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ABSTRACT

In this thesis we present methods for estimating network metrics via random walk
sampling. More specifically, we generalize the Hansen-Hurwitz estimator and the Horvitz-
Thompson estimator to estimate the shortest path length distribution (SPLD), closeness
centrality ranking, and clustering coefficients of a network. Those are important metrics
to a network, but when a network is large measuring the exact value is computationally
expensive. Therefore we adopt random walk sampling to collect information as we explore

the network, and then provide estimations for these metrics.

Inspired by the strong ability of random walks to uncover shortest paths in a net-
work, we first propose estimators for the shortest path length distribution (SPLD). There
are two problems associated with this estimating process: 1) pairs of nodes (dyads) are
sampled with unequal probabilities by a random walk, 2) the actual shortest path length
(SPL) cannot by observed from the induced subgraph. To deal with the unequal selection
probabilities issue, we generalize the Hansen-Hurwitz estimator and Horvitz-Thompson
estimator (and their ratio forms) and apply them to the sampled dyads. Based on theory
of Markov chains we prove that the selection probability of a dyad is proportional to the

product of the degrees of the two nodes. To approximate the actual SPL for a dyad, we



use the observed SPL in the induced subgraph for networks with large degree variability,
i.e., the standard deviation is at least two times of the mean, and we estimate the SPL
using landmarks for networks with small degree variability. We find that an estimator
based on a random walk with at least 20% sampling budget can achieve high estimation
accuracy, and save 94% to 96% of the computational time. To the best of our knowledge,
this is the first non-parametric algorithm that can estimate the SPLD of a network with-

out knowledge of the degree distribution.

Using the same techniques to account for unequal selection probabilities and approxi-
mating SPLs between sampled nodes, we then estimate the closeness centrality of sampled
nodes. But in order to estimate the closeness centrality ranking of a node, which is more
of interest rather than the closeness centrality value, we introduce two more steps in the
algorithm. We first apply a weighted kernel estimator to estimate the smooth popula-
tion cumulative distribution function (CDF) of closeness centrality, and then compute the
estimated closeness centrality rank of a node from that estimated CDF. This algorithm
provides a continuous function as an estimate for the population CDF of closeness cen-
trality and an accurate estimate for the rank of closeness centrality of each node in the

network.

We finally look at the clustering coefficients of a network. The clustering coefficient
of a graph measures the average probability that two neighbors of a node are themselves
neighbors. People have defined the global clustering coefficient (GCC) and the local

clustering coefficient (LCC). The global clustering coefficient (GCC) is the fraction of



paths of length two that are closed in the network, and the local clustering coefficient
(LCC) for a single node is the fraction of pairs of neighbors of the node that are connected.
The average LCC (ALCC) is the unweighted average LCC, while the GCC is equal to a
weighted average of the LCCs of the nodes, where the weight is proportional to %
where k; is the degree of node i. We generalize the Hansen-Hurwitz estimator to estimate
the GCC and the ALCC. By simulation studies and applications to real networks, we find

that if we can observe all neighbors of a sampled node and count the exact number of

connections among the neighbors, the estimators for both the GCC and the ALCC will

be unbiased with small variance.
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CHAPTER 1

Introduction

1.1. Problem Statement
1.1.1. Estimating Shortest Path Length Distributions

In a large network, the shortest paths between nodes are of particular importance be-
cause they are likely to provide the fastest and strongest interaction between nodes [1].
Although measures such as diameter and mean distance [2] [3] [4] have been studied ex-
tensively, the entire shortest path length distribution (SPLD) has received little attention.
While the shortest path for a pair of nodes is measurable by existing algorithms such as
breadth-first search, measuring the shortest paths for all pairs of nodes in a large network

is computationally expensive [5].

In this dissertation, we first study the problem of estimating SPLDs in networks via
random walk sampling. In particular, for each possible value of the shortest path length
(SPL), we estimate the fraction of dyads with that value of SPL. There are two aspects
to the problem. First, if a dyad is observed in the sample, the observed SPL in the
sample may exceed the actual SPL in the population. Second, the dyads observed in a
random walk sample have unequal chances of being included in the sample. With re-
gard to the former aspect, Ribeiro, Basu, and Towsley [6] have shown that in a network

with large degree variability, random walks often uncover the shortest paths. In other
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words, for two nodes in a network where the variance of degree distribution is very large,
the observed shortest path in the subgraph induced by a random walk sample is usually
the true shortest path in the population. This property is present in scale-free networks
where the degree distribution follows the power law. In this dissertation, we’ve shown
that this property extends to networks whose degree distribution has a large coefficient
of variation (c.v.), i.e., whose ratio of standard deviation to mean is large. On the other
hand, Potamias et al. [5] have shown that in large networks, when calculating the actual
distance is computationally expensive, one can use precomputed information to obtain
fast estimates of the actual distance in very short time. More specifically, one can first
choose a small fraction of nodes as landmarks and compute distances from every node to
them. When the distance between a pair of nodes is needed, it can be estimated quickly

by combining their precomputed distances to the landmarks.

With regard to dyads’ unequal probabilities of being selected in the sample, we draw
upon classical sampling theory for estimating totals from samples of elements included
with unequal probabilities. The estimators we use are Hansen-Hurwitz estimator [7] and
Horvitz-Thompson estimator [8]. Both estimators will be used in original form and ratio
form to estimate the fraction of dyads with a particular value of SPL. The ratio form is
defined with the numerator equal to the estimator of the number of dyads with a particular
value of SPL and the denominator equal to the estimator of the total number of dyads.
To develop the Hansen-Hurwitz estimator, we derive from theory of Markov chains [2]
[9] [10] that the expected number of appearances of a dyad in a random walk sample

with a sufficiently large number of steps is approximately proportional to the product
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of the degrees of the two nodes. This result allows application of the Hansen-Hurwitz
estimator to the sample including a duplicate selection of nodes. To develop the Horvitz-
Thompson estimator, we approximate the random walk sampling of nodes by an adjusted
multinomial sampling model in ¢ draws, with ¢ equal to the number of steps in the random
walk. Then we apply the Horvitz-Thompson estimator to the sample excluding duplicate

nodes.

1.1.2. Estimating Closeness Centrality Ranking

Closeness centrality measures how close a node is to other nodes in a given network. It
gives high values for more central nodes and low values for less central ones. A node
with high value of closeness centrality might have better access to information at other
nodes or more direct influence on other nodes [2]. Mathematically, the closeness central-

ity of a node is computed as the inverse of the mean distance from the node to other nodes.

