setting, the principal does not need
any commitment power, as Proposition 2 shows. The index contest is implementable even if
the principal cannot commit to the delegation rule, delegation time, or promotion decision.
Maybe even more interestingly, it does not require sophisticated coordinated punishments.
It is implementable in a (weak) Perfect Bayesian equilibrium by “grim trigger” strategies.
Moreover, each worker’s strategy only depends on his current type, the running minimum of
his type process, and whether the principal has promoted a worker yet.

Fast track: In the index contest, the promotion thresholds are decreasing over time
(as increasing functions of the running minimums of the workers’ types). So a worker’s

potential upon promotion decreases with time:

20See Phelan and Lin (2001).



CHAPTER 1. DYNAMIC DELEGATION IN PROMOTION CONTESTS 45

Proposition 3 (Speed and accuracy) If () = n(:) for alli € {1,..., N} and the pro-
cesses X'’s have the same law, then the promoted worker’s type and the principal’s continu-

ation value upon promotion are nonincreasing over time P-a.s..

Proposition 3 follows from the fact that the promotion threshold is P-a.s. nonincreasing over
time. The proof is omitted.

Pushing the interpretation beyond the model, the above proposition suggests that fast
tracks?! should not be surprising. When a worker is promoted quickly, his type upon pro-
motion is high. So, when entering a potential new contest for further promotion at the
next level of the organization, he starts from a better position. In turn, it implies that his
expected time to promotion is shorter and that the worker’s chances to be promoted again
soon are high.

Seniority: Finally, the decrease over time of the promotion thresholds also has an
interesting implication for seniority. As time passes, it becomes easier for each worker to be

promoted (conditional on his type). Proposition 4 formalizes this statements.

Proposition 4 In the index contest, worker i’s promotion probability, E [di | gth} and con-
tinuation value, U}, are non nondecreasing over time conditional on Xripy = x. His expected

time to a promotion is nonincreasing in t, conditional on X’,-(t) =zx.

Proposition 4 also follows immediately from the promotion threshold being nonincreasing
over time P-a.s.. The proof is omitted.

Convex compensation structure: Learning is essential when the cost of promoting the
wrong worker is high. Hence, the principal always benefits from a larger prize, as illustrated

by the following proposition.

Proposition 5 (Value of the project) The principal’s value increases with the value of

the promotion g = (gl, . ,gN).

21L.e., that a quickly promoted worker often gets another promotion soon after. See Baker et al. (1994)
and Ariga et al. (1999).
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Proposition 2 is immediate: Let g > g. Then any promotion contest feasible for the value
vector g is also feasible for g.

But, she should benefit from a larger prize especially when learning is paramount. That’s
because it makes incentivizing experimentation easier and helps the principal make a better
decision. Proposition 6 confirms this point and shows that the principal acquires more

information about the promoted worker as ¢* increases.
Proposition 6 As g' increases, the principal learns more about worker i.

Proof of Proposition 6. Let g > g_]". Observe first that the index of worker ¢ is greater
when the prize is §; therefore, the principal acquires information about worker i sooner.
Moreover, in the index contest with reward g* € {g’, g'}, worker i is promoted after being
responsible for the non-routine task for the time 7'(¢') = inf {t >0: X} > pl(ii,g’)}
Note that P(-,g") > P'(-,¢'"), and therefore 7 (3') > 7" (¢). Putting these two observations
together concludes the proof. m

Intuitively, when workers value the promotion more (i.e., the prize is bigger), they are
willing to exert effort for an extended time. So the principal can acquire more information
and make a better promotion decision.

This can help understand why many organizations have a convex compensation structure
(i.e., the bonuses paid upon promotion and the wage spread between positions increase when
moving up in the hierarchy).?? At the top of the organization, the cost of promoting the
wrong worker is potentially high. Extending the exploration phase is, therefore, valuable. A
convex compensation structure achieves this.

However, how to measure the value of information here is not obvious. I propose to use

the following definition:

22Gee DeVaro (2006) for example.
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Definition 7 The value of information in the promotion problem with 7 (-) is higher than

the value of information in the promotion problem with  (-) if, for all t > 0,

oTy(7) _ oTy(r)
orst  —  Orsi

P — a.s., where F?’i(ﬂ') is the strategic index of worker i when the flow payoff the principal

gets when worker © with type x° leads the project is 7 (x?).

Intuitively, the above definition says that the benefit from waiting for one more instant before
promoting worker i is larger for ¢ than for 7, i.e., there is more to gain from acquiring
information as the cost of mistakes increases. It captures the extent to which marginal

information is actionable: whether it helps the principal to make a better decision.

Proposition 7 Let g > g and the value of information associated with 7t be higher than the

value of information associated with ©t, for alli € {1,...,N}. Then

Proof of Proposition 7. To prove (1.3), it is enough to show that, for all i € {1,..., N},

o1 (g, )
g’

is increasing in 7 for the order of Defintion 7.

since IIM is nondecreasing and locally Lipschitz (by Assumption 5 and the definition of 751
as 7'(+) is locally bounded) in ¢’, hence, differentiable almost everywhere.
Consider i € {1,...,N}. By the envelope theorem for dynamic optimization (e.g. The-

orem 1 in LaFrance and Barney (1991) and the discussion above),

— T =F e Tt AT () | .
dg' 0 dg" Q
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This follows immediately from my definition of an increase in the value of information, since

81“;21() 378181“‘;21
dg' dg Orst

87

¢ is independent of 7!, and L>0 by Proposition 6. =
Traditionally, contest theory has suggested that the convexity of the compensation struc-
ture in organizations results from the higher return of effort at higher positions in the hierar-

chy. My results offer a complimentary story: when the returns of selecting the right worker

are high, larger bonuses let the principal experiment longer and promote a better worker.

1.4 Strategic amplification

One of the initial questions I asked was whether the allocation of opportunities could exac-
erbate initial differences to produce significant disparities over time. Because in the index
contest, the principal delegates the project sequentially and promotes the first worker whose
type reaches his promotion threshold, being delegated first is an advantage. This is especially
true if, at every step of the index contest, i.e., during every trial contract, the probability
that the worker leading the project reaches his target and hence gets the promotion is large.

In this section, I define a class of environments that I call reinforcing environments,
in which initial differences compound. In these environments, being delegated the project
leads to a significant chance of promotion. This has two main implications: First, the
timing of the first opportunity matters. A worker in charge of the non-routine task earlier
is much more likely to be promoted. So, what determines the assignment of non-routine
tasks early on is crucial to understanding who has a chance to be promoted. Secondly,
initial differences lead to substantial differences during the exploration phase. To identify

discrimination, conditioning on the potential of the workers upon promotion or their history
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of responsibilities in the organization may be a bad idea. Both depend on the endogenous
delegation path. If discrimination occurs in the allocation of opportunities, it will remain
undetected.

The following example illustrates the logic. Two symmetric workers compete for the
promotion. Their types’ processes X* keep track of their instantaneous (nonnegative) pro-
ductivity. When they work on the project, their productivity drifts up at a constant speed
p. This could reflect on-the-job learning. However, they can reach a dead end. Dead ends
arrive according to a Poisson process with parameter A\. When a dead end comes, the worker
needs to devise a new strategy and restart from scratch: his type jumps to zero. So, the type
of each worker evolves according to the differential equation dX; = udt if he does not reach
a dead end and jumps down to zero if he does. The principal gets a flow payoff of X} when
he delegates the project to worker i € {1,2}. I assume that the workers’ costs of effort are
constant and equal to ¢ > 0 and that both associated value g > 0 to the promotion. Finally,
I assume the principal’s outside option is small and, therefore, never taken.

Let ¢ be the unique solution of

t
)\c/ e TV = ¢
0

The workers’ promotion thresholds are given by P'(X!) = X!+ uf. The workers’ indices can
be taken to be the worker’s types.?3

In the index contest, the first worker is promoted before the second worker even has
a chance to lead the project with probability (1 — e *). Moreover, if the principal (lexi-
cographically) prefers worker 1, i.e., when indifferent, she delegates to worker 1, then the

probability that worker 2 is promoted in this environment is (1 — e *)e=*. That is, worker

ZBFor i € {1,2}, I = *(X}, X!) and the function T'*(-, -) is increasing both variables. So the ranking of
the indices at any instant is the same as the ranking of types when the principal plays the associated index
delegation rule.
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2 is promoted if and only if worker 1 does not succeed initially and worker 2 does not hit a
dead end the first (and only) time he works on the non-routine task. So, when ¢ is either
small or large, worker 2’s promotion probability is close to zero. On the other hand, worker
1’s promotion probability is close to one.

The above example is simple and clearly illustrates that the sequential nature of delega-
tion exacerbates small differences in environments in which the workers’ types (and, hence,
their indices) tend to go up when they work. Under the condition below, the logic of the

above example easily extends.

Definition 8 An environment (X', c'(-), g', 7'(-))X, is reinforcing if, there exists § > 0

such that, for all i € argmax I'y®,
je{l,. N}

P (7' < 72(X{)) >0, (RC)

where 7" =inf {t > 0 : X] > P(X{)} and 7 (X{) =inf {t >0 : X] < P(X})}.

Proposition 8 In a reinforcing environment, a worker i ¢ argmax Fé’s ’s probability to be
je{1,..,N}
promoted is bounded above by

(1—6)%.

where K is the cardinality of arg max Fé’s.
je{l,...N}

Proof. In the index contest, every worker £ € argmax I’ f)’s will be delegated the project
je{1,..,N}

before worker i. The probability that each of the worker k£ € argmax Fé’s succeeds upon
je{1,...,N}
being delegated the project is greater than . The result then follows. m
A direct consequence of Proposition 8 is that if ¢ is large, then the first worker gets the

promotion with a considerable probability, and the other workers will not. Moreover, in large
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promotion contests with two different groups, each composed of initially identical workers,
workers from the disadvantaged group face long odds when it comes to promotions. When
the pool of candidates for promotion is large, any slight initial disadvantage is disqualifying.
The logic here is reminiscent of Cornell and Welch (1996).

My findings can help understand some of the mechanisms behind the “promotion gaps”
documented in the literature (see, for example, Bronson and Thoursie (2021), Benson et al.
(2021) and Hospido et al. (2022)). This is especially important as wage growth is known to
be closely related to job mobility, especially within firms (see Baker and Holmstrom (1995),
Lazear and Shaw (2007), or Waldman (2013) and the references therein). The main point
is that understanding and addressing the roots and causes of the different allocations of

opportunities is crucial.

1.5 Proof of Theorem 1

The proof of Theorem 1 is divided into the five following steps.

e In Section 1.5.1, I relax the problem: in particular, each worker’s dynamic participation
constraint must only hold on expectation (conditional on the worker’s own type), but

not necessarily after all possible histories.

e Section 1.5.2 solves the problem with only one worker. Its solution is given in Theorem
2. The argument adapts the logic of the proof of Theorem 1 in McClellan (2017) to

our setting.?4

e In Section 1.5.3, I show that it is without loss of optimality to focus on promotion
contests such that at most one worker is promoted and such that the promotion time

of worker i is a F'-stopping time.

24Gee also Harris and Holmstrom (1982), Thomas and Worrall (1988), or Grochulski and Zhang (2011)
for similar ideas.
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e Next, in Section 1.5.4, I derive an upper bound on the payoff the principal can get in
any promotion contest that gives a nonnegative continuation value to all workers at all
times, using the results from the three previous steps. Proposition 11 establishes that

the principal’s payoff in any implementable promotion contest is at most (ITM).

e Section 1.5.5 verifies that the index contest achieves the upper bound, hence proving

Theorem 1. This follows from Proposition 2.

1.5.1 The Relaxed Program

The principal solves the following optimization program:

N

Z/ eirt'ﬂ-l(X;—‘l(t))de(t> + 677‘7—7? (XT(T)7 dT)] 5 (ObJ)
0

i=1

oM = sup E
(T,r,d)eP

subject to the dynamic participation constraints: for all ¢ and all possible histories h; with

t<T,

E |:€r(‘rt)gidi _/0 e T(s=t) i <X’%i(s)> dTi(S) | ht} > 0.

As a first step in the proof, I consider the relaxed problem in which the principal can
randomize over possible stopping point. To introduce it formally, I need to define a number
of new objects. For a filtration H = {%t}tZ()? define the set of H-randomized stopping

times as
SH) = {S e N*(H) : dS € MT(H), Sp- =0, Sx <1}

N§° (H) is the set of H-adapted process with values in [0, 00) such that n € N§° (H) if n has

nondecreasing paths P-a.s.. MS° (H) is the set of H-optional random measure. Observe that
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any randomized stopping time is equivalent to a F; ® B([0, 1])-stopping time defined on the
enlarged filtered probability space (€2 x [0, 1], H x B([0, 1]), {H: x B([0, 1]) };+>0, P® A), where
\ is the Lebesgue measure on [0, 1].% Finally, let C be the set of F-measurable promotion

rule:
N
C = {d : for all t > 0, d; is F-measurable and Zd;ﬁ =1 ]P’—a.s.} ,
=0

and C* be the set of nondecreasing promotion rule:
Cr = {d € C : d"s paths are cadlag and nondecreasing P-a.s. for i =1, ... ,N} :

The set of randomized promotion contest consists of all the promotion contests such
that the promotion time 7 is a randomized stopping time: 7 € S(G7), and the decision rule
d belongs to C*. It is denoted by P".

Consider then the relaxed program:

N

Z / e "t (X;i(t» dT'(t) +e "7 (XT(T),d)] (RP)
1 /0

1=

II:= sup E
(T,r,d)ePr

subject to, for all i € {1,..., N}, for all t > 0, P-a.s.,

E {er(rw)gidi - /T e 5T <X§'m(s)) dT"(s) | Fy(t)} > 0. (DPC)

Nt

Proposition 9 The value of (Obj) is weakly lower than the value of (RP): TIM <TI.

Proposition 9 shows that the value of program (RP) is an upper bound on the principal’s

payoff for any implementable promotion contest. If an implementable promotion contest

258ee, for example, Camboni and Durandard (2022).
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achieves this upper bound, this is the principal’s preferred one. It relaxes (Obj) in three ways.
First, it replaces the feasibility set P! by the set of all randomized promotion contests. This
will allow to prove compactness. Secondly, it only requires that the workers have nonnegative
continuation payoffs at all times P-a.s. (and not necessarily after all possible histories).

Thirdly, it pulls together all the GI' information sets that are not JFi, () measurable, hence

t
relaxing the constraints the principal faces. Its proof is in Appendix A.1.5.
The remaining of Section 1.5 is dedicated to the proof that the index contest achieves

the optimum in (RP).

1.5.2 The 1z-arm case

As in the classic bandit framework, the solution builds on the one arm problem. When there

is only one worker, say worker i, the relaxed problem (RP) introduced above becomes

= sup E / e 'rt (X)) dt +e7"T (di/ e Tt (X])dt+ (1 - dZT)W)
(,d¥)eprt 0 T
(RPY)
subject to, for all t > 0, P-a.s.,
E [e‘T(T_TAt)gidi _/ e T(sTTAY) i (X;) ds ‘ ‘FZ:| > 0. (DPCZ)
TAL

Pri is the set of all pairs (7,d') such that 7 is a (randomized) F'-stopping time and d’ is
a F'-optional decision rule in C*. Define also P1™: the set of all pairs (7,d") € P™ that
satisfy the constraints (DPC?).

Recall that

Ulx,z,7) =E [e‘”gidi — / e " (X)) dt | x
0
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is the continuation value of the worker with Xo = @, 7 = inf { >0 : X; & (z,7)} and

di = Iixi>z}. Define then

p'(P) := inf {x €X' : supU'(P,p,x) > O} :

peEX

p'(P) is the smallest value of x € X* at which the worker is willing to keep working if he is
promoted only when his type exceed P. Finally also

Recall also that worker i’s promotion threshold is given by the (nondecreasing) function
P by

P'(z) = sup {f >z limU' (z,2,7) > O}.

Tz

Finally define p'(WW) as the unique solution of

]_—\S,i (Z_?Z’pz) =W.

Theorem 2 characterizes the solution of the single worker promotion contest: (RP?).

Theorem 2 The promotion contest

T=inf{t>0: X, ¢ [p(W), P (X}))} and d. = Lxispi(x0 )

is optimal in the single worker problem (RP?).

Theorem 2 states that it is optimal to delegate to worker 1 until his type either (i) reaches
the promotion threshold P*(X"), or (ii the principal becomes too pessimistic about him. To
understand why that is, recall that the flow reward (conditional on worker 1’s type) the
principal obtains when worker 1 operates the project is the same before and after promotion.

So the principal always wants to postpone her decision, as she gets more information about



CHAPTER 1. DYNAMIC DELEGATION IN PROMOTION CONTESTS 56

the worker at no cost if she waits. Since the worker’s type is strongly Markovian, a likely
candidate for the promotion time is the first hitting time of a threshold as high as possible.
In particular, if the cost of effort is zero, the principal promotes the worker when his type
reaches the upper boundary of X*. However, when effort is costly, this threshold is too high.
So, the principal chooses the highest threshold for which the worker is willing to exert effort
instead. If the agent’s type increases, the promotion threshold stays constant: the principal
needs to keep her promises. On the other hand, when the worker’s type decreases, the worker
becomes more pessimistic about his promotion chances. The principal then has to lower the
promotion threshold to motivate the worker. The logic is the same as in McClellan (2017):
the promotion threshold becomes laxer when the participation constraint binds.?® Because
of the monotonicity of the problem, this constraint binds precisely when the worker’s type
decreases.

Formally, the proof of Theorem 2 is based on the idea of the proof of Theorem 1 in
McClellan (2017). It follows from the five steps below:

e First consider a relaxation of problem (RP*) for which the constraint (DPC') only

needs to hold for on a finite set of (stopping) times.

e Lemma 8 derives the Lagrangian associated with the relaxed problem as an application

of Theorem 1 in Balzer and Janflen (2002).

e In the third step, useful properties of the solution of the relaxed problem introduced

in step 1 are established.

e The fourth step identifies a promotion contest that guarantees the principal a payoff
of at least the value of the relaxed problem introduced in the first step. It is enough

to focus on promotion contests that promote worker i after good performances (as X*

26See also Harris and Holmstrom (1982), Thomas and Worrall (1988), or Grochulski and Zhang (2011).
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crosses an upper threshold from bellow) and take the outside option after bad outcomes

(when X crosses a lower threshold from above).

e Putting everything together and letting the set of times at which (DPC?) holds grow

dense yields Theorem 2.

Steps 1, 2, and 5 are essentially the same as in the proof of Theorem 1 in McClellan (2017).
Steps 3 and 4 are new and specific to our setting. The details are in Appendix A.1.6.

Supporting Lemmas are in Appendix A.1.6.

Corollary 1 Let (1,d") be feasible in the single worker problem (RP?) Then, for allW > W,

E [ /0 Tt (X7) dt + e (A (XE) + (1 — di)W)]

ToIAT(pt (W) A '
<E / eyt (XZ) dt
0

+ e TTHIAT (P! (W) <ﬁ'i (X:_sz) 1{75,i<7i(£z‘(W)} + W:H.{Ts,iZTi(Bi(W)}> ] .

Proof. Observe that the set P/ is independent of W and that Assumption 7 is satisfied

for any W > W. The result follows from Theorem 2. m

1.5.3 Measurable stopping

The main result of this section shows that it is enough to focus on a subset of the imple-
mentable promotion contests such that the decision to promote worker ¢« does not depend on

the type of the other workers.

Proposition 10 The supremum in (RP) is achieved by a (randomized) promotion contest
(T, 7,d). Moreover, T = (/\Z]\i1 Ti> ATY, where T is a Fi-stopping time, 7° is a G - random-

ized stopping time, and d. =1 only if 7' < 7 = (/\f\il Ti> ATO.
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Proposition 10 has two parts. The first part states that the supremum in (RP) is achieved
by a a promotion contest. It follows from Theorem 10 in Appendix A.1.7.

The second part characterizes the promotion time 7. It is the minimum of N F-stopping
times, 7°’s, and one GT-randomized stopping time 7°. It follows from Corollary 9 in Appendix

Al.7.

1.5.4 An upper bound on the value of (RP)

Proposition 11 derives an upper bound on the principal’s payoff in any implementable pro-

motion contest.

Proposition 11 The value of (RP) is bounded above by

E

00 N
/ re\/ T3, (t)dt] . ()
0 i=1

To build some intuition, it is useful to go back to the proof of indexability for superpro-
cesses.?” Start with N independent payoff processes 7, one for each superprocess. To each
of these payoff processes, associate the index process I' ¢ defined as the “equitable surrender

value”, i.e. the smallest W such that

W = f/tZ(W) =supE [/ e_r(s_t)frids + e O | ]-"t’] .
t

T>t

This index process has the desirable property that, for all W2

E [/ e‘”rﬁ vV Wdt
0

=supE {/ e Ridt + e_”W} :
T 0

27See Chapter 4 in Gittins et al. (2011) or Durandard (2022a), for example.
28See Proposition 3.2 in El Karoui and Karatzas (1994).
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where ﬂ is the lower envelope of fi. Whittle’s condition guarantees that one of the payoff
processes within each superprocess is such that its associated index process I'* dominates
the associated index process of all other possible index processes associated with this super-

process, i.e., for all W,
E { / e WY Wdt] >E [ / Y Wdt] .
0 0

It is then possible to show that the optimal policy picks the dominating process for each
superprocess and pulls the arm whose index is the highest at each instant ¢.

Here, start with an implementable promotion contest (T,7,d) € P! and find N single-
arm implementable promotion contests (7¢,d?) € P!, This N single-arm implementable

promotion contests generates N payoff processes for the principal:
hi = Wi(Xz)ﬂ{t<Ti} + rit (qu_l) ]l{tZTi}.

By the results of Section 1.5.3, each h' can be chosen to be Fi-adapted. As in the proof of
indexability for superprocesses, one would like to associate to each of these payoff processes
an index process I'.. However, the index process cannot be the “equitable surrender value”

in the retirement problem:

Vi(W) = supE [ / e "CDRids 4 e TTOW | F
t

>t

Intuitively, this would allow the principal to break her promises and take the outside option
while the worker’s promised continuation utility is strictly positive. Hence, the retirement
problem above does not take into account the worker’s participation constraint. To overcome
this issue, consider instead the optimal retirement problem in which the principal can take

the outside option only on a set of decision times at which the continuation value of the
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worker is zero:

~ o p ' .
Vi(t,Wir'd') = sup E U e " Ohids + e PW | F
pET(t;h?) t

where
T d) = {s 2t 2 U(r', d) = 0},

and U!(7%,d") is worker i’s continuation value at time s for the single-arm promotion contest
(7¢,d*) € P, The index process is then the “equitable surrender value” in this alternative
retirement problem. One can therefore think of the problem as a multi-armed bandit problem
in which the completion time of each task is the random duration between two times such
that the worker’s continuation is zero.

Finally, Corollary 1 guarantees that each index process is dominated (in the sense of
Whittle) by the strategic index process. The conclusion then follows from the same argu-
ments as in the nonstrategic case.

The proof of Proposition 11 is in Appendix A.1.8. The derivation of the index processes

associated with our alternative retirement problem is in Appendix A.1.8.

1.5.5 Proof of Theorem 1

By Proposition 11, any implementable promotion contest gives a payoff weakly smaller than

E

o N
—rt s,i
/0 re \/ ETS’i(t)dt] )

=1
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By Proposition 2, the principal obtains an expected payoff of

N

o0
/ re” " \/ E‘;’;i(t)dt
0

=1

E

in the index contest. Thus the index contest is optimal.

1.6 Extensions

In this section, I discuss multiple extensions.

1.6.1 Relaxing Assumptions 5 and 7

Assumptions 5 and 7 simplify the analysis but rule out potentially interesting settings. In
particular, Assumption 5 excludes Poisson learning with good news, a case that has received
a lot of attention in the economic literature, while Assumption 7 excludes problems in which
the principal has no outside option, i.e., in which the position has to fill internally.
However, both can be relaxed, as the Corollaries below establishes. Interestingly, both
Corollaries rely on the continuity of the principal’s value. Corollary 2 uses that the value is
continuous in the payoff from the outside option, W, while Corollary 3 uses that the value is
continuous in the process X* (in the appropriate topology). Their proofs are in supplemental

Appendix A.3.1.

Corollary 2 The index contest is still optimal when Assumption 7 does not hold. The

principal never takes the outside option.

Corollary replaces Assumption 5 with the following assumption:

Assumption 8 For alli € {1,..., N}, there exists a sequence (X*™),  such that (i) X"

satisfies Assumption 5, (ii) X*" — X' is F'-adapted, and (ii) X' = lim X*" uniformly on
n—oo
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compact sets P-a.s..

Hence, any process satisfying Assumptions 2, 3, and 4, but not 5 can be approximated
by a sequence of processes X*" that satisfy 5. Assumption 8 simply guarantees that this
sequence is F-adapted. In particular, if, for all 4, the probability space (Q, F, IP’) contains a
Fi-Brownian motion, Assumption 8 is satisfied. Define

20— jnf{tZO TS < W for allz’},

T (t) =

and
7' = inf {t >0: T (t) > P (Kiﬁ(t))} A TP,

where 7P is the first tick of a Poisson clock that runs only on {X} = P?(X!)} which intensity

is chosen to leave ¢ indifferent between exerting effort or not when promoted at time 7°.

Corollary 3 Suppose that Assumption 5 is replaced with Assumption 8 and that the 7’s
are continuous. Then the index contest associated with the strategic indices I'** and the

: : % _ 0 N :
promotion time 7" =T A /\1':1 7' is optimal.

Interestingly, Corollary 3 shows that when P*(X!) = X! = X the strategic index associated
to worker 7 is equal to the expected value of promoting ¢ immediately: information has no
value. This is the case, for example, if worker can be good or bad, the principal learns about
worker ¢ through the Poisson arrival of good news, the probability that worker ¢ is good at

time t (hence his type Xii(t) =P ({z is good } | Fi, >) is too low.

()

1.6.2 Prize design

The main of this section establishes that when the principal can design the prize, the index

contest is still optimal, i.e., the principal prefers to allocate the entire prize to one worker
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only. Moreover, there is no value in giving multiple “smaller” promotion to a worker.

The model is identical to the one presented in Section 1.2, except for the following two
differences: (i) the prize is divisible, and (ii) the principal chooses (potentially) multiple
times at which to promote workers. Formally, at time ¢ = 0, the principal commits to
a history-dependent promotion contest comprising of (i) a set of promotion time {Tk}szl
(with K € N U o0o) specifying when a fraction of the prize is allocated; (ii) a promotion
decision d specifying which of the workers is promoted; and (iii) a delegation rule a that
assigns at every instant the non-routine task to some worker. The promotion times, 73’s,
are G'-stopping time such that 79 = 0 and 7, < 7,41 P-a.s.. The promotion decision is
a GT-adapted (stochastic) process d = <d0 ={d}}sg, ., dV = {di’v}tz()) € C*. Again d°
stands for the principal’s decision to take her outside option. Finally, the delegation rule
T = (Tl ={T"(t)}20,-- -, TV = {TN(t)}tzo) € D is a delegation process. The workers
only decides to exert effort a! in {0,1} when they are delegated the non-routine task.

Finally, the following additional assumption is maintained in this section.

Assumption 9 (i) For alli € {1,..., N}, the process {n* (X])},5, is a submartingale.

(ii) For alli € {1,..., N}, the cost of effort is constant: ¢ (-) = c'.

Assumption 9 (i) guarantees that upon promotion, the principal always wants there is no
penalty from delegating the full project to the promoted worker. Assumption 9 (ii) simplifies
the argument.

So, given a promotion contest (T , {Tk}le ,d), the principal’s expected payoft is

M (T, (e}, d; W) )

> (Z / e (X)) dT' () + e ™7 (XT(T)vdi)>] |
i=1 Y Th-1

k=1
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where

N

7(z,d) =dW+)> E { / e "t (XGy) d (d't) | X§ = x} .
0

i=1
The workers’ expected payoffs are
K

o K
Z e_”kgdik — / e (1 - Z d; Liisry)c'dT"(t)
0

k=1 k=1

U (T, (me ,d> )

The principal’s objective is to design the promotion contest that maximizes her payoff among
all implementable promotion contest. As above, this is equivalent to the maximization

program:

oM = sup E
(T} |, d)eP

N .
Z / e (X AT () + €777 (Xo(r). d@)] :

i=1 7 Th—1

>

(Prize design)

subject to the dynamic participation constraints: for all ¢ and all possible histories hy,

E

K S K
Z 6_T(Tk_t)gdik]]_{t§7—k} N / e_ﬁ(l - Z dfrk ﬂ{tZTk})Cszl<t) | ht] > 0.
k=1 ! k=1

Theorem 3 Suppose that Assumption 9 holds. Then the index contest solves (Prize design).

Theorem 3 shows that optimal promotion contest grants the entire prize to one worker at
most. The optimal contest is a winner-take-all. This is reminiscent of the classic result in
Moldovanu and Sela (2001) of the optimality of a single prize. In our dynamic setting, fully
allocating the prize to only one worker is also optimal. The index contest is meritocratic: the
worker who performs the best (upon getting the opportunity) is promoted. This contrasts
from recent results in dynamic contest theory in which the optimal contest was shown to be

more egalitarian (see Halac et al. (2017) and Ely et al. (2021), for example).
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In supplemental Appendix A.3.2, I indicate how to modify the proof of Theorem 1 to
obtain Theorem 3. In particular, it follows the same steps. The only difference is in showing
that one can focus on promotion contests in which the promotion times are measurable.
Proposition 33 in supplemnetal Appendix A.3.2 replaces Proposition 10. The rest of the

proof is identical.

1.6.3 Transfers

I ruled out transfers for three reasons in the main model. The first and most fundamental one
was that I wanted to focus on the trade-off between the two classical promotion roles, i.e.,
incentives provision and sorting. The second reason for this restriction is empirical. In most
organizations, compensation is promotion based.? This is the case in public administrations,
where the salary grid is fixed, for example. Finally, the analysis developed in this article
becomes intractable for general wages (although the main trade-off seems to be preserved
when workers are protected by limited liability). So a complete analysis of transfers is well
beyond the scope of my paper. Nevertheless, in this section, I point out how my model can
accommodate restricted forms of transfers.

Suppose that the principal can only choose transfers that depend on the worker’s current
type and his effort decision (i.e., pay a flow wage wi = w'(a’, X}) to worker i at every instant
t > 0) and that the workers are protected by limited liability (i.e. w! > 0). Then the
index context is still optimal, under Assumption 4.(ii) (when the workers’ types can only
jump down), as long as 7(-) — w’(1, -) is nondecreasing. This can be seen from the proof of

Theorem 1 directly.

29Baker et al. (1988) find that “[m]ost of the average increases in an employee’s compensation can be
traced to promotions and not to continued service in a particular position.”. See also Gibbs (1995) and
Bernhardt (1995). It is also consistent with the observed separation of roles: Compensation and benefits
managers within the human resource department have authority over the compensation structure, while
the assignment of responsibilities and tasks are made within each department by managers that can closely
monitor and supervise their team.
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For example, if the wage paid to each of the workers is a constant fraction 5* € [0, 1] of
the flow payoff the principal obtains (i.e., w! = ﬂiﬂi(Xf,,i(t))dT “(t)), then the index contest
is optimal. The strategic index are computed for the payoff process (1 — 8°)7¢(X%(t)), effort
costs ¢(X}) — Bin'(X*(t)), and value of promotion §' (X?) := ¢' + 8'7%(X}) . One can then
imagine that the principal engages in Nash bargaining with the workers (with threat points

equal to their outside option) before the game starts to determine the 3'’s.

1.6.4 Different information structures

Finally, the workers’ types are assumed to be observable by all the players: by both the other
workers and the principal. Interestingly, the index promotion contest remains optimal if each
worker only observes his type and the principal does not observe the evolution of the types,
but the workers can reveal their current type to the principal credibly. Hence it is easily
seen that it is weakly dominant for the workers to reveal their type to the principal when
X} = X} or X] = P'(X}), which is the only information the principal need to implement
the index contest. Verifiability is important here: the same result cannot be obtained with

cheap talk communication only.

1.7 Conclusion

I study the design of centralized dynamic contests in a general environment. Workers are
heterogeneous and strategic. They have to be incentivized to exert effort, and their types
evolve (stochastically) when they work. I showed that despite the richness of the model, the
solution is simple and takes the form of an index contest.

My analysis is limited to the specific extension of the multi-armed bandit model I consider,
and I do not suggest that my findings would hold in different environments. Some of the

assumptions, such as the independence of the type processes, appear crucial and very hard to
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relax in a significant manner (although one could consider a particular form of conditional
independence for multi-parameter processes, known as condition F4, see El Karoui and
Karatzas (1997) or Walsh (1981) for example). However, the intuition behind the result is
valid in other environments. For example, when the information about the project’s success
is private and cannot be credibly communicated but the uncertainty is small, results from
the multi-armed bandit literature suggest that index contest would still perform well. This
can be seen directly by inspecting the principal’s payoff in the index contest (IT*). When the
uncertainty is small, the lower envelopes of the index processes associated with the case in
which the principal observes the workers’ types directly or observes a signal are close. Still,
characterizing the specific form of the optimal mechanism when the workers have private
information about the outcome of the delegation process would be interesting.