In reality, we are more interested in the relative importance of a node rather than
its closeness centrality value. That is, we are more interested in the rank of a node’s
closeness centrality. In order to find the exact closeness centrality rank of a node, we need
to first compute the closeness centrality of all nodes in the network, and then compare
the closeness centrality of that node to other nodes to find its rank. The computation
complexity for this process is O(m - n) for a network with n nodes and m edges, which

can be very expensive for large networks.
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The second problem we study in this dissertation is to estimate the closeness central-
ity ranking of a node in a network via random walk sampling. There are three stages in
the estimating process: 1) estimating closeness centrality of nodes from a random walk
sample; 2) estimating the population cumulative distribution function (CDF) of closeness
centrality from the estimated closeness centrality of the sampled nodes; 3) for a given
node, computing its estimated closeness centrality rank from the estimated population

CDF of closeness centrality.

In order to estimate the closeness centrality of a sampled node, we first apply the
Hansen-Hurwitz estimator to estimate the network size and the sum of geodesic distances
from that node to all other nodes, and then take their ratio as an estimate for closeness
centrality. The issue with this process is that it is time-consuming to measure the exact
geodesic distances between sampled nodes, so we use approximations. For networks with
large c.v., we use the observed geodesic distances in the induced subgraph to approximate
the actual geodesic distances. For networks with small c.v., we use distances computed

from distances to landmarks as an approximation.

There are two issues associated with the process of estimating the population CDF of
closeness centrality . First, the nodes are sampled with unequal probabilities by the ran-
dom walk, so the unweighted empirical distribution of the estimated closeness centrality
of sampled nodes is a biased estimator for the population CDF. To solve this problem, we
adopt an weighted estimator with weight proportional to the inverse of the node degree.

Second, the weighted empirical distribution function is a discrete function with number
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of values equal to the number of nodes in the sample, so we cannot get an accurate
estimate of closeness centrality for each node in the population due to the existence of
duplicate values. To smooth the empirical distribution function, we apply a weighted
kernel estimator with Gaussian kernel and weight proportional to the inverse of the node

degree.

1.1.3. Estimating Clustering Coefficients

The clustering coefficient, also called transitivity, of a graph measures the average prob-
ability that two neighbors of a node are themselves neighbors. Social networks tend
to have large clustering coefficients. Typically the probability that two neighbors of a
node are themselves neighbors is between about 10% and 60% [2] (p.262). However in
many cases, the value of clustering coefficient can be sharply different from what it is
expected to be in a random network where edges are formed at random between pairs
of nodes with a fixed probability. Two networks can have very different clustering coef-
ficients even if they have the same degree distribution. Measuring clustering coefficients
is important and has attracted much attention since the definition was proposed in 1988.
But it is computationally expensive to measure the exact value of clustering coefficient

of a network. More specifically, the running time is O(n?) [11] for a network with n nodes.

In this dissertation we finally study the problem of estimating clustering coefficients
via random walk sampling. People have defined the global clustering coefficient (GCC)

and the local clustering coefficient (LCC). The global clustering coefficient (GCC) is the
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fraction of paths of length two that are closed in the network. The local clustering co-
efficient (LCC) for a single node is the fraction of pairs of neighbors of the node that
are connected. The average LCC (ALCC) is the unweighted average LCC. The GCC is
equal to a weighted average of the LCCs of the nodes, where the weight is proportional
(3) ) where k; is the degree of node i. An equivalent definition of the GCC is the

n k
k J
J:1<2

fraction of node triplets with 2 or more edges that are triangles (i.e., have 3 edges). We

to

developed estimation methods for the GCC and the ALCC by generalizing the Hansen-

Hurwitz estimator.

The two definitions of the GCC motivate different estimators. The definition in terms
of weighted average LCC leads to a strategy of considering each sampled node: first go-
ing over each node, (1) counting the number of connections among its neighbors and (2)
computing the total number of pairs of its neighbors, and then taking the ratio of the sum
of (1) across all nodes to the sum of (2) across all nodes. We used the Hansen-Hurwitz
estimator to get unbiased estimators for the numerator and denominator respectively and
then take the ratio. One problem with this approach is that we need to observe all neigh-
bors of a sampled node to count the number of connections among them, and this will
increase cost. We consider using the number of connections in the induced subgraph to
estimate the actual number, but this can lead to potential bias and increase standard

error for the estimator.
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The definition involving trianges leads to an estimator that is the ratio of the estimated
number of triangles to the number of triples with at least 2 edges. The numerator and de-
nominator are based on the Hansen-Hurwitz estimator. The problem with this approach
is that unless the sample size is extremely large, i.e., the random walk is extremely long,
the theoretical expected number of times a triplet is selected deviates from its empirical
value and this will result in bias in the estimator. We introduce using bootstrap to correct

for this bias.

Estimation of the ALCC is much simpler. We estimate the sum of LCCs and the

network size, and then use their ratio to estimate the ALCC.

1.2. Contributions

This dissertation presents methods for estimating shortest path length distribution,
closeness centrality ranking, and clustering coefficients of a network via random walk
sampling. For a large network, it is computationally expensive to measure the exact value
of these metrics. We adopt random walk sampling to collect information when exploring
the network and use our proposed estimators to provide efficient and accurate estimates

for these metrics. The main contributions of this thesis are listed as follows:

e The expected number of appearances of a dyad (pair of nodes) in a sufficiently long
random walk is approzimately proportional to the product of the degrees of the two

nodes
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When applying the Hansen-Hurwitz estimator to estimate number of dyads
with each path length and to estimate the total number of dyads during the esti-
mating process for SPLD, we need to know the expected number of appearances
of a dyad in a random walk to a proportional degree. It is widely known that
expected number of appearances of a node in a sufficiently long random walk is
proportional to its degree. Inspired by that, we use theory of Markov chains [2] [9]
and results from Anderson’s [10] to prove that The expected number of appear-
ances of a dyad (pair of nodes) in a sufficiently long random walk is approximately

proportional to the product of the degrees of the two nodes.

o Approximation of SPLs between each pair of sampled nodes

During the estimating process for SPLD and for closeness centrality ranking,
we need to know the SPL between each pair of sampled nodes, but we can not mea-
sure the exact value of it from the subgprah induced by the random walk. Based on
analytical results from Ribeiro, Basu, and Towsley [6] and Potamias et al. [5], we
propose to approximate the SPL between a pair of sampled nodes by its observed
SPL in the induced subgprah for networks with large c.v. (c.v. > 2) and by the
minimum of the sum of the nodes’ shortest distances to the pre-selected landmarks
for networks with small c.v. (c.v. < 2). Applications to simulated networks and

real networks show that this approximation is appropriate to most networks.

e A non-parametric estimating algorithm for shortest path length distribution (SPLD)
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In order to estimate the SPLD, previous researchers have proposed various es-
timating algorithms, but most of them are based on the knowledge of the degree
distribution. For example, Katzav et al. [1] showed two complementary analytical
approaches for calculating the distribution of shortest path lengths in Erdés-Rényi
networks, and Nitzan et al. [12] presented some analytical results for the DSPL
between random pairs of nodes in configuration model networks. To the best of
our knowledge, the estimating algorithm for SPLD proposed in this thesis is the
first non-parametric algorithm that can estimate the SPLD of a network without

knowledge of the degree distribution.

An accurate estimate of closeness centrality ranking for each node in the network

In the previous work for estimation of closeness centrality ranking, researchers
are either only considering the top k£ nodes with the highest closeness centrality
[13] [14] or using an sigmoid curve with a general value of slope for all networks
[15]. In this thesis, we propose first using the weighted kernel estimator based on
estimated closeness centrality of sampled nodes to estimate the population CDF
of closeness centrality, which is different for each network, and then computing an

accurate estimate for the closeness centrality ranking for each node in the network

by the estimated CDF.

Accurate estimation of clustering coefficients
We generalize the usage of Hansen-Hurwitz estimator to estimate the global

clustering coefficient (GCC) and the average local clustering coefficient (ALCC).
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By simulation studies and applications to real networks, we find that if we can
observe all neighbors of a sampled node and count the exact number of connections
among the neighbors, the estimators for both the GCC and the ALCC will be

unbiased with small variance.
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CHAPTER 2

Background

2.1. Preliminary Definitions

Let G = (V, E) be a finite graph (network), where V' is the set of nodes with |V|=n
and S is the set of edges with |E| = m. Let ¢ € {1,...,n} denote a node in the graph,
and r € {1,..., N} denote dyad (i,7), i, = 1,...,n, j # i, in the graph, where N = (’;) is
the number of dyads in the graph. An induced subgraph G* = (V*, E*) of G, is a graph
formed from a subset of the nodes V* C V and all of the edges E* C E connecting pairs

of nodes in V*.

The adjacency matriz A [2] (p.111) of a graph is the matrix with element A;; such

that
1 1 if there is an edge from node i to node j,
ij =
0 otherwise.
A graph is undirected if A;; = Aj; for all ¢ and j, i.e., the adjacency matrix A is sym-

metric. In this paper, we only consider undirected networks without self-edges, so the

adjacency matrix is symmetric and the diagonal elements are all zero.

The degree [2] (p.133) of node i, denoted as k;, in a graph is the number of edges

connected to it. For an undirected graph, the degree can be written in terms of the
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adjacency matrix as

(2.1) ki = ZAij = ZAji
=1 =1

We define py to be the fraction of nodes in the network to have degree k, and the degree
distribution to be the collection of the p,’s for k =0,1,...,n — 1. We denote < k > as the

first moment and < k% > as the second moment of the degree distribution.

A path [2] (p.136) in a network is any sequence of nodes such that every consecutive
pair of nodes in the sequence is connected by an edge in the network. A graph is con-
nected if and only if there exists a path between any pair of nodes. A graph is primitive
if A¥ > 0 for some positive integer k < (n — 1)n". In a primitive graph, a path of length
k exits between every pair of nodes for some positive integer k. The length [2] (p.136)
of a path in a network is the number of edges traversed along the path. The shortest
path [2] (p.139), also known as geodesic path, is a path between two nodes such that no
shorter path exists. The diameter L of a graph is the longest shortest path between any

two nodes. Note that the diameter is finite for connected graphs.

Let I, = l;; € {1, ..., L} denote the true shortest path length (SPL), also known as the
geodesic distance, of dyad r in the population graph G. The mean distance M of a graph,
is the average of shortest path lengths of all dyads in the graph. We define f; to be the
fraction of dyads in the network to have SPL [, and the Shortest Path Length Distribution

(SPLD) to be the collection of f;’s for i =1,2,..., L
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2.2. Random Walk Sampling

Random walk sampling is a class of network sampling methods that have arisen re-
cently and has been applied widely in large networks, due to its strong ability of ‘crawling’
in the network. In this dissertation, we define a single random walk {X;} with length ¢
(t steps) in a given graph G = (V, E) as follows:

1) Select a node u with equal probability 1/n from V;

2) If node u has k, neighbors, i.e., node u has degree k,, include one of its neighbors,
say v, with equal probability 1/k, into the sample;

3) In turn, conditionally independent of previous steps, one of v’s neighbor nodes is
selected with equal probability 1/k, from the set of v’s neighbors;

4) Repeat this process until the desired length ¢ of the random walk is reached.

In the real world, some random walks are self-avoiding, in which case an edge or a
node cannot be visited twice. However, in this dissertation we only consider random walks
that are allowed to go along edges more than once, visit nodes more than once, or retrace
their steps along an edge just traversed. In other words, we may have duplicates in our

random walk sample.

2.2.1. Sampling Algorithm

For a given network G = (V, E), we first take a simple random sample of H distinct
nodes U = {uy,...,uy}, and start a random walk from each of them. The H random
walks are independent after the starting nodes. We define the sampling budget, denoted

by 8, 0 < 8 < 1, to be the ratio of total steps of the H random walks to the networks
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size n, and let each random walk take B = fn/H steps.

Let X (h) = (Xl(h)7 s Xgl)), h =1,..., H, denote the sequence of nodes visited by the
ht" walker. Let V' (h) denote the set of distinct nodes visited by the h'" walker, and |V (h)|
denote the number of nodes in set V' (h). Note that |V (k)| < B as a node can be revisited
during the random walk. Let E(h) denote the set of edges in E that have both endpoints

in V(h).

Let V* = Zifl V(h) denote the set of distinct nodes visited by the any of the H
random walks, and E* denote the set of edges in E that have both of their endpoints in
V*. Then G* = (V*, E*) is the induced subgraph obtained by connecting nodes in V*
using edges in E*. The observed shortest path length between any two sampled nodes

will be measured from G*.

2.3. Scale-free Networks

Many of the research papers in graph theory concern the Erdés-Rényi random graphs.
A Erdés-Rényi random graph G(n,p) is a graph with n nodes and each edge is assigned
independently to to each pair of distinct nodes with probability p € (0, 1) [16] (p.156). By
this definition, the degree distribution for a Erdés-Rényi random graph follows a binomial

distribution:

(2.2) D = <n R 1>p'“(1 —p)" "
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As demonstrated by Newman [2] (p.402), in the limit of large n, G(n,p) has a Poisson

degree distribution:

(2.3) lim py = et

n—00 k!’

where ¢ = (n — 1)p is the mean degree of G(n,p). According to the property of Poisson
distribution, the variance of degree distribution is always equal to the mean of degree

distribution.

The model is widely studied because of its simple structure. However, recent empirical
results [17] show that for many real-world networks the degree distribution significantly
deviates from a Poisson distribution. In particular, for many real-world networks, the

degree distribution has a power-law tail

(2.4) pr o< k9,

where « is the exponent of the power law. Such networks are called scale-free. Typically,
the values in « from real networks are in range [2, 3|, although values slightly outside this

range are possible and are observed occasionally [2] (p.248).