More generally, the idea that the endogenous allocation of opportunities or the endoge-
nous acquisition of information affects the final decision when allocating an asset or promot-

ing a worker is very natural and deserves more attention in future research.
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Chapter 2

Under Pressure: Comparative Statics
for Optimal Stopping Problems in

Non-stationary Environments

2.1 Introduction

A large body of literature has employed optimal stopping problems to model many different
decision processes, such as optimal pricing and information acquisition problems where a
decision-maker must determine the optimal time to take a particular action. These problems
are often nonstationary, as the decision environment can change suddenly or gradually over
time. For example, in the optimal pricing setting, a firm’s cash flow variance may suddenly
rise in periods of crisis. Decision-makers may also receive information at varying speeds, with
some news arriving gradually and others suddenly revealed. Additionally, decision-makers
often operate under the pressure of a (possibly stochastic) deadline.

However, following the seminal contribution by Wald (1947) and Shiryaev (1967), most

of the literature has focused on stationary environments where the decision-maker faces the
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same problem and has the same tools at every point in time. The reason for such restriction
is mainly technical. Abandoning stationary environments poses new challenges to standard
solution techniques and typically results in the lack of close-form solutions (see, for example,
Fudenberg et al. (2018)). This paper aims to go beyond these technical limitations and show
that interesting comparative statics can still be obtained in a large class of nonstationary
optimal stopping problems, even without relying on close-form solutions.

Our paper has three main contributions. First, we formulate a general optimal stopping
problem that can represent a wide variety of non-stationary environments (including those
mentioned above) and find conditions under which this problem has a well-defined solution.
Second, we show that in monotone environments, i.e., when the problem’s time dependence
is “monotone”, we can still derive clean comparative statics results despite the lack of closed-
form solutions. For example, we show that when the optimal stopping problem is monotone,
the optimal continuation region enlarges or shrinks over time depending on whether the
problem is monotone increasing or decreasing. Third, we specialize our model and use our
comparative static results to analyze the tradeoff between timing and quality of the decisions
in information acquisition problems where the environment is non-stationary, e.g., when the
decision maker faces a (potentially stochastic) deadline, receives or processes information at
variable speed (possibly even in chunks), or learns about a relevant parameter that is not
binary (as in Fudenberg et al. (2018)).

We study a general optimal stopping problem where a decision maker chooses among
different possible alternatives whose values evolve according to a general diffusion process.

Formally our decision-maker solves

V(t,x) = sup Eq [/ e ftsr(“’X”)d“f(s,Xs)ds +e I r(s,Xe)ds g (X, (V)
T t
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subject to
t+s t+s
Xips = Xy + / p(u, X, )du + / o(u, X,)dBy;
t t

where the discount rate, as well as the drift u and the variance o of the diffusion process
depend both on time ¢ and on the state X;.

In this general setting, standard methods to solve optimal stopping problems may fail,
as we do not know a priori whether the Hamilton-Jacobi-Bellman equation associated with
the problem has a smooth solution. Our first main result shows that, under some mild
regularity conditions, the value function is smooth and is indeed the unique LP-solution of
the HJB equation. This technical result is crucial: it ensures we can derive properties and
comparative statics of the value function and the stopping regions even without reaching a
closed-form solution.

Our second contribution is to show that the continuation region of our optimal stopping
problem (strictly) shrinks over time intervals where the value function (strictly) decreases
with time and, on the contrary, enlarges over time intervals where the value function (strictly)
increases with time.In other words, the set of states x at which the decision maker chooses to
stop the drift-diffusion process (strictly) decreases or increases in the set inclusion order over
a time interval when the value function decreases or increases in that time interval. Proving
the strict part of this result is particularly challenging as, in principle, it requires knowledge
of the cross derivative of the value function. To overcome this challenge, we develop a new
argument based on partial differential equation results and the Hopf boundary lemma.

To illustrate the power of this comparative static, we focus on (strictly) monotone (in-
creasing or decreasing) optimal stopping problems, where the value function V' (z,t) is globally
(strictly) monotone and the continuation region is connected at each instant. In this case,

our result implies that when the value function is (strictly) decreasing in time, an upper
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boundary that (strictly) decreases in time and a lower boundary that (strictly) increases in
time delimit the continuation region. The upper and lower boundaries move in the opposite
direction when the value function is (strictly) increasing in time. As we show, the bound-
aries’” dynamic has clear empirical predictions, for example, regarding the speed and quality
of decisions.

Next, we specialize our model to capture a classical information acquisition problem
where a decision maker chooses between two possible alternatives while learning about some
relevant parameter. In this setting, the link between the speed and accuracy of decisions
has been at the core of recent developments in economics, psychology, and neuroscience.
Accuracy here is the probability of making the correct decision given the true value of the
parameter. Wald’s classical sequential sampling model assumes that the relevant parameter
is binary and the learning process is time-stationary. As a result, the belief process is time-
stationary, and the stopping boundaries are constant (in the belief space), which implies
that the time of a decision is uncorrelated with accuracy. However, multiple binary choice
experiments in neuroscience documented interesting correlation patterns between the time
and accuracy of decisions (see, for example, the survey by Ratcliff et al. (2016)), questioning
the problem’s time-stationarity.

In this setting, where shirking boundaries implies decreasing accuracy, and enlarging
boundaries implies increasing accuracy, our results allow us to rationalize such speed-accuracy
tradeoff and relate it to the problem’s time dependence. If the problem is monotone increas-
ing, then accuracy increases in the stopping time; if the problem is monotone decreasing,
then accuracy decreases in the stopping time.! We then derive natural conditions on the
primitives under which the optimal stopping problem is monotone.?

Accuracy is increasing (decreasing) over time when (i) learning speed increases (decreases)

!Decision accuracy always increases in the decision time when the decision time is exogenous. However,
if the decision-maker optimally chooses when to stop, accuracy may be lower when she chooses to stop later.
2Tt is easy to check whether any given optimal stopping problem is monotone, using the same approach.



CHAPTER 2. UNDER PRESSURE 72

in time or (ii) the discount rate decreases (increases) over time (i.e., the decision maker values
the future more over time). For example, our model predicts that slower investment choices
are indicative of better decisions in financial markets that are getting more opaque (e.g.,
due to financial innovations or crises) and of worse decisions in financial markets that are
getting more transparent (e.g. due to the regulatory effort). Also, if one cares progressively
more about the future when they get older (as suggested, for example, by Trostel and Taylor
(2001) or Kureishi et al. (2021)), then the decision quality increases over time.

Importantly, since our main result holds locally, we can also capture curvilinear relations
between time and accuracy that consistently arise in both perceptual and cognitive testing
(see, for example, Ratcliff et al. (2016) and Chen et al. (2018)). In our setting, accuracy can
increase and then decrease over time due, for example, to non-monotone changes in learning
speed, which can initially increase due to experience gains but eventually decreases as the
decision maker becomes increasingly tired.

So far, we have only addressed gradual changes in the optimal stopping problem. How-
ever, considering abrupt changes is at least as crucial for many decisions where time pressure
is of the essence. A decision maker can miss an opportunity if they do not seize it in time.
For example, a competitor may preempt the decision-maker by hiring the worker or buying
the asset the decision-maker was considering. Sometimes even when the possibility and the
value of taking an action are constant over time, the learning process might change abruptly.
For example, while during the quarter investors may gather information about the company
performance and outlook gradually, it is typically in the earning release report and in the
subsequent press conference that most information is disclosed to the market creating huge
fluctuation in the market price.

Our third main contribution is to show that our environment accommodates also for all
these abrupt changes in the optimal stopping problem both in terms of the information and

the actions available to the decision maker. Thus our results can be extended to derive
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comparative statics even in settings where the decision maker operates under the pressure of
a (potentially stochastic) deadline and in settings where information arrives both gradually
and abruptly (according to a jump diffusion process).

The main challenge to overcome to prove the result is that the HJB equation in these
settings is an integro-differential equation, which in turn would render any local argument
not directly applicable. However, our key contribution is to show that we can use a time
change argument to trace back these abrupt changes to our optimal stopping problem of
a general diffusion process (without jumps). This dramatically simplifies the problem as
it implies that we can find the solution by using the local HJB equation of our auxiliary
stopping problem.

As a result, we show that the accuracy of slower decisions will be lower (higher) when
the time pressure from a stochastic deadline increases (decreases) over time or when there
is a fixed deadline.® From an applied perspective, this means, for example, that over time
we should expect worse decisions in markets becoming increasingly competitive and better
decisions when competition is fading away. Similarly, we show that slower decisions are more
accurate in settings where the arrival rate of abrupt information increases (e.g., due to a rise
in media coverage) and less accurate when this arrival rate decreases over time.

The last contribution of our paper is to show that our environment also accommodates
sequential sampling problems whose relevant parameter is not binary. As the seminal paper
by Fudenberg et al. (2018) highlighted, these settings are time nonstationary as information
about the relevant parameter is contained not only in the value of the signal process but
also in the time that has passed without the DM taking a decision. Fudenberg et al. (2018)

focus on the speed-accuracy tradeoff when the relevant parameter is normally distributed.

3Here, we assume that the decision-maker must take action at the deadline. However, our results also
apply to the case where the decision maker gets a fixed payoff at some (possibly stochastic) deadline. We show
that slower decisions are less (more) accurate when the time pressure from a stochastic deadline increases
(decreases) over time or when there is a fixed deadline if this deadline payoff is sufficiently low (high).
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They show that, as time goes by, if no stopping boundary is hit, the decision makers become
more convinced that there is not much difference in taking one action rather than the other,
and the accuracy of the decision decreases. In section xxx, we show that we can embed
their model into ours and obtain their result using our comparative statics. Also, we use
our machinery to extend their result about decreasing accuracy also to settings where the
expected value of taking the right decision remain constant, i.e., settings where the decision-
makers do not become more pessimistic about the relevance of making the right decisions.
We also highlight conditions under which accuracy increases in the stopping time.

Other relevant literature. Beyond Fudenberg et al. (2018), our paper is related to
the vast literature on dynamic information. The seminal works by Wald (1947), Arrow
et al. (1949), and Shiryaev (1967), analyze the optimal stopping problem of a decision maker
that needs to choose when to stop learning and which decision to take in a time stationary
environment, where the actions available and the learning process are constant over time.
More recently, Moscarini and Smith (2001), Che and Mierendorff (2019), and Zhong (2022)
endogenized the learning process by allowing the agent to select signal precision, direction of
learning, and which type of signal to use respectively. Even these papers, however, focus on
time-stationary problems where the actions and the learning processes available (with their
associated costs) do not depend on time.*

Relatively few papers abandoned the tractability of stationary environments. Leaving the
binary setting, Fudenberg et al. (2018) and Tajima et al. (2016) focus on problems where the
decision maker gradually learns a relevant parameter that is normally distributed. In such
a setting, the action of continuing learning loses value over time at any given state: more
information has been gathered, and less uncertainty is left. As a result, these environments

are non-stationary and display shrinking boundaries. Within the neuroscience literature,

4In these models, the decision maker optimally adapt their learning process to her belief. However, for
any given belief, time has no impact.
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Rapoport and Burkheimer (1971) studied, in discrete time, a sequential sampling problem
with a deterministic deadline, and Frazier and Yu (2007) extended the analysis to consider
a stochastic deadline whose arrival rate increases over time. To the best of our knowledge,
our paper is the first to address, in full generality, optimal stopping problems in time-
nonstationary environments, providing local (and global) comparative static results that
apply to many different settings: e.g., with increasing or decreasing time pressure, discount
rates, and speed of learning (including both gradual and abrupt arrival of information).?
The core of our applied results relates to the tradeoff between speed and accuracy, a
tradeoff also demonstrated by several recent studies in psychology and neuroscience (Bolsi-
nova et al. (2017); Molenaar et al. (2018); Chen et al. (2018); Goldhammer et al. (2014,
2015)). These studies document how, even after controlling for person and task, the relation
between accuracy and response time can be negative, positive, and even curvilinear, with
accuracy first increasing and then decreasing over time (or vice-versa) depending on the ex-
perimental setting. Most of this literature, however, took a positive stand, abstracting away
from the question of whether such a pattern can arise from optimal decision-making.® Our
model takes a normative stand, highlighting how all the dependencies mentioned above can
be the result of optimal responses of a decision-maker to different information acquisition

problems. In so doing, our model can shed light on the determinants of these patterns.

®Quah and Strulovici (2013) provide comparative statics about how the stopping time changes when the
decision maker become more or less patient.

SFor example, some papers simply assume that the decision-maker takes one choice or the other whenever
the sampling process hits one of two constant boundaries. They focus on estimating the parameters (e.g.,
initial belief, possibly variable speed of learning, reaction time, etc.) that better fit this model without asking
whether using two constant boundaries is optimal. Few exceptions in this literature take optimality into
consideration, e.g., Drugowitsch et al. (2012), but they typically rely on numerical rather than analytical
solutions.
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2.2 Setting

We study an optimal stopping problem in continuous time, where a risk neutral decision
maker sequentially chooses whether or not to stop a nonstationary diffusion process X =
{Xi},50 on the open (possibly unbounded) interval & = [z,7] C R. To this end, let
(Q, {FitisoFs ]P’) be a filtered probability space whose filtration {F;},, satisfies the usual
conditions.” Denote by Yr = [0,T) x X, with T" € (0, +oc], the product set of times and
states, by T the set of F-stopping times taking values in [0, 7], and by T(t), t € [0,T), the
set of F-stopping time taking values in [t,T].® If the decision maker chooses to stop the
diffusion process at time ¢, she can take one of two alternative actions (a and b), delivering
expected payoffs g(X;) and ¢°(X;) respectively. For simplicity, we assume that ¢' : X — R
belongs to C>*(X) and that g% — g® has at most one zero at ¢ € X. On the other hand, if the
decision maker does not stop, she obtains a flow payoff of f(¢, X;), with f:[0,7) x X = R

twice continuously differentiable, and the diffusion process evolves according to
t t
Xy =Xo+ / (s, Xs)ds + / o(s,Xs)dBs, P-as., (2.1)
0 0

where B is the standard one-dimensional Brownian motion. Both the drift 4 : [0, 7") x X and
the volatility o : [0,7) x X — R, are allowed to vary with time s and the current state of
the process X;. For simplicity, we assume that p and o are twice continuously differentiable,

and that the endpoints z and Z are (possibly unattainable) absorbing states.

"See for example Protter (2005).
8A F-stopping time is a map 7 : @ — Ry U {oo} such that {r < t} € F; for each t >0 and T (t) ==
{7 stopping time : 7 > ¢ P-a.s.}.
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Formally, at every time ¢ and state X; = x, the decision maker solves

V(t,x) = sup B [ / e~ JirwXadup g X Vs 4 e~ I X g (x| (V)

t

subject to

t+s t+s
t t

where E(,) is the expectation operator associated with the process X starting at (¢,z).
V (t, ) is the value function associated to our problem. Payoff are discounted at the (possibly
stochastic) rate r(t,z), where r : [0,7) x X — R, is twice continuously differentiable. We
denote by r := inf r(t,z) and, for simplicity, we assume that X is bounded if r = 0.

(t,x)EYVT

We assume that f: (0,7] x X — R and ¢g : X — R are such that

E(t,:p) |: Sup / e_ fts T’(U7Xu)duf(8’ Xs)ds _I_ e_ fts T‘(S,Xs)dsg (Xt) < 00

t<s<T Jt

Remark 1 A standard assumption in the study of control and stopping problems is uniform
ellipticity: there exists A > 0 such that, for all (t,z), o(t,z) > \. It is usually needed to
guarantee that the Hamilton-Jacobi-Bellman equation has a solution. Here, we only assume
that strict ellipticity holds, i.e., o(t,x) > 0. It is enough for our purpose and we do not want
to rule out the interesting case of Brownian learning or the possibility that learning slows

down to zero as times goes to oo for example.

Finally, we assume that at an endpoint z¢ € {z,z}, f(¢,2°) — rg(z¢) < 0 for all t > 0.

This guarantees that it is optimal to stop immediately when the diffusion process exits X.

As a first step we note that, the stochastic differential equation (2.1) has a unique strong

solution and that the process X is Markovian (see Chapter 21 in Kallenberg (2006)). There-
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fore, following the classical theory in Markovian stopping problems we can focus on the

stopping region:
S=A{(t,x) € Yr: V(t,2) = g(x)}, (2.2)
and its complement, the continuation region
C={(t,x) e Yr: V(t,x) > g(x)} = S (2.3)

By standard result in the theory of optimal stopping (e.g. Corollary 2.9 in Peskir and

Shiryaev (2006)), the smallest optimal stopping time for (V) is
Ts = inf {t’ >0 : (t - t',Xt(/t:x)> € S} . (2.4)

Finally we define several functional spaces, which are used in the analysis. Let W27 (Yr),
1 < p < oo denote the space of functions that are (i) twice differentiable almost everywhere
in space, (ii) once differentiable almost everywhere in time, and (iii) all of whose weak
derivatives are in LP(Yr). Tt is often referred to as a Sobolev space. Also let W,2*"(Yr)
denote the space of all functions f such that the restriction of f on any compact subset
Y of Yr is in the Sobolev space W1H3P(Y). C°(Yr) is the space of continuous functions on
the domain Yr. For k, k' € N, o € (0, 1], C** is the space of functions that are k times
continuously differentiable with respect to the time variable ¢ with $-Holder continuous

derivatives and £’ times continuously differentiable with respect to the space variable z,

with a-Holder continuous derivatives. Formal definitions are given in Appendix B.1.
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2.3 Analysis and results

Our main contribution is to identify a class of environments we call monotone environ-
ments, in which the continuation region’s boundaries are strictly monotone. First, we in-
troduce the tools we need for our analysis in Section 2.3.1. Then, we define Monotone
environments and prove our main result in Section 2.3.2.

In this section, we maintain the following assumption.

Assumption 10 The value function (V) is continuous on [0,T) x X.

Assumption 10 is usually easy to check in applications and holds under standard assumptions
on the primitives. For example, Lemma 3 in Section 2.4 provides conditions under which V'
is continuous in our applications. The techniques used in the proof easily extends to different

cases.?

2.3.1 Optimal stopping problems: toolbox

We show that the value function is the unique LP-solution of the Hamilton-Jacobi-Bellman
equation. This is a crucial to derive comparative static results on the shape of the continu-

ation region without solving the problem explicitly. Consider

max {g(z) — v(t,z), (0, + L&) — r(t,2)) v(t,z) + f(t,2)} =0 in Vr, (HIB)

v(t,z) = g(z) on OYr.

9Theorem 1 in Durandard and Strulovici (2022) provides alternative conditions that guarantee continuity
of V in a wide variety of problems.
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L is the infinitesimal generator associated with X. It is defined as follows: for all (t,z) € Vr,

for all ¢(t,z) € WhHP (Yp),

ﬁ(t’x)¢(t, ) = %02(25, ) Pan(t, ) + plt, ) da(t, 7).
So,

(0 + LG —r(t, z)) v(t, ) = v(t, x) + %02(15, T)Vgs (t, ) + pu(t, x)v(t, ) — v(t, x).

Definition 9 A function v € W*P(Vr)NC([0,T) x X) is an LP-solution of the Hamilton-

loc

Jacobi-Bellman equation (HIB) if (i) u="5b on 0[0,T) x X, and (ii)
max {g(z) — v(t, z), (0, + L& —r(t,2)) v(t,x) + f(t,2)} >0

a.e. in Yr, where vi(t,x),v,(t,x) and vy, (t, z) are the weak deriwatives of u.*

Theorem 4 Suppose the value function is continuous and grows at most linearly (Assump-
tion 10). Then the value function (V) is the unique LP-solution of the Hamilton-Jacobi-

Bellman equation:

max {g(x) —(t, z), (at + L) — (2, x)) v(t,z) + f(t, ZL‘)} =0 in Yr, (HIB)

v(t,x) = g(z) on OYr.

Moreover, V' is continuously differentiable and twice continuously differentiable with respect

to x with a-Hoélder continuous derivatives in the continuation region: V € Ch%*(C).

The proof of Theorem 4 relies on Theorem 1 in Durandard and Strulovici (2022).'' Hence,

10The requirement that the inequality is satisfied almost everywhere is meaningful, because if u €
WL2:P (Yr), then its weak derivatives up to the second order are uniquely well defined almost everywhere.
1 As noted in Durandard and Strulovici (2022), the results in this paper applies for stochastic discount
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we can apply this result locally: for any point (¢, z) with x # x¢, Theorem 1 in Durandard

and Strulovici (2022) then guarantees that the value function is the unique L? solution of

max {g(z) — v(t,z), (0 + L) —r(t,x)) v(t,z) + f(t,2)} =0 in Cs(t, z),

v(t,x) = V(t,z) on 0Cs(t, ),

where Cs(t, x) is a cylindrical neighborhood of (¢, z). If g is smooth, this conclude the proof.

However, when ¢ is not differentiable at x¢, the above argument fails as the Assumptions
of Theorem 1 in Durandard and Strulovici (2022) are not satisfied. We overcome this dif-
ficulty by proving that for all ¢ € [0,T), there exists a small neighborhood of (t,z°) € Vr,
Cs(t, z¢), such that it is never optimal to stop in Cs(t, z¢) (Proposition 12 below). The result
then follows from Theorem 1 in Durandard and Strulovici (2022) applied to value function
in this neighborhood.

Finally, the last statement follows from standard (interior) a priori estimates for the

solutions of parabolic equations.

The following proposition 12 used in the second step is of independent interest too.

Proposition 12 Suppose that g*'(x) # g% (x¢). Then V (t,z°) > g(a¢) for allt € [0,T), i.e.,

the DM never stops when X; = z°.

Hence, the idea that the decision maker will never stop at a convex kink, as waiting a
infinitesimal amount of time guarantee him a strictly higher payoff, has often been used in
the study of stopping problem (see, for example, Dixit et al. (1994), Décamps et al. (2006),
or Dixit (2013)).

In particular, it underlies the intuition behind smooth pasting and the smoothing effect

of the Brownian motion, which goes as follows: Suppose that the value function exhibits an

factor when r is regular.
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x-convex kink. Consider the following problem: at this point (¢, z¢), the decision maker can
choose to wait for a small interval of time dt or stop and obtain V (¢, x¢). If she waits, the
decision-maker can observe the evolution of X and stop on either side of ¢, at which points,
she resumes the optimal paths of play, hence obtaining V(¢ + dt, X4;). The average payoff
she obtains is greater than the payoff from investing at the indifference point itself since the
value function V' has a convex kink at z°. This remains true even though this average payoff
must be discounted and the decision-maker potentially has to pay a flow cost for waiting.
The reason is the following one. By standard properties of non-degenerate diffusions, the
expected gain from delaying the decision is proportional to |g,(z¢%) — g.(2°7)|V/dt, while
the cost due to discounting is of order dt. When dt is small the former effect dominates. As
a result, the decision-maker is better off waiting: a “contradiction”. So the value function
cannot exhibit z-convex kinks and the stopping region S does not contain (¢, z).
Proposition 12 formalizes this intuition. Its proof is technical and relies on a local time
argument. It guarantees that when g & C? (X), its kink (which is necessary at z¢) is in the

continuation region for all ¢ > 0. This allows us to prove our first main result: Theorem 4.

2.3.2 Main result: monotone environments

Having introduced the main tool for our analysis: the Hamilton-Jacobi-Bellman equation,
we are now ready to state and prove our main result. First we define locally monotone
environments. They are characterized by a set of conditions, under which Theorem 5 and 6

shows that the boundaries of the continuation regions are locally monotone.

Definition 10 The optimal stopping problem (V) is locally monotone on the time interval
(L,1) if the value function V (t,x) is monotone in time on (t,t); i.e., for allz € X, t — V (t, x)
is monotone on (t,1).

It is locally monotone increasing on (t,t) if t — V(t,x) is nondecreasing on (t,t) for
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allx € X, and it is locally monotone decreasing on (t,t) if t — V (t,x) is nonincreasing
on (t,t) for allx € X.

We say that the optimal stopping problem (V) is monotone if it is globally monotone

(i.e., (1) = (0,T)).
Finally, we define strictly monotone environments.

Definition 11 The optimal stopping problem V is locally strictly monotone on the time

interval (t,t) if
(i) It is locally monotone on the time interval (t,t);

(1i) The value function V is strictly monotone in time in the continuation region
on the time interval (t,t); i.e., for all (t,x) € CN (t,t) x X, Vi(t,x) < 0 or, for all

(t,z) e CN (L, 1) x X, Vi(t,z) > 0;

(1ii) o¢(t,x)Ver(t,z) < 0, pe(t, 2)Ve(t,x) < 0, ri(t,x)V(t,x) > 0, and fi(t,z) < 0 for all
(t,z) € CN(L,t) x X if Vi(t,z) < 0; and oy(t,x)Ver(t,x) > 0, pu(t,x)Ve(t,z) > 0,
re(t,x)V(t,x) <0, and fi(t,x) > 0 for all (t,x) € CN (¢, ) x X, if Vi(t,z) > 0.

If the value function is strictly decreasing in time in the continuation region, the stopping
problem is strictly monotone decreasing. If the value function is strictly increasing in
time in the continuation region, the stopping problem is strictly monotone increasing.'?

We say that the optimal stopping problem (V) is strictly monotone if it is globally

strictly monotone (i.e., (t,t) = (0,T)).

Our first comparative static results shows that the continuation region is monotone (in

the set inclusion order) in monotone environments. Theorem 5 shows that the continuation

12The derivatives in the statements (i) and (iii) are standard derivatives. They are well-defined in the
continuation region as a consequence of Theorem 4.
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region is weakly increasing. It follows immediately from the local monotonicity of the value

function.

Theorem 5 Suppose the value function is continuous and grows at most linearly (Assump-

tion 10). Then

1. If the optimal stopping problem is locally monotone decreasing on (t,t), the optimal

continuation region C is nonincreasing (in the set inclusion order) on (t,t).

2. If the optimal stopping problem is locally monotone increasing on (t,t), the optimal

continuation region C is nondecreasing (in the set inclusion order) on (t,t).

Proof of Theorem 5. We only prove the Theorem in the locally monotone decreasing
case, as the proof of the second case is similar. Consider the optimal stopping problem (V)

and suppose that it is locally monotone decreasing on (¢, ). Then the function

t—V(t,z) — g(x)

is nonincreasing on (¢, ). Therefore, for all ¢ € (¢,7), (t,z) €eC = [t,t] x {z} CC. m
Our second main Theorem 6 states that the continuation region is strictly monotone in

the sense of Definition 12 below.

Definition 12 [Strict set order| The continuation region is strictly increasing over time if,
for t > t, the t-sections of the continuation region, C; = {(t,x) € C : x € X'}, are such that
C. C C; and OC, C C7.

The continuation region is strictly decreasing over time if, for t > t, the t-section of the

continuation region are such that Cy C Cy and dC; C Cy.

Remark 2 If the continuation region is strictly monotone in the sense of definition 12, its

boundary can be written as the union of strictly monotone functions.
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Theorem 6 Suppose the value function is continuous and grows at most linearly (Assump-

tion 10).

1. If the optimal stopping problem is locally strictly monotone decreasing on (t,1),

the optimal continuation region C is strictly decreasing.

2. If the optimal stopping problem is locally strictly monotone increasing on (t,1),

the optimal continuation region C is strictly increasing.

The proof of Theorem 6 is more challenging than that of Theorem 5, as it requires the
knowledge of the cross derivative of the value function at the boundary. To overcome this
issue, we develop a new argument based on partial differential equation results and the Hopf
boundary lemma. Proof of Theorem 6. We prove the theorem in the case that the
optimal stopping problem is locally strictly monotone decreasing on (f,%s). The case in
which the optimal stopping problem is locally strictly monotone increasing is similar. By
Theorem 5, the stopping region is locally decreasing. So, there remains to show that the
boundaries are strictly monotone when they are in X.

The proof is by contradiction. Suppose that there exists ¢,¢ € [0,7) and B € X such
that (¢, B) and (¢, B) € OC and such that there exists © < B with (¢,2) € C. Note that we
can always find ¢ such that this last condition holds. For the rest of the proof, we assume
that for all (t,z) € CNt,t) x X, z < B, i.e. we are looking at an “upper boundary” of the
continuation region. The proof when for all (¢t,z) € CN¢,t) x X', z > B is identical.

Let € > 0 and consider the rectangular domain Y = [¢,1) x (B — ¢, B) with parabolic
boundary 9Y = ([t,t] x ({B — e} U{B}))U({T} x (B — ¢, B)). We can choose € such that

the rectangular domain is contained in the continuation region. By Theorem 4, we know
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that the value function is the unique LP-solution of the boundary value problem

v(t, x) + U(t’;)va + p(t, x)v,(t,x) — r(t,x)v(t,x) + f(t,z) =0 if (t,z) € Y,

v(t,z) =V (t,x)if (t,x) € 0.

By Corollary 3 in Durandard and Strulovici (2022), V; € C° (:)7) Then, Theorem 3.5.10 in
Friedman (2008) guarantees that V;(t,z) € Ct*2 ([t,t) x (B — 2¢, B)) and solves

.
o(t,x)?

Vi (t, ) + TV + p(t, )V (t, ) — (L, 2)vi(t, )

= —0o(t,x)o4(t, 2) v (t, ) — pu(t, )0 (t, ) + 1 (8, )0 (t, ) — fi(t,x) if (t,z) € Y,

v(t,x) = Vi(t,x) if (¢, z) € 0.

\

Therefore, on Y,

o(t,z)?

’Utt(t,l') + 5

Vg + p(t, ) v (, ) — (8, ) ve(t, )

= —0(t,x)oe(t, ) vz (t, ) — pu(t, )0 (t, ) + 1 (8, )0 (t, ) — fi(t, x)

>0

Y

where the inequality follows from condition (iii) in Definition 11. Then, by Hopf’s boundary
Lemma (Lemma 1.23 in Wang (2021)), v,.(t, B) > 0 for all ¢t € (¢,1) such that v.(t, B)
exists. But, for all t € (¢,1), V(t,B) = g(z) = vw(t,B) = Vi(t,B) = £g(z) = 0 and
therefore v, (t, B) = 0. So if there exists (¢, B) € (t,t) x {B} such that v, (t, B) is well
defined, we have a contradiction. This follows from Theorem 2.1 in Wang (1992), since
V e Ch?([t,t) x (B — 2¢, B)) by Theorem 4.

Thus, the upper boundary of the continuation cannot be flat. This concludes the proof.
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Remark 3 From the proof of Theorem 6, one can see that condition (iii) in Definition 11
can be slhightly relaxed. It is enough that, at all boundary points, there exists a neighborhood

such that, in its intersection with the continuation region, we have

o(t, ) (t, ) + ue(t, ) v (t, ) — re(t, v)v(t, x) + fi(t,z) <0,

when the stopping problem is locally monotone decreasing, and

o (t, ) vge (t, ) + e (t, ) v (t, ) — 1y (t, z)v(t, ) + fi(t,x) > 0.

when the stopping problem is locally monotone increasing. Condition (iii) in Definition 11

15 sufficient for this.

Theorems 5 and 6 relates local conditions of the environment to local characteristics of the
continuation and stopping regions. Therefore, they are only useful if one can check whether
an environment satisfies the prerequisite conditions or if monotone problems are prevalent.
This turns out to be the case. For example, finite time optimal stopping problem with time-
stationary primitives are easily shown to be monotone. In Section 2.4, we also show that
many information acquisition problems are monotone, and the techniques we develop can be

used to check whether any specific stopping problem is monotone.

Finally, Theorems 5 and 6 gives conditions under which the dynamics of the boundaries of
the continuation region are characterized locally. However, they only provide limited global
information on the continuation region. For example, it may be connected or not.

To obtain a global characterization in monotone environment, we strengthen our assump-

tions. Assume that

Assumption 11 (SC) For allt € [0,T), the mapping v — f(t,z) + (L™ —r(t,z)) g(z)
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is nondecreasing on (x, x| and nonincreasing on [x€,T).

Assumption 11 says that the value of waiting one extra instant is decreasing the further away
we go from the indifference point x¢. To see this, formally, observe that, when ¢ is smooth,

by Itd’s formula, for all (¢,x) € Vr,

V(t,z) — g(x) = sup E( 1) [ / e~ JorwXadu (£ X )4 (LEXD —r(t,2)) g(X,)) ds| -
T 0

It implies that ¢-section of the continuation region are convex.

Proposition 13 Suppose that the single crossing Assumptions 10 and 11 hold. Then there

exist functions b,b: R, — X such that
S={(t,x) eRy x X : x & (b(t),b(t))}.

When g is smooth and = — f(t,z) + (£L%*) — r(t,z)) g is monotone, the result is standard.
See, e.g., Villeneuve (2007). Unfortunately the argument is not easily adaptable to our case.
We provide a new proof based on the HJB equation in Appendix B.4.