Scale-free networks possess some unusual properties as compared to other networks.
One of the nicest properties is the existence of hubs. The definition for hubs is vague in
the literature. In this dissertation we define a hub in a network to a node whose degree
is in the upper tail of the degree distribution. Intuitively, nodes with small degrees are

usually connected through hubs. Therefore hubs in a network play an important role in
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information exchange and shortening the shortest paths between nodes. As we will discuss
later, scale-free networks have a smaller average geodesic distance than other networks.
The existence of hubs is a significant difference between random networks and scale-free
networks. In random networks, the expected degree is comparable for every node, and

thus fewer hubs emerge.

The emergence of hubs can be explained by the growth algorithm of a scale-free net-

work. A widely used model is the preferential attachment model [17]:

The network begins with an initial connected network of mg nodes. New nodes are
added to the network one at a time. Each new node is connected to m < mg existing
nodes with a probability that is proportional to the number of edges that the existing
nodes already have. Formally, the probability that the new node is connected to node ¢
is ﬁ, where k; is the degree of the node ¢ and the sum is taken over all pre-existing
nodes j. Numerical simulations [17] indicated that this network evolves into a scale-free

network with o = 3.

In Figure 2.3.1 below, we illustrate the comparison between scale-free networks and

Erdos-Rényi random graph.
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Figure 2.3.1. Scale-free network vs. Erdés-Rényi random graphs [18].

(a) Comparing a Poisson function with a power-law function (v = 2.1) on a linear
plot. Both distributions have < k£ >=11.

(b) The same curves as in (a), but shown on a log-log plot, allowing us to inspect the
difference between the two functions in the high-k regime.

(¢) An Erdés-Rényi random network with < k& >= 3 and n = 50, illustrating that
most nodes have comparable degree around < k >. The variation in degrees is
very small.

(d) A scale-free network with v = 2.1 and < k >= 3, illustrating that numerous small-
degree nodes coexist with a few highly connected hubs. The size of each node is

proportional to its degree, therefore the large ones are hubs in the network.



37

2.4. The Horvitz-Thompson Estimator and the Hansen-Hurwitz Estimator

Suppose we have a population of elements {1, 2, ..., M} and y; is the characteristic of
interest associated with element ¢, ¢ = 1,..., M. Let ¢, = Zf\il y; denote the total of y;’s
In order to estimate ¢, from samples of elements selected with unequal probabilities, we
can use the Horvitz-Thompson estimator for samples drawn without replacement and the

Hansen-Hurwitz estimator for samples drawn with replacement.

Suppose a sample of size m is drawn without replacement from the population, and
the inclusion probability for element y; is m; > 0. Let Z; be an indicator variable such that
Z; = 1 if element i is in the sample and 0 otherwise. The Horvitz-Thompson estimator

8] of the population total ¢, is

~ Zy
HT __ iYi
(2.5) =" -
i=1
with mean
2.6) BT = 1,,

and variance

M M
(2.7) Var(i#7) = 375 (mm; — mik) (2 — 2oy2,

T,
i—1 k>1 g k

Next suppose a sample of size m is drawn with replacement in m independent draws
from the population, and that on each draw the probability of selecting element y; is

B;. Let (); denote the number of times element y; selected in the sample, so that



38

Q1, ..., Qn ~ multinomial(Sy, ..., Ba;m), E(Q;) = mp;, and sz\il ); = m.The Hansen-

Hurwitz estimator [7] of the population total t, = S22 y; is

M
R 1 Qiy;
HH __ 191
(2.8) fHH = EZ; =
with mean
(2.9) B =1,

and variance

(2.10) Var(iH) = Z Bi(yi/ Bi —

More generally, we will consider sample selections that could be dependent with vary-
ing selection probabilities for different draws. Thus, we define a more general form of

°H
ty H as

(2.11) £ i

This is always unbiased for ¢, as long as E(Q);) > 0. The variance of ngH can be esti-

mated if the sample is selected with replication.

Note that we can also estimate the total from a sample obtained by sampling with
replacement by a Horvitz-Thompson estimator. If we reduce the sample obtained by sam-
pling with replacement to a subsample by excluding the duplicates, we will get the sub-

sample consisting of distinct elements from the population, which is analogous to a sample
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obtained by sampling without replacement but with random sample size. Therefore we
can apply the idea of estimating the population total by Horvitz-Thompson estimator to

the subsample, provided we can calculate m; terms.
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CHAPTER 3

Related Work

3.1. Approximating Shortest Path Length

3.1.1. Ability of Random Walks to Uncover Shortest Paths

The strong ability of random walks to discover the shortest paths in networks with large
degree variability was shown by Ribeiro, Basu, and Towsley [6]. They found that the
ability of random walks to find shortest paths bears no relation to the paths they take,

but instead relies on the large variance of the degree distribution of the network.

They proved two important results for networks with large degree variability. First,
even with a relatively small number of steps, a single random walk is able to traverse a
large fraction of edges. Let < k" > denote the 7" moment of the degree distribution.

They show that for a single random walk with ¢ steps, the number of edges discovered by

<k?>-<k>

== —t, which is very large for networks with large

the random walk is approximately
variance in degree distribution. Second, two random walks cross with high probability
after a small percentage of nodes have been visited. The first result indicates that the
observed SPLs in the induced subgraph are very likely to be the true SPLs in the popu-
lation. With a large fraction of edges visited by the random walk, the true shortest paths

are very likely to be observed. The second result implies that a single random walk has

the potential to explore a large area in the population network, instead of staying around
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the small area close to itself. This property provides the possibility of using a single ran-
dom walk to uncover the true SPLs. We will verify this property in later sections. These
observations provide the possibility of using random walks to uncover shortest paths in

networks with large degree variability.

Their simulation results on some real networks are also very promising. For most
real-world networks they tested, more than 65% of the shortest paths observed in the
sampled graph by random walk sampling are the true shortest paths in the parent graph,
and more than 90% of the shortest paths observed in the sampled graph by random walk
sampling are within one hop of the true shortest paths in the parent graph. The only
exception is a network whose degree variability measured by %t is much smaller

than other networks.

3.1.2. Estimating Shortest Distances by Landmarks

Computing the shortest distance, i.e., the length of the shortest path between arbitrary
pairs of nodes, has been a prominent problem in computer science. In an unweighted
graph with n nodes and m edges, the shortest distances between one node and all other
nodes can be computed by the Breadth First Search (BFS) algorithm in time O(m + n)
[5]. To measure the distances between all pairs of nodes, one can implement the BFS
algorithm n times in time O(n?+mn), which is quadratic in the number of nodes. There-

fore, in large networks, computing the exact shortest distances between all pairs of nodes
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is computationally expensive. To improve the efficiency, several fast approximation algo-

rithms have been developed recently.

Most of the approximation algorithms are landmark-based methods. They start from
selecting a small set of nodes called landmarks. Then the actual distances from each
landmark to all other nodes in the graph are computed by BFS and stored in memory.
By using the precomputed shortest distances from the landmarks, the distance between
an arbitrary pair of nodes can be computed in almost constant time. The algorithm pro-
posed by Potamias et al. [5] is one of the landmark-based methods to quickly estimate

the the length of the point to point shortest path.

Their algorithm is based on the triangle inequalities for the geodesic distance. That
is, given any three nodes s, u, and ¢, the geodesic distances between them satisfy the

following inequalities:

(31) lst S lsu + lut7

(32) lst 2 ‘lsu - lut‘

Note that if u lies on one of the shortest paths from s to ¢, then inequality (3.1) holds

with equality.

In the pre-computing step, a set of d landmarks D are selected from the graph, and

the actual distances between each landmark and all other nodes are computed by BFS. In
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the estimating step, by the above inequalities, the actual geodesic distance between node

s and t satisfies:

(3.3) L<l,<U,
where
(34) L = ma:cjep|lsj — ljt|7

By experiments, Potamias et al. [5] proposed simply using the upper bound U as an

estimate to the geodesic distance. That is,
(36) lst ~ miniED{lsi + lzt}

This algorithm takes O(d) time to approximate the distance between a pair of nodes and

requires O(dm + dn) space for the pre-computation data.

Note that the approximation will be very precise if many shortest paths pass through
the landmarks. That is, the best set of landmarks consists of the most ”central” nodes in
the graph, and more specifically, the nodes with high betweenness centralities. In graph
G, let n’, be the number of shortest paths between node s and node ¢ passing node 1,
and g, be the total number of shortest paths between s and ¢, the betweenness centrality

of node i is defined to be >, Z—%. Intuitively, it measures the fraction of shortest paths
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passing node ¢. Generally, nodes with high degrees usually have high betweenness central-
ities but nodes with high betweenness centralities don’t always have high degrees. One
example would be a graph consisting of two clusters which are connected trough a single

node. The connecting node has only degree 2 but its betweenness centrality is really high.

Measuring the betweenness centrality of a node requires the information of shortest
paths between all nodes in the sample, which can not be observed from the sample. As an
alternative, Potamias, Bonchi, Castillo, et al. [5] came up with two basic strategies based
on other centrality measures for selecting landmarks: (i) high degree nodes and (ii) nodes
with high estimated closeness centrality, where the closeness centrality is the inverse of
the average distance from a node to all other nodes. They defined the estimation error to
be the average of |Z — 1|/l across all pairs of sampled nodes, where [ is the actual distances
and [ is the approximation. Regarding to the size of the set of landmarks, they found
from the application to some real networks that, with 100 landmarks, the estimation error
is at less than 10% in 3 of the 5 real networks, and between 10% and 20% in the other 2

real networks.

3.2. Estimating Shortest Path Length Distributions (SPLD)

The shortest paths are of particular importance because they are likely to provide the
fastest and strongest interaction between nodes in a network [1]. Up to now, measures
such as the diameter and the mean distance have been studied extensively, but the entire
shortest path length distribution (SPLD) has apparently attracted little attention. This

distribution is of great importance as it’s closely related to dynamic properties such as
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velocities of network spreading processes [19]. More specifically, it plays a key role in
the temporal evolution of dynamical processes on networks, such as signal propagation,

navigation, and epidemic spreading [20].

3.2.1. The Small World Effect

One of the most interesting and widely studied of network phenomena is the small world
effect: in many networks, the distances between nodes are surprisingly small. The first
empirical study of this phenomenon goes back to Stanley Milgram’s letter-passing experi-
ment in the 1960s, in which he asked each of the randomly chosen “starter” individuals to
try forwarding a letter to a designated “target” person living in the town of Sharon, MA,
a suburb of Boston. It turned out that the letters made it to the target in a remarkably
small number of steps, around six on average. Therefore, this phenomenon is also called

“six degrees of separation”.

With complete network data and measuring methods available these days, it is pos-
sible to measure or estimate the distances between nodes, and the small world effect has
been verified explicitly. In mathematical terms, the small-world effect is the condition
that the mean distance M is small. In fact, following the mathematical models, the mean

distance for Erdés-Rényi random graphs was shown to scale as logn [2] (p.422).

What’s more, analytical results have shown that the mean distances for scale-free
networks are even smaller. Chung and Lu [3], showed that for certain families of ran-

dom graphs with given expected degrees the average distance is almost surely of order
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S w?
dow;?

w; denotes the expected degree of the i* node. More specifically, for scale-free networks

logn/ logd . Here d denotes the second-order average degree defined by d = where
with a > 3, they proved that the average distance is almost surely of order logn/log d.
However, many Internet, social, and citation networks are scale-free networks with ex-
ponents in the range 2 < a < 3, for which the mean distance is almost surely of order
loglogn, but have diameter of order logn (subject some mild constraints for the average
distance and maximum degree, see Chung and Lu [3] for details). This was followed by
the study by Cohen and Havlin [4], who showed, using analytical argument, that the mean
distance M ~ loglogn for 2 < o« < 3, M ~ logn/loglogn for « = 3, and M ~ logn for

a > 3.

To summarize, the small world effect on scale-free networks with 2 < o < 3 yields
the nice property that the mean distance and the diameter are of scale loglogn and logn
respectively. For instance, a scale-free network of size n = 10000 has diameter only around
9. A small diameter leads to a small range of SPL, and thus it’s practical to estimate the
SPLD, which consists of the percentage of dyads with a particular value of SPL for each

possible value of SPL.

3.2.2. Previous Estimating Methods for SPLD

Katzav et al. [1] showed two complementary analytical approaches for calculating the dis-
tribution of shortest path lengths in Erdos-Rényi networks, based on recursion equations
for the shells around a reference node and for the paths originating from it. However,

Erdos-Rényi graphs are not widely observed in real networks and are often only of research
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interest because of their simple structure. In practice, we are more interested in a wider

class of networks.

Other researchers such as Bauckhage, Kersting, and Rastegarpanah [19] have char-
acterized shortest path histograms of networks by the Weibull distributions. Empirical
tests with different graph topologies, including scale-free networks, have confirmed their
theoretical prediction. However, each real network has its own parameter values of the
Weibull distribution, and it is hard to find those values without full access to the network.
What’s more, even if we can measure the shortest distance between any pair of nodes in
a network, it is very time-consuming when the network is large [5]. In chapter 4 we will
propose a method for estimating the SPLD of a population graph by the sample data

generated by random walks.

3.2.3. Estimating SPLD in Configuration-model Networks

Nitzan et al. [12] presented some analytical results for the DSPL between random pairs
of nodes in configuration model networks. A configuration model is a method for gener-
ating random networks from given degree sequence. More specifically, in a configuration
network, the degrees of all nodes are pre-defined and represented as half-links or stubs.
When forming a network, two nodes are chosen uniformly at random and connected with
an edge using up one of each node’s stubs. This process continues until we run out of
stubs and the result is a network with the pre-defined degree sequence. Nitzan et al. [12]
proposed that if the degree distribution of an empirical network is known, the configu-

ration model is ideal to be used as a null model for analyzing some network properties,
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including DSPL. Therefore this is a model-based approach to estimate the DSPL. Apply-
ing this idea to our case where the degree distribution is unknown, a possible approach is

to estimate the DSPL of a network based on its estimated degree distribution.