As a corollary of Theorems 5, 6, and Proposition 13.

Corollary 4 Suppose that Assumptions 10 and 11 hold, and that the problem is globally

monotone.

1. If the optimal stopping problem is monotone decreasing, there exists a caglad non-
decreasing function b : Ry — X U {—o00} and a cadlag nonincreasing function b ::

R, — X U {+o0} with b(T) < x°¢ < b(T) such that

S={(t,x) eRy x X : z & (b(t),b(t))}.
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When the optimal stopping problem is strictly monotone decreasing, if b(t) < 7,
then t — b(t) is strictly decreasing on [t,T); and if b(t) > xz, then t — b(t) is

strictly increasing on [t,T).

2. If the optimal stopping problem is monotone increasing, there exists a caglad non-
increasing function b: Ry — X and a caglad nondecreasing function b : Ry — X with

b(0) < x¢ < b(0) such that

S={(t,x) eRy x X : & (b(t),b(t))}.

When the optimal stopping problem is strictly monotone increasing, if b(t) < 7,
then t — b(t) is strictly increasing on [0,t); and if b(f) > x, then t — b(t) is

strictly decreasing on [0,1).

Proof of Corollary 4. The existence of the boundaries b and b follows from Proposition
13, and the bounds b(T) < z¢ < b(T) from Proposition 12. The monotonicity follows
from Theorem 5 and 6. Finally since V is continuous, S is closed, and, hence, b is upper
semincontinuous and b is lower semicontinuous. Together with their monotonicity properties,
this guarantees that they are cadlag or caglad. m

Finally, in monotone decreasing stopping problems, one can also show that the stopping

boundaries are continuous under a small strengthening of assumption 11(SC).

Assumption 12 (SSC) For all t € [0,T), the mapping x — f(t,z) + (L&) —7r) g(z)
is nondecreasing on (z,x°| and there exists a unique x~(t) € [z,z¢] such that, for all
v € (z,2%2 < 27 (t) = f(t,z) + (L) —r(t,z)) g(z) < 0 andz > z(t) = f(t,z) +
(£E) —r) g(z) > 0.

Similarly, for allt € [0,T), the mapping x — f(t,2)+ (L") — r(t,z)) g(x) nonincreasing

on [z¢,Z) and there exists a unique x*(t) € [z°, Z] such that, for all x € [z°,Z), x > x*(t) =
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ft,z)+ (L8 —r(t,2)) g(z) <0 and x > 2 (t) = f(t,z) + (LE) —r(t,2)) g(z) < 0.
Assumption 12 yields useful properties of the stopping and continuation regions.

Lemma 2 Suppose that Assumptions 10 and 12(SSC) hold, then
{(t,x) eYr s x e (x (¢),27 (1))} CC.

The proof of Lemma 2 is in Appendix B.4. So, if for all ¢ € [0,7), the mapping = —
f(t,z) + (L% —r(t,z)) g(z) satisfies strong single crossing on (z,2¢] and on [z°,Z), we

have
Sc{(t,x)eYr: f(t,z)+ (E(t’x) —r(t,z)) g(z) <0}. (2.5)

The above property of the stopping region has a surprising consequence for the regularity of
the free boundary in monotone decreasing environments. It implies that the free boundary

is continuous. This is established in Proposition 14.

Proposition 14 Suppose that the optimal stopping problem is monotone decreasing and
that Assumptions 10 and 12 hold. Then the stopping boundaries t — b(t) and t — b(t)
are continuous on [t,T) and on [t,T), respectively; with t = inf {t >0 : b(t) > —oco} and

t=1inf{t >0 : b(t) > —c0}.
The proof of Proposition 14 is technical and can be found in Appendix B.4.

Remark 4 The argument above works in monotone decreasing environment. When the
environment is monotone increasing, it does not. That’s because when the process X starts
from a point (to+e€, x) with € > 0, then, as time passes, it will move away from the boundary.

On the contrary, in the proof above, we relied on the fact that X moves towards the boundary.
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Intuitively, the diffusion does not “see” the discontinuities of the boundaries in the increasing

environment.

Remark 5 Propositions 13 and 14 and Corollary 4 are proved for a time independent stop-
ping reward g. They remain valid when g is non-stationary under the following additional
assumptions: (i) The function g : IO, T)x X — R grows at most linearly: there exists Cy such
that |g(t,x)] < Cy(L4+t+|z|). (i) g can be represented as the mazimum of two smooth
functions: g = g* V g%, with

e ¢:[0,7)x X - R, i=1,2, belongs to C>*([0,T) x X).

o Forallt € [0,T), z — g'(t,x) — ¢*(t,x) is strictly monotone and crosses zero at

z°(t) € X.

Secondly, in Assumptions 11 and 12, we need x — f(x,t) + (3t + L) — r) is nonde-
creasing on (x,z°(t)] and nonincreasing on on [x°(t), T).

Finally, in the definition of a locally strictly monotone environment, we need that g* is
supermodular in (t,x) and g* is submodular in (t,x) if the stopping problem is strictly decreas-
ing, and that g* is submodular in (t,x) and g° is supermodular in (t,z) if the environment
15 strictly increasing.

When these conditions hold, our proofs extends without modification.

2.4 Applications

To illustrate the power of our main result, we use it to derive new and interesting predic-
tions in non-stationary information acquisition problems with binary decision.
In these settings, there is an unknown payoff relevant state p and two possible actions.

The decision maker can learn about p. She decides when to stop acquiring information and
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what action to take upon stopping. The payoff of the decision maker depends on the state
of the world, her action, and how much information she acquired.

Sections 2.4.1 develop useful tools need to map information acquisition problems to our
general setting. In Section 2.4.2, we introduce the problem of a decision maker who learns
about a binary state and tries to match it with her action, similar to the classic Wald’s
problem. However, we assume that the information acquisition technology changes over time.
When learning’s speed increases, accuracy increases, and when learning’s speed decreases,
accuracy decreases. In Section 2.4.3, we show that when the relevant state is not binary and
the information technology is stationary, the decision maker’s decision becomes less accurate
as time passes. A particular instance of this problem is studied in the seminal paper by
Fudenberg et al. (2018). Finally in Section 2.4.4, we consider the effect abrupt changes at
stochastic time have on the problem. For example, we look at the possibility that the decision
maker faces a stochastic deadline at which she either have to take action immediately or the

state is perfectly revealed.

2.4.1 Convex Stopping Problems

In stopping problems in which the decision maker makes a final decision upon stopping,
the value function is typically convex (see Proposition 15). As a result, it becomes easy to
check whether the environment is locally strictly monotone and thus whether Theorem 6
applies.

First we provide a formal definition for a convexr environment.

Definition 13 An environment is said to be convex if
1. The function g : X — R, v — g(z) is conver.

2. For allt € [0,T), the function x — f(t,z) is convex.
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3. The discount factor r is constant: for all (t,z) € Vr, r(t,x) =r.

4. If r =0, then assume that (i) the value function (V) grows at most linearly and (ii)

there exists € > 0 and t € [0,00) such that f(t,z) < —€ for allt >t and v € X.'3

Then we prove that convex environments entail convex value functions.

Proposition 15 In a convex environment the value function (V) is convex in x for all

tel0,T).

The proof of Proposition 15 follows from a discrete time approximation argument and a useful
result on the propagation of convexity due to Bergman et al. (1996). It is in Appendix B.5.1.

Moreover, we can show the following.

Lemma 3 In a conver environment, if f : Yr — R and g : [0,T) x X — R are Lipschitz

continuous the value function (V) is continuous.

Lemma 3, together with condition 4 of Definition 13, if » = 0, or Lemma 2 in Durandard
and Strulovici (2022), if r > 0, guarantees that the value function is continuous and grows
at most linearly in convex stopping problems. Its proof is in Appendix B.5.1.

As a corollary, we obtain conditions under which a convex optimal stopping problem is

strictly monotone.
Corollary 5 A convex stopping problem is (globally) strictly monotone if

(i) It is monotone;

(ii) The value function V is strictly monotone in time in the continuation region;

i.e., for all (t,z) € C, Vi(t,z) <0 or, for all (t,x) € C, Vi(t,x) > 0;

(11i) ou(t,x) <0, w(t,z)Vy(t,z) <0, and fi(t,x) <0 for all (t,z) € C if Vi(t,z) < 0; and
ou(t,2) > 0, u(t 2)Va(t,) > 0, and fi(t,2) > 0 for all (t,2) € C, if Vi(t,z) > 0.

I31f T < o0, condition (ii) holds vacuously.
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2.4.2 Non-stationary learning about a binary state

One of the classical questions in Sequential Analysis concerns the testing of two simple
hypotheses about the sign of the drift of an arithmetic Brownian motion. For a textbook
treatment, see Peskir and Shiryaev (2006), Chapter VI. Formally, suppose that a decision

maker observes a process Y;
}/;f = ,ut + UBt7

whose drift g is unknown and B is a standard Brownian motion. Based on observations
of the process Y, one wants to test sequentially the hypotheses Hy : p < 0 and Hy : p >
0. In the Bayesian formulation of this sequential testing problem, the drift p is a binary
random variable taking values in {—1,1}. X is the decision maker’s prior belief that p = 1.
Moreover, 1 and B are independent. The accuracy and urgency of a decision is governed
by a gain function together with a constant cost ¢ > 0 of observation per unit of time and
a discount rate r > 0. The problem then consists of finding a decision time 7 and rule

d € {—1,1} to maximize the expected total gain:

E e (aﬂ{dzl,uzl} + bll{d:_1,u:—1}) —/ e_rtcdt} ,
0

where a and b are nonnegative. Since Shiryaev (1967), it has been well-known that the
sequential testing problem admits an equivalent formulation as the following stationary op-
timal stopping problem in which the state X; is conditional probability of the drift taking

value 1 at time ¢:14

supE [ X, V (1 — X,) — c7]

MThere is a one-to-one correspondence between the observation and belief process.
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where

Xivs = X, + / 2! X, (1 - X,)dB,.
ag

t

The solution to this problem consists of two constant boundaries in the belief space. When
the posterior probability that 1 = 1 exceeds an upper threshold, the decision maker takes
action d = 1, and when the posterior probability that ;o = 1 falls below a lower threshold, she
takes action d = 0. A complete characterization of the solution can be found in Peskir and
Shiryaev (2006), Chapter VI. As upper and lower threshold on the posteriors are constant
over time, the accuracy of both decisions is also constant in time. So, in the classical model,
the timing of decisions is uncorrelated with accuracy.

In this section, we extend the above problem to settings in which the information ac-
quisition technology (i.e. the observation process) is not stationary, to capture observed
relations between speed and accuracy, and relate them to primitives of the model.!> By
standard arguments, the problem is equivalent to a an optimal stopping problem, where the
underlying process is the conditional probability that the drift is 1: X; =P (p=1]F). In
particular, the state variable X is a [0, 1]-valued martingale. However the diffusion governing

the evolution of X needs not be stationary anymore:
Xt+s =X; + / O'(U, Xu)dBua
t

where o(u, X,,) measures the speed of learning. Implicit in the above formulation is that
information acquisition is gradual. Moreover, we will also assume that the decision maker
can never learn the state perfectly and that the information acquisition technology is such

that

BpnnnnlLiterature
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Assumption 13 Suppose that (i) o € C>*([0,00) x X), (ii) 5(z) == sup o(t,x) is Lips-
B B te[0,T)
chitz, that (iii) inf {t >0: X; €{z, :Tc}} = 00 P-a.s. where X is the unique strong solution

of

and that (iv), for all € > 0,

lim P, (?(xc) > M) >1—¢ and limP, (f(xc) > M) >1—c¢,

T—T T—>T
where T(zey = inf {t >0: X, = xc}.

Assumption 13 guarantees that the continuation region in the sampling problem is bounded.

The decision maker’s problem is then
Vi(t,x) = sup Eq g [e_T(T_t)aXT Vb(l—X,)— / e_r(s_t)cds} : (V#)
T t
subject to
t+s
Xt+8 = Xt + / U(U, Xu)dBu
t

So the above problem can be seen as a particular instance of the general problem in Section

2.3 where the following holds:

Assumption 14 (i) T = oo and T and z are inaccessible. (i1) g* and g* are affine and
nonnegative. (iii) For all (t,x) € Vi, f(t,x) < —c for some ¢ > 0. (i) For all (t,x) € Vr,

wu(t,z) =0.

In particular, assumption 12 (SSC) is satisfied. Moreover, we have
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Proposition 16 Ift — o(t,x) is strictly decreasing, then the optimal stopping problem (V)
15 strictly monotone decreasing.
If t — o(t,x) is strictly increasing, then the optimal stopping problem (V?®) is strictly

monotone increasing.

Intuitively, when o (¢, z) decreases over time, the speed at which the decision maker obtains
information decreases over time. So starting from a later time, she is in a worse position:
she needs to acquire information for a longer period of time to get the same amount of
information. The proof of Proposition 16 is in Appendix B.5.2.

As a corollary of the above Proposition 16, Corollary 4, and Proposition 14, we have

Proposition 17 Under assumption 13, the optimal stopping region S in (V?®) is given by

S={(t,x) e R x X : x ¢ (bt),b(t)},

where

o t — b(t) is strictly decreasing and continuous and t — b(t) is strictly increasing

and continuous on [0,00) if t — o(t,x) is strictly decreasing; and

e t — b(t) is strictly increasing and t — b(t) is strictly decreasing on [0,00) if

t — o(t,x) is strictly increasing.

The proof of Proposition 16 is in Appendix B.5.2. The above proposition summarizes how
the decision boundaries, and therefore the posterior beliefs at the time of decision, change
over time. As a result, Proposition 17 has direct implications about the evolution of accuracy
over time. In particular, accuracy decreases (increases) over time when the upper boundary

decreases (increases) or when the lower boundary increases (decreases) over time.
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2.4.3 Learning about a non-binary state

Section 2.4.2 relates the speed-accuracy trade-off to the speed of learning. In this section,
we consider an alternative explanation following the seminal work of Fudenberg et al. (2018).
Hence, the fact that the belief process is stationary when the state is drawn from a binary
distribution turns out to be special. For any other (non-degenerate) prior, the probability
that the state p is above or below zero for example is non-stationary (see Proposition 19
below). In this section, we therefore reconsider the sequential sampling problem when the

state is drawn from a non-binary distribution.

We start with the “uncertain difference” Drift Diffusion Model of Fudenberg et al. (2018).
An agent has to decide between two alternatives {l/,r}. She is uncertain about the utilities
0 = (Hl, 97”) associated with each choice and pays a constant running cost ¢ > 0 to observe
Brownian signals of the true utility. They show that, when the agent believe that @ is
distributed according to a bivariate normal distribution (where each component’s variance
is o2 > 0), the stopping time is the first exit time from a shrinking continuation region.
That the boundaries decreases implies that the accuracy of the decision is decreasing over
time (Theorem 1 in Fudenberg et al. (2018)). Accuracy is defined as the probability of
making the correct decision (i.e., choosing r when 6" > ' and conversely). Note that, this
definition of accuracy does not take into account the magnitude of the difference. An error
is defined similarly whether |61 — 6”‘ is large or not. This characteristic appears crucial in
their setting with normal prior: agent’s will make less accurate decisions in those problems
for which |9’ — 9”‘ is small, i.e. problems for which making the right decision is relative less
important.

The purpose of this section is to highlight how we can view their setting as a special
case of ours, and how, using our machinery, we can extend their result of accuracy being

decreasing over time even to cases where the decision makers do not become pessimistic on
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the relevance of making the right decisions.

Formally, their problem can be seen to be equivalent to the following problem:
V(t,x) =supEqq) [X; VO —c(r —1)],

subject to

5 \/Eagoz

X =g+ 5 5
¢ Q°Fuog

dB,,

where By is a standard Brownian motion, ¢ > 0 is a constant running cost, and a > 0 is
the noise of the Brownian signal in the original hypothesis testing problem. This problem
can be interpreted as one in which the decision maker chooses between an alternative that
delivers value 0 and one that delivers value 6/ — " unknown, where E(#' —0") = X and the

speed of learning decreases over time.
o \/50(2)01

a?

Since the above problem satisfies Assumptions 13 and 14 (with &(x) ), we can

use Proposition 17 to characterize the shape of the continuation region.

Proposition 18 The continuation region in the above problem is

C:={(t,x) €[0,00) x R : b(t) <z <b(t)},

where t — b(t) and t — b(t) are two continuous boundaries, with b(t) = —b(t) for all t > 0.

Moreover, b(+) is strictly decreasing.

The proof is in Appendix B.5.3. As shown by Fudenberg et al. (2018), such shape of the
boundaries corresponds to accuracy being decreasing in the stopping time (see Theorem 2
in Fudenberg et al. (2018)).

Note that in Fudenberg et al. (2018), two forces push toward the decrease in accuracy.
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First, the speed of learning decreases, so there is less incentive for the DM to continue
acquiring information as time passes by. Second, as time goes by and no decision is taken,
the expected payoff difference between the two action fades away, so the benefit of taking the
right decision also vanishes. In order to isolate the effect of the decrease in learning speed,
we propose a certain difference drift diffusion model, where the payoff difference between the
actions is constant and known. In this more conservative model, we show that the negative
correlation between the time and accuracy of decisions still arises.

Our certain difference drift diffusion model is similar to the classical hypothesis testing
problem. The value of choosing an alternative is either 0 or 1 depending on the sign of the
true state u. However, contrary to the classical Wald model, the unknown parameter p is
not binary. It is a real-valued random variable distributed according to F' € A(R). The

decision maker observes
}/t = ,LLt + UBb
and chooses a decision time 7 and rule d € {—1,1} to maximize the expected total gain:

E e (alqg=1uz0) + bL{g=—1,u<0}) —/ e”cdt] ,
0

where a,b > 0, ¢ > 0, and r > 0. We assume that 0 < F(0) < 1 to make the problem
nontrivial.
From the filtering argument in Ekstréom and Vaicenavicius (2015), the problem admits

the following equivalent optimal stopping formulation:

V' (t,2) = sup B |77 (a X, VB(1 - X)) — / er(sﬂcds} : (Vb
t

T>t
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where
Xt+s = Xt + / g ('LL, Xu> dBu
t

is the decision maker’s belief that p is nonnegative, and o(¢,z) € (0,1) is the volatility of

the decision maker’s beliefs. Moreover,

Proposition 19 (i) o € C*>*. (i) For all z € (0,1), t — o(t,z) is strictly decreasing if the

support of F contains more than 2 elements.

Proposition 19 follows immediately from the proof of Proposition 3.8 and Corollary 3.10 in
Ekstrom and Vaicenavicius (2015).
Thus, as a consequence of Propositions 16 and 19 (which implies that o is bounded above

by a constant), we have

Corollary 6 Suppose that F is not binary. The optimal stopping region S in (V?®) is given

by
S={(t,x) eRy x X : & (b(t),b(t))},

where t — b(t) is strictly decreasing and continuous and t — b(t) is strictly increasing

and continuous on [0, 00).

Note that our result is not tied to one particular prior over u (e.g., normal). Accuracy is
decreasing in the decision time independently of the decision maker’s prior F' as long as it is
not binary. In this sense, the predictions obtained in the classical Wald model (with binary

prior) are not robust.
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2.4.4 Learning with Stochastic Deadline

In this section, we consider information acquisition problems where the nature of the
problem faced by the DM can change abruptly at a random deadline. For example, the DM
may be forced to make a decision, may lose the opportunity to make the decision, or the
true state may be revealed, when the deadline realizes. At any time before the deadline, the
DM chooses whether to take action d € {—1,1} or to acquire more information about an
unknown parameter 4 € {—1,1} that determines the action’s payoff 1y,—q. If the decision
maker chooses to acquire information (at a flow cost ¢), she observes the realization of a

signal process and updates her belief. Formally, at time ¢, the DM’s belief that © =1 is
t
X: = X +/ o(s, Xs)dBs,
0

After the deadline realizes, learning stops.

We consider Markov deadlines that realize according to a Poisson time-dependent arrival
rate a(t, z) which can also depend on the DM’s belief.'® The DM’s problem then consists of
finding a decision time 7 and a rule d € {—1,1} to maximize the expected total gain given
the presence of a stochastic deadline. The accuracy and urgency of a decision are determined
by a gain function together with a stochastic deadline that arrives at a random time 9, and

a payoff at the deadline f(6,d, ). The expected total gain is

E [Ls>r (Lgamipm1y + Liam—1um—1y) + Lis<rr f(0,d, ) — (7 Ad)c] .

As in the previous section, the optimal information acquisition problem admits the equiv-

16Tn the appendix B.5.4, we define the set of all Markov deadlines and show that it is well approximated
by the class of Markov deadlines characterized by an arrival rate a(t, ).
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alent optimal stopping formulation:

Vé(ta I) = SHEE [XT Vv (1 - XT)X{TS(S} + f(57 _17 X5) \ f(57 17 X5)X{7’>5} - (T A 5)6] ; (VJ)
TE

subject to
t
X =X, —I—/ o(s, Xs)dBs,
0

where X; is the decision maker belief that ;= 1 at time ¢ and, with a small abuse of notation
f(t,d, X) =X f(t,d, 1)+ (1 —X)f(t,d,—1). We also assume that the volatility of the belief
process is smooth (i.e., o € C*%).

This problem appears different from the stopping problems we considered above. How-

ever, in Appendix B.5.4, we show that we can reformulate it to fit our framework:

V(S(t? l') = Ssup E(t,m) e Jo a(s,Xs)ds (XT V (1 — X.,-) — CT)

TET (1)

n / e~ Jo ol Xds (F(¢ X)) — cf) alt, X,)dt |.
0

subject to
t+s
XtJrs = Xt + / O'(U, Xu)dBu
t

Different f have different interpretations. First, we study the case where the true state
is revealed at a stochastic deadline. Second, we consider the case where the DM is forced
to make a decision at the stochastic deadline. Finally, we consider the case where the DM
gets a zero payoff at the stochastic deadline. This last case is also equivalent to the problem

in which the decision maker has to pay a constant flow cost ¢ to acquire information and
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discount the future at rate a(t, x).

Drift diffusion model with Eureka moment: Suppose that, at the deadline, the deci-
sion maker perfectly learns the true state p. In this case, when the deadline realizes the DM

stops immediately, makes the correct decision and obtains a payoff of 1. Then

Proposition 20 Suppose that Assumption 13 holds. The optimal stopping region S of an

optimal sampling problem is given by
S={(t,x) eRy x X : = & (b(t),b(t))},

where
o t — b(t) is strictly decreasing and continuous and t — b(t) is strictly increas-
ing and continuous on [0,00) if t — a(t,x) is strictly decreasing and t — o(t,z) is
nonincreasing; and
o t — b(t) is strictly increasing and t — b(t) is strictly decreasing on [0,00) if
t — a(t,x) is strictly increasing and t — o(t, x) is nondecreasing.

The proof is in Appendix B.5.4.

Forced decision: Suppose that at the deadline, the decision maker has to make a de-
cision, i.e., she cannot acquire additional information. This case corresponds to assum-
ing f(6,d,u) = (a]l{d:w:l} + bﬂ{d:—l,u:—1})~ Thus, if the deadline realizes, the DM gets

X5V (1 — X;). In this case, we have

Proposition 21 Suppose that Assumption 13 holds. The optimal stopping region S of an

optimal sampling problem is given by

S={(t,x) eRy x X : x & (b(t),0(t)) },
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where

o t — b(t) is strictly decreasing and continuous and t — b(t) is strictly increas-
ing and continuous on [0,00) if t — a(t,x) is strictly increasing and t — o(t,z) is

nonincreasing; and

e t — b(t) is strictly increasing and t — b(t) is strictly decreasing on [0,00) if

t — a(t,x) is strictly decreasing.

The proof of Proposition 21 is the same as the proof of Proposition 20, hence omitted.

Time preferences and accuracy: Finally we study the case where the decision maker
gets a zero at the deadline. This is equivalent to the problem in which the decision maker
has to pay a constant flow cost ¢ to acquire information and discount the future at rate
a(t, z), and therefore allows us to relate the decision’s maker time preference to the accuracy

of decisions.

Proposition 22 Suppose that Assumption 13 holds. The optimal stopping region S of an

optimal sampling problem is given by

S={(t,x) eRy x X : & (b(t),b(t))},

where

e t — b(t) is strictly decreasing and continuous and t — b(t) is strictly increas-
ing and continuous on [0,00) if t — a(t,x) is strictly increasing and t — o(t,x) is

nonincreasing; and

o t — b(t) is strictly increasing and t — b(t) is strictly decreasing on [0,00) if

t — a(t,x) is strictly decreasing and t — o(t,x) is nondecreasing.
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Again, the proof of Proposition 22 is the same as the proof of Proposition 20, hence omitted.

Proposition 22 shows that the slope of the boundary is closely related to the slope of the
discount rate. In particular, they coincides when the information acquisition technology is
stationary. So the decrease of accuracy over time observed in many binary choice experiment
in neuroscience is rationalized by an increasing discount rate. On the other hand, accuracy

is increasing over time when the decision maker becomes more patient over time.



107

Chapter 3

A Best-Responses Approach to

Robustness

3.1 Introduction

Real world mechanisms and contracts are often simple and hardly responsive to the details
of the environment. However, most of the mechanism design literature identifies mechanisms
that do not share these features: Optimal mechanisms usually respond dramatically to small
changes, failing to rationalize standard organizational practices. Addressing this critique, the
literature on robustness has successfully identified intuitive mechanisms that provide good
performance guarantees and are largely independent of the environment. Yet, despite the
simple structure of the robustly optimal mechanisms, the analysis largely lacks simplicity.

The difficulty often stems from the need to simultaneously determine mechanisms that
achieve a good guarantee and the worst-case scenario. In this paper, we develop a new
approach to identify classes of mechanisms that contain a robust optimum. Notably, our
approach avoids the issues associated with explicitly solving for the worst-case scenario.

While theoretically interesting, characterizing one specific robustly optimal mechanism does
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not need to be the ultimate goal. Instead, we are often interested in whether a robustly
optimal mechanism possesses certain features. Is it linear, separable, or static? What
uncertainty does it protect against? These are questions about sets of potentially-optimal
mechanisms and sets of deviations by Nature. Such questions are the focus of our paper.

Our general framework considers a decision maker choosing an alternative from a set
D, followed by an adversarial Nature choosing from a set N. The decision maker seeks to
maximize her worst-case payoff 7(d,n). Our main results provide simple conditions that
guarantee that an optimal worst-case mechanism belongs to some set D* C D. We do so by
considering a subset of Nature’s responses N* C N, such that D* and N* have a mutual-
best-response property. Specifically, we require that when the decision maker chooses an
element of D*, Nature can minimize her payoff by choosing an element of N*, i.e., Nature
has a best-response in N*. Conversely, the decision maker has a best-response in D* when
Nature plays an element of N*. Notably, the conditions in Theorem 8 are tight, so this
recipe can be applied to any robust decision problem.

The advantages of this approach are twofold. First, our proposed conditions are often
easy to check and rely on familiar best-response reasoning or replication arguments. Second,
identifying a class of mechanisms as containing an optimizer — rather than identifying the
exactly optimal mechanism — is often the largest hurdle in the analysis. Once the analyst
identifies a convenient D* that contains a robustly optimal mechanism, it is often simple to
identify an exact robustly optimal mechanism d* € D*. Put differently, the tools we develop
are specialized to their intended function: identifying particular properties of a robustly
optimal mechanism. After presenting the main results, we show how to operationalize them

across various examples and highlight instances where our results simplify the argument.
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3.1.1 Related Literature

Our core methodological contribution lies within the fruitful literature on robust mecha-
nism design, which identifies simple mechanisms providing payoff guarantees to the principal
in unknown environments. This literature includes Frankel (2014), Garrett (2014), Carroll
(2015), and Carroll and Meng (2016), as well as many more recent developments. Our start-
ing point is different. Rather than identifying a particular optimal mechanism, we focus
on sets of mechanisms. This approach presents one major advantage: When solving for a
specific robustly optimal mechanism, one must find a strategy by Nature that constrains the
principal to the lowest payoff guarantee. In other words, one must explicitly construct the
saddle point of the game between Nature and the decision-maker. This is the approach fol-
lowed in Carroll (2015), Carroll (2017), Libgober and Mu (2021), and Che and Zhong (2021),
for example. By focusing on a class of mechanisms instead, we can often avoid solving for
Nature’s equilibrium strategy, simplifying the proofs.

Our approach is closer to the perspective put forward in Chassang (2013), Walton and
Carroll (2022), or Deb and Roesler (2021), that provides conditions on the environment
such that a robustly-optimal mechanism has desirable features. Contrary to these papers,
which are still interested in directly characterizing the robustly optimal mechanism, we
propose first determining the general properties the optimal mechanism should possess. As
we demonstrate, identifying a class of good mechanisms instead of the optimal ones allows
for bypassing the delicate constructive arguments these papers rely on by invoking different
minimax theorems. Moreover, recent advances in developing such tools, including Brooks
and Du (2021), further increase the scope of our methods.

Our approach also offers a critique of the robust design objective. Namely, optimal worst-
case mechanisms are often determined by peculiar choices of Nature, which constrains the

principal to some maximal payoff. Every mechanism that achieves this bound is worst-case
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optimal.

This begs two questions. First, by what criteria should we rank different robustly optimal
mechanisms? Second — perhaps ironically — how sensitive are robustly optimal mechanisms
to the model’s description and the choices afforded to Nature? Some recent work has exam-
ined these questions. For example, see Dworczak and Pavan (2022) consider an information
design problem in which multiple information structures achieve the payoff guarantee. An
additional refinement that resembles admissibility selects the “best” among these worst-case
optima.

Che and Zhong (2021) study a multi-dimensional screening similar setup to Deb and
Roesler (2021). Rather than allowing Nature to choose any feasible information structure
for the agent, they impose additional structure on the ambiguity set. As a result, they find
that pure bundling need not be robustly optimal, and sub-bundling may emerge. Walton
and Carroll (2022) proceed in a complementary direction. Rather than Nature choosing
something that enters the agents’ decisions (such as information or the available alterna-
tives), Nature chooses among a set of possible functions that map a contract to the output
distribution. They provide conditions directly on such functions that ensure that linear con-
tracts are optimal without committing to any particular structure of the agent’s underlying
problem.

In addition to our methodological contribution, we use our methodology to analyze two
new applications: robustness in a dynamic screening environment and robustness when
contracting for search. In Section 3.4, we study the problem of a seller who is unsure
about the evolution of a buyer’s valuation but who knows the mean in each period. In this
setting, we show that one robustly optimal dynamic mechanism consists of a sequence of
static mechanisms. Fach static mechanism coincides with the one identified by Carrasco et al.
(2018). The argument is related to Baron and Besanko (1984): when the buyer’s type evolves

deterministically, an optimal dynamic mechanism is a memoryless sequence of optimal static
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mechanisms. However, if the agent accrues more information between interactions with the
principal, static mechanisms need not be optimal. Our contribution is to show that when
the principal faces ambiguity about the agent’s type process, she protects herself by acting
as if the evolution of the agent’s type was deterministic, i.e., as if the information asymmetry
between the seller and buyer were maximal.

The closest result is by Libgober and Mu (2021), but there are some differences in the
setup. The primary difference is that their agent purchases the good at most once, whereas
our agent interacts with the principal in every period. Omne could also view the multi-
period interaction as similar to Carroll (2017), Deb and Roesler (2021), and Che and Zhong
(2021) who consider a multi-dimensional type in a static setting. In their case and ours, the
principal protects against the worst-case joint distribution of types. However, our setting
introduces complexities in that the selling mechanism may be dynamic, the agent may be
forward-looking, and both may face uncertainty about the future.

Finally, in Section 3.5, we show that debt contracts are robustly optimal when the agent
can sequentially search a la Weitzman (1979) and the set of projects is unknown to the
principal. Therefore, this application is related to a large literature that has tried to provide
foundations for debt contracts. Most of these papers have focused on contracting frictions
(see, e.g., Gale and Hellwig (1985), Povel and Raith (2004), Hébert (2018), and Chaigneau
et al. (2022), and the references therein) or information acquisition (as, for example, Dang
et al. (2013), Yang (2020), and Malenko and Tsoy (2020)). A notable exception is Antic
(2014), which provides a robustness rationale for debt contracts when the agent’s technol-
ogy has the MLRP property but is unknown to the principal. In particular, his results
build on and extend those of Innes (1990). Our approach suggests a different explanation:
Debt contracts maximize potential experimentation and thus align the principal and agent’s

incentives when the agent has to search for the best option.
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3.2 Main Result

Our framework is general and encompasses a large class of robust decision problems. A
decision maker (she) has access to a set of alternatives D, with typical element denoted
d € D. She faces Knightian uncertainty about the possible actions available to an adversarial
Nature. These actions belong to some set N. After the decision maker chooses d € D, Nature
chooses some n € N. The resulting payoff of the decision maker is given by 7 : D x N — R.
The decision-maker wishes to maximize her worst-case payoff against Nature, so she seeks
to solve

sup inf 7(d,n) (3.1)

deD neN
At the outset, we place no assumptions on D, N, or 7, so this framework captures various ro-
bust maximization problems. For instance, D could be a set of prices, wages, or mechanisms.
N could denote the possible distributions of buyer values, dynamic information structures,
or outside options. The payoff 7 could incorporate equilibrium selection, maximization by
another agent, or regret relative to a full-information benchmark.
“Solving” such a problem involves identifying a set of alternatives D* C D within which

an optimizer lives. That is, we wish to find D* satisfying

sup inf n(d,n) = sup inf w(d,n).
deg)* neN (@mn) deg nenN (n)

Our main results provides conditions under which the above equality holds for a given D*.
We do so by considering a complementary set N* C N which include Nature’s best-responses

to elements of D*.