For a population network G of size n with known degree distribution pj, according
to the analytical results of Nitzan et al. [12], the tail distribution of the shortest path

lengths can be expressed as

(3.7) P(d>1)=P(d>0)[[m,,.
l/
where
n—2
(38) Mp1 = Zpk(mn—l,kl—l>k7
k=1
and
n—2 k
(3.9) My, = Epk(mn—l,’“l—l)k_l
k=1

with ¢ being the average degree, for [ > 2, and

n—1
1

3.10 nl = 11— —)k
(3.10) M, 1 321 Pr( - 1)
and

n—1 k 1
3.11 T, :§ Zok(1 — k1
(3.11) M1 - Cplc( n_ 1)

for [ =1.
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Then the proportion of dyads with SPL [ can be computed from
(3.12) fi=Pd>1—-1)— P(d>1),

forl=1,2,...n—1.
When the network is not fully accessible and the true degree distribution is unknown,

we can estimate the degree distribution py by the Hansen-Hurwitz ratio estimator

~ Zz sxi?ki_l
(3.13) Dk = E—w>

1€s V1

where ¥ = 1 if the degree of node i is k and zero otherwise.

If we use the estimated degree distribution py instead of py in equations (3.7) - (3.12),
then we will get an configuration-model estimator (CME) from equation (3.12), denoted
as flm In this estimating process, the bias can come either from estimating the degree
distribution or from computing the DSPL from the estimated degree distribution, but the

variance only comes from estimating the degree distribution.

3.3. Estimating Closeness Centrality Ranking

Closeness centrality measures the mean distance from a node to other nodes. It gives
low value for more central nodes and high value for less central ones. A node with low
value of closeness centrality might have better access to information at other nodes or
more direct influence on other nodes [2]. For instance, in a social network, a person with
low closeness centrality might find it easier to spread their opinions to other people or

receive comments from other people. The closeness centrality of a node can be computed
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by taking the ratio of the network size and the sum of distances from the node to all other
nodes in the network. It can be computed by breadth first search (BFS) and the the time

complexity for it is O(m) where m is the number of edges in the network.

In reality, we are more interested in the relative importance of a node rather than
its closeness centrality value. That is, we are more interested in the rank of closeness
centrality of a node. It takes two steps to compute the rank: 1) computing the closeness
centrality of all nodes; 2) for a given node, comparing its closeness centrality to those
of other nodes to find its rank. The first step takes O(n - m) time and the second step
takes O(n) so the time complexity for the entire process is O(n - m). Therefore it will be

computationally expensive to find the exact rank of a node in a large network.

Due to the high complexity of computing closeness centrality of all nodes in a net-
works, it has attracted researchers toward several areas related to measuring the closeness
centrality of a node. Kas et al. [21] and Yen, Yeh, and Chen [22] developed some methods
for updating closeness centrality in dynamic networks. Other researchers such as Cohen
et al. [23] and Wang [24], proposed some faster algorithms to approximate closeness
centrality. Another popular area is identifying a few top nodes with highest closeness
centrality. Okamoto, Chen, and Li [13] combined existing methods on calculating exact
values and approximate values of closeness centrality and presented new algorithms to
rank the top-k vertices with the highest closeness centrality. Ufimtsev and Bhowmick [14]

presented a fast and scalable algorithm for identifying the high closeness centrality node
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by group testing.

When it comes to closeness centrality ranking, Wehmuth and Ziviani [25] proposed a
method called DACCER (Distributed Assessment of the Closeness CEntrality Ranking)
to approximate the closeness centrality ranking. They indicated that the ranking based
on local neighborhood volume computed by DACCER is highly correlated with the node
ranking based on the traditional closeness centrality, in both simulated and real world
networks. However, they didn’t go further showing how people can use DACCER to es-

timated the closeness centrality ranking of a node.

The most relevant work for closeness centrality ranking is done by Saxena, Gera, and
Iyengar [15]. They proposed a heuristic method to fast estimate the closeness rank of a
node in O(«-m) time complexity, where o = 3. They observed that in real world scale-free
social networks, the reverse ranking versus closeness centrality follows a sigmoid curve as
shown in Figure 3.3.1. Mathematically, they found that a 4-parameter logistic equation
can fit the curve well:

1—n
1+(M)p’

Cmid

(3.14) Ryeolu) = n +

where R,.,(u) is the reverse ranking of node u, C'(u) is the closeness centrality of node
U, Cpid is the closeness centrality of middle ranked node in the network, and p denotes

slope of the logistic curve at the middle point. Once the reversed ranking is estimated,
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the actual ranking R, can be computed as

(3.15) Roct =0 — Ryey + 1.

Reverse Rank

c

Cmax

A B
Cmin

Cmi
Closeness &entrality

Figure 3.3.1. Plot of reverse ranking versus closeness centrality.

Due to properties of the sigmiod function, ¢,;q can be computed by (¢pin + Cmaz)
where ¢,,;, is the minimum closeness centrality and ¢,,q, is the maximum closeness cen-
trality in the network. After analyzing the relationship between closeness centrality and
node degree, they proposed estimating ¢4, and ¢pin by émar = C'(u) where u is the node
with largest degree in the network and ¢,,;, = C'(w) where w is a node chosen uniformly
at random from all the nodes farthest away from u u. After measuring the slope p of
the sigmoid curse for 20 real world networks, they observed that the slope ranges from
10 to 15 and that the slight variation in the estimation of p does not cause more error

in the ranking, so the average of p from the real world networks can be used for estimation.
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This approximation method is simple and works well for scale-free networks but still
has some issues: 1) Estimating c,,;q requires first finding the node with largest degree
in the network and then finding all nodes farthest away from that node, which can be
time-consuming in large networks; 2) Based on the 20 real world networks they studied,
they found a range and provided a single estimation for the slope p for all network, but
for other real world networks the slope can go beyond that range; 3) This sigmoid curve
estimation is only verified for scale-free networks, while there are still real world networks
which are not scale-free. In chapter 5 we will present an estimation method for closeness
centrality ranking that will 1) only require information from a random walk sample, 2)
provide different estimated curves for different networks, and 3) work for networks which

are either scale-free or not scale-free.