Theorem 7 Suppose there exist sets D* C D and N* C N such that

(1) Vn* € N*, supycp- (d,n*) = supyep 7(d, n*)
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(2) inf,en+ supgep« m(d,n) = supgep« infren+ m(d, n)
(3) Vd* € D*, inf,en+ w(d*,n) = inf,en 7(d*, n)

Then, supyep- infpen m(d,n) = supyep inf,eny m(d,n)

Proof.
sup inf n(d,n) <sup inf u(d,n N*CN
deB”EN ( ) deBNEN* ( ) ( )
< inf sup 7(d,n) (minimax inequality)
neEN* gep
= inf sup w(d,n 1
inf sup w(dn) 0
= sup inf =(d,n 2
sup inf w(d,n) (2)
= sup inf 7(d,n 3
sup inf 7(d,n) (3)
< sup inf 7w(d,n) (D* C D)
deD nEN
]

Conditions (1) and (3) in Theorem 7 involve familiar “best response” logic on the part
of the decision maker or Nature, taking the other as given. These conditions are often
simple to check and follow by a replication argument. Condition (2) is a minimax equality
that may not hold in all environments. However, a large class of problems involves an
objective function 7 that is already bilinear. Alternatively, linearity may be inherited from
the particular structure of D* or N*.

In cases where we do not expect the minimax equality (2) to hold, we can still proceed

with a slightly weaker assumption, as described in the following result.
Theorem 8 Fix D* C D. There exists N* C N such that

(1°) supyep inf,en+ m(d, n) = supyep- infpen+ 7(d, n)
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(3) ¥Yd* € D*, inf,en- m(d*, n) = inf,en m(d*, n)
if and only if supyep- infpen 7(d,n) = supyep inf,eny m(d,n)

The proof parallels Theorem 7 and can be found in Appendix C.1.

Relative to Theorem 7, Theorem 8 replaces the joint requirements of (1) and (2) with a
weaker requirement of (1°). (3) remains unchanged. In many cases, Nature’s best response,
when restricted to N*, can be computed explicitly, simplifying the verification of (17).

Notably, the conditions (1’) and (3) in Theorem 8 are tight. That is if we begin by
assuming that for some D* C D, supyep- infpenm(d,n) = supyep infpenm(d,n), then
letting N* = N satisfies conditions (1’) and (3). As a consequence, Theorem 8 pins down
the essence of every result showing robust optimality: if robust optimality can be shown,
Theorem 8 applies.

Finally, one caveat is that our results only imply e-optimality of D*. Because we did
not impose any structure on the problem, a maximizer does not need to exist. However, in
most practical applications, it is desirable to find an exactly-optimal mechanism and, hence,
show that one exists. We conclude this section by closing the gap under some additional

topological assumptions.

Corollary 7 Suppose the conditions of Theorem 7 or 8 hold. Additionally suppose that D*
is compact and inf,cn- (-, n) is upper semi-continuous. Then, there exists d* € D* such

that

inf 7(d*,n) = sup inf
A2 () = sup el ()

In particular, if 7(-,n) is upper semi-continuous for each n € N*, then inf, ey 7(-,n) is
also upper semi-continuous and Corollary 7 applies. This assumption holds widely across
applications. Finally, we provide an additional tool in Theorem 13 in Appendix C.7 to extend

our results when D* is not closed.
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3.3 Applications

Having presented the main tools of our paper, we demonstrate how our approach applies to
several well-known papers in the literature. We highlight instances where our focus on sets

of mechanisms, in conjunction with Theorems 7 and 8, significantly simplifies the analysis.

3.3.1 Linear contracts are robustly optimal as in Carroll (2015)

In our first application, we show how to apply our results to obtain Carroll (2015)’s linearity
result. Carroll’s setup is as follows. A principal P contracts with an agent A, who takes
a costly action (¢, F) € Ry x A(R,) that produces some nonnegative stochastic output
y € R,. The action is not observable. Only the output is. Thus payment to the agent can
depend only on the realization y and potential (cheap talk) messages exchanged between the
agent and the principal before the agent takes action.

A technology A describes the agent’s actions. A technology A is a compact subset of
R x A(R,). The agent knows A, but the principal does not. Instead, the principal only
knows a compact subset A of the available actions, and she believes that A can be any
compact superset of Ay. Moreover, Carroll imposes the following non-triviality assumption
on Ay: there exists (¢, F') € Ay such that Eg [y] — ¢ > 0. That is, the principal knows that
she benefits from hiring the agent.

Next, we define the space of contracts the principal can offer. Carroll (2015) restricts
attention to continuous deterministic payment functions w : Ry — R, (Theorem 1 in Carroll
(2015)) and later shows that screening by offering menus of deterministic contracts cannot
improve the principal’s guarantee (Theorem 4 in Carroll (2015)). Our methodology allows
us to consider a more general set of mechanisms: We allow the principal to offer any menu
of randomized contracts. So, D is the set of all menus of lotteries over measurable functions
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We can now summarize the timing of the game:

1. P offers a menus of randomized contracts.

2. A, knowing A, decides which randomized contract G to accept.
3. A observes g ~ G and chooses which action (¢, F') € A to take.
4. Output y ~ F is realized.

5. Payoff’s are received: y — w,(y) to P and wy(y) — ¢ to A.

As in Carroll’s, the agent’s behavior is simple as he maximizes expected utility. Given
technology A, he picks the randomized contract G* and action (¢*, F*) that maximizes his
payoff.!

From now on, our focus is on the principal’s problem. P evaluates a menu by its worst-
case expected payoff over technologies (and, when the agent is indifferent, equilibrium ac-

tions). So, P solves

o d, A), 3.2
up juf, 7 (0 A) 2)
where
d,A)= inf  limEg |y —Eg: .
w(d, A= nd -l B [y B [w(y)]
subject to

lim Ep- []EQNG% [w,(y)] — c;;] = sup  Ep [Ejuq [wy(y)] — .
n—00 Ged, (c,F)eA

'Because we did not assume that the offered menu was compact or that w is upper semi-continuous,
there does not need to exist an agent optimal randomized contract and action. In that case, we let the agent
chooses any maximizing sequence.
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The principal’s problem may appear daunting: the set of mechanisms is huge, Nature
has many possible deviations, and even the payoff function 7 is complicated. Fortunately,

Theorem 7 allows us to consider a simpler problem. Define

e D" ={deD:d={w:R;y >R,y — ay}, a > 0}: the set of singleton menu that

offers one linear contract, and

o N* := {.A A=Ay U(0,64), y € [0, Vierea, Egor [9] — c)} }: the set of technolo-
gies that includes the known sets Ay and a unique other options (0,dy,}), where y is

less than the maximum surplus of the known actions.
For d € D* and n € N*, w rewrites
r(dn)=1-a)y+ilay> \/ (aByrf] —c)
(¢, F)eAp
Then, as a consequence of Theorem 7, we get

Proposition 23 There exists a robustly optimal linear contract. Moreover, the principal

does not benefit from offering menus over randomized contracts.

The proof is in Appendix C.2.

3.3.2 Learning and robustness as in Libgober and Mu (2021)

For our second application, we provide a simple proof of the main result of Libgober and Mu
(2021) using our techniques. As in the previous subsection, this again guarantees that the
principal cannot benefit from using more complex mechanisms, thus extending the result in
Libgober and Mu (2021) to the case where the principal can offer any dynamic mechanism.

We start by introducing their setup. They consider a standard durable good monopolist

dynamic pricing problem and add the possibility of buyer learning. A seller sells a durable



CHAPTER 3. ROBUSTNESS 118

good at time t = 1,2,..., T, with T € N U {oc}. A single buyer is present at time ¢ = 1
and can choose whether and when to buy. The buyer and seller discount their payoff by a
factor 9 € (0,1). Finally, the product is costless for the seller to produce. The buyer has
unit demand and obtains value §'v from purchasing the object at time ¢, where v € V' C R,
is drawn from a distribution F' € A(V') and fixed over time.

At time t = 0, the seller commits to a potentially random dynamic selling mechanism.
A selling mechanism consists of a sequence of message spaces and associated mapping from
messages to allocations that determines whether the buyer sells and the associated price:
(M, 0: M, = {0,1} x Ry)[_ |2 We denote by D the set of all (pure) dynamic selling
mechanisms and by A(D) the set of all random dynamic selling mechanisms. Similarly, we
denote by D' the set of all (pure) dynamic selling mechanisms up to time ¢ and by A(D?)
the set of all random dynamic selling mechanisms up to time ¢. Given a dynamic selling
mechanism, the buyer then maximizes his expected payoff given the learning processes in
the game generated by the mechanism.® In particular, they assume that the buyer does
not directly know v, but instead learns through signals that arrive over time, via some

information structure. Following them, we define a dynamic information structure as:
e A set of possible signals for every time ¢ > 1, i.e., a sequence of sets (S;)L_,, and
e Probability distributions given by I; : V x S*™1 x D' — A(S;), for all t with 1 <t < T.

To interpret the above distribution, note that the distribution over signals at time ¢ could
potentially depend on the buyer’s valuation v, the history of signal realization up to t,
and the realized mechanism up to time t. So, as in Libgober and Mu (2021), information

flexibly depends on the realized mechanism. That is, we focus on the Stackelberg equilibrium

2Libgober and Mu (2021) restricts their analysis to dynamic random prices. Our approach allows for
any dynamic selling mechanism. In particular, the principal can screen the private information the agent
may have about the learning process.

3In particular, the buyer knows the information arrival process and is Bayesian about what information
will be received in the future.



CHAPTER 3. ROBUSTNESS 119

in the game played by the principal and Nature rather than the Nash equilibrium, which
distinguishes our model from most papers in the robustness literature.

Together, the (random) dynamic selling mechanism d € A(D) and the information pro-
cess I = (It)thl determine a set of possible outcomes; i.e., times at which the buyer acquires
the good with positive probabilities and associated prices. We are interested in the minimal
seller payoff guarantee, i.e., the seller’'s payoff when evaluated as if the information pro-
cess chosen by Nature and equilibrium selection were the worst possible, given the offered

mechanism:

sup inf 7 (d,I), 3.3
S i (d, ) (3.3)

where

7 (d,I) = infE

T
zxtatpt] ,
t=1

subject to the sequence = of payments maximizing the buyer’s expected payoff in the game
induced by d.
Finally, for simplicity, we make the following additional assumption to guarantee existence

(which is absent from Libgober and Mu (2021)).

Assumption 15 There exists p > inf (supp(F)) such that

p (1 —G(p)) > inf (supp(F)),

where G is the “pressed” distribution associated to F, as defined in Libgober and Mu (2021),

i.e., the distribution of Ex [v | v <r] whenr ~ F.

Again, the problem faced by the principal appears complex. Fortunately, using the tools
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developed above, we can dramatically simplify it by considering pure “static” posted price

mechanism. As a consequence of Theorem 7, we obtain:

Proposition 24 There ezists a robust optimal (random) dynamic selling mechanism that
posts a constant price p*. Moreover, the principal does not benefit from offering a more

complex mechanism.

The proof of Proposition 24 is in Appendix C.3.

3.3.3 Multidimensional screening as in Deb and Roesler (2021)

We highlight our approach in the multi-dimensional screening problem of Deb and Roesler
(2021). We slightly simplify their setup to ease exposition.

A seller has K goods for sale, and the buyer’s valuation is given by a type 6 = (01, ...,0k).
We assume that the set of feasible types is © := [0;,0,]¥, and @ is drawn from some ex-
changable distribution F' € A(©). A type-6 buyer’s valuation for a bundle b C {1,..., K}
is assumed to be additive across items: u(b,0) =), 0;.

The buyer does not directly observe her type. Rather, she observes a signal of her
willingness-to-pay, which Deb and Roesler describe as “learning.” Because the buyer’s payoft
is linear in 6, the only relevant statistic is the buyer’s expected valuation for each component
;. Let N denote the set of distributions over posterior expected valuations that some signal
structure induces. We will refer to the buyer’s posterior expected valuation as her interim
type.

The seller will design a sales mechanism to maximize his worst-case payoff against Na-
ture’s choice of V. A mechanism consists of a message space M, an allocation function g,
and a transfer function ¢. The allocation describes a distribution over bundles that the buyer
will receive, ¢ : M — A(2%), and the transfer is the expected payment from the agent to

the principal t : M — R. Finally, we impose an individual rationality constraint that, for all
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0, there exists some m € M that gives type 6 a positive expected payoff. Let D denote the
set of all such mechanisms.

Given a mechanism d = (M, q,t), a reporting strategy is a function o : © — A(M) that
maps the buyer’s interim type into chosen messages. Let 3(d) denote the set of best-response

reporting strategies for the buyer. The seller’s objective function is thus to solve

inf B, [t(m)], 3.4
B enl iy B ) 34

where the expectation is taken over both Nature’s draw of the interim type according
to n and the buyer’s reporting strategy o. The goal is to find a class of mechanisms that
maximizes this payoff.

With the setup concluded, we show how our framework easily surmounts this problem.
While the setup does not immediately fit into our framework because of the additional
constraint on the buyer’s best-responses, it can be handled by appropriately defining the
chosen mechanism.

We say that a mechanism is interim direct and incentive compatible if M = ©, and for

all 0 € O,
Epgo) 9 0i — 1(0) > Byoyey D 0; — L(0)) (3.5)

icbh icb
The above is the standard notion of incentive compatibility applied to the buyer’s ex-
pectation of her type after observing some signal. By the standard Revelation Principle
argument, there is no loss in restricting attention to mechanisms of this form. The main
advantage of looking at this class of mechanisms is that it directly incorporates the buyer’s

best-response into the seller’s payoff. For a given interim type distribution G € A(O), the
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seller’s expected payoff from a direct, incentive-compatible mechanism d = (0, ¢, ) is

/ HO)dG(0)

We will show the optimality of a restricted class of direct, incentive-compatible mech-
anisms. We say that a mechanism d is a random pure bundling mechanism if it is direct,

incentive compatible, and additionally satisfies that ¢ is continuous,

q@)(b) > 0 = b={1,...,K} or b=0, and

D_0i=2 00 = a(0) = a(®)

A random pure bundling mechanism either sells the entire bundle or nothing to the
buyer and is measurable with respect to the buyer’s total valuation. Let D* denote the set
of random pure bundling mechanisms.

We now find the set of distributions by Nature, N*, which rationalize D* according to

Theorem 7. We say that G € N is a total value signal if
QESupp(G) — 01 =0,=...=0k.

As the name suggests, a total-value signal can be generated by simply informing the
buyer of her expected valuation for the grand bundle # = 3" 6;. Due to the exchangeable
prior assumption, after being informed of the total valuation, the buyer’s posterior expected

valuation for each good will be % Let N* denote the set of total value signals.

Proposition 25 (Deb and Roesler (2021), Theorem 3) Let D* denote the set of ran-

dom bundling mechanisms and N* the set of total-value signals.

1. For any G € N*, SuDyep yes(a) Bw.o) [t(m)] = supge p- Ec[t(0)]
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2. For any d € D*, infgeny Eq[t(0)] = infgen Eq[t(0)]

3. SupdeD* infGeN* EG[t(Q)] - lnfGeN* SupdeD* EG[t(Q)]

As a result, there exists a worst-case optimal random pure bundling mechanism.

The complete proof is in Appendix C.4. A few technicalities aside, the argument is a
straightforward application of Theorem 7. First, given any total-value signal of Nature, the
seller’s problem simplifies to a single-dimensional maximization for the grand bundle. In
this case, we already know that a posted price for the grand bundle is optimal, which can
be approximated by a continuous mechanism with arbitrary precision. Second, given any
random pure-bundling mechanism, it is without loss to restrict attention to Nature informing
the buyer of the valuation for the total good. Finally, the Sion minimax theorem conditions

are satisfied due to the continuity of ¢.

3.4 Robust dynamic screening

In this section, we consider a new application and show how our results can be applied to
simplify dynamic robust contracting problems. A principal can sell one unit of a good to an
agent every period 1 < ¢ < T, with T € NU {oo}. The principal, however, does not know
the distribution of the agent’s valuations or the process through which they evolve. Instead,
she only knows the mean of the distribution at each time ¢. That is, we assume that the
principal faces distributional uncertainty.

Formally, let v, € V; C [0, V] with V' € R, denote the agent’s type in period t. The seller
is uncertain about the distribution F' € A (Hthl V}) of (v¢),en, but knows the sequence of

first moments: (7;),.y. So the set of distributions the seller entertains is

T
N:z{FGA(HVt) : Ep (v = vy, foralllgth}.

t=1
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We assume that the principal commits to a (potentially random) dynamic selling mech-

anism to maximize her worst-case payoff guarantee:

sup inf 7 (d,n),
deB”EN (dm)

where

n(d,n) = inf E,

(»"Ct)tT:l

T
Z 5tptilft] )

t=1

and (ajt)thl is a sequence of buying probabilities that is optimal for the agent in the problem

defined by mechanism d.

Proposition 26 There exists a robust e-optimal dynamic selling mechanism that charges

the static robustly optimal (random) price each period.
The proof of Proposition 26 is in Appendix C.5.

Corollary 8 The sequence of random posted prices that induces the distribution P, over

prices in pertod t, 1 <t <T, with

and p, is the solution to p <1 + In (V) —1In (pt)) = 0y, 18 robustly optimal.

The proof of the above Corollary is in Appendix C.5.
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3.5 Robust Contracting for Search

We conclude the present paper with a more extensive application to a novel robust contract-
ing problem: how to incentivize an agent to search through alternatives. Robustness enters
due to the principal’s limited knowledge of the agent’s available alternatives.

We show that debt contracts maximize a principal’s worst-case payoff against all sets
of alternatives that an agent may have access to. In particular, debt contracts neither
distort the order in which an agent searches through alternatives nor provide an incentive
to terminate the search early. Debt contracts are, therefore, a natural class of contracts
when the moral hazard problem of the agent is not a one-time effort decision but a dynamic
optimization problem that involves uncertainty. This provides a rationale for the use of debt

contracts for financing in risky environments such as R&D and entrepreneurship.

3.5.1 Model

A principal (“the investor”) contracts with an agent (“the entrepreneur”), who engages in
costly sequential search to produce a profitable project. The agent’s efforts and search are
not observable, only the realized value of the project he presents to the principal.

A project is described by a pair (¢, F) € RT x A(Y), where Y = [0,Y™*] C R*. In
the language of Weitzman (1979), this is a “Pandora’s box.” The interpretation is that the
agent exerts a cost of ¢ to learn the realized value of the project, which is a priori distributed
according to F.

At the outset, the agent is aware of the set of feasible projects A = ((¢;, F}));_,, while
the principal only knows one of one possible project Ag := {(co, Fo)}. In an extension, we
describe this knowledge as stemming from the agent’s strategic disclosure decision. For now,
we leave this knowledge as exogenous. We assume A is finite, and Ay satisfies a non-triviality

assumption that Eg [y] — co > 0.
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The principal’s only incentive tool is a wage contract w : Y — R™. The contract describes
the agent’s monetary payment for a given project realization. When a project of value vy is
realized, the agent receives w(y), and the principal receives y — w(y). We assume that the
contract w satisfies two-sided limited liability, so w(y) € [0,y]. That is, the principal decides
what share of the profits each player receives. Both players are risk neutral.

Given a wage contract w and a true set of available projects A, the agent engages in
Weitzman search (with recall). The agent’s strategy will be described as a function of two
state variables: the agent’s best realization of y and the collection of unsampled projects S.
Thus, a strategy will be a function o : Y x 24 — 24U ). Where o(y, S) = s means that the
agent will sample project s € A\ S next, and o(y,S) = () means the agent has chosen to
stop searching and present y to the principal. Let ¥(w,.A) denote the set of optimal search
strategies for the agent. For a given strategy o, we write E, to denote the expectation with
respect to the induced distribution over the agent’s search. We abusively write ¢ € o to
denote the event that project (c¢;, F;) is explored according to strategy o.

We summarize the timing of the model as follows:

1. The principal observes (co, Fy) € A

2. The principal sets contract w

3. Knowing A, the agent sequentially searches according to o € X (w,.A)

4. Agent payoff of E,[w(y) — >, ¢iljics)| and principal payoff of E,[y — w(y)]

The principal’s objective is to determine a wage contract w that maximizes the worst-
case payoff against all supersets of the known project Ay. Formally, given a realized set of

projects A and wage contract w, the principal’s payoff is

Ve(w|A)= sup Ely—w(y).
ceX(w,A)
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The principal evaluates wage contracts by their worst-case realization of A, and therefore

seeks to solve
Vp = sg}pjﬁgo Ve(w | A).

Our focus is on identifying what wage contract solves the principal’s problem. In the
next section, we present the analysis and introduce the form of an optimal contract: the

debt contract.

3.5.2 Analysis

We begin by recalling the solution to the sequential search problem in Weitzman (1979). For
a given project (c;, F;) and wage contract w define the reservation value r{¥ (or indez) as the

unique solution to

¢ = / [w(y) — rTHdE(y).

We write r; with no subscript to denote the reservation value when the agent collects the
entire profit w(y) = y. The agent’s optimal strategy is to search projects in descending order
of their reservation value. The agent concludes search whenever she has opened a prize y
for which w(y) is larger than the remaining reservation values. Notice that the agent assigns
no value to realizations below the index r when she considers the order in which to search.
This motivates the inspection of a special class of contracts.

A contract w is a z—debt contract if w(y) = [y — z|T. In such a contract, the principal
collects all returns up to the debt level z, after which the agent is the residual claimant and

collects the rest. We are now ready to state the main result.

Theorem 9 Let g denote the index of (co, Fy). The ro-debt contract mazimizes V,.
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The proof of Theorem 9 proceeds in two steps. Denote the rp-debt contract by wy. First,
we show that for any A D Ay, Ve(wg | A) > Vp(wp | Ap). Then, we show that when A = A,
wy attains the maximal surplus. Together, we conclude that wy must be worst-case optimal.

We say that a contract w is order-preserving if for all pairs (¢, F1) and (co, Fy) and
corresponding 71 > ro, if 7§ > 0 then r}” > r¥. In words, if the agent preferred to search
project 1 before 2 when she collected the entire profit, as long as project 2 is profitable under
w, she still prefers to search 1 first.

Notice that a contract being order-preserving does not directly say anything about the
values at which an agent will stop searching and is, therefore, not explicitly a statement
about the principal’s payoff. We consider this in a related definition. We say that a contract
w satisfies Independence of Irrelevant Alternatives (IIA) if for all Ag = (co, Fo) and all
A D Ay, if Eg[w(y)] — co > 0, then Vp(w | A) > Vp(w | Ay).

The following proposition uniquely ties these two properties to debt contracts.

Proposition 27 The following are equivalent:
1. w 1is order-preserving

2. w satisfies 1A

3. w is a debt contract

Proof.
We show that a debt contract must be order-preserving and satisfies ITA, and leave the
converse to Appendix C.6. These properties boil down to a simple observation. Let w, be a

z-debt contract. Then, for any (¢, F') with index r,

s =r—z. (3.6)
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Equation (3.6) follows immediately from the construction of the index and the definition
of a debt contract. Because debt contracts have an additive effect on any project’s index,
they must be order-preserving.

We can also directly argue that any debt contract satisfies ITA. Consider any z— debt
contract w, and any Ay = (co, Fy) such that Eg [w(y)] — ¢o > 0. This implies 7§’ > 0, and
the agent searches project (co, Fy) when restricted to Ay. Now consider any superset A4 O A,
and an optimal strategy o € 3(w, . A) that presents the highest realization when stopping.

Fix any sequence of draws and optimal stopping decision of the agent. There are two
cases. If project (co, Fy) was searched, then the distribution of the maximal draw must
first order stochastically dominate the case in which the agent only has access to Ay. Since
y —w(y) is weakly increasing, this results in a higher payoff for the principal.

Alternatively, if (o, Fy) was never searched, the agent opened another project (¢;, F;) and
realized some y; such that w(y;) > ry > 0. This implies that the agent surpassed the debt
level, as otherwise w(y;) = 0. Therefore, y; — w(y;) = z. Since z is the principal’s maximal
payoff with a z-debt contract, this dominates the case when just Ay is available. m

Proposition 27 clears the first hurdle for Theorem 9: when using the ryg-debt contract,
the principal’s worst-case is that A = Ay. Second, it is immediate to see that the ry-debt

contract wy leaves the agent with no expected surplus:

E g [wo(y)] — co = Eg[(y —10)"] — co = 0. (3.7)

Therefore, when restricted to Ag, the principal attains the maximum value from the ry-debt

contract:

Ve(wo | Ag) = Ep,[y] — co = max Ve(w | Ag).
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Together with Proposition 27, this proves Theorem 9 and identifies the principal’s worst-

case value is simply the total surplus of the known project:
VP = EFO [y] — Cp.

3.5.3 Suboptimality of Linear Contracts

To highlight the differences in our setup relative to Carroll (2015), it is useful to study how

linear contracts perform in this dynamic environment. Again fix some Ay = (cg, Fy) and

consider the wage contract w'™(y) = ay, which attempts to extract the whole surplus from

the agent. This implies

EFO [y]

«

When there are no other projects, performs as well as the ro-debt contract by construc-
tion. However, this contract does not satisfy IIA and is susceptible to being “crowded out”
by an alternative project which is better for the agent but worse for the principal. The index

rt" for the known project solves

¢y = / (W (y) — i) dF(y).

Plugging in the expression for a, we see that 7" = 0. Now consider the alternative
project (0,0d,), where ¢, is a Dirac mass on some x > 0. This project has a strictly positive
index and az > 0. Therefore, under w'™, the agent will search (0,d,) and never proceed to
(co, Fp). Since this is true regardless of =, we get:

. lin _
Aglfto Vp(w" | A) = 0.
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In fact, we showed that there is no linear contract which achieves the principal’s value
Vp. Within the set of linear contracts, it is impossible to simultaneously extract the agent’s
full surplus when only Ajy is realized and guarantee a positive payoff against any A O Aj.

This leads to a natural question: is the ro-debt contract uniquely worst-case optimal?
Unfortunately, not quite, as the following proposition shows. Recall that Vp is the principal’s

payoff guarantee under ry.

Proposition 28 A contract w satisfies inf g5 4, Vp(w | A) = Vp if and only if
1. w(y) =0 for ally < Vp

2. Epfw(y)] = c

Proposition 28 identifies the key properties for robust optimality, and the proof is identical
to Theorem 9. In particular, w must impose a minimum debt level of Vp, but need not go as
high as r¢. This guarantees that (cg, F) cannot be crowded out by an alternative project at
a loss to the principal. If the agent stops before searching (cg, Fp), the principal must attain
the maximal value of Vp.

This implies that the principal’s worst case is that no other projects are available to the
agent. Condition 2 says that, in this case, the principal takes the entire surplus.

We conjecture that the non-zero debt level generalizes readily to more intricate contract-
ing environments. For example, the principal could know that Ay contains more than a
single project or may be able to condition payments on multiple realizations that the agent

provides. We find this to be an intriguing direction to pursue in future work.
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Appendix A

Appendix to Chapter One

A.1 Appendix A

A.1.1 Jump-Diffusion Processes

On a probability space (Q, F,P), for all i € {1,..., N}, let B' = {B{} be Brownian motion
adapted to F* and P* = { P/} be a homogeneous Poisson point process adapted to F*, such
that P* and B are independent, and the (B?, P") and (B’, P?) are mutually independent for
i # j. Let N'(ds,dz) = N'(ds, dz) —m'(dz)ds be the Poisson martingale measure generated
by P, where N'(ds,dz) is the (homogeneous) Poisson counting measure generated by P
and m’(dz) is the Lévy measure on R \ {0} generated by P’

The type of worker i, X?, is a stochastic process with values in the open set X* C R!
and evolves according to the (potentially degenerate) jump-diffusion stochastic differential

equation:

ti
X =+ / p (XH)ds + / (XHdB: + / / (X, 2)Ni(ds, dz), (A1)
0 0 Ry

1For simplicity, assume that X? either does not reach the boundary of the set or that they are absorbing.
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where 2¢ € X, and t* is the cumulative effort worker 7 has put into the project up to time
t: t' = Ti(t) = [Jalaldt. If k' = 0, (A.1) is a continuous stochastic differential equation

and the type of worker ¢ is a diffusion process. The o-field ]-"Zl contains all the information
accumulated on worker 4 when he has put total effort ¢* into the project.

I will make the following assumptions:

Assumption 16 For alli € {1,...,N}, p' : X' - R, ¢’ : X' — R is locally Lipschitz

continuous and grows at most linearly.

Assumption 17 Foralli e {1,..., N},

|| i .
° fR\{O} de (Z) < o0,

o There exists p : R\ {0} — R, such that fR\{O} p(2)%dr(z) < oo and such that

[k (x, 2) = K'(y, 2)| < p(2) |z = yl; and
o Forallz,ye Q and z € R\ {0}, z + k'(z,2) >y + k'(y,2).

The first condition in Assumption 17 is a restriction on the set of possible jump processes.

It is standard in the theory of jump-diffusion and is satisfied by all stable processes. It is

satisfied if m is a finite measure which admits a second-order moment, for example.
Assumptions 16 and 17 are sufficient for the existence of a strong solution of (A.1) and

the validity of a comparison theorem.

Lemma 4 Under Assumptions 16 and 17, the stochastic differential equation (A.1) has a

unique strong solution.

Proof of Lemma 4. This follows from Theorem 310 in Rong (2006). =
An immediate consequence of Lemma 4 and Proposition 2.1 in Wang (2010) is that the

process X' is Feller.
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Next, I show that it also satisfy the other Assumptions I made in Section 1.2.2, under some
additional conditions. Assumption 3 holds by Theorem 295 in Rong (2006). Assumption 4
is satisfied if, for all s € {1,..., N}, for all z € X?, (i) either k'(z, z) > 0; or (ii) k*(z, 2z) < 0.
Finally, Assumption 5 holds if o?(z) > 0 for all z € X* or if y*(z) > 0 for all z such that
o'(z) = 0. This can be seen from an application of Girsanov’s theorem, Bluementhal’s 0-
1 law, and the Dvoretzky, Erdos, and Kakutani theorem (Theorem 9.13 in Karatzas and
Shreve (1998)).

A.1.2 Proof of Lemma 1

I first show that in any implementable promotion contest, each worker’s continuation value
after any history is nonnegative. I prove the contrapositive. Let (7, 7,d) be a promotion
contest and suppose that U/(T,7,d) < 0 for some ¢ € {1,...,N} and ¢t > 0 after some
history. I claim that the promotion contest (7,7, d) is not implementable, i.e., there is no
(weak) Perfect Bayesian equilibrium that generates it. To see this, note that sequential
rationality is violated for worker i: were he to stop exerting effort forever (which is an
admissible strategy by condition (ii)), his continuation payoff would be nonnegative. So
(T, 7,d) is not implementable.

Next I show that any promotion contest that gives a nonnegative continuation value to
each worker after any history is implementable. Let (7', 7,d) be such a promotion contest.
Consider the strategies {a; = 1},5, for all i € {1,..., N} and the principal’s choosing the
contest defined by ({ai = dT;—;@)}M’T’ d) as long as ai = 1 for all workers and taking
her outside option immediately oth;rwise. The above strategy profile is admissible. By
condition (i), it is feasible. Moreover, it is immediate to see that no worker has a profitable

deviation: if worker 7 deviates, he gets a continuation payoft of 0, while, if he does not, he

gets a continuation payoff of U/ > 0. The result then follows.
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A.1.3 Proof of Proposition 2

[ first show that the index contest can be implemented in a (weak) Perfect Bayesian equilib-

O/\/\ Ts,z

forallie {1,...,N}, and ({ai = %’:(t)} TOANAY, Ts’i,ds).
0

By Theorem 7.1 in El Karoui and Karatzas (1997), the principal has no profitable devi-

rium. Consider the following strategies {ai = ﬂ{thO/\/\i roiy T d -]l{t>TOA/\f.V:1 oii} }tzo’

ation. There remains to show that no worker has a profitable deviation. This follows from
the structure of the index contest.

The delegation rule 7 is an index delegation rule, and, hence, each T is flat of the set

{t 2 0: F;Z(t) \/ FSJ } P-a.s..

But, foralli=1,..., N, FlTS i decreases only on the set {X’Ts i) = M. (1) } by lemma 10,
and, therefore, using Assumption 5, for almost every t, if worker ¢ is delegated the project,
then I"'TS,i(t) > T wi()- In this case, only worker ¢ is delegated the project (i.e., at most one
worker exerts effort at almost every instant ¢t > 0.).