3.4. Estimating Clustering Coefficients

Clustering coefficients serve as an important measure for network transitivity. The
history of clustering coefficients goes back to 1998. Watts and Strogatz [26] first intro-
duced local clustering coefficient ¢; for a single node 4, which is the fraction of connected
neighbors of node 7, and then proposed using the average of local clustering coefficients
(ALCC) to measure network clustering. Later on, Newman, Watts, and Strogatz [27] pro-
posed using global clustering coefficient (GCC) , which is the fraction of paths of length
two that are closed in the network, as an alternative measure of network clustering. While
ALCC is the unweighted average of ¢;, GCC is the weighted average of ¢; with weight

proportional to k;(k; — 1), where k; is the degree of node i.
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These are two different measures and can give substantially different numbers for a
given network [2] (p.204). The major difference between the two measures is that GCC
captures the totality of network members’ experience, which may be dominated by low
clustering among high degree nodes [28]. On the other hand, ALCC tends to be domi-
nated by the nodes with low degrees, since they have small denominators in computing c¢;
2] (p.204). Nowadays, people prefer using the second measurement due to its simplicity

in interpretation and computation.

The running time to compute the exact clustering coefficient for a network is O(n?)
[11]. Therefore it is computationally expensive to run the naive computing algorithm for
large networks and estimation is needed. There are two major directions of estimation:
estimating with access to the entire network and estimating via sampling. In most real
cases, only part of the network is accessible and information can be collected as we crawl
the network by some sampling method such as random walk sampling. In this work we

will focus on estimating through sampling, with random walk sampling in particular.

Schank and Wagner [29] developed an efficient algorithm to estimate GCC and ALCC
via sampling. The running time is only O(1) for estimating ALCC and O(n) for GCC.
However, the algorithm assumes that the adjacency matrix of the entire network is ac-
cessible and triplets can be sampled with appropriate pre-computed probabilities. As we

discussed, this is not very practical in most real cases.
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Some other researchers have developed estimation methods via sampling when the
entire network is not accessible. In these methods, relevant information is collected as
we explore nodes through random walk. Ribeiro and Towsley [30] showed that Frontier
sampling, which performs m dependent random walks in the graph, can provide a better
estimation performance than regular random walk in networks which are disconnected or
have loosely connected components. Others like Gjoka et al. [31] and Cem and Sarac [32]
have proposed using Metropolis-Hastings random walk sampling that samples nodes uni-
formly on large online social networks to estimate clustering coefficient. These methods
require the inclusion of all neighbors of sampled nodes in order to perform estimation,

which will greatly increase the sampling cost in large networks.

To make it more efficient, Katzir and Hardiman [11] proposed using random walk but
without the requirement of including neighbors of sampled nodes. The only information
they need in addition to the sampled nodes themselves is if there’s a tie between the nodes
before and after the focal nodes. They first derived unbiased estimators for both GCC
and ALCC and then used simulation to show that the estimators are unbiased with small
variance with only a small sampling fraction. But decreasing sampling cost will result in
less information in the sample, which will potentially increase estimations error. Consider
the following two cases: 1) we are able to observe all neighbors of sampled nodes and
obtain the actual number of connections among the neighbors in the population graph;
2) we are not able to observe all neighbors of sampled nodes, but instead we can induce a
subgraph by connecting the sampled nodes if they are connected in the population, and

observe number of connections among the neighbors in the induced subgraph. Apparently,
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the information in the first case in richer than the information in the second case. We
will show in chapter 6 that for most real networks, the estimation performance in the first

case is much better than the second case.
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CHAPTER 4

Estimation of Shortest Path Length Distributions

4.1. Overview

In a network, the shortest paths between nodes are of great importance as they allow
the fastest and strongest interaction between nodes. However measuring the shortest
paths between all nodes in a large network is computationally expensive. In this chapter
we propose a method to estimate the shortest path length (SPL) distribution of a network
by random walk sampling. To deal with the unequal inclusion probabilities of dyads
(pairs of nodes) in the sample, we generalize the usage of Hansen-Hurwitz estimator
and Horvitz-Thompson estimator (and their ratio forms) and apply them to the sampled
dyads. Based on theory of Markov chains we prove that the selection probability of a dyad
is proportional to the product of the degrees of the two nodes. To approximate the actual
SPL for a dyad, we use the observed SPL in the induced subgraph for networks with large
degree variability, i.e., the standard deviation is at least two times of the mean, and for
networks with small degree variability, estimate the SPL using landmarks for networks
with small degree variability. By simulation studies and applications to real networks,
we find that 1) for large networks, high estimation accuracy can be achieved by using a
single random or multiple random walks with total number of steps equal to at least 20%
of the nodes in the network; 2) About 94% to 96% reduction in computational time can

be achieved by using sampling and approximation of SPLs between sampled nodes; 3)
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the estimation performance increases as the network size increases but tends to stabilize
when the network is large enough; 4) a single random walk performs as well as multiple
random walks; 5) the generalized Hansen-Hurwitz ratio estimator is most preferable to

use in practice due to its high estimation accuracy and easiness in computation.

4.2. Intuition

Recall that in a scale-free network, most nodes with small degrees are connected
through hubs. Our approach is based on the following intuition: random walks in scale-
free networks usually take steps along the shortest paths between pairs of nodes. This

nice behavior is attributed to the existence of hubs.

Consider an extreme case of a network with only one hub to which all other nodes are
connected. Then the random walk always goes back to the hub before moving to another
node, which indeed is following the shortest path of length 2 between the nodes before
and after the hub. Next consider a network with multiple hubs, but still, all other nodes
are connected only to the hubs. In this case a random walk starting from any node will
have to go back to the hub to which the node is connected to get to another node, which

forces the random walk to travel along the shortest path for a pair of nodes.

More generally, if there are some but very few connections between nodes which are
not hubs, a random walk might have the chance to traverse a path that is not the shortest
path between two nodes, but the chance is small. Figure 4.2.1 shows how multiple random

walks recover shortest paths in a scale-free network.
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Figure 4.2.1. Illustration of a RW sample path. Green nodes: starting
nodes; blue nodes: nodes visited by the random walks; purple edges: edges

used by the walks to explore the graph [6].

4.3. Problem Definition

Consider a connected and undirected network G = (V, E') with n nodes, m edges, and

diameter L. Then the shortest path length distribution (SPLD) of G is defined as

N,
(4.1) f = Wl’l =1,...,L

where N, is the number of dyads with SPL [, and N = Zlel N; = ,,C5 is the total number

of dyads (pairs of nodes) in G.

4.4. Estimating Methods

In order to estimate the fraction f; of dyads with SPL [, we need to first estimate NV,
the number of dyads with SPL [ in the population graph. Let N, denote the estimate

for N;, and f; can be estimated by fl = % Note that sometimes we want to use a ratio
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estimator fl’” = %, in which case we also estimate N, the total number of dyads in the

population graph.