To see this, note that, by Proposition 10 in Kaspi and Mandelbaum (1998), the sets

= {t>0:0'(I'_) >t} are F'-totally inaccessible. So two arms pulled simultane-
ously cannot start an excursion by an upward jump of at least one of their indices (nec-
essarily from the value of their common minimum I'). This can be seen this by con-
tradiction. Suppose not, i.e., two workers ¢ and j are delegated simultaneously at time
t. This implies that both T%(t) belongs to D' and T7(t) belongs to D7, and both ..

and IV

Loy are strictly decreasing at t. So let I' be a point from which I' si(p Starts

an excursion from its minimum. Then, if I’

o (1) jumps upward from its minimum T,

(I =T, Iy, >Dforalle>0}ND/ # (. But {I/. =T, I} > forall e >0} is a pre-

dictable set, and therefore {E{, =T, E{_e > I for all € > 0} N D’ = (: a contradiction.



APPENDIX A. APPENDIX TO CHAPTER ONE 147

Therefore if the indices of two arms start an excursion from a level set I' at the same time,

it must be from a point of continuity for both I} si(t) and I . But, then, the priority

t Ts:3 (1)

rule defined in (A.8) specifies which of the two arms is pulled first and until the end of its
excursion.

It follows that the continuation value of worker ¢+ during an excursion when his type is
X and his minimum is X coincides with the continuation value in the single agent problem
when his type is X and his minimum is X, which, by theorem 2, is nonnegative.

Finally, for all j # i, I/ Sy

Teie) = Lpsi(y- But, on I - £]T*“’]'('f)’ {X%S’j(t) - Xgps’j(t)}' S0

T3 (t)
the continuation value of worker j is zero by Theorem 2, and no unemployed worker wants
to quit.

Thus no worker has a profitable deviation, as it is easily seen that the cost from delaying

the moment they get the reward by shirking is always greater than the saved effort cost when

the continuation value of a worker is nonnegative as, for all s > 0,
e U < UL,

and the continuation value U} only depends on the current state of the game which remains
fixed when the worker shirks.
The second part of Proposition 2 follows from the Martingale argument in El Karoui and

Karatzas (1994). It is reproduced in Lemma 28 in Appendix A.2.1 for completeness.

A.1.4 Proof of Proposition 1

Let ¢!(-) =0 for all s € {1,..., N}. Then Pi(z) = sup{x € X'} for all i € {1,..., N}, and

the result follows from Theorem 1.
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A.1.5 Proof of Proposition 9

I show that any implementable promotion contest (7', 7, d) is feasible for the relaxed program.
Let (T,7,d) € P’ be an implementable promotion contest. Let i € {1,..., N} and ¢ > 0.

By the law of iterated expectations, one has

T

E [G_T(T_T/\t)gl{di} _ / e_T(s—T/\t)chi(s) | fzz(t):|
TAL

- F |:E |:€—r(7'—7'/\t)gﬂ{d:i} . / e—T(S—T/\t)CdTi(S) | gtT:| | Pz(t):|

Nt

=E[U} | P

> 0;

where the second equality is by definition and the inequality follows from lemma 1. Therefore
any promotion contest (T, 7,d) € P! is feasible in (RP).

By Lemma 5 below, for any promotion contest, we can find a payoff equivalent promotion
contest with d € C*. So for any d is feasible in the original problem, there is a d feasible in
the new problem that gives the same payoff to the principal. Finally, by Lemma 6 below, the
set of stopping times 7T is a subset of & (QT). Therefore the set of randomized promotion

contest P" is a superset of P, and, hence, and the result follows: IT > ITM .

Lemma 5 For all promotion contest (T, 1,d), there exists an alternative promotion contest

(T, , d) with 07}5 monotone P-a.s. for alli € {0,1,..., N} such that (T, 7,d) and (T, 7,d) give

the same payoff to the principal and to all the workers.

Proof of Lemma 5. Let (T, 7,d) be a promotion contest. Define d as follows: for all

t>0,

Vi € {1, ey N} , CZ; = di]l{tzr} and ng = d?_]l{tz.,-} + 1{t<7-}.
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Clearly, d' is P-a.s. monotone. Furthermore, (T,7,d) and (T, T, J) gives the same payoff to
all the players since d, = d.. F inally d is GT-adapted, and therefore (T, 7, CZ) is a promotion

contest. m

Lemma 6 The set of G-stopping times T (G) can be identified with the set of extreme points
of S(G).

Proof of Lemma 6. Any G-stopping time 7 can be identified with the random stopping
time S7 defined as S7(t) := Ly>}, which is easily seen to be an extreme point of S (G). On
the other hand, if S(-) # 1>, for some G-stopping time, there exists 5 € (0,1) such that

the processes S! and S? defined by

1
S} = ES(t)/\Eand S2 = S(t)V(1—-3)

1—-35

are different elements of S (G). But then, S is not an extreme point of S (G). =

A.1.6 Omitted Proofs for Section 1.5.2
Proof of Theorem 2

Step 1: Define Q' := {2}, 0<¢<Q+1} C X a grid of points in the state space such
that zf = X and 2}, <} foralli=1,...,Nand ¢=0,...Q.

I solve the stopping problem with constraints:

I, = sup E { / et (X)) dt+ e (di / e " rt (X)) dt + (1 — di)W)] (RRPY)
(7,d%) 0 T

subject to, for all ¢ =0,...,Q,

E[e-”g’idH / e (X)) dt] >0, (RDP(z}))

AT (2d)
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where 7/(z}) =inf {t >0 : X} <a!}.

Lemma 7 The value of relazed problem (RRP?) is weakly greater than the value of problem
(RP?): H"Q > IT°.

Proof of lemma 7. Any feasible (7,d) in (RP?) satisfies all the (RDP(z)) constraints by
Lemma 21 in Appendix A.1.7. So the choice set in (RRP?) is weakly larger than the choice
set in RP?, and IT,, > IT". m

Step 2: To accommodate the constraints, set up the Lagrangian associated with (RRP?).

Lemma 8 There exists (Ao, ..., Aq) € RS with (A, > 0 if and only if (RDP(z})) is
binding for T’(:v;)) such that problem (RRP?) is equivalent to the unconstrained pure stopping

problem:

HiQ = sup E
(,d?)

] Q
| (ﬂ@m 2 e (X0) l“”“*”) '
0

q=0

Q o0
+e"dL (Z N9’ + / e_r(t_T)ﬂi(XZ)dt) +e (1 —dL)W (A.2)
q=0 T

Lemma 8 follows from Theorem 1 in Balzer and Janfien (2002).
Proof of lemma 8. For (7 :=¢,d' = 1), € > 0 small, all constraints are slack. So Theorem
1 in Balzer and Janflen (2002) applies: there exist Lagrange multipliers ()\q)qQZO € RY"™ such

that the optimal promotion time and decision rule, (7, d"), solve

I, = sup E {/ e "l (X])dt + e (di/ el (X dt + (1 — di)W)]
(7,d%) 0 T

Q

+ ) A\E

q=0

g — / e (X)) dt]

AT ()

Rearranging yields (A.2). =
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Step 3: Identify a promotion contest that gives the principal a payoff weakly higher
than the value of (RRP?).

Let 7'3 = inf {t >0: X/ ¢ (xfﬁl,xfz)}. Define ¢* == ¢* if X* only jumps up and

g' = inf {g >0 : inf inf E|e"g— / et (X7) dt | :L'] > g’} . (A3)
0

q€{07-~-7Q_1}x€(zé+l,xé)

if X7 only jumps down. Finally, let P'(z) be defined as P'(z) but for ¢ replaced by §’. Then

Proposition 29 Let

Q
Po(x) =) Pl e (o, i)

q=0

The pair (7‘@, dQ) € Pt with

ro = inf {t2 0 X{ ¢ [y P (X0)) } and di2 = L =pn(x1.))

2719

gives a weakly greater payoff to the principal than any feasible promotion contest in (RRP?).

The intuition for the above proposition is clear. The principal always wants to wait
and obtains as much information as possible before making a final and irreversible decision.
Her option value of waiting is always positive. On the other hand, her cost of waiting is
null since, conditionally on choosing to promote the worker, her continuation value is a
martingale. The promotion contest (TQ, dQ) guarantees that the principal waits as long as
possible before making a decision.

Proof of Proposition 29. Distinguish two cases corresponding to the two cases of

Assumption 4.

e X' only jumps up. Let (7%, d*) be the optimal promotion contest in (RRP?) given by

Lemma 13 in Appendix A.1.6. The payoff the principal gets from (TQ, dg) is weakly
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greater than the value of (DRRP?) since 7g > 7* P-a.s. and the principal takes her
outside option when X' falls below the same level gig in both cases. This concludes

the proof.

e X' only jumps down. Let 7o be the optimal stopping time in (DRRP?) given by
Lemma 16 in Appendix A.1.6. By Lemma 15 in Appendix A.1.6, the value associated
with 7o is weakly greater than the value of (RRP?). But the payoff the principal gets
from (TQ, dg) is weakly greater than the value of (DRRP?) since 79 > 7o P-a.s. and
the principal takes her outside option when X°¢ falls below the same level giQ in both

cases. This concludes the proof.

Step 4: Finally Theorem 2 is obtained by letting the grid Q become finer and finer.

Proof of Theorem 2. Let (Q"),.,, C 2% be a sequence of grids in X% such that

Q" C Q"*! for all n € N and such that lim X" is dense in X*. Let (7",d"), o be the pair
n—oo
given by Proposition 29. Define
=inf{t>0: X, & [p", P'(X,-))},
and d;k_* = IL{XT*:P(XT*)};
where p* is an accumulation point of (pign> . Along a subsequence, (7", d"), . converges
= —Q" /) neN

to (7%, d*) P-a.s. (as gon — ¢'). Since, for all n € N, 1T, > II', it follows that (7%, d*) yields
a value greater than I’ to the principal.

But, (7%, d*) is feasible in (RP?); i.e., (7%, d*) satisfies the dynamic participation constraint
(DPC?). This follows from Lemma 18. Therefore (7%, d*) is optimal in (RP?).

There remains to show that p* := p’, which follows from noting that otherwise (7*, d*)



APPENDIX A. APPENDIX TO CHAPTER ONE 153

with

—inf{t>0: X, & [p, P(X,.))},

and d. = Lix,.—p(x,.))
yields a greater payoff to the principal. m

Supporting Lemmas for the proof of Theorem 2

Supporting Lemmas for Step 3: First characterize the solution (Tg,dg) of (RP?). Let

x%::sup{mGXi:E{/ e 'rt (X )dt|x}+2)\qg <W}
0

q=0

Lemma 9 There exists (1g,d?) that solves (A.2) with (i) 7o == inf{t >0 : X & S(t)},
where S (t) is a correspondence constant on [t*(x}), 7' (x},,)) for all ¢ € {0,...,Q}, such
that S(t)N{z € X' : z <z} = (—oo,gig) for some threshold ]_oiQ € X' and S(7'(z)) =
S(r'(x41)) if (RDP(x})) is not binding at 7"(x},,), and (i) o3 = Lixi oy}

Moreover P (d. = 0) > 0.

Proof of Lemma 9. Let A= (Ay,...,Ag) with A=1 The process (X}, A)

{(Xie(zhyy i)}

on the extended state space {(x,to, Ctg) € X x {0,192 > g} inherits the Feller

property from X* under P. The result then follows from Theorem 11 in Appendix A.2.2. In
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particular, for all ¢ € {0,...,Q}, the value function with A? =1 is given by

TAT® (aqurl) ‘ ) q ) ‘
/ e (X =D e (X)) | dt
0 k=0

—rTATH(z? 1
+e (@g+1) {Vq<x (X ( )) l{TZTi(sz{Jrl)}
Gy

Q oo
+ Lrariat [ (qug + / “”w"(XZ)dt) +(1—di)W]} | 2]

9=

V,(z) =supE
7,d

(A4)

It is clear that d. = 1 if and only if E [Zf:o A+ [ e DXt | ]—";} > W, and
therefore that d’ only depends on X!, as X' is Feller, and, hence, has the strong Markov
property. So

V,(x) =supE

T

TATH (g 41) o g .
/ e [ 71X =) e (X)) | dt
0 k=0

—rrAT 2! ) i o
e h {V <X1 > (XTi(mf;H)) ]1{7271(1};“)}

TZ<Iq+1)
+ Lrcriai <Z)\qg +/ e ’"“T)ni(xg)dt) VW} yx].

From Theorem 11 in Appendix A.2.2 again, the smallest optimal stopping time is given by

TQ::inf{(x,q):Vq(:c):Z:)\qgi—l—]E[/o et (X )dt|x]}

i

There remains to show that the stopping region S, on [Ti(l‘q

), T (a},,)) can be taken to be
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such that

Sqﬂ{xEXi:x<x€v}:{x€2\,’i:x2xé+land

V() = é)\qgi +E [/OOO e "'r (X)) dt | x} }

By Lemma 10, V,(z) is nondecreasing in z. It follows that, if 2’ < i, is such that

x' € S,, then

To see this, note that by Lemma 10, for all 2" <2/, W =V, (2) < V, (") > W, and, hence,
V,(«") = W. Therefore, it is optimal for the principal to stop at z” and take her outside op-
tion, and SpN{z € A : & < a3} = (—o0,p} ) or (—oo,]_yfz] withgfl =sup{zr €S, : v <z}

Furthermore, I claim that ]_92 < Efﬂrk for all k € {1,...,Q — ¢}. This follows from the
definition of V¢ since ¢ > 0 and Aj > 0 for all j > 0. Letting p = inf {]_92 : Q; > —oo} if
there exists EJ > —00, one sees that the principal stops and takes her outside option (if she
ever does) the first time X enters (—oo,g_oé) or <—oo,]_9ig].

Note here that V,(z) is right-continuous and increasing, hence upper semicontinuous.
Therefore, on (—oo, 2} ), the stopping region is open, and hence S,N(—o0, z¥;,) = <—oo,1_9ig>.

There remains to show that P (d’ = 0) > 0. The proof is by contradiction. So suppose
not. Then the value of the principal is given by E [ [ e~z (X/) dt], which contradicts

Assumption 7. This concludes the proof. m
Lemma 10 The V,’s defined in (A.4) are nondecreasing in x.

Proof of lemma 10. The proof is by induction. By definition Vy11(z) := W for all  and
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hence is nondecreasing.

Now let 0 < ¢ < @ and assume that, for k > ¢+ 1, V}, is nondecreasing in x. I show that

V,(x) = esssupE

)
/ e [ 7(XD) = (X)) A dt
720 0 k=0
—T’T/\’Ti(ivlil ) i o
HTE ) ()
. Jr1)

T rt (x’
q

Q o
t lparitar,,) (Z Agg" + / e"““‘T)W“(XZ)dt> \ W} | w‘]
q=0 T

is weakly increasing in x.
Let z > z, and let 7% be an optimal stopping time associated with V' (z), which exists by

Theorem 11. From the definition of V7 in (A.4),

Vy(z) ZE

TQATi(wéJrl) ) ) ) ) q
/ e [ 7D = ¢ (X)) D ) dt
0 k=0
+ e—TT£/\T£(12+1) 174
q (Xi

Q 00
+ Lrecra(,,)) (Z Mg’ + / e“”)ﬂ’(XZ)dt> % W} | ff] ,
q=0 i

> (X%(wzm) Hrezral, )

where 72(x}, ) = inf {t >0: Xt < xfﬁl} < 7(z},,) P-a.s. by Assumption 3.

But, from the definition of the V}’s, since ¢ (X7) > 0 and A1, > 0, k € {1,...,Q — ¢},

note that Vg (z) > Voyr(x) forallk € {1,...,Q — ¢} and all z > . Using that Xi’j >

(g1) —
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Ti/\Ti(acle) . A q TEATH (L, )
V.(z) > IE[ / e (Xi)ds — 3 Ay / e (Xi) ds
0 0

k=0

+e rrEAT(XPTL) <
&

Q o0
T P 1»(2& s @<Xz>dt>vw)r:z}

q=0

> ,Lw( @ ))]l{TI(a: )<z}
q+1

\*3 \H

Since the V,;;’s are nondecreasing by the induction hypothesis, 7 is nondecreasing and

¢ (X}) is nonincreasing by Assumption 3,

‘rz/\Ti(zi+1) . . a Tg/\‘ri(xi_‘—l)
v =B [ e ea = on [T e ()
0 k=0 0
—rTEAT (2P . (o
+e a+1) (V;](Xl ) (XT’(UUS-H)) 1{71(x31+1)37£}
A z(z +1)

Q s
+ Lo crier (Z Mg’ + / (th)Wi(Xf)dt> Vv W> | 4

q=0 T

= Vy(z),

as the integrand is P-a.s. smaller. Since > z are arbitrary, V, is nondecreasing in z.
Thus, by induction, V; is nondecreasing for all 0 < ¢ < ), and the proof is complete. ®
Next distinguish two cases, corresponding to the two cases of Assumption 4.

X' only jumps up:

Lemma 11 Assume that X* only jumps up. There exists (TQ,dQ) that solves (RRP?) with
(i) 7o = inf {t >0 : X/ & [p', P5(t))}, for some threshold p' € X' and process Pj(-)
constant on [T'(xi), (2l ) for all ¢ € {0,...,Q} with Ph(ri(a})) = Ph(r'(xl,,)) if
(DRDP(x},)) is not binding at x,,., and (ii) dZTQQ = H{Xigz%(rg))}'
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Proof of Lemma 11.  After applying Lemma 9, there remains to show that S(t) N
{xeX: a>uaj} = [P,(x),00) for some Pj(-) constant on [r%(x}), 7(xi ) for all ¢ €

{0,...,Q}. For all ¢, define
Pl=inf{reS, x>y},

But x > P; implies that x € S;. To see this, note that, starting from x > P;, di =1

P-a.s.. So, at z, the principal’s continuation value is

Vyla) = E

T q T
/ o} oS (X;) ds — Z )‘k/ Q e TS (X;) ds
0 Pt 0
00 Q
+e e [/ e Tty 1t (XZ) dt + Z )\qgi] x]
TQ q=0

Q

<E [ [Cer (i x] 3 Mg
0

q=0

Therefore it is optimal for the principal to stop at = and promote the worker.

Thus the principal stops and promotes the worker the first time X enters (P; (x1) oo)
Ay

or {Pq (x3)’

and 7 Pi o) AT€ indistinguishable. Moreover, 7* is right-continuous by the Portmanteau theo-

oo). Note here that P ({T(pépo) = 0} | X = P;) = 1, the stopping times 7(p; )

rem, as 7 is increasing upper-semicontinuous and X is Feller, and therefore the two stopping
times give the same payoffs to the principal and to the worker. So, one can assume that
SJ N [xy,00) = [Pl 00).

Letting P} (X}) = P

2(x) yields the desired result. m

Lemma 12 Every constraint (RDP(x})) is binding in the problem (RRP’).

Proof. Let (7,d) be the solution of (RRP?) given by Lemma 11.

Observe that at least one constraint is binding, for otherwise the solution would coincide
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with that of the unconstrained problem, i.e., the worker is never promoted, which violates
all the constraints.
Next, I show that (RDP(z})) for ¢ = 0 is binding. Let ¢* be the first binding constraint.

If ¢* =0, I am done. So suppose not. Then
E [e”gidi - / e " (X]) dt} > 0.
0

By Lemma 11, on the random interval [0,7'(x..)), the solution consists in a stationary
promotion threshold P, and a stationary threshold ;l_fg such that the principal takes her
outside option at Qig' However, since (RDP(I;)) is not binding at x{, there exists P > P

such that

E

eiTT[iP,oo) /\Ti (Zzl)gz :[L {7-

i) T (1) —rt i (i
FP,oo)<Ti(x7i)} —/0 (& C (Xt) dt| = 0.

Let 7(P) be defined as 7(P) := inf {t >0: X/ & [}_ﬂ'g, P)} on [0,7%(x%)) and 7(P) = 7 on
[7%(z}),00). Note that 7(P) is feasible in the relaxed problem (RRP?) and yields a higher
payoff for the principal (strictly if W > 0); a contradiction. So (RDP(z})) for ¢ = 0 is
binding.

Similarly, one can show that (RDP(:vé)) forq=1,...,Q are binding. To see this, suppose
not, i.e., (RDP(z})) is not binding for some ¢ € {1,...,Q}. Let ¢ > 1 be the smallest ¢ such
that (RDP(z)) is not binding. Let ¢ > ¢ be the next binding constraint, with § = Q + 1 if
all constraints ¢ > g are lax. Then on the random interval [Ti(l‘;_l), Ti(xq)> , by Proposition

11, the optimal stopping time is stationary and the worker is promoted if and only if his
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type exceeds Pj (:Bf]_1>. At 7'(x_,), the continuation value of the worker is zero:

E

TATH(2g)
—rT AT (2t —rt z i —
TN G i L)mi%)}/o e (X) dt | Xy )] =0

But, by Assumption 3,

TATH ()
—r7TAT" —rt z 7
Ele ‘(z )g ]l{q_<7_-b( )/\Tz(plg)}_/o e ( )dt’Xl )]
- Ari(a ) TAT! () B t
> B P9 L <ri i )}~ /0 e e (Xp) dt | Xy
> 0,

a contradiction.

So all (RDP(z})) constraints are binding. ® The next lemma describes the solution to

(RRP?).
Lemma 13 Assume that X* only jumps up. Define the process

Q

Z ( ) {[ri(@d) il )}

The pair (T*,d*) with

=inf {t>0: X; & (p', P5())},
and dz. = Lixi _pi (o)
solves (RRPY).

Proof. From Lemma 16, there remains to show that ]5; = pi <X;($i)). This follows from

Lemma 12: because the (RDP(z})) constraint is binding at every ¢ € Q, the continuation
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value of worker is zero at 7*(z,), so the worker is indifferent between quitting and continuing
at 7(z}). Observing that P’(z) is increasing in z, the result follows. m

X* only jumps down: Introduce a new stopping problem with constraints. Here one
can assume, without loss of generality, that, for all ¢ € {0,...,Q}, ﬁi(xé) € Qor pi(xé) >
(using Assumption 5), and that ng < ]_)ig. Otherwise, consider a sequence of grids Q™ with
Thn — inf X7, By the last statement of Lemma 9, eventually zf,, < Q;n'

Consider then

TATE (E’Q) ' ‘
/ et (X7) dt
0

§ e TR (IL{TSTi(giQ)}%" (X7) + 1{T>Ti<zf¢>}W> ] (DREP')

f[iQ =supE

subject to, for all ¢ =0, ..., such that xé > Big

T

E|le™g'L{r < 7'(p,)} +/

TATH(z?)

e (X)) dt} > 0; (DRDP(z}))
where gig is the threshold optimal threshold obtained in Lemma 9, and

E[[Tertai(X])dt|z] ifx € Q,

—o00 otherwise.

Exactly as in step 2 and 3, by Theorem 1 in Balzer and Janflen (2002) and Theorem 11
in Appendix A.2.2,

Lemma 14 There exists Tg that solves (DRRP?) with Tg == inf{t > 0 : X} € S (t)}, where
S (t) is a correspondence constant on [7*(x,), 7' (x}, 1)) for allq € {0, ..., Q} with S(7*(x})) =
S(t'(z},1)) if (DRDP(x})) is not binding at 7'(z},,). Moreover, for all t > 0 and all

qe{0,...,Q}, St)n (2i,,xl) = 0.
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The value of problem (DRRP?) is weakly greater than the value of (RRP?).
Lemma 15 The value of (DRRP?) is (weakly) greater than the value of (RRP?): 11}, > IIL,.

Proof of Lemma 15. Consider the optimal stopping time 7o for problem (RRP?) given by
Lemma 9. I claim that there exists a feasible stopping time in (DRRP?) that gives a payoff
of T, to the principal.

To see this, observe that if S, N (2, 2%, ) N{z € X" : x>z} =0 for all ¢, I am done.
So suppose not, ie., Sy N (zh,zl, ) N{zxe X’ x>y} # 0 for some ¢ € {0,...,Q}.
So, when X} € («!,,,2], the principal finds it optimal to stop at & € S, N (z},2l,;) N

{x € X" : z >z, }. Her continuation value is
o0 . .
E [/ e "'rt (X)) dt | &,
0
which is equal to

T M) . .
E /(l‘qﬂ’%) ¥ ety (X7) dt
0

—r7? i i /\Ti(Bi) & T<t7i i i /\Ti(gi )> ' '
te  (heet) 0 / e N ) T (XY dt | J
T4 VAT (pt
(I§+1*zfl) zo)

Thus the the stopping time 7 defined by

T =79 + inf {t >0: Xi+t ¢ (xf1+1= IZ)} H{Xie(

a:le,sz)}‘

gives the same payoff to the principal as 7. Next, note that it is feasible. This follows from
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noting that, by definition of g,

E

AT ()

e_T%gi]l{X;'QEs(XiQ)} — /7: et (Xz) dt]
TQ

—rro i —rt i %
A 1{X$Q€S<Xig>} N /TgAri(xé) ) dt]

> 0;
where the second inequality follows from (RDP(z})).
Repeating the above construction for all ¢ such that Sqﬁ(xz, xfﬁl)ﬂ{f EX' i x>al ) #
() proves the claim.

Therefore the value of (DRRP') is (weakly) greater than the value of (RRP?): 115, > TI%,.

Next note that the optimal stopping region in (DRRP?) can be taken to be [P!, c0) for

I’
some P! > x¢ on each random interval [7(z}), (2, ,)).

Lemma 16 There exists Tg that solves (DRRP") with Tg = inf {t >0: X & |:]_9iQ, P} (t)) },
where Pj(-) is a process constant on [7'(x}), 7(2)) for all ¢ € {0,...,Q} with Ph(r'(x})) =
Py(i(xl,,)) if (DRDP(xl)) is not binding at 7(x,).

Proof of Lemma 16.  After applying Lemma 14, there remains to show that S(t) N
{x e X x>uaxj} = [P,(t),o0) for some process Ph(-) constant on [7/(x}), 7" (xL)), for all
q€{0,...,Q}.

For all ¢, define

15; =inf{z €5, : xzxflﬂ},

By Lemma 14, the optimal stopping time 7g is such that, on [7*(x}), 7" (2},,)), Tq is the first

entry time in Sy, with P! == inf {x € S, : > 2} ,} > xi. Therefore the first entry time
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into S, N{x € X" : x> aj,} (if it happens) occurs when X' crosses P! from below (as X'
only jumps down). Since S, is a subset of the finite grid Q, the inf is attained and one can
take S, N [z},00) = [P}, 00).

Letting P} (t) == P; (x1) gives the desired result. m
Lemma 17 Every constraint (DRDP(x})) is binding in the problem (DRRP?).

Proof. Let 7o be the optimal stopping time for (DRRP?) given by Lemma 16. Observe
first that at least one constraint is binding, for otherwise the solution would coincide with
that of the unconstrained problem, i.e., the worker is never promoted, which violates all the
constraints.

Next, I show that (DRDP(z})) for ¢ = 0 is binding. Let ¢* be the first binding constraint.

If ¢ =0, I am done. So suppose not. Then
E [e—wgidi - [Ferex dt] -0,
0

By lemma 14, on the random interval [0, Ti(ZEé*)), the solution consists in a stationary pro-
motion threshold Py. However, since (DRDP(z})) is not binding at zf, there exists P > P,

such that

E

T AT @A ) iy
e e G gy, <ria AT ) T

/T[’L‘P’OO) AT (x"i)/\’ri (BZQ)
0

e et (X)) dt] = 0.
But then, choosing

Jumedez o0 xig |p, P)} iting {t>0: Xj ¢ [p), P)} <)),

T(w) =

To otherwise,

instead of 7o is feasible in the relaxed problem (DRRP?) and yields a higher payoff for the
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principal. So (DRDP(z})) for ¢ = 0 is binding.

Similarly, I can show that (DRDP(wfI)) for ¢ =1,...,Q such that $f] > ]_)iQ are binding.
To see this, suppose not, i.e., (DRDP(z})) is not binding for some ¢ € {1,...,Q}. Let ¢ > 1
be the smallest ¢ such that (DRDP(z!)) is not binding. Let ¢ > ¢ be the next binding
constraint, with ¢ = @ + 1 if all constraints ¢ > ¢ are lax. Then on the random interval
[T"(ngl), Ti(xq)> , by Proposition 11, the optimal stopping time is stationary and the worker
is promoted if and only if his type exceeds Pj <Ti(l’;_l)> . At 7'(z_), the continuation value

of the worker is zero:

E e—r?Q/\Ti(:ﬂfj)/\Ti (glg)

9" Lizo<rit@iinripi,)}

?gATi(xé)ATi(giQ) iy 4 )
— / e T CZ (XZ) dt | X;i(mé,l) =0.
0 1

But, by Assumption 3,

TN TG (o i atyari )

fQATi(SCé)/\Ti(BiQ) .y ' '
_/ & C (Xt) dt | XTi(xé—l)
0 1

NN ERIG e

‘T'Q/\Ti(:cg)/\‘ri(gig) .y ' '
_/0 (& C (Xt) dt ‘ X,rz(ng)

Ele

>Ele

> 0,

a contradiction.
So all (DRDP(x!)) constraints are binding. m

Supporting Lemma for Step 4:
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Lemma 18 For x € (xgﬂ, xfl} and r > xé, worker 1’s continuation value after any history

before promotion with (XZ,X;) = (z,x) is nonnegative.

Proof of Lemma 18. Worker i’s continuation value is
U =E {eT(Tt)gidi - / et (XD)ds | F|.
t

Since 74 and d only depends on (X%, X’) and (X', X') has the strong Markov property
(as X is a Feller process), the continuation value of worker ¢ is a function of (Xf,X ff)
Ui — U (X], X3).

Moreover, by construction, for all z, U’ (x,z) = 0 and x — U’(x,z) is nondecreasing on
[z, P"(z)). This follows from Assumption 3 and from ¢’ (-) being nonincreasing. Therefore,

after any history before promotion with (X}, X}) = (z,z),
U, =U"(X},X}) =U"(z,2) > U (z,z) = 0.
This concludes the proof. m

A.1.7 Omitted Proofs for Section 1.5.3

The proof of the first part of Proposition 10 is provided in Appendix A.1.7. Appendix A.1.7
presents supporting lemmas needed in the proof. The second part is proved in Appendix

Al7.

First part of Proposition 10: Existence of an optimal promotion contest in (RP)

The goal of this section is to prove the first part of Proposition 10, i.e., that a (randomized)

promotion contest that promotes solves (RP).

Theorem 10 A solution to (RP) exists.
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The logic of the proof is standard. It relies on the following two properties: (i) the feasible
set is compact and (ii) the objective is upper semi-continuous. However the proof is technical.
The set of all randomized promotion contests is a complicated object. Showing that it is
compact in a suitable topology is not immediate. In particular, because the information
the principal has at time ¢, GI, is endogenous, we cannot prove existence directly from a
weak® compactness argument as is done in Bismut (1979) or Pennanen and Perkki6 (2018) for
stopping problems. We cannot guarantee that the weak* limit of the maximizing sequence of
stopping times and promotion decision is adapted to the “right” filtration. To overcome this
issue, I will use the concept of weak convergence of filtration from the theory of “extended
weak convergence” introduced now.?

Let R(H) the set of H-regular processes. A process A = {4}, is regular if it is of
class (D) and its left-continuous version A_ and its predictable projection P A are indistin-
guishable.? The space of H-regular processes is a Banach space, whose dual can be identified
with the space of H-optional random measure. A formal statement is found in Pennanen

and Perkkio (2018), Theorem 1.*

Definition 14 A sequence of filtrations (F" = {Ft’"‘}tzo) converges weakly to a filtra-

neN

tion F = {F'};50 Uf, for every A € Foo, E[1a | F'| — E[14 | F] in probability for the

Skorokhod topology. We write F* —* F.
I then proceed in two steps:

e First we show that for all delegation rule 7" and randomized promotion decision d,
there exists an optimal G”-(randomized) stopping time S*. This part is standard and

builds on the duality results derived in Bismut (1978),” and used in Bismut (1979) and

2See Coquet et al. (2001) for an introduction.

3For a more detailed presentation, see Dellacherie and Meyer (1982), remark 50 d), or Bismut (1978).

4See also the section on random measure of Dellacherie and Meyer (1982), Theorem 2 in Bismut (1978),
or Proposition 1.3 in Bismut (1979).

®See also Dellacherie and Meyer (1982).
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Pennanen and Perkki6 (2018) to obtain both the weak compactness of the feasible set

and the (weak) continuity of the objective. This is done in Lemma 22.

e Next we construct a maximizing sequence of promotion contest (7', 7,d) that has a
convergent subsequence. We show, in Lemma 23, that the limit of this subsequence
is a solution of (RP) using results from the theory of “extended weak convergence”
derived in Coquet et al. (2001) and Coquet and Toldo (2007). This is done in the proof

of Theorem 10.

Proof of theorem 10. The value II of problem (RP) is equal to

II= sup I1(T,d),

(T,d)eDxC* such that d is GT-optional

where II(7), d) is defined by (RP(T,d)) in Lemma 22.

C D x C* such that

Consider a maximizing sequence (T, d"),  C

lim I1(T", d") =11,
By Lemmas 19 and 20, the set D x C* is (sequentially) compact in the product topology.
So there exists a subsequence (17*,d™), . € (1", d"), oy that converges to some (1™, d") €
D x C*. Furthermore, d* is G -optional.

To see this, observe that, for all K and all k > K, d"+ is (GI" v Visx G{™)-adapted
and, therefore, d* is (QT* V sz K QTn'“)—adapted, for all K. By Proposition 1 in Coquet
et al. (2001), GT™* — GT" as k — oo. So (QT* vV vsz QT%) —v GT" as K — oo. Then,
for all ¢, E [df | (G V Visk G{™)] = E[d; | "] in probability, and hence P-a.s. along a
subsequence, as K — oo. But, for all t > 0 and all K, df = E [d} | (G7" V V,=x G *)]. So
d; =E [df | G/ ] for all ¢ > 0. The result then follows from the optional projection theorem
(Theorem 2.7 in Bain and Crisan (2008)) as d* is cadlag.
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Therefore, by Lemma 23,

lim IT (7™, d™) =TI (T*, d*) = 1II.

n—0o0

The conclusion then follows from Lemma 22. =

Supporting Lemma for Theorem 10

Lemma 19 The set of optional increasing paths, D, is (sequentially) compact for the se-
quential convergence defined by: for all K compact subset of R, all continuous function

f:Ry ->Randallie{l,...,N},

" —-Ts /K f)dT™ (t) — /K f(t)dT(t) P-a.s.,

uniformly in K.

Proof of Lemma 19. Recall that we can identify the set of feasible delegation rule with

the set of F,-adapted multi-process v = (a',...,a"), where oy = (af,..., o) € AV is the

Radon-Nikodym derivative of T" evaluated at ¢: di;—gt).

By Theorem 2.2 and the first Corollary in Becker and Mandrekar (1969), the set of pro-
gressively measurable multi-parameter random measures taking values in A" is sequentially
compact under the sequential convergence defined by: for all K compact subset of R, all

continuous function f: R, x AY — R,
A" — Aif and only if, Vi € {1,..., N}, / / £t o) dA" (w)dt — / f(t,a') dAj(w)dt P-as.,
K Jo K

uniformly in K.

In particular, this implies that the set of delegation rule is sequentially precompact under
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the sequential convergence defined by: for all K compact subset of R, all continuous function

fandallie {1,..., N},

T”—>T<:>/Kf(t)dTi”(t)—>/Kf(t)dTi(t) P-a.s.;

uniformly in K, since any control A € D generates a unique delegation rule 7T'.

There remains to show that it is closed: So far, we have obtained the limit 7" in the sense
of the above as a progressively measurable process. We still need to verify that the limit T
is an increasing optional path, i.e., that it satisfies condition 1.-3. of definition 1. Conditions
2. and 3. are easily seen to hold. Condition 1. follows from the P-almost sure convergence
of T*"(t) — T'(t) for all ¢, which is seen to hold by choosing the constant function f(¢) = 1.

Lemma 20 The set of nondecreasing randomized promotion decision C* is sequentially com-

pact for the sequential convergence defined by:
d" — d if and only if ¥t > 0,i € {0,...,N},d""(w) — di(w), P-a.s..

Proof of Lemma 20. By Theorem 2.2 and the first Corollary in Becker and Mandrekar
(1969), the set of promotion decision C is sequentially compact for the sequential convergence

defined by: for all K compact subset of R, and all continuous function f : R, x AN+l 5 R

N N
d" — d if and only if / > f(ti)d (w)dt — / > f(ti)dy(w)dt P-as.,
K=o K =0

uniformly in K. We first show that C* is closed in C for the above convergence, and, hence,
that C* is (sequentially) compact in the above sense.

Consider a sequence (d"),, oy in C* such that d" — d for some d € C. Let i € {0,..., N}.
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Then, for all continuous function f : R, — R and all compact set K,

/K f)dy™ (w)dt — /K ft)di(w)dt, P-as.,

uniformly in K. But (di"(w)) is a sequence of bounded (by 1) cadlag monotone function,

neN

since d" € C*. By Helly’s selection theorem, there exists a subsequence (d;”’“ (w)) pen &
(di’”(w))neN such that d/™ converges to some nondecreasing cadlag function di(w) pointwise
almost everywhere on R,. But then, by the dominated convergence theorem, for all K

compact,

/K F)dy™ (w)dt — /K f(t)di(w)dt.

So, by uniqueness of the limit, d = d¢ (in the sense of the topology of Becker, i.e., P x f-a.e.),
and therefore di is nondecreasing P-a.s..

There remains to show that it implies that, for all t > 0, d;™(w) — di(w), P-a.s.. This
follows from Lebesgue differentiation theorem, the right continuity of both d*" and d*, the

fact that the convergence is uniform in K, and the Moore-Osgood theorem. m

Lemma 21 Let (T,S,d) be a promotion contest. (T,S,d) satisfies (DPC) if and only if

(T, S,d) satisfies, for alli € {1,..., N}, for all F'-stopping times 7,

E [/ (e‘”gzdi — / e "t (XZTi(t)> dTZ(t)) dS(T)]
0 0
00 o TAT ) )
>E [/ (e_”gzdﬂl{K;} - / e " (X}i(t)> dt) dS(T):| .
0 0

Proof of Lemma 21. (=) This follows from lemma 29. (DPC) implies that, for all
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7<reT (.7:%'1-(.)>,

E {/O (e’”(TT')gidi o /;/ efr(sfq-/)ci (Xéw(s)> dTZ(S)) dS(T) ’f:.li’(‘r’)‘| > 0;

which, by lemma 29 implies that

/

o TAT
/ (e’rT/\f'gidi/\%ﬂ{T<7~_} —_ / eithi <X’%’(t)> dTZ (t)) dS(T)] .
0 0

(<) The other direction follows directly from Lemma 29. m

+o00 € argmaxE
TET!

Lemma 22 Let T be a delegation rule and d be a GT-optional promotion decision. Then

there exists a GT -(randomized) stopping time S* that solves

I(T,d) =supE
S

/Ooo (Zl /OT e_mﬂi(X;i(t))dTi(t) +em (XT(T)v d7)> dS(T)]

(RP(T,d))

subject to, for alli € {1,...,N}, for allt > 0, P-a.s.,

E [/0 (e_’"(T_TM)gidi - /T e TETTA (Xr}i(s)> dTi(s)> dS(r) | fii(t)} >0. (DPC)

At

Proof of Lemma 22. The set of GT-randomized stopping times S (QT) is
o (M>(GT), R(G"))-compact by Lemma 2 in Pennanen and Perkki6 (2018), where R(G")
is the set of regular processes equipped with the norm ||y|| = supE[y,] and M>(GT) is
the space of random stopping time. So the set of feasible QT—randTomized stopping times is
o (M>(G"), R(GT))-compact as a closed subset of a o (M>(G"), R(G"))-compact set. To
see this, consider (S™), . a sequence of feasible GT-randomized stopping time that converges

to some S.6

6Tt is enough to prove sequential closeness since the dual of a normed space is a Banach space by Theorem
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Let <]1ff <0}>aEN be a sequence of continuous functions such that, for all a, 17 oy < Li<oy
and 1y o, = Li<o} pointwise.” Lemma 21 implies that, for all a € N, for all i € {1,..., N}

and all F}i(,)—stopping time 7,

. > —rT i gl T —rt i i % n
Jl—gloE [/0 (e g'd. /o e e (XTz(t)> dT (t)> ds (7)]

00 TAT
> lim E [ / (e—”gidi A / et (X)) dTi(t)> dSn(T)] .
n—00 0 0

But, for all (T,d) € D x C* with d GT-optional and all a € N, both the processes

t

e "g'dl — / e "¢ (X%i(s)) dT"(s),

0
and e g dy 1Y, ;o) — / e "¢’ (Xr}i(s)) dT"(s)
0

have continuous paths P-a.s. and are G'-optional. Therefore they belong to R (QT). The-
orem 1 in Pennanen and Perkki6 (2018) and Theorem 6.39 in Aliprantis and Border (2006)
implies that the bilinear form

R (QT) X M (QT) —-R

(V,5) > E { /0 N mS(T)}

is continuous. So, we have

E [/ (e_”gidi — / e e (Xr}i(s)> dTi(s)) dS(T)]
0 0
>E {/ (e_’"TgZdZT Grorc0y — / e e (Xr}i(s)> dTZ(3)> dS(T):| .
0 0

6.8 in Aliprantis and Border (2006) and the Eberlein-Smulian Theorem (Theorem 6.34 in Aliprantis and
Border (2006)) then implies that the set of randomized stopping time is also sequentially compact.
Tt is easily seen that such a sequence exists.
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Taking the limit of the right-hand side as a — oo, by Lebesgue dominated convergence

theorem (applied twice), we obtain

E { /0 h (e”gidi - /O "t (X;i(s)) dTi(s)> dS(T)}
> E [ / OO( Tl | e (g, ) aris >) ds<r>] .

Lemma 21 again implies that (7', 5, d) is a feasible promotion contest; and thus the set of all
feasible G7-randomized stopping time is closed, hence compact.

To conclude, there remains to show that the objective function is continuous in S. This
follows from the same argument as above by Theorem 1 in Pennanen and Perkkio (2018)
and Theorem 6.39 in Aliprantis and Border (2006).

Thus, by Weierstrass’s maximum theorem, a solution to (RP) exists (since the feasible

set is nonempty). =

Lemma 23 (Theorem 5 in Coquet and Toldo (2007)) Let (T",d") _ € PT" be a se-

neN
quence of pairs of delegation rules and promotion decision such that T™ — T in the sense
of Lemma 19 and d® — d in the sense of Lemma 20. Suppose that d G -optional. Then

I (T™, d") — TI(T, d).

Proof of Lemma 23. The proof follows from the proof of the second case of Theorem 5 in
XN

TN, "(t )

is quasi-left continuous for all n € N, and, therefore, Aldous’ criterion for tightness® holds

Coquet and Toldo (2007). To see this, observe that the process Y™ := (X}1 n

by Proposition 3 in Coquet and Toldo (2007). Moreover, for all ¢ > 0, T"(t) — T'(t) P-a.s..
So Proposition 1 in Coquet et al. (2001) implies that G7" —* GT. Finally, since each X" is

continuous in probability, we have Y — Y = (Xilm(t), e ,X%VN ( t)> in probability.

8See equation (1) in Coquet and Toldo (2007) for a definition.
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Therefore we obtain the desired result by Theorem 5 in Coquet and Toldo (2007), upon
noting that the proof applies to our constrained stopping problem (RP(T,d)) provided that:

(i) If S™ — S for the o (M= (G" Vv V,G"") , R (G vV, G""))-convergence, then S is
feasible in the (RP(T,d)), i.e., (T, S, d) satisfies all the constraints (DPC).

(ii) The objective function S~ | [ e (X )dTL(E) + 77 (X1(r), dn) converges to
SV N e_TtWi(XTipi(t))dTi(t) + e (Xr(r),d) n R (GTVV,G™).

Start with (i). Consider a sequence of feasible promotion contests (77,S™, d"), _y that

neN
converges to some (7,5, d), in the senses defined above. Suppose first that ¢’ is continuous.

The result for general ¢'’s then follows by an approximation argument. Let 7' > 0. For all

i€ {l,...,N} and all stopping times 7 < T,
gt — [ et (X ) dTi(s) > e g~ [ e (X ) aTis),
0 0

uniformly over 7 < T P-a.s.. Let ¢ > 0. By Egorov theorem (Theorem 10.39 in Aliprantis
and Border (20006)), the convergence is uniform on a set O C Q with P(w € O) > 1 — &,

where C; > 2 (g + %) So, there exists N such that for all n > N and all 7 < T,

e "Tgld" — / e et (Xr}%(t)) dT" (t) — (e‘”gidi — / et (X;i(t)) dTi(t)> <e€
0 0
on O. But then, for alln > N and all 7 < T,
E| e g d:" —/ e e (X};L(t» dT" (t) — <e‘”gdi —/ e "t (X%i(s)) dTi(t)) lo(w)
0 0

+eTgd" / e (X”ff:;(t)> dT(t) — (6_”9% - / e”"'c (X%i(t)> dTi(t)) ‘ ﬂoc(W)]
0 0
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So

gt = [ e (g ) ario - (g - [ene (X)) aro)|
0 0

— 0,

sup E [
T<T

as n — oo. But, for all T > 0,

SupE |: —rT zdzn _/ efrsci <X§’7§(5)> dT:L(S) - ( —rT zdz / —rs z (X’}'z >de( ))H
T 0 0
<swpE| ey’ (di/T\LT — dyur)
TAT AT ) ) )
— </ —TS z (X;"z > de( ) / e—rscz <X%z(s)> de(S)> ’
0 0
+ ‘efr‘r/\Tgi (dz n dz + dq-/\T d:;\LT) |
+ / e "¢ (XZT (S)> dT!(s) — / e <X%¢(S)> dT"(s)
TAT " TAT
< supE —r7AT deT:\lT —e —rTAT der/\T
<<T
TAT TAT
- ( / e (X ) dTA(E) — / et (X ) AT (0 )) ’ +e7Cy.
0 0
Therefore,
supE [ e Tgldi" — / e "5 (Xr} ) dT"(s) — (e‘”g’di - / e "¢t (Xr}i(s)) dTi(s)> H — 0.
T 0 0

So,?

t t o
,rt zdln _/O TSt <X’%1(S)> dTTZL(S) —rt zdz /(; —rs i (X%z(s)> dT’L(8> in R (gT Vi \/ gT )
n=0

9All the processes have continuous paths and are adapted to G7 Vv \/ OQT , so they belong to
R(G"V Ve G™).
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Letting <]1ff <0}>GEN be a sequence of continuous functions such that, for all a, 17 oy < Li<oy
and IL‘{?<O} — L0y pointwise as in the proof of 22, we obtain, by Theorem 1 in Pennanen
and Perkkit (2018) and Theorem 6.39 in Aliprantis and Border (2006), for all a« € N and all

Fi-stopping time 7,

E {/ (e‘”gidi — / e "5 (X;—vi(s)> dTi(s)) dS(T):|
0 0
= nh_)rgoE [/0 (e g'd: —/0 e "c (XTi,n(s)> ar (s)) ds (T)]
e} o TAT ) ) )
> lim E { / (e"’Tg’dZT’"IL‘{’T_kO} - / e (X;i,n(s)) dT“"(s)) dsn(f)]

oo TAT
= {/ (e‘”g’di (r—7<0) —/ e "t (X”}i(s)> dTZ(s)) dS(T):| .
0 0

where the inequality follows from Lemma 21. Taking the limit of the right-hand side as

a — 00, by Lebesgue dominated convergence theorem (applied twice), we obtain

E {/ (e‘”gidi - / e et (X/;"'i(s)> dTi(3)> dS(T)]
0 0
>E {/ <e”gld;1{7<;} - / e "t (X%i(s)> dT’(s)) dS(T)] :
0 0

If ¢’ is not continuous, we can find a sequence of continuous function ¢ that converge to
¢’ pointwise such that [ ¢'(Xju,))dT"(s) = [] ¢"™(Xfi,))dT"(s) for all 7 P-a.s.. We then
obtain the same inequality by the Lebesgue dominated convergence theorem. Then Lemma
21 implies that (T, S, d) satisfies (DPC).

To conclude, there remains to show (ii). This is done exactly as in the first part of the

proof of (i). m
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Second part of Proposition 10: Characterization of the promotion time

Lemma 24 Suppose that the promotion contest (T, 7,d) solves (RP). If worker i is promoted

at time t, then {1 =1} € Fiu

Proof. T will prove the contrapositive. So let (T, 7,d) be an implementable promotion
contest with {7 = ¢} such that 7 is promoted. Suppose that {7 =t} ¢ F: i(- 1 want to show
that (7', 7,d) is not optimal.

Since {1 =t} & Fi(y), P ({T _ }“ii(t)> € (0,1). But then
Ul =F [e_T(T_t)gidi —/ e <X%L ) dT"(s) | .Fii(t):| <d.
t
To see this, suppose not, i.e., Ui > g. Then

gi < ~Z' ) {e—r(T—t)gidi _/t e T(s=t) i <X%i(s)> dTi(S) | Fii(t)]

E [efr(rft)gidi ‘ .FZ l(t):|

IN

<E [G_T(T_t)di ’ ./T"Zz(t)i| =1

P({T:t}ﬂ{di:1}|fii(t)> —1

This is a contradiction. So U} < g¢.

Consider then the promotion contest (T, 7, cZ) with 7 := T on [0,7) and T7(t) = T’(r)
. . . g . . . S ~ % 0 T
if j #iand T9(t) =t —7if j =i on [r,7], d € argdenie}ﬁlE[ ( TZ()>d + d2W | G ]

subject to dZ = 0 for all j & {0,7}, and 7 is chosen to be the optimal continuation promotion

contest in the single i-arm problem after time ¢ starting at time ¢ with

E {er(‘?t)gidi _/t e (s ) (X’}’z > dTl( ) | le("'):| Uz
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given by Theorem 2.1°

Finally observe that (T, T, cZ) is feasible. The payoffs of all workers j # i are the same
after any history of the game. The payoff of player i is unchanged before 7 (by the law of
iterated expectations and the definition of 7) and nonnegative on the random interval (7, 7]
as 7 is chosen i-arm feasible.

Theorem 2 then guarantees that the alternative promotion contest (T,%,J) yields a
strictly higher payoff for the principal than the original promotion contest (7, 7,d). This
concludes the proof. m

A consequence of the above lemma is that we can think of the principal as choosing N

promotion times, one for each agent, and one retiring time 7%, instead of just one 7. Formally,

Corollary 9 Let (T, 1,d) be a promotion contest solving (RP). Then T = (/\Z]\;1 7'"> AT,

0

where T is a F'-stopping time, ™° is a G -stopping time, and i is promoted only if 7' < T =

</\fi1 Ti> ATO.

Proof. Define, for all i € {1,..., N},

Tw)ifwe{weQ: d =1}

(W) = ;

+00 otherwise

and

Twifwe{weQ: & =1}
(W) =

+00 otherwise

By lemma 24, each 7% is a F'-stopping time. The result follows. m

10T e., set the value of the running minimum such that the above equation holds.
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A.1.8 Omitted Proofs for Section 1.5.4

Proof of Proposition 11

From Proposition 10, we can assume without loss of optimality that 7 = ( /\Z]\i1 ?i> ATY, where
Tiisa f:ipi(_)—stopping time, 7° is a G -stopping time, and that di = Liricr<yy, @ €40,...,N}.

Then (T, 7,d) generates the following G!-adapted reward processes

Moreover let hY = rW, t > 0, i.e., I consider an alternative problem in which the outside

1*" arm that can be pulled at any instant and gives a flow payoff of rI¥/

option is an N +
to the principal. Let (T, 7,d) be a feasible promotion contest. This relaxes the principal

problems. Observe that

N

3 /0 B dT(1)

=0

=E

Z/ Xé” dTZ( )+ €777 (Xr(r), d)

with T(t) = T(t) if t <7 and, for all i € {0,..., N} and t > 7, T'(t) = d'(t — 7) + T'(7).

Define 7 := T*%(7"); and let 7¢ be the solution of

sup E

70

) o T'NTo
efrq’-l/\rogzdz-ﬂ{q__igq_o} _ / efrt 7 (X ) dt]
0

where the supremum is taken over all F'-stopping times. Then 7° A 73 > T'(7) P-a.s.. To

see this, note that, by definition of 7§ and Lemma 29, for all 7} < 7 < 7,

[ _ FINF
E €_T7:1/\7:gi]].{7:i§7-} _ / e—rt 7 ( )dt | P ]

0

T4=1(74)

TEATHL(F)

et <X§¢(t)> dT'(t) | f%] <0
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where T%71(t) == inf {s : T%(s) > t}. Therefore 7° A 75 > T*(1) P-a.s..
So, foralli=1,..., N, P-as.,

P < by = 7 (X]) Vgarinmgy 77 (Khinrps @) Liisrinnys

where cife = l{zicripngy- Then

Z |7 (Xi) 410+ (X 0)

=E Z/ Tz(thl
<E Z/ dT'(t

Moreover, (74 A 7, aﬁ) is feasible in the single i-arm problem. To see this, note that

B e~ [ e (X)) ar'(0)] 20
0

implies that

E

ToNT ) )
7‘7'0/\7' glﬂ{i—igq-é’} _/ e—rtcz (XZ) dt]
0

=supE {/ TTgZ]l{TiS;}dS(%) —/ / e (XZ) dtdS(7 )} 0
S 0 0 0

since

E [ / TG ricrydS(F) / e (X]) dtdS(7 )}
0 0 0

:E{ T - [ e (X) (1_5(@)64
0

B | Uen — [ (X a0
0

181
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for S(t) =1 —¢'(t) + Ly—ry¢'(7) and ¢'(t) = e*T(Ti’_l(t)*t)ll{tST} where T%71(t) := inf {s :

T'(s) > t}. Then, by definition of 7 and Lemma 29, for all 7 < 75 A 7,

i T /\7’O
E e ATOgZ]l{fiSTS} — [ e et ( ) dt | Fi

Thus (7 A 7¢,d") is feasible in the single i-arm problem.
Therefore, by Proposition 30 in Appendix A.1.8 and Theorem 3.7 in El Karoui and
Karatzas (1997), since I (iﬂ) is Fi-adapted,

N

S [ (X 470 + 7% (X

i=1

E

<E Z / e "Dy (R7) AT (1)
e[ B (1)

where T* is any delegation strategy satisfying the synchronization identity and % =Ww for
all t > 0.
Then Lemma 27 and Corollary 1 implies that, for all W > W,

E { /0 " ety (h) v Wdt] _E

p(W;h?) - o
/ e "t hidt 4 e~ PWRITY
0

<E {/ re "IV Wt |
0
(A.5)
where p(W;h?) := inf {t >0: I <ﬁz) < W}

We conclude following the proof of indexability for superprocesses in Durandard (2022a).
Let

E;%hil) = vj?éiE%ﬂ*J(t-i-T*J(t))(hj) and E;Z Z Lk ]l{te[gk ok,
k=0
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with 0% = inf {t >0 T;%(h™) <Ty" — %Fa’} for some K large. Then

E

N oo
> / e "Dy (h) AT (t)
i=1 70

= —r i 7 Tk 6 OO —rt_ K T —iN gk, —i
S]E[ /0 T () dT*(0) + /0 etk (T (t)}

* et i 7i\ K, TR ST S N
E{/D e trFTK,i(t) <h)dTK’ (t)—l—/o e trETK,_i(t)(h )T’ (t)};

IA

where TX is an optimal index strategy for the two arms bandits with rewards ['}(h’) and

L, “"(h~) giving priority to arm —i, using Theorem 3.7 in El Karoui and Karatzas (1997)



APPENDIX A. APPENDIX TO CHAPTER ONE 184

again. Letting 7% = inf {t >0 i(h) <Ty' - %ng} and 7 = 0, we have

* et i 7i\ JK,i Xt miK iy —i
E{ /0 ¢ "Dy () AT () + /0 e D ) () dT™ (t)}

K Tk+1 Uk+1 ]
=FE Z e " / e "Ll (A dt + e / e_rtrE;Z’K(h_i)dt]
k=0 * o
K Fk+1 7k
=E|Y e ( /0 e "rLy(h')dt — /O e”rﬂ(hﬂdt)
k=0
n e_TTk+1TE;z7K(il_i) <€_T0-k . e—rak+1> ]
K Th+1 N
=E Z (e""ak _ e—TUk“) </ e—?“tTEi(hi)dt>
k=0 0
+ _i_efTTkJrlTE;z,K(ilfi) (e—rak . efr0k+1> ]
K Ak+1 Tk+1
0 \e+1

4 R ity (et = ) ]

Ak+1

S (et e [ e e ™ L (e - )]
0

—rt, 8,0 g Oo —rt, 6K 7—i —i
e trETK,i(t)dTK (t)—i—/o R W N )™ (t)],

VA
=
0\8

where \¥ = inf {t > 0 : 7" < Ty" — ELT074 A° = 0, and TX is an optimal strategy for the
two arms bandits with rewards 'Y and T, Z"I{(fzfi). The first inequality follows from (A.5)
and the independence of I'** and I'™*X (as I'" is Fi-adapted and ['"%¥ is F~-adapted and
the filtrations are independent).

As K goes to infinity, [; ** (h=7) — L;%(h™) for all t > 0, P-a.s.. By Lemma 19, TX

converges to some T along a subsequence. By Lebesgue dominated convergence theorem
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(applied twice) and Theorem 3.7 in El Karoui and Karatzas (1997), we obtain

N oo
—rt 8,8 7 75,1
8 ZO/O T () a0
<R [/ L AT () + / e_Tt@?ii<t>(’3_")05T*’_i(w] |
0 0

where T* is an optimal index strategy for the two arms bandits with rewards I and T, Z(iL‘z)

Reproducing the same argument for all j # i, we have

N
<E|> / Dy T ()
0

LO=1

Z |7 (Xi) a0+ 775 (i)

_E / rtr\/r;zl

This concludes the proof.

Supporting Lemmas for the proof of Proposition 11

Let (7%, d) € PLi. As above, define the process h' as

hy =" (X)) Lperiy + 17 (X, d') Tgsry, €20

T

Consider the family of stopping problems: for all t > 0,

%4 (t, W rt, d’) =ess sup E [/ e’r(sft)hf;ds + e Y | F
) t

pET S (tir di

(A.6)
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where
T d) = {s 2t 2 U(r',d) = 0},
and

Ui(r',d') = E

e_”igidi — /T et (XZ) dt | .7-’;]

is the continuation value of worker i. Let p(t, W;7",d") be the smallest optimal stopping
time in the problem (A.6) with outside option W.'! In what follows, we will abuse a little

notation and denote p(0, W; 7%, d") as p(W; 7%, d").

Lemma 25 The mapping

~ . . . p .
W= Vi(0,W;r,d)= sup E { / e "D hids + e P
)

pET = (0;7%,d? 0

18 convex, nondecreasing, and locally Lipschitz, with

lim V' (0,W;7',d") — W =0,

W—ooo

Proof of Lemma 25. We first show that the W — V?(0,W;7",d’) is nondecreasing.
Observe that for all W/ > W > 0 and all p € T%(0;7%,d"), we have

p . p .
E {/ e "hids + e”’W’] >E [/ e "hids +e "W .
0 0

It follows that W — V¥ (0, W;7%,d’) is nondecreasing.

Next we show that W — Vi (0, W;7",d") is convex. Let a € (0,1) and W, W’ > 0. We

" Existence of an optimal stopping time follows from the standard Snell envelope argument.
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have

Vi (0,aW + (1 — a)W'; 7%, d")

p .
=ess sup E [/ e "hids+e " (aW + (1 — a)W')}
pET*(0;7%,d?) 0

p .
<aess sup E [/ e "hids + GTPW]
pET 5 (0;7%,d?) 0

p -
+(1—a)ess sup E l/ e "hids + e”’W’]
) 0

pET S (478, d

=aV? (0, Wit di) +(1- oz)f/i (0, W' rt, di) :

where we used that the supremum of the sum is less than the sum of the supremum. So
W — Vi (0,W; 7", d") is convex on [0, 00).

Taken together, these first two results implies that W — V¥ (0, W; 7%, d) is locally Lip-
schitz, as a convex function is locally Lipschitz in the interior of its domain and W —

Vi(0,W; 7%, d") being nondecreasing implies that it is continuous at zero.

There remains to show that V*(0,W; 7%, d") — W — 0. Note that

ViO,W; 7. d)—W <E U et (nt (X)) — W) " dt
0
— 0,

as W — oo by the monotone convergence theorem. Since V¥(0, W; 7%, d") > 0 (as Ui (", d") =

0 by convention), we have the desired result. m

Lemma 26 The mapping W — V* (0, W: 7%, d") is differentiable almost everywhere P-a.s.

with

AV (0, W7t db)
ow

=E [eiTp(W;Ti’di)] ,  a.e.. (A.7)
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Proof of Lemma 26. Let § > 0. Observe that

p(W48;1% d?) ' o
E / e "hids + e PWVHETL ) (T 4 6)
0

V(0,W +6; 78, d)

p(W;Th,d") , o
E / e "thids + e PV (W 4 6)
0

\Y

= V(0,W; 7', d') 4 O |Vl
Similarly,

V(0,W —0d;7%,d") > E

p(W;rh,d?) , .
/ e "' hids + e T (W — §)
0

— V(0,W;7',d") — 6E [e—MW%fﬂdﬂ] .

Therefore

Vo, W, d") — :5/’(0, W —é;7",d") <E |:€_,,,p(W;7.i7di)i|

< V0, W + 6; 7%, dY) — Vi(0,W; 78, d%)
- )

By Alexandrov’s Theorem (Theorem 7.28 in Aliprantis and Border (2006)), W — Vi(0, W +
§; 7%, d") is differentiable almost everywhere and it derivative is continuous almost everywhere.
Letting 6 — 0, for almost every W, we then have

0Vi(0, Wi, dY)

< 8\7i(0, Wi, d)
ow - ‘

ow

< E [e—rp(W;Ti,di)}

This concludes the proof. m
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For alli € {1,..., N}, define the hi-index processes
I (hl) = inf {W >0V (u, W;Ti,di) = W for u = sup {y <t: UZ(Ti,di) = O}} ,
and their lower envelope ' (R?) := inf T (h?).

0<s<t

Lemma 27 For all W,

~ . . . p(W;Ti’di) . i i
Vi(0,W;r,d) =E / hids 4 e PV d)yy

[e=]

I
&=

[ pp(Wiri i) o o
/ ey (h') dt + e VTOW |
0

Proof of Lemma 27. By Lemma A.7,

oV (0, W; 7% d) B —rp(Wiri )
BTG =K [e } a.c..

By Lemma 25, V# (0, W; 7%, d") is locally Lipschitz, hence absolutely continuous. Therefore

V0, W7 d) — W — V0, W7, &) + W = /W (JE [e—’“p(W”’“di)] _ 1) AW
w

Letting W — oo and using Lemma 25, we get

Ve (O, W, di) - W = /WOO <1 —E [e_rp(W;Ti’di)D aw.
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Then

Vi (07 W:rt di) W =F / (1 _ e—rp(W;Ti,di)> dW}
LJw

- —rt ) ~
= E -/VV T/(; e ﬂ{tSp(W,TZ,d’)}dtdW}

= —rt o ~
=FE _/0 re /W ﬂ{tgp(w,T@,dz)}det} ’

by Fubini’s theorem (twice). But,

t < p(W;7%,d") < Vs < t such that Ui(r",d") = 0, V' (s, W;Tz”dz) -
Vs < T (1) > T
eI (W) > W.

Therefore

Vi(0,W;rd) —W =E { / re”" / H{Fi(hibw}dl/f/dt}
0 W
=FE {/ re” " (B(hl) — W)+ dt} ;
0
and the results follows. =

Finally,

Proposition 30 (Whittle Computation)

O(0,W) = sup E
)

(171, 7N), TH T ET = (0570

N Fi ‘
> / e Wi dT" (1) + G_TWW]
i=1 70

N o
Z/ e_rtTEriTi(t) (hl> V WdTl<t)
i=1 70

<supE
T
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Proof of Proposition 30. This follows from the double inequality: on {U} (7%, d") = 0},
QT W)V V(Wi d) < @(EW) < &L W) + V(Wi d) — W

But then, on {v (t, Wit d') = W} N A{US (7, d) = 0}, @~1(F 1, W) = &(F W), and it is
optimal to retire arm . It follows that the optimal stopping time 7(W) is weakly smaller

than va p' (W; 7% d"). Then, by the same argument as in the proof of Lemma 26,

99(0, W)

— —r7(W)
BTG E [e } .

Integrating, we get

A
<E {/WOO (1 el pi(W;Ti,di)> dW]

where the inequality follows from 7(W) < va p' (W; 7" d"). By Theorem 3.7 in El Karoui
and Karatzas (1997),

E [/OO (1=t dVNV} + W

w

is the value of the bandit problem with decreasing rewards I' (h%), and the result follows. m
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A.2 Appendix B

A.2.1 The strategic index policy

We construct the index delegation rule T associated with the index processes (Fl, N )
following El Karoui and Karatzas (1997). We define 7' pointwise on €. Let w € €, and

define
e o'(W)=inf{t>0:T:<W}.
e D' is the set of discontinuities of the function W — ¢*(W). D = vazl D

e D' ={t>0:0 ([}-) >t} = Upepilo'(W),o'(W")). The intervals in D' are the

flat stretches of the function It D = (¥, D',
e Biis the set of discontinuities of the function ¢t — L'f. B =Y, B".

o B = {W >0 : Efﬂ-(w_) < W} = UteBi(Ei,Ei,]. The intervals in B’ are the flat
stretches of the function W — o*(W). B == J~, B'.

o (W) =30 0'(W),0<m< co.
e Nt)=inf {W >0: (W) <t},0<t, W < .

Foralli=1,...,N, and all t € D, define
TV (t) = o (N(t)7).

For ¢t € D, we still need to decide which arm to pull in the case that more than one arm
achieves the highest index. In that case, we specify a priority rule: if the indices of two

or more workers are the same at a time point of discontinuity, the principal delegates to
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the worker with smallest i. Formally, for ¢ € D, observe that ¢t € [7%(W),7%(W ™)) with
W = N(t) € D. Define then

and, recursively,

Y=y W)=y T W) = Ad ) = 3 o (WD) 4 3 ol (W),

where Ac'(W) = o'(W) — o' (W™). Set L'(W) = [y~ 1 (W),y"(W)), so that L(m) =

Uf;l Li(m). In particular, y = 7%(W ™), and L{(W) = () if ¢* is continuous at W. Now find
the unique k = k(t) € {1,..., N} for which t € L*(m), and write

N k—1 N
DTN = (=) T = 3D W) =y o (W) Y oI (W).
i=1 j=1 j=k+1
We then take
(
ocl(W-)ifi=1,....k(t)—1
TU() = { i (W) + 1 — 5O if i = k(1) (4.8)
o (W)ifi=k(t)+1,...,N

\

for t € D.

Proposition 31 The vector T' is an index delegation rule associated with the index pro-
cesses (Fl, - ,FN).
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Proof of proposition 31. We show that 7" (¢) is flat off the set

{t >0 ¢ Dhrigy = \/PT” t)} P-a.s..

Observe that, by construction, for all W > 0,

< W for all i < ¢'(W) < T (t) for all 4

=TT (t)

N
\/ Dyrs < W & L]

= (W) <te N(t) < W forall 0 < t.
Moreover, by construction, we also have, for all ¢ > 0,

N </,

L <0

=TT(t) HN() —

using that 77 is nondecreasing, since T (7%(W)) = o/(W) for all W > 0 implies that
TH(TO(N() < TH(t) < TH(T(N(1)7)).
So \/ I”TFJ() < N(t), and, thus, \/ Y

ST (1)

= N(t).
Then N(t) ¢ B' = FT“( p = N(t), and, therefore,

where the last equality holds as N(t) € B® implies that TV¢(t7) = o'(N(t)") = o'(N(t)) =
TT(t) is flat at t. Then

N

> . 188 .
Z/O H{E;F,i(t)<v§v:1 E;F,j(t)}dT (t) o 0’

i=1
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and the result follows. =
Next we recall one classic results from the study of bandit problems, which is used in the

proof of Proposition 2.

Lemma 28 Foralli=1,...,N,

]E{ /O e”h;;i,i(t)de’i(t)} :E[ /0 e AT (1) (A.9)

A similar statement is used in the proof of Theorem 8.1 in El Karoui and Karatzas
(1994); and a proof follows from the arguments there and from Lemma 7.5 in El Karoui and
Karatzas (1997). We reproduce it below for completeness.

Proof of lemma 28. By proposition 3.2 in El Karoui and Karatzas (1994),
. . - . t . .
U =e ™[V (6:07") —=LI7'] + / e (hy' = rIy') du
0

is a Fi-martingale with cadlag paths, and, hence, by lemma 4.6 in El Karoui and Karatzas

(1997) an Fi-martingale. Then

E |:/0 B_T(t_TS’Z(t))dU%s,i(t)] = /0 B_Tt (h;’z,l(t) - TEZTSz(t)> dTS’Z(t)

E
N / o r(t-Ti ) g (e”T“(t) (Vi (T s’i(t);EiTsﬂ(t)> - EiTSvi(t)>> }
0

Observe that, by lemma 7.5 in El Karoui and Karatzas (1997) and the definition of the
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strategic index policy,

/ 6—T(t—TS,i(t))d (e—'rTS,i(t) (VZ (Tsal<t)’£§"97z(t)) - EZTg,z(t)))
0
> () o |
B / e (e_TT v (VZ (TS’Z(t)%HTw(tO - DT&l’(t)))
yi—1(m)

meD?
i e | =i
S ) (0 (1 (20 ) - )
meD? t=yi-1(m)
= Z e—ryi—1(m) (e_TAO'Z(m) <V’L <Ts’2(yz(m>>’ElTS”(yZ(M))> - ElT“”“(zﬁ(m)))
meD?

— <Vl (Ts,i(yifl(m));E’?]ﬂs,i(yi_l(m))> - EiTS’i(yi_1(m))) )

Lemma 7.5 in El Karoui and Karatzas (1997) again implies that P-a.s.

vt (TS’Z(?J’HW))?EZTS»%yk_l(m))) — Doty s (my =0

Therefore

and (A.9) holds. m
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A.2.2 Useful Results on Optimal Stopping

I will be interested in the following problem. Let Y; € D,. Consider
sup E[Y7]. (A.10)
TET
Lemma 29 7 solves (A.10) if and only if, for all 7" < T,
E[Y: | Fo] 2 E[Yz | 7],
and, for all 7" > T,

Proof of lemma 29. (=) This is immediate. To see this, observe that the contrapositive

is the following. Suppose that there exists 7/ < 7 such that

E[Y: | Fr] <E[Yx | F7],

or 7" > 7 such that

E[Y: | ;] < E[Y: | 7],

then 7 does not solve (A.10), which is obviously true.

(<) Let 7 be a Markov time and suppose that, for all 7/ < 7,

E[Y, | Fy] > E[Y, | Fl.
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and, for all 7" > 7,

Let 7 be any Markov time. I then have

E[Y YT]]'{T<T} + Y :H-{T>T}:|

v

[

[E[Y, | Fl L) + E[Yr | o 1oy

[E [Yovs | Fr] Lir<s) + E [Yons | Fol Lirony]
[

=E
E
E
E[E [Y:Lier) | 7] +E [Vilior) | 5]
E

¥7)

where the second equality follows from the law of iterated expectations and the F, A F;-
measurability of 1~z and 1{;<z}, the inequality follows by assumption, the third equality
follows from the same measurability conditions, and the last equality from the law of iterated
expectation again. Since 7 was arbitrary, 7 solves (A.10). m

Finally, T need the following extension of Theorem 2.4 in Peskir and Shiryaev (2006),

which relaxes the assumption on G and V.

Theorem 11 (Theorem 2.4 in Peskir and Shiryaev (2006)) Let X be a cadlag Feller
process with values in X defined on the filtered probability space (Q, {‘Ft}tZO F IP), where

{ft}tzo satisfies the usual conditions. Let m, G be measurable function from X to R such

that

t
E [ sup / e "r(Xy)dt + e "G(Xy) | < oo.
0

0<t<oo
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Consider the family of optimal stopping problem

Vi = esssupE{/ e p(X,)ds + e TTIG(X,) | .7-}} : (A.11)
¢

>t

where the sup is taken over all Fy-Markov time 7 > t. Then V, = V(X)) P-a.s., where

V(X;) = esssup E [/ e p(X,)ds + e TTTVG(X,) | Xt] :
t

>t

and, for all Markov time 6 > t,

Vi= V(Xt)

TNO
= esssupE{/ e_’"(s_t)p(Xs)dS + 77Tt (V(Xe)]l{ogr} + G(XT>1{T<9}) | Xy
t

T>t

Finally the Markov time
7, =1inf{s >t : V(X;) = G(X,)},

1s the smallest optimal Markov time for V.

Proof of theorem 11. Consider the family of optimal stopping problems

V= esssupE{/ e Ip(X,)ds + e TTVG(X,) | R, (A.12)
t

>t

Note that V; is a well-defined F;-measurable random variable by lemma 1.3 in Peskir and
Shiryaev (2006), so that the process {V;}:>0 is adapted.
Define

t
7y = / e " p(X,)ds + e V.
0
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Zy is the Snell envelope of (i.e., the smallest supermartingale with cadlag paths that domi-

nates) the process
t .
Y; ::/ e " p(X)ds + e G(X).
0
By theorem 2.2 in Peskir and Shiryaev (2006),

7 =1inf{s>1t: Y, =Z}

=inf{s>1t: V,=G(X,)}
is the smallest optimal Markov time for the problem (A.12). Furthermore,
{Zopry, Fs, t < s <00}

is a martingale. The processes Y and Z are cadlag, progressively measurable, nonnegative,

and agrees at t = oco. Furthermore E [ sup Yt} < oo. It follows that Z is class D, hence
0<t<oo

uniformly integrable.

By the optional sampling theorem for uniformly integrable cadlag martingale (Theorem

7.29 in Kallenberg (2006)), for all Markov time 6 > t,

TN
Vi = esssupE{ / e " CTIp(Xo)ds + e (Volgosry + G(Xo) <o) | Fe|- (A13)
t

T7>0

But, by the strong Markov property for Feller processes (Theorem 19.17 in Kallenberg

(2006)), for all stopping time 7 < oo,

V. =V(X;)P-as..
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In particular, V,; does not depend on the history prior to 7, and equation (A.13) becomes,

for all Markov time 6 > t, Gftl,,

TAO
V(X)) = esssupE{/ e*r(sft)p(Xs)dS 4 e7T(TA0=t) (V(Xe)]l{egT} + G(Xr)]l{me}) | Xi|.
t

T>t

Finally 7" becomes
,=inf{s >t : V(X)) =G(X;)}.

This concludes the proof. m

A.3 Supplemental Appendix

A.3.1 Omitted Proofs for Section 1.6.1

Proof of Corollary 2. Suppose that Assumption 7 is violated. Then there exists i €
{1,..., N} such that

sup E {/ et (X)) dt +eT ((1 — dg)/ e gt (X}) dt + d?W)}
0 T

(r.d)ePT.ri
<E {/ e 't (X)) dt} .
0

Let € > 0. Define W' as
W' = inf {W : Assumption 7 holds with W},

and let W = \/ff\i1 Wi+e>W. For W, Assumption 7 holds. So, by Theorem 1, the

optimal implementable promotion contest is the index contest. Letting ¢ — 0, we see
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that the index contest is also optimal with outside option W. Finally observe that for i
such that W# = \/I', W’ it must be that, for all z such that P <T(i_oo’m] < oo> > 0, with
T(i—oo,x] =inf{t >0 : X; <z},

Eve%MﬂMum:4yw
0

But I'}' > E oS e 't (X])dt | X]] for all t > 0, P-a.s.. Therefore, the principal never
takes the outside option W, and thus the index contest is optimal in the original problem
too. m

Proof of Corollary 3. For simplicity, suppose that Assumption 5 holds for all j # i.
Suppose that, for all n € N, X%" satisfies Assumption 5, and that X* = nl1_>nolo X" yniformly
on compact sets P-a.s.. Let I'*" be the strategic index process associated with worker i

and 79%" his promotion time when his type process is given by X%". Define also 75 =

inf {t >0 : X; > P'"(X})}. Observe then that, for almost all ¢ > 0,
" 19, P—as.,

where

E U;T e (X;) ﬂ{SSTs,i} + 7 (XZ

7558

) 1| ]

¥ = .
e E[f] er=0ds | Fi]

For all n € N, by Theorem 1, the principal’s value is given by

n

[ () i+ 2 [ e (X ) 400 + 778 (Ko )|

E

where T}, is the index rule associated with the indices I'*9’s, j # 4, and I'*%",

T =1inf{t >0 : T(t) > 7% or T'(t) > 7"}, and d" is the optimal promotion rule.
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Next, observe that if there exists x such that Pi(x) = x, 755" 4 7%¢ To see this, simply
note that, for alln € N, P (Ti =0 | Xﬁ = x) = 0. But, by Lemma 2 in Pennanen and Perkkio
(2018), 54" — 7t € S (F'), at least along a subsequence.

So, as n — 00, passing to a subsequence if necessary, T,, — T where T' is the index rule
associated with the strategic indices I'*/’s, 7" — 7% with 7% = 7° A, 77, and d" — d with
di = 1 only if T%(t) > 7" and d] = 1 only if TY(t) > 757, j # i. By Theorem 6.39 in Aliprantis

and Border (2006) and the Lebesgue dominated convergence theorem,

n

—rt_1 7 7 ™ —rt__j j j —r7T" = n mn
/0 et (XTW)) dTn(t)Jr;/o et (X;g(t) dTi(t) + €7 (Xipn (o), ")

N pr
> /0 e (X':jrj(t)) dT(t) + 777 (Xr(re), d)
j=1

E

— E

Note that the principal’s value is continuous in X*. This is easily deduced as the difference

in values is bounded by

E { /0 et (X0 — (X dt] .

Therefore, the randomized promotion contest (7', 7*, d) is optimal. Finally, one easily deduce
from both the optimality and the limit characterization that 7% = inf{t > 0 : X7 > P{(X})}A
7P% where 7P is the first tick of a Poisson clock that runs only when X} = P*(X!)} with
the intensity that leaves ¢ indifferent between exerting effort or not if promoted at time 7.
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A.3.2 Proof of Theorem 3

As in the proof of 1, consider the relaxed program:

N

3 /0 e (X ) AT () + e (XT(T),d)] (RP(P-d))

1=

IT = sup E
({7 ooy D) EPT

subject to, for all i € {1,..., N}, for all t > 0, P-a.s.,

K K

Z " gdl Liar,y — / e =Yl Lz )EdT(2) | fii<t>] >0. (DPC)

k= t k=1

By the same arguments as in the proof of Proposition 9,

Proposition 32 The value of (Prize design) is weakly lower than the value of (RP): ITM <

I1.
Next, a straightforward adaptation of the proof of Theorem 10 in Appendix A.1.7 yields:
Theorem 12 A solution to (RP(P-d)) exists.

Finally, I show that any promotion contest that allocate the entire prize upon at once

can be improved upon. This follows from Proposition 33 below.
Proposition 33 (RP(P-d)) admits a solution (T, {m.}1—, ,d) such that K =1 P-a.s..

Theorem 3 then follows from Theorem 1.
Proof of Proposition 33. Let (T, {(mebe ) ,d) be a solution of (RP(P-d)), which exists
by Theorem 12. 7 is the smallest promotion time. The continuation value of the principal

at 7 is

e_rTiH% =e (XT(Tl)7 dTl)

IR —

kE—1
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By Assumption 9(i),

(XT(Tl)7 7'1 < do W+ Zdilﬁ—i (X;”(ﬂ)) :

If ZN d. =1, we are done. So suppose not. Observe then that

=0 "1

(A.14)

ii(/ i (X ) 4T (1)

N
<(1=) d)  sup
1=0 (Tv{Tk} d) PI T Tl 1 i=1 _

+e7T R (Xr(ry), oy ) ] (A.15)

where P17 (7;) is the set of implementable continuation contest that coincides with (77,7, d)
up to time 7. To see this, let T, be the continuation delegation process generated by

<T, (e}, ,d) after time 7! so that :

ii (/Tk o (le ) dTZ( ) +e T (XT(Tk)’ dﬂc))

Tk—1

Then, letting X be any process taking value in X° and 7%(z) = W for all z € XY,

sup E

(Tv{Tk}vd)e,PI’r(t) Tk—1

N .
e . ) Tt
— Jo TZ(71)+1722’V?00&1 1-— Z di

=0 "'11

ii (/m et Z(X’Tl )dTZ() e (Xp(ny), d )) |g3;]
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T; (t)

as [ Shavr

is implementable by a promotion contest when the total information in the

game is restricted to G7* and, more information benefits the principal. So

N K N -
(1-Y d.) sup E / e "t (X}L ’ ) dT"(t)
; V(@ {m et (h) ; ZZI Th—1 ©

+ e (Xp(ry), d )) | Qfl]
—rt z 7 7 T
Z/ (XT )+ 2T<t0> > dT(t) | gn]

But, by a time-change argument, for ¢'(t) = e_r(T’f_l(t)_t>, where T 1_1(-) is the generalized

—7‘7'1 E

inverse of T(-),

N N o

E|>. / e (XZTI'<T1>+T:'<t>> dTi(t) | 61| =E | / e g () (X%w(ﬁ +t> dt | QZ;],
i=0 V0 i=0 V0

and

N
—th Xz . det T
=[5 [ (K g ) 0192
rtz % T
e (K 192

By definition ¢’ is GT*-adapted. Furthermore, for all i € {1,..., N},

sup E {/ e "t (ﬂ'i (X7)
TET (FH) 0

Hence, I claim that 7% = 0 is optimal in the above problem. To see this, argue by contra-

=E

— (Xi L )) dt |z} = X;i(T)} =0. (A.16)

_<N 7
1-3i20 97

diction, i.e., suppose not. Then the smallest optimal stopping time, which exists by Snell’s
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theorem, is 7 > 0. By Lemma 29, there exists ¢ > 0 such that

E{/ e_TS(Wi(Xz)—Wi(Xi s )>d3|.7:;‘ > 0.
t 1=l dry

The above inequality is equivalent to

/t e K |:(7'('Z (X;) — (ijio(ﬁ_rl)> ]]_{SS;—} ‘ }z:| ds >0
<:>/t e TS |:E |:(7rl (X;) — 7Ti (iji0d31)> | f;:| :H-{SS‘T'} | JT'z:| ds >0

by Fubini’s theorem, the law of iterated expectations, and the fact that 7 is a F-stopping

time. But, for all s € [t, 00),

Bl () 17 <8 v (x_ )17]

1=l dry

by Assumption 9 (i): a contradiction. So, for all i € {1,..., N}, (A.16) holds. Similarly,
(A.16) is easily seen to hold for i = 0. Thus by Lemma 5 in Kaspi and Mandelbaum (1998),

N o0

e "t (wi (X )—wi (Xi : ))dt <0
;/O q.(t) T (1) +t e <
N oo
> /0 e'm (XZT"(ﬁHTi(t)) dTi(?) | QTTl]
1=0

N 00
Z/ ot <X;i( i ) dT;(t) | gTTl] .
; 0 TUTITSN _ai

Thus (A.14) holds. But then, the randomized promotion contest that promotes worker i at

E

S E

time 7 with probability dil and otherwise play the optimal continuation contest yields a

higher payoffs to the principal than (7 {Tk}szl ,d). This concludes the proof. m
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Appendix B

Appendix to Chapter Two

B.1 Definitions

We define properties of domains and functional spaces that are used for our main results. Let
reRandy=(t,x) € Ry xR. For z € {z,y} and R > 0, let Br(z) = {2’ : |2/ — 2| < R}
be the open ball of radius centered at z. Define also Cg(t, ) the R-cylindrical neighborhood
of (t,z): Cg(t,z) = [t,t + R) X Br(x).

B.1.1 Function spaces, norms, and regularity properties

Let Y be an open subset of Ry x R. We will write )’ CC Y to indicate that (i) )’ is
precompact! and (ii) ' € Y. On Y, we define C° ())), L? (Y), H*? (Y), and Wh2P ()).2
The space C° () is the space of continuous functions on ) endowed with the sup-norm
topology. LP ()) is the space of Lebesgue integrable functions with finite LP-norm.
Next, we give the definitions of H*? (V) and W12 ().

IRecall that a set is precompact if its closure is compact.
2If a = 3, we will simply write H ()).
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Definition 15 The Holder space H*? (Y), 0 < a, 8 < 1, is the space of functionsu : ) — R

such that

|u(t7 I) — u(tla JII>|
1+ |z — 2/ .

l|ye = [[u| ;oo +
Felyesiy = il = sup 27

Remark 6 All the functions in the Holder space H*P (V) are continuous. This follows from

the norm being finite.

To define the Sobolev space W2?(Y), we first need to define weak derivatives.

Definition 16 A function f € L' (Y) is weakly differentiable with respect to Y =
{yi, - ynt, with y; € {t,x1,...,2q} for alli = 1,...,n, if there exists a function AY €
LY(Y) such that

P80y = (1" [ A @)6)ay

for all smooth test functions ¢ with compact support.

The function AY is called the Y weak partial derivative of f and denoted f,, . .

Remark 7 Weak derivatives are well-defined as one can show that they are unique in L':
if A and and AV are weak deriwvatives with respect to {1, ..., yn}, then AY = AY almost
everywhere. Moreover, from the definition of weak derivatives and Schwarz’s theorem, one

sees that, if Y and Y are permutations of one another, then AY = AY almost everywhere.

Definition 17 For p € [1,00], the Sobolev space W12P (V) is the space of functions u :
Y — R, such that u is in LP (Y) and its weak derivatives uy, Uy, and Uy, exists, for all

i,j=1,...,d, and are also in L? (Y). It is normed by

||u||W1a27P(Y) = ||u||Lp(y) + ||Ut||Lp(y) + ”UxHLp(y) + ||umx||Lp(y) :

d : ‘ : S
Upe = (Ug,z. ). . 18 the symmetric matriz of weak second order derivatives.
Tz Titj) ;=1
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We also define the local version of these spaces. A function u belong to Cp. () if for all

V' cc Y, uelY). The spaces H P (V),LE. (Y), and WP (V) are defined similarly.

loc loc loc

Finally, we recall the notions of weak convergence in L?()) and Wh22(Y).

Definition 18 Let p € [1,00). A sequence of functions (f"),cn © LP(Y) converges weakly

in LP(Y) to some function f if and only if, for all g € LI(Y) with % + % =1,

/yf”g—>/yfg.

B.2 Relation between classic, L’- and viscosity solu-
tions

In the proof of Proposition 13, we need the concept of viscosity solutions. We recall both
the definition of viscosity solution and the relation between and viscosity and LP-solutions

below.

Definition 19 An continuous function v : [0,7) x X — R is a viscosity subsolution (respec-
tively, supersolution) of (HIB) if (1) v(t,x) < g(z) (respectively, > g(z)) on 0[0,T) x X,
and (i) for all (t,z) € Yr and all p € C**(Yr) such that v < ¢ (respectively v > @) in Yr

and v(t,z) = (1, z),

max { g(z) — v(t,z), (0 + L) —p(t, x)) e(t,z) + f(t,z)} >0

(respectwely, max {g(z) — v(t,z), (0; + L£LE —p(t, z)) e(t,z) + f(t,z)} < 0).

u 18 a viscosity solution if it is both a viscosity subsolution and a viscosity supersolution.

Lemma 30 Let u be an LP-solution of (HIB). Then u is a viscosity solution of (HIJB).
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Proof. This follows from the proof of Proposition 2.10 in Crandall et al. (2000). The proof
in that paper is local and applies to operators that satisfy degenerate ellipticity. See also

Lemma 5 in Durandard and Strulovici (2022). =

B.3 Omitted proofs for Section 2.3.1

Proof of Theorem 4. By Assumption 10 and the definition of V (¢, z), we have V' €

C ([0,T) x X) and v(t,z) = g(x) on dYy. There remains to show that V' is an LP-solution

of (HJB) in Vr. Let (f,%) € Yr. Distinguish two cases:

e Either g is C? in a neighborhood of #. Let ¢ > 0 be such that C.(f,Z) C Yr and
and g € C? (B(%)). Let ¢, = inf {t >0 : (t,X;) & C.({,Z)}. By the Snell envelope

theorem, for all (¢,z) € C.(t,7),

V(t,x) = sup Eg g

TATC, s
[ et X s
TET(t) 0

‘r/\7'C6

+e r(w,Xu)du (V (7—067 XTCE) ]]‘{’TZ’TD} +9g (XT) ]]‘{7'<7'D}) ’

By Assumption 10, V' is continuous. So there exists A > 0 such that o(¢,z) > A on
C.(t, %) by the continuity of o and Weierstrass theorem. Theorem 1 in Durandard and

Strulovici (2022)3 then guarantees that V' is the unique LP-strong solution of

max {g(a:) —v(t, ), (Bt + L2 — (¢, :B)) v(t,z) + f(t, :v)} =0if (t,2) € C.(t, %),

v(t,z) = V(t,x) if (t,r) € OC.(t,7).

3Theorem 1 in Durandard and Strulovici (2022) is still valid for » = r(¢,x) under our assumption.
Moreover, it holds also for » = 0. Hence r > jio > 0 is only used in the proof of the comparison principle
(Proposition 5). When X is bounded, which we assume when r = 0, the proof is seen to hold. Alternatively,
the same result follows from Proposition 4 and Theorem 2 of Durandard and Strulovici (2022), which holds
as their proofs do not use that r is strictly positive.
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e or there is no neighborhood B;(%) of & such that g is C? on B.(Z). Then z = z°.
Since the continuation region C is open (since g is continuous and V is too by As-
sumption 10), there exists ¢ > 0 small, such that C.({,7) C Yr C C. Let 70, =

inf {¢t >0 : (t,X;) € Cc(f,2)}. By the Snell envelope theorem, for all (t,z) € C(t, %),
TCe s TCe
V(t,2) = Ega { / e S X p (o X )5 4 eI e Xadduy (X
0

Since V is continuous by Assumption 10 and o(t,x) > X for some A > 0 on C,(¢, %) by
the continuity of o and Weierstrass theorem, Theorem 1 in Durandard and Strulovici

(2022) then guarantees that V' is the unique LP-strong solution of

(0 + L) —r(t,2)) v(t,z) + f(t,x) =0 if (t,2) € Ce(t,T),

v(t,r) = V(t,z) if (¢t,7) € OC(t, 7).

Since (f, :Z') was arbitrary, V' is the unique LP-strong solution of (HJB).
Finally, let (£, %) € C. Since C is open (since g is continuous and V is too by Assumption
10), there exists § > 0 such that Cs(f, %) C C. By the first part of the proof, V is the unique

LP-solution of

(0 + LD — p(t,2)) v(t,z) + f(t,z) = 0 if (t,2) € Cs(t, T),

v(t,x) = V(t,x) if (t,2) € OCs(t, 7).

Under our maintained assumptions, any solution of the above equation is in C1% (Cg(f, 95))
by standard results in the theory of partial differential equations, see, e.g., Theorem 3.5.10
in Friedman (2008). So V € C*?<(C). m

Proof of Proposition 12. Let ¢t > 0 such that (t¢,2¢) € Vr and consider the process X
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starting at (¢, 2°¢). Define 6 := ¢” ({z¢}).* Since g has a convex kink at z¢, § > 0. For € > 0,
let . :=inf{t >0 : X; & (2°—€,2°+¢€)} and § > 0. Since 7. A 4 is an admissible stopping
time,

Te NS

TeNO
V(tc,l‘c) . g(ZL‘C) Z E(te,xc) e ft r(u,Xu)dug(XTe/\(s) . / B_It T(u’XU)duf(S,XS)dS ]
0

(B.1)

Next, observe that, by Ito’s formula, the processes {gi(Xt)}tZO, 1 = 1,2, are continuous local
semi-martingales. Applying It6-Tanaka-Meyer formula (Theorem 22.5 in Kallenberg (2006))

yields

0(X) = glo)+ [ s, X0g (X)ds + [ ots, Xg (X8 + 5 [ Ldg' (@),

where LY is the local time process, which we can choose continuous almost surely. We used
that LZ = 0 for z ¢ X. Therefore g(X;) is a continuous semi-martingale and by It6’s product

rule (and Fubini’s theorem),

t
eI () — ) = [ e ORI (u(s, X,)g'(X) = r(s. X)g(X)
0

t 1 : .
+ / 0-(8, XS)g/(XS>dBS + 5 / / e_ fO T(%Xu)dudLidg”(x)‘
0 x Jo

Taking expectations and by the optional sampling theorem, the right-hand side of (B.1) is

4The second derivative of g is interpreted here as a measure, since g is convex.
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equal to

TeNO
B (te ze) [ / e Jo T XIm (s X ) + (s, Xo)g'(Xo) = r(s, Xo)g(X,)) ds
0

1 TeNO R
"2 /X/ el TR AL g (@) |
0

Since dg”(z) is absolutely continuous everywhere except at z¢, the above simplify to

(s, X,)?

TeNO
. o .
Bt z¢) [/ e~ Jo r(uXu)du (f(s,Xs) + u(s, Xs)g' (Xs) + 5 J"(Xs) — T(S,XS)Q(XS)) ds
0

Y

1 Te NS R
+ 50 / e~ Jo r(wXu)du gt
0

where §"(2) = ¢"(2)1gpzae;. Since g € Wi (X), i = 1,2, the first integrand is bounded

below by some constant —K < 0. Therefore
TeNO .
V(E,2%) = g(a%) > OB e [ [ ““’X“)d“de] e
0
By Lemma 4.1 in De Angelis (2022),° there exists a constant C' > 0 such that
TeNO . .
E(tc7xe) |:/ 6_ fO T(u7XU)dudL§C:| > C\/(_S
0
Thus
V(t, 2%) — g(z¢) > 00V — K§,

and the right-hand side is strictly positive for 6 > 0 small enough. This concludes the proof.

®The proof is done in the case that u(t,z) = 0 and o(t,z) is independent of time, but the argument
easily extends to our case. The only requirement is that o(¢,2) > X in a neighborhood of (¢¢, z¢).
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B.4 Omitted proofs for Section 2.3.2

Proof of proposition 13. By Theorem 4, the value function is the unique LP-solution of

the HJB equation

max {g(z) — v(t,z), (O + LY —r(t,)) v(t,x) + f(t,2)} = 0in Yy (HJB)

v(t,z) = g(x) on OYr.

Moreover, it is C*? in the continuation region. Let b(t) = inf {z € [2°,7) : (t,7) € S} and

v(t,x) if t < b(t)
o(t,x) =

g(x) if t > b(t).

Then o(t,x) is a viscosity solution of the HJB equation by Assumption 11. Moreover, by
the comparison principle in Durandard and Strulovici (2022) (Proposition 5), there is a
unique viscosity solution.® Therefore v(t,z) = 0(t,x) and SN{(t,z) e Ry x X : & > 2°} =
{(t,z) eRy x X : 2 > b(t)}.

By the same argument, we obtain SN{(t,2) e Ry x X : x <z} = {(t,2) e Ry x X : x < b(t)},
with b(t) =sup{z € (z,z°] : (t,z) € S}. m
Proof of Lemma 2. If {(t,z) € Yr : z € (7 (¢),2"(t))} = (), we are done. So suppose

not and let (£,7) € {(t,x) € Yr : x € (z~(t), 2 (t))}. Define

7= inf{t >0 X5 ¢ (x—(t+£),x+(t+£))}.

6 Again, if 7 = 0, it is seen from the proof of the comparison principle in Durandard and Strulovici (2022)
that it holds when X is bounded, which we assume when r = 0.
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Then, as in the proof of Proposition 12,

V(t, &) — g(Z) > Bz

P (f<s, X.) + (s X.)g'(X.)
0

o(s, X,)?
2

1y / Lo firwXaing
2" Jo bl

9" (Xs) — (s, Xs)g(X,) |ds

where 0 = ¢"({z°}) > 0. Since P (7 > 0) =1,

and it is not optimal to stop at (f, 5:) [ ]
Proof of Proposition 14. Since the optimal stopping problem is monotone decreasing,

by Theorem 5, the stopping region is given by

S={(t,x) R x X : x & (b(t),b(t))},

where b : R, — X is cadlag nondecreasing and b :: R, — X is cadlag nonincreasing, with
b(T) < 2¢ < b(T). So we only need to prove that the boundaries are left-continuous too.
The proof is by contradiction. Suppose that there exists ¢ € [0,T) such that b or b is
discontinuous at t. For the rest of the proof, we will assume that b is discontinuous at .
The proof for b is identical. Since b is cadlag nonincreasing, b(f~) > b(t). Let a,b € X be
such that (a,b) C (b(t),b(t)) and consider the rectangular domain ) = [t, ) X (a,b) with

parabolic boundary 0Y = ([t,t] x ({a} U{b})) U ({T} x (a,b)). Using Lemma 2 and (2.5),
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we can choose t and (a, b) such that

f(s,m) + (L5 —r(t,x)) g(x) < =0 on Y (B.2)

for some § > 0 small.

Moreover, by Theorem 4, V' is the unique LP-solution of the boundary value problem

(0 + L& —r(t,2)) v(t,x) + f(t,z) = 0 if (t,z) € Y,

v(t,x) =V (t,x)if (t,x) € 0.

Let ¢ € C°([a,b])” such that ¢(z) > 0 and f: é(x)dx = 1. Then, multiplying the above

equality by ¢ and integrating, we have

t b
/t / (Vi(s,z) + f(s,x) + (L) —r(s,2)) V(s,2)) ¢(x)dxds = 0.

for all ¢ € [t,t). By Fubini’s theorem,

/t f / Vit 2)o(a)dads = / ” / Vit 2)dso(a)da

where the inequality follows from the fact that V(¢t,z) > g(z) for all (t,xz) € Y, as it is a

7C ([a, b]) is the set of infinitely many times differentiable function supported in the interior of [a, b].
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subset of the continuation region. Therefore, for all ¢ € [¢, 1),
t b
/ / (f(s,z) + (E(s’x) —r(s,z)) V(s,2)) ¢(z)dzds > 0. (B.3)
t a

Moreover, integrating by parts, for all ¢ € [, 1),

t b
= [ [ U0V (5.2 000) 4 V(5,187 0t0) dads

where L, is the adjoint of £: for all ¢ € C*(Yr),?

cpin.0) = 25 (P8t - 2 (e eyt

For s € [t, 1),

b
/V(s,x)ﬁf"”%(:c)d:c
¢ b b
= /a L0 g0y <y V (8 2 L8 O()de + /a L giaysy V(8 D) L0 6() de
b b
< Ol =] [ Loy £ 0000+ [ ()00
b b
:C|5_t‘/a ]1{cEf@)¢(a;)>0}£>(ks’x)¢(33)dx+/a ¢(x) L g(x)dw.

The inequality follows from the two inequalities V (¢, z) > g(z) and V (s, z) < g(z)+C'|s — 1|

for some C' > 0 (since t — V (¢, x) is Lipschitz, as V belongs to W17 ()))). The last equality

8L is well defined as o(t,-) and p(t,-) are piecewise C2(X) for all ¢t € [0,T).
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is obtained by integration by parts. Let
£ b
o(t) = /t /a ﬂ{ﬁgs,z)d)(m)zo},cf*”)¢(x)da:ds >0, telti).
Then, for all t € [t, 1),

/t / (f(s,z) + (ﬁ(svw) —7r(s,2)) V(s,z)) ¢(z)dxds

t b
< /t /a (f(S, r) + (L(va) —r(s, x)) g(x)) ¢(z)dzds + ¢C |t — ﬂQ

< —0(t—t)+oC |t — 1,

where we used (B.2) and that ¢ integrates to 1 to obtain the second inequality. But then

there exists ¢ € [¢,7) such that

t b
/t / (f(s,2) + (L&D —r(s,2)) V(s,2)) ¢(x)dads < 0,

which contradicts (B.3).

This concludes the proof. m

B.5 Omitted proofs for Section 2.4

B.5.1 Omitted proofs for Section 2.4.1

Proof of Proposition 15. For all n € NV, let T,(¢) be the set of stopping times in 7 (¢)

taking value in

To(t) == {5k : so="0and sp11 = s +2 " for all k e N} N[0, Anl.
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Observe that, for all n € N, T, (t) C T,41(t). Define

Vo(t,z) = sup Eq [/ e_T(s_t)f(s,XLgt’x))ds + e_T(T_t)g (X,)
TETR () t

Then V,,(T'V n,x) = g(z) is convex in z. By Theorem 2 in Bergman et al. (1996), convexity

is preserved for one dimensional diffusion. Therefore, for all t € (T'An — 27", T A n),
T — E(t,z) [efr(T/\nft)g (XT/\n):|
is convex in x. Moreover, by Fubini’s theorem,

TAn
Et.2) {/t e’r(sft)f(s, X;)ds

TAn
= / Et,z) [e_r(s_t)f(s, XS)} ds.
t

Then, using Theorem 2 in Bergman et al. (1996) again, for all t € (T'An —27",T A n) and

all s € (t,T An),
T — Eqa [e”"(s’t)f(s, XS)}
is convex. Therefore, for all t € (T An —27",T An),

TAn
T — E(t,x) |:/ e—r(s—t)f (S’Xs(t,w)) d8:|
t

is convex, and thus

TAn
Vot z) = Eg 0 [e_T(T/\"_t)g (Xj(f/\g;))] + Eq o) {/ et f (s, Xs) ds]
t
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is also convex in « for all t € (T’ An —27",T An). At time T'An — 27", the value function

is given by the dynamic programming equation:

Vo (T/\ n— 2’”,x)
TAn

= Imax {g(x), E(T/\n—27",$) 8_7‘27” Vn (T A n, XT/\n) -+ /

TAn—2—"n

er(s=(TAn=27)) £y Xs)d8:| } )

which is convex in x as the maximum of two convex functions. Proceeding recursively shows
that © — V,(¢,x) is convex (in x) for all ¢ € [0, T A n].

To conclude the proof, note that V,, converges pointwise to V' as n — oo, and, hence,
V(t,x) is convex in z.

To see this, let M > 0 and consider the alternative stopping problems

VM(t,2) = sup E [/ e "D f(s, X )ds + e T g (X)) A M] ;
TET(t) t

and

VMt )= sup E {/ e f (s, Xy)ds + e T g (X)) A M} ;
TETn () t

By the monotone convergence theorem, VM (¢, x) 1+ V,,(t,z) and VM (t,z) 1 V(t,z) as M —
oo. Consider then 7 € T(t) and let 7,, = inf {7 € T,(t) : 7> 7 P-a.s.}. Then 7, € T,(t)

and 7, = 7 P-a.s. as n — oo. By the dominated convergence theorem,

Btz {/ e f (s, Xg)ds + e T 0g (X)) A M}

t

_ ]E(t,z) |:/t e_r(s_t)f(S,Xs)dS + e—r(rn—t)g (X‘rn) A ]\/[] ‘

< Ega {

/ efr(sft)f(s’ X,)ds + efr(fft)g (X,)AM — efr(‘rnft)g (X.,) A MH —0
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asn — oo (since either e7"7g(X,)AM is continuous and uniformly integrable and e="* f (s, X)
is integrable if r > 0, or ¢g(-) A M is bounded and continuous, f is locally bounded, and we
can focus on 7 such that E [7] < K for some K > 0 by Lemma 32 below if r = 0). Therefore,

liminf VM (¢, 2) > VM (¢, 2),

n—oo

and, since VM (t,x) < VM(t,z) for all (t,x) € Yr and all n € N, it follows that V;™ converges
pointwise to VM as n — oo. Moreover, since T,(t) C Tpi1(t), VM + VM. Therefore, we can
interchange the order of the limits (using that V' (¢, x) is locally bounded as a consequence
of Lemma 2 in Durandard and Strulovici (2022) if » > 0 and of condition 4. in Definition 13
if r = 0). Thus, V,, converges pointwise to V asn — co. =

Proof of Lemma 3. By proposition 15, for all t € [0,7T"), x — V(¢,z) is convex, hence,
locally Lipschitz continuous on X. Moreover, since V(¢,-) is convex, it can only jump up
on dX. But g(x) < V(t, ), and, therefore, V (¢,-) is locally Lipschitz continuous on X. So
to show that V' is continuous, it is enough to show that t — V/(¢, z) is continuous for all z.

This follows from lemma 31 below. =

Lemma 31 Suppose that condition 4. of Definition 13 and that the functions f : Yr — R

and g : [0,T) x X — R are Lipschitz continuous. Then, for all x € X, t — V(t,x) is

continuous.

Proof of Lemma 31. Let x € X. If z € {z,7}, V(¢,7) = g(z) for all t > 0, and we are

done. So suppose that z € X and let ¢,¢' € [0,T) with ¢’ > ¢. Let

VMt x) = sup E [/ e "D (s, Xy)ds +e T Vg (X )AM|
TE€T () t

and observe that VM 4 V pointwise by the monotone convergence theorem (since V is

locally bounded by condition 4. in Definition 13 if » = 0 and by Lemma 2 in Durandard and
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Strulovici (2022) otherwise). So, for all € > 0, there exists M such that

V({t',z) = V(t,z)| < |V, z) = VM )|+ VY, 2) = VY, )|+ [VY(tz) - V(L)

< VM 2) = VM (t )| + 2e.

Thus, it is enough to show that t — V/(¢, x) is continuous for g bounded. So suppose that g
is bounded for the remaining of the proof.

Then, by Snell’s envelope theorem, for all £ > 0,

TAE
/ e TS
0

te i<y

V(t' x)=V(t,z)] <supE ds

f (s +1 Xg’vz> — f(s+1,X0%)

g (XI7) — g (x27)

+ E(t',z) [6_7{1{7—23} |V (E, X{)|] + E(t,x) [6_7’{1{723 |V (f, Xg)| ,

where the supremum is taken over all stopping time if » > 0 and over all stopping times
satisfying the conditions of Lemma 32 below if = 0.

If » = 0, this implies, using Lemma 32, that, for all ¢ > 0, we can choose ¢ such that

Er ) [e_rfﬂ{eﬂ IV (t, Xf)l} + Er.a) [6_’”{1{72?} vV (T, Xf)@
< E(t@) [G_TEE{TEQQM} \/E(t’,z) |:€_Tt_]l{7-2t‘}2Mi|

< €.

If » > 0, by standard estimates (e.g Lemma 2 and Lemma 9 in Durandard and Strulovici
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(2022)), for all € > 0, we can choose ¢ such that
E(t’,m) [e_rgﬂ{fzf} ’V (E, X{)|] + E(t,w) [e_m?]l{gﬂ |V (t_, X{)|]

< 2B [efrgﬂ{th‘}K 14+ ’XEM VE .z [6%1{725}[( (1+17+ | Xq)

<,

where K > 0 is a constant.

Let € > 0. In the remaining of the proof, we then take ¢ such that

TAE
/ e TS
0

V({t'z) = V(t,z)| < supE f (S + t’,Xi'“) — f(s+1t,X5)| ds

e e g (X07) = g (X29)| | + e
Since g and f are Lipschitz continuous, there exists C' > 0 such that
V(' x) = V(t,z)| <E|CtA1 <|t' —t|+ sup |XI® - XiT ) +e.
0<s<t

But, by standard estimates (see, e.g., Theorem 2.5.9 in Krylov (2008) and Hélder inequality),

/
E Xte Xt

sup <K (1+ |x!2) t—t

0<s<t

where K > 0 depends on ¢ and the bounds on ¢ and p only. Thus ¢ — V (¢, x) is continuous

intforallze X. m

Lemma 32 Suppose that g is bounded, and that condition 4. in Definition 13 holds. Then,
for all k > 0, there exists T, such that Py (s < Tk) < & for all (t,x) € Vr. Moreover,

there exists a constant KK > 0 such that, for all (t,x) € Yp, Euq) [1s] < K.
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Proof of Lemma 32. If T' < oo, we are done, so suppose not. Without loss of generality,
assume that ¢ = 0. Since g is bounded (say by M > ¢) and 75 is optimal, there exists N > 0

and 0 € (0, 1) such that, for all (¢,x) € Vr,
P(t,x) (7’3 < N) > 0. (B4)
To see this, observe that for all (¢,z) € YVr,
Ts
—-M < V(t,x) < E(t@) [M —/ eds} .
0
Then

Et,a) [Ts] <

Y

2M
€
and, therefore,

€

4M 1
P(t,m) (7‘3 < —) > Z_l

Importantly, observe that the bound on Py, (7s < N) holds uniformly over (t,z) € YVr.

Therefore, for all ¢t > 0,
P(rs —t < N | F) > 0.
Fix (t,z) € Yr. Then

P(t,z) (/{:N <715 < kN + N) = P(t,m) (Tg > /{N) — ]P)(t,x) (7’3 > kN + N) > (5[@(@1) (Tg > k‘N),
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and, therefore,
P2y (1s > kN + N) < (1 =6)P (75 > kN).
By induction,
Pr.a) (s > kN) < (1-4)".
This proves the first claim of the lemma. To obtain the second claim, note that

Z kE+1)Nlirg>iny-
k=0

Taking expectations, we get

Et.2) [Ts] Zk+1 b= K < .

B.5.2 Omitted proofs for Section 2.4.2

Proof of Proposition 16. As noted before, Assumption 14 implies that 12 is satisfied.
Moreover, by Lemma 3, V*? is continuous and, by Assumption 14 and Lemma 9 in Durandard
and Strulovici (2022) if 7 = 0 or Lemma 2 in Durandard and Strulovici (2022) if » > 0, the
value function grows ar most linearly. So Assumption 10 also holds. Since V'*® is convex, there
remains only to show that V*® is nonincreasing and strictly decreasing in the continuation
region when ¢ — o(t,x) is strictly decreasing; and that V*® is nondecreasing and strictly
increasing in the continuation region when t — o (¢, x) is strictly increasing.

We only prove the first statement as the proof of the second one follows the exact same
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steps with the obvious changes.

For all ¢t € [0,7], define A; = fot a(s, X;)ds with a(s,z) = aW-tisa)? and V, =

o (s,0)?
inf {s >0 : A > t}, the (generalized) inverse of A;. Let Y = {Y; = Xy, }+>0 be the strong
Feller process defined by the infinitesimal generator £Y = ﬁﬁx . Observe that Y and
X #:2) are identically distributed by construction. Define also 7Y, the set of Y-adapted stop-
ping times. From proposition 7.9 in Kallenberg (2006), we have that for all T F;-stopping

time, A, is a FY -stopping time, and 7 = V4, P-a.s.. It follows that

Vi(t,x) = supEq ) {e”g(XT) —/ e”scds]
T€T 0

_ T als, Xs)
=supEq, [e "Tg( X, —/ e rsc—ds}
€T (o) (%) 0 a(s, X;)

Va,
= supEq {e_’"VATg(XVAT) — / ce Vs
T 0

i T )
= sup Eq) eV 9(Xv,) —/ ce_TVS—)ds}
i 0

TeTY

> sup Eq g eV g(Yr) —/ ceTVSds]
L 0

TeTY

= sup B [ atr)o) - [ ce—mq<s>ds]
L 0

TETY

> sup Euq [e777g(Yr) —/ ce_”ds}
I 0

TeTY

=V(t, z),

where the first inequality follows from the fact that a(s, Xs) > 1, the second inequality
from the fact that g(s) = e "(V*=*) is nondecreasing so the later problem can be seen as

a constrained version of the above problem (where 7 has to be smaller than the random

deadline whose (random) cumulative distribution function is given by 1 — %), and the last

o(t' —t+s,z)?
o(s,x)?

equality from the fact that Y and X®®) are identically distributed for a(s,z) =

Finally, if (¢,x) € C, the optimal stopping time is strictly positive, and, therefore, the
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first inequality is seen to be strict. This concludes the proof. =
Proof of Proposition 17. The result follows immediately from Proposition 16 and
Theorem 6 if the stopping boundaries are locally bounded away from {z,z}. This follows

from Lemma 33 below. =

Lemma 33 Suppose that Assumptions 13 and 14 holds. Then the endpoints of the domain

z and T are in the optimal stopping region of the sampling problem for all t € [0,T).

Proof of Lemma 33. Observe that, for all x € X, the value function in the sampling

problem V* is weakly smaller than

V(z) :=supE, [e‘”g (X;) —/ e_”cdt] :
TeT 0

subject to
- t
Xi==x +/ 7(X,)dBs.
0

This follows from the same argument as in the proof of Lemma 16. Then, from Snell
envelope’s theorem, the continuation region in the sampling problem is a subset of the

continuation region associated with V:

CV={zeX :V(x)>glx)}=bb],

with b < x¢ < b, where we used that X is strongly Markov and Proposition 13. So to prove

the lemma, we can simply show that
T,x & cv.

Observe first that, by Assumption 13, either b € X or b € X, for, otherwise, V (z) = —oo: a
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contradiction. Without loss of generality assume that b € X. There remains to show that b

in X. Suppose not. Then

_ _ )
g(z) = limg(x) < limV (z) = imE, [e_mb)g(b) —/ ce”dt] <0,
0

Tz Tz T—T

where the last inequality follows from Assumption 13. But g is nonnegative by Assumption

14: a contradiction. So b € X'. This concludes the proof. m

B.5.3 Omitted proof for Section 2.4.2

Proof of Proposition 18. Assumptions 13 and 14 hold (with &(z) = \/io;ga). The result

then follows from Proposition 17. Finally, the symmetry of the boundaries is obtained from

the symmetry of the original problem. m

B.5.4 More general deadline structure for Section 2.4.4

Formally, to define stochastic deadlines, we need to enlarge the filtered probability space to
(Q x [0,1], F x B([0,1]), {F: }+>0, P ® A), where A is the Lebesgue measure on [0,1]. The
extended probability space allows for the randomization device needed for deadlines to be

stochastic. All the objects defined on §2 are extended to Q2 x [0, 1] in the obvious way.

Definition 20 A map ¢ : Q x [0,1] — [0, 00] is a stochastic deadline if it is a F; @ B([0, 1])-

stopping time. We will denote by D the set of all stochastic deadlines.

The probability that the deadline d arrives before time ¢ is given by the optional stochastic

measure F° on R defined by:

1
FO(t,w) ::/ Liswuy<ydu, P-as..
0
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In this sense, we can interpret a stochastic deadline as a distribution over stopping times.”

The DM’s problem then consists of finding a decision time 7 and a rule d € {—1,1} to
maximize the expected total gain given the presence of a stochastic deadline. The accuracy
and urgency of a decision are determined by a gain function together with a stochastic

deadline ¢ and a payoff at the deadline f(u,d). The expected total gain is

E [1¢r<sp (Qamipm1y + Liam—1u=—13) + Lis<ry f(6,d, )] -

We assume that f(-, d) is an affine function of 1,-1;. Then, as in the previous section, the

optimal information acquisition problem admits the equivalent optimal stopping formulation:

VOt x) = sugE (X, V(1= X,)X(resy + F(6, =1, X5) V f(8, =1, X5)X{r>61] » (V)
TE

subject to
t
X, = X, +/ o(s, Xs)dBs,
0

where X; is the decision maker belief that 1 = 1 at time ¢. We also assume that the volatility
of the belief process is smooth (i.e., o € C*%).

Due to the presence of a stochastic deadline, this problem appears different from the
stopping problems we considered above. However, in the appendix we show that we can
reformulate it to fit our framework. First, we show that it is without loss of generality
that every Markovian stochastic deadline can be seen as a deadline that arrives at a under

Assumption 18 below . First, observe that

9We can also define a stochastic deadline directly as a distribution over stopping times. The proof of the
equivalence between these two definitions is available upon request.
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Proposition 34 For all functions g and f, alld € D, and all T € T,

E |:g<XT)X{TS(S} + f<57 Xé)X{T>5}j| =E (1 - F;—S)g(XT) + /OT f(ta Xt)dp;t§:| .

Proof of Proposition 34. Let § € D, d € {—1,1} and 7 € 7. Recall that F} =

fol 1{5(w,u)<tydu. Then

E [g(XT)X{T§5} + f((5(w, u)? d, X5(w7 u)>1{7'>5}}

r 1 1
=E g(XT)/ :H-{J(w,u)>7}du+/ f(6(w,u),d, X&(w,u))]]-{r>5(w,u)}du:|
i 0 0

r 1 1
=E Q(XT)/ ﬂ{Fg(w,wq}duﬂL/ f(0(w, ), d, X&(w,u))ﬂ{7>6(w,u)}du:|
L 0 - 0

(- Fg(x) + | i X@de] ,

where we used Fubini’s theorem and the independence of 7 and B([0,1]) to get the first
equality and proposition 4.9 of chapter 0 in Revuz and Yor (2013) to get the last one. =

Next, for all 4, define A; through the bijection

Ff =1—e "

Assumption 18 Suppose that r > 0. The process A; is a nonnegative continuous additive

functional with
t
Ay = / a(s, Xs)dsP-a.s.,
0

where the function a : Yr — [r,00) is twice continuously differentiable with a-Hdélder deriva-

tives.
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That is, we assume that the deadline arrives at rate a(t, X;). Then

VO(t,z) = sup Egy e Jo deXddx v (1 - X, )+/ e~ Joals:X)ds (¢ X Va(t, X,)dt | |
TET (1) 0

subject to
t+s
Xt+s = Xt + / O'(U, Xu)dBu
t

Next, we present two useful lemmas.
Lemma 34 For allt € [0,T), the value function (V?°) is conver in .

Proof of Lemma 34. By the same argument as in the proof of Proposition 16, we see

that, for all (¢,z) € Vr,

Vit,z) = sup Eua |e [ ~Jo als:Xods g (X +/ e o als.X)ds £+ X,)a(t, X;)dt
TET(t) 0

= sup Ego [e“t)g(XT)Jr / etf(Vt,Yt)dt},
TETY (1) 0

1

) E(t 2), 'TY(t) is the set of stopping

where Y is the strong Feller process with generator

time adapted to the filtration generated by Y, and V; = fo X ds is twice continuously
differentiable with a-Holder derivatives as a consequence of Assumptlon 18. As a result,

Proposition 15 applies and the value function is convex in x for all t € [0,7). m
Lemma 35 The value function (V°) is continuous and bounded.

Proof of Lemma 35. This follows immediately from Lemmas 34 and 31 as in the proof
of Lemma 3. m
Proof of Proposition 20. By Lemma 35, the value function V?° is continuous. By

Lemma 34, it is convex in x, and thus sign (o4(t, )V, (t,x)) = sign (oy(t, z)). Moreover, by
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Proposition 34, in this setting the flow payoff of the principal is f(¢,z) = a(t,z). So, when
a(t, x) is strictly decreasing, a.(t,z) (V(t,2) — 1) > 0, since V (t,z) < 1; and when a(t, z) is
strictly decreasing, a.(t,z) (V(t,x) — 1) > 0, since V(¢,2) < 1. From Remark 3, we can then
apply Corollary 4 if V' is monotone in ¢, strictly so in the stopping region. This follows from
the same argument as the proof of Proposition 16 and the fact that rate of arrival of news

is monotone over time. So Corollary 4 applies and we obtain the desired result. m
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Appendix C

Appendix to Chapter Three

C.1 Proof of Theorem 8

Suppose (1') and (3) hold for some N* C N. Then,

sup inf 7w(d,n) <sup inf =(d,n N*CN
up o, ) < sl w(d) ¥ )
= sup inf w(d,n 1’
sup inf w(d,n) (1
= sup inf w(d,n 3
sup inf w(d,n) ®)
< sup inf 7w(d,n) (D*C D)
deD NEN

So supyep infren m(d, n) = supyep- infreny 7(d, n), as desired.

To show the converse, suppose that

sup inf 7(d,n) = inf (d
sep gk, i) = mp ol wdm)

Then this immediately implies conditions (1’) and (3) for N* = N.
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C.2 Proof of Proposition 23

As in the main text, consider

e D" ={deD :d={w:Ry =R, y—ay}, a >0} the set of singleton menu that

offers one linear contract, and

o N* := {.A A=Ay U(0,64), ¥ € [0, Vierea, Egor [0] — c)} }: the set of technolo-
gies that includes the known sets Ay and a unique other option (0, d,y), where y is

less than the maximum surplus of the known actions.

Then, for d € D* and n € N*, 7w rewrites

r(dn)=1-ay+ilay> \/ (aByri] —c)
(e, F)eAp

To conclude, there only remains to show that conditions (1), (2), and (3) of Theorem 7 hold.
Note that, WLOG, we can focus on menus over random contracts such that, for any w in
the support of the lottery, 7 (w,n) < occ.

First, we show that for all n € N*, there exists d € D* that maximizes m(d,n). To
see this, let d be any menus over randomized contracts and let w™ be the contract that
maximizes 7(w,n) among those in the support of the lottery chosen by the agent whose

technology is n = Ay U {(0, 5{y})} for some y € [O, \/(C7F)€AO (Ejur [y] — ¢)|. Consider then

w"(y)

singleton menu that offers the linear contract with slope o = . Distinguish two cases:
(i) either 7 (y — ay,n) = oo and we are done, (i) or 7 (y — ay,n) < oo, in which case
T({y — ay},n) = #({w"},n) > w(d,n). So, for all n € N*  the principal has a best

response in D*. Next, note that it is obvious that, for each d € D*, Nature has a best
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response in N*: it can simply pick the y that minimizes m(d,n). Finally, we show that
sup inf 7(d,n) = inf sup 7 (d,n).

deD* neN™ ne€N* ge p

Letting

i(s) = {O if s is true + oo otherwise,

this is equivalent to

sup inf (1 — a)y +1 | ay > \/ (QEQNF [@j] - C)
a>0ye [Ovv(c,F)EAO (Egnrlgl—c)] (e,F)eAg
= inf sup(l1—a)y+i|ay > \/ (aEjur [J] — ) |,
y€[07V(c,F)€A0 (Eg,\,p[g]*cﬂ az0 (C,F)G.AO

which holds by Theorem 2 in Geraghty and Lin (1984).

Then Theorem 7 guarantees that there exists a robustly e-optimal singleton menu that
offers a linear contract. To conclude, there remains to show existence. WLOG, we can
assume that o € [0,a] for some & > 0, hence that the set of linear contract is compact.
Existence then follows if @ — 7(«, n) is upper-semicontinuous, which is easy to verify by

neN*
Berge’s theorem.

C.3 Proof of Proposition 24

Let N* be the set of all information processes such that the associated demand curve, G, is
a continuous c.d.f. with G (E,~r [v]) = 1. Here, G(p) is the buying probability at price p at
time 1. Let D* be the set of mechanism that randomizes over constant posted price p € R,

in every period.
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By the replacement lemma (Lemma 1) in Libgober and Mu (2021), we know that when
the principal uses a constant posted price mechanism with p;, = p € R, for all ¢, Nature has
a best-response among the class of information processes that reveals information in period
t = 1 only. By Proposition 1 in Libgober and Mu (2021), Nature’s best response is then
the “pressed” distribution G associated with F, which is continuous on [v, E;r [v]] with
G (v) = F (v) and G (Esur [v]) = 1. So condition (2) of Theorem 7 holds.

Furthermore, by classic results from the theory of durable good monopolist (see, e.g.,
Stokey (1979) or Riley and Zeckhauser (1983)), the principal optimal mechanism when facing
a constant demand curve is a constant posted price mechanism, i.e., it can be found in D*.
To see this, simply note that the principal’s problem is the same as the one in which the
buyer’s valuation are fixed and distributed according to G. So, condition (1) of Theorem 7
holds.

Finally, when Nature is restricted to choose information processes from N* and the prin-
cipal is restricted from choosing random constant posted price mechanisms, the principal’s

value is

sup inf / (- G)) dP),

PeDx GeN*

which, by Sion’s minimax theorem, is equal to

GeN* PeD*

inf sup / (- G)) dP().

So condition (3) of Theorem 7 holds.
Theorem 7 then guarantees that an e-optimal robust selling mechanism can be found
among the class of randomized constant posted price mechanisms.

There only remains to show that the principal does not need to randomize, which is
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immediate from Proposition 1 in Libgober and Mu (2021), since

sup int [0 (1 G dPG) = s[5 (1-G) PG

peD+ GENT PeD*

4

Moreover, existence also follows as the “pressed” distribution G is continuous on the convex

closure of supp(F'), and p = inf{v : v € supp(F)} is not optimal by Assumption 15.

C.4 Proof of Proposition 25

Points 1 and 2 follow by replication. Given that the agent only learns her total valuation for
the bundle, the problem reduces to a one-dimensional maximization in which a posted-price
for the grand bundle is optimal. This is the pointwise limit of grand-bundle mechanisms with
continuous transfers. Conversely, given that a random bundling mechanism is measurable
with respect to the buyer’s total valuation, it is without loss for Nature to only reveal this
information.

Finally, the minimax equality (3) holds once we restrict to (D*, N*). The objective
function is a bilinear form [ ¢ dG, and we have restricted ¢ to be continuous. Additionally,
D* is convex and N* is convex and compact. So Theorem 7 gives the existence of a robustly e-
optimal random bundling mechanism. Existence then follows from Helly’s selection theorem,
since the transfers must be nondecreasing, and the continuity of 7 (¢, G) for all G € A ([0, N])

in the topology associated with pointwise convergence.



APPENDIX C. APPENDIX TO CHAPTER THREE 239

C.5 Proof of Proposition 26 and Corollary 8

Proof of Proposition 26: Let N* consists in the set of randomization over deterministic

type processes:
N*={FeN :V2<t<T, v = fi(vy) F-a.s. for some function f; : V; — V;}.

Let D* be the set of (non-adaptive) sequence of posted prices in [0, 7y]:

D" =A (ﬁ[O,T)A) .

t=1

Then, for any P € D* and F € N*, we have

t

Ry " (1= Fo)pd ()

Next observe that, by Theorem 4’ (and the remark afterwards) in Baron and Besanko
(1984), for all F € N*, the principal has a best response in D*. It is also easy to see that,
for all (non-adaptive) sequence of random posted prices in [0, 7], Nature has a best response
in N*. Consider, for example, the set of probability distributions over all sequences (vt);[:l,
where v; € [O, ‘_/} such that E,r [v] = ;. This is a subset of N*, which can generate every
demand curve 1 — Fy(p), 1 <t < T. Clearly, for each P € D*  a minimizer for Nature can
then be found in N*. Therefore, to conclude using Theorem 7, there only remains to show
that condition (3) holds. This follows from Sion’s minimax theorem and Theorem 13. To see
this, note that any F' is nonnegative nondecreasing and bounded by 1, hence is a nonnegative
Borel function bounded by 1. Therefore F' belongs to the closure (for the topology associated
with the pointwise convergence) of the set of continuous functions on [0, V] bounded by 1.

Finally, f — fo‘_/ fdP,(p) is continuous by the dominated convergence theorem.
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So, by Theorem 7, there exists a robust e-optimal mechanism that consists in a sequence
of random posted prices.
Proof of Corollary 8: This follows immediately from Proposition 26 and Proposition

5 in Carrasco et al. (2018).

C.6 Proof of Proposition 27

For the next constructions, we will rely heavily on the projects A, = (y — z,0,) and A, =

(0,6,) for y > = > 0. Let r, and r, denote the corresponding indices. By construction

w o __

y =w(y) — (y —z) and ry = w(zx).

ry = 17, = . Under any contract w, the indices are r

Order-preserving —> debt contract:

First, we show that if w is order-preserving, then it is non-decreasing. Suppose to the
contrary that for some y > =, w(y) < w(x). Then, w reverses the order of projects (0,d,)
and (0,9,), so w is not order preserving.

Next, we show that if w is order-preserving, it is 1-Lipschitz. That is, for any y > =,
w(y) —w(r) <y — . Fix any y > 2. Consider the contracts A, and A,. If rj’ <0, then
w(y) — (y —r) <0, meaning w(y) — w(z) <y — x because w(r) > 0. If r;’ > 0, then by the
order preserving property, we must have 7 = r/, giving us w(y) — (y — ¥) = w(x), so we
have linearity: w(y) —w(z) =y — x.

The same argument shows that for any x such that w(z) > 0, y > x implies w(y) —w(z) =

y — x, meaning that the contract has a slope of 1 above z. Fix any z > 0 with w(z) > 0

w
xT )

and y > x. Then r, =r, =2 > 0, and r;’ > 0. By the order-preserving property, r,’ =r
implying w(y) — w(z) =y — =.

Finally, we show that any 1-Lipschitz and monotone contract with the previous property
is a debt contract. Define z = inf{x | w(x) > 0}. Since w is 1-Lipschitz, and therefore

continuous, we have lim,_,,- w(z) = lim,_,,+ w(xz) = 0. Therefore, w(z) = (z — 2)*, so w is
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a z-debt contract.

ITA — debt contract: The outline of the proof is largely the same as the previous
section, but we work with the principal’s payoff rather than the agent’s. First, we show
that if w satisfies ITA, it must be non-decreasing. Suppose to the contrary that y > x and

w(y) < w(z). Then,

Vp(w [ {(0,0y),(0,0:)}) = & — w(z) <y —wly) = Ve(w [ {(0,d,)}).

Since the principal is made worse-off by the inclusion of the project (0, d,), this violates ITA.

Next, we show that if w satisfies ITA, it must be continuous. Suppose towards the contrary
that w has a discontinuity at some y > 0. Since w is non-decreasing, this is an upwards
jump. Then x — w(x), the principal’s payoff, has a downwards jump discontinuity at y. For

small enough values of € > 0,

Vp(w | {(075y—e)7 (0751/)}) =Yy—- U)(y) < (y - 6) - w(y - E) - VP<w | {(0751/—6)})7

which violates ITA.
Finally, we show that for any x such that w(x) > 0, y > z implies w(y) — w(z) =y — x.

First, consider any € < w(z), and the projects (¢, d,) and (0, d,). If w satisfies [IA, we require

Ve(w [ {(€,02),(0,0y)}) = Vp(w [ {(€,02)}),

which implies

r—w(r) <y —wy) (C.1)

Alternatively, consider projects A} = (0,6,) and A} = (w(y) — w(x) + ¢€,4,). Notice by

construction that 7y = w(z) and r;) = w(z) — €. If w satisfies IIA, we require
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Vp(w | {4}, Ay}) = Ve(w [{4,}),

which implies

r—w(z) =y —w(y). (C.2)

Combining equations (C.1) and (C.2) gives the desired result that if w(z) > 0 and y > z,
then w(y) — w(x) = y — x. The same continuity argument as in the order-preserving case

concludes that w is a debt contract.

C.7 Extending the minimax theorem

Theorem 13 Let X andY be subsets of a metrizable space and 7w : X XY — R be a function

such that

1. forall x € X, inf 7(z,y) = inf n(x,y), and
yey yey

2. sup inf 7(z,y) = inf sup n(z,y).
sup inf w(z,y) = inf sup (z, y)

Then

sup inf 7(x,y) = inf sup 7(x,y).
zeX YeY yeY zeX
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Proof. The statement follows from the following chain of inequalities:

inf supm(z, ) > sup inf 7(z,7)
yeY zeX r€X YEY

= sup inf 7 (x,
sup inf (z,y)

= inf sup w(z,
Inf sup (z,y)

> inf sup 7(z,y).
yeY zeX

The first equality follows from condition 1., the second from condition 2., and the last

inequality follows from the inclusion Y C Y. m
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