4.4.1. The Unweighted Estimator

A naive approach to estimate population SPLD is to simply use the SPLD of the induced
subgraph G* as an estimate. Let N/ denote the number of dyads with SPL [ in G*, and
N* denote the total number of dyads in G*, the unweighted estimator for f; is

" NF
4.9 uw l
( ) l N*’

I=1,.. L

However, this simple estimator may suffer from two sources of bias. First, the dyads
are sampled with unequal probabilities due to the nature of random walk sampling. More
specifically, dyads with shorter SPLs are more likely to be sampled than those with longer
SPLs. Therefore, with the unweighted estimator, f; for small value of [ is likely to be over
estimated, and f; for large value of [ is likely to be under estimated. Second, the observed
SPL in G* might be longer than the actual SPL G, and thus f; for small value of [ is

likely to be under estimated, and f; for large value of [ is likely to be over estimated.

4.4.2. The Hansen-Hurwitz Estimator

Let s = {X(1), X(2),..., X(H)} denote the set of sequences of nodes visited by H random
walks, including duplicates, and let |s| = H - B denote the size of s. Let I (X éh) = 1) denote
an indicator variable taking the value 1 if node 7 is visited at b step in A*" random walk,
and zero otherwise. Let ¢; = S0, 320, I(Xlsh) =1), i = 1,...,n denote the number of

times node i appears in sample s, and define ¢; = E(g;)/|s|. We assume 0 < E(g;) < ||
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Vi, and thus 0 < ¢; < 1 Vi. Since Y1 , ¢; = |s|, D, ¢ = 1. Therefore, the ¢;’s form a

probability distribution over the n nodes.

Let r, »=1,..., N represent dyad (i,j), i =1,...,n—1, j=1i+1,...,n in the popula-
tion graph. Let S = {(XgV, X\")) : hi,hy € {1,..., H}, b1, by € {1,..., B}, X" # X}
denote the set of dyads whose members are any two distinct nodes in s. That os, S
is the sequence of dyads visited by the H random walks, including duplicates. Define
Qr=qq;, i=1,..,n—1, j =i+1,...,n as the number of times dyad r appears in sam-
ple S, and let |S| = Zfil Q, denote the size of S. Notice that there may be duplicates
in the sample of nodes s, but to a dyad, we only include pairs consisting of two different

. . . _ S n i — E(Qr)
nodes, therefore |S| is a random variable with |S| = (‘2‘) = >, (%). Define ¢, = D]
and assume 0 < E(Q,) < |S| Vr, therefore 0 < ¢, < 1 Vr. Since Zivzl Q. = 1|95|,

Zf;l 1, = 1. Therefore, the 1,’s form a probability distribution over the N dyads.

Let I, € {1,...,L} denote the true SPL of dyad r in the population graph. Let %!,
re{l,..,N}and [ € {1,..., L}, denote an indicator variable taking value y!. = 1 if [, =
and zero otherwise. Thus N; = ny:l yL is the number of dyads with SPL [ in the popu-

lation, and N = 37, 3" 4l is the total number of dyads in the population.

According to 2.11, the generalized Hansen-Hurwitz estimator for 1V is

N
: l - |S| g wr ) T Ly ey
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The generalized Hansen-Hurwitz estimator for NV is
N
. 1 .
(4.4) NHHZ—ZQ—, l=1,.. L

In order to apply (4.3) and (4.4) we need to compute or estimate v,. We first recall
some definitions and results for Markov chains. We call a sequence of random variables

{X;:t=1,2,...} a discrete-time Markov chain (DTMC) if it satisfies
(4.5) P(Xt+1 = it+1’Xt = itth—l = Z‘15—1, --,Xl = il) = P(Xt+1 = it+1|Xt = it)a

for all t > 1 and iy, 19, ...,7;41 € €, where () is a finite or countable state space.

4.4.2.1. Inclusion Probability of a Dyad

A DTMC is finite if €2 is finite. A DTMC is homogeneous if it satisfies
(4.6) P(Xiy1 = j| Xy =1i) = P for all ¢, j € Q, independent of .

We call the probabilities F; ;’s the transition probabilities. Let P denote a matrix with
element P;; at its position of i row and j™ column. We call P the transition matriz
for a homogeneous DTMC. Since we will only consider finite DTMCs in this paper, we

denote Q = {1,2,...,n} for simplicity.

Let p;(t) denote the probability that {X;} is in state ¢ at time ¢, and let p(t) =

(p1(t), p2(t), ..., pn(t))T denote the vector of probabilities. For a finite homogeneous DTMC
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we have

(4.7) p'(t+1)=p" ()P,

A probability vector p = (p1, p2, ..., pn)? is called a stationary distribution for a ho-

mogeneous DTMC with transition matrix P, if it satisfies

(4.8) p’ =p'P.

State j is said to be accessible from state ¢ if P, > 0 for some n > 0. If state ¢ is
accessible from state j and state j is accessible from state ¢, i and j are said to commu-
nicate. A DTMC is called irreducible if all of its states communicate with each other. A
state i is aperiodic if the greatest common divisor of {n > 0: P/; > 0} is 1. A DTMC is

called aperiodic if all of its states are aperiodic.

Proposition 1 [2] (p.157-159): A single random walk {X;} on a graph G = (V, E)

of size n is a finite homogeneous DTMC with a stationary distribution p = (%, - 7)T,

o
S

where K = )" ky.

Proof: Consider a random walk {X;} that starts at a certain node and takes ¢ steps.
Suppose {X;} is at node 7 at time ¢ — 1, then the probability that it will be at node j # i
at time ¢ is 1/k;, by the definition of random walk sampling in section 2.2, given that 7 is
connected to j, i.e., A;; = 1. That is

Aij
ki

(19) P(X, = j|Xi1 =) =
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Therefore, {X;} is a homogeneous DTMC with finite state space {1,2,...,n} and

transition probabilities P, ; = 12” . Let P denote the transition matrix of {X;}, then

P = D' A, where D is the diagonal matrix with elements k;’s for i = 1, ..., n.

Let p = (kL k2 %)T, where K = )" ky.

(4.10)
A A A
= e T
Ay Az A
pTD—lA — (ke kn ko ko ko
K K K
Anl An2 Ann
En En kn

_ ki A; ki A; ki Ain
(4.11) = <Z?:1 Ay g kds oy kA )

G

(4.12)

e ka

T
2 kn
K K) p

(% Z;; Ay % Z?zl A .. % Z?zl Am> = <

That is, p = p’ P. Since p; > 0 and Zj p; = 1, p is a stationary distribution for

{Xi}.

Proposition 2: If (G is connected and has at least one triangle, the finite homoge-

neous DTMC {X;} from Proposition 1 is irreducible and aperiodic.

Proof: Since G is connected, any node in the is accessible by any other node. That
is, all states of {X;} communicate with other, and thus {X,} is irreducible. For any node

in GG, it can be either in a triangle or not. Suppose ¢ is any node in a triangle, then
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starting from itself, ¢ can be reached by either 2 steps or 3 steps, that is Pfz > 0 and
Pf’l > (. Therefore ¢ is an aperiodic state. Consider any node 5 which is not in a triangle
and suppose that its shortest distance to node ¢ is [, then starting from itself, j can be
reached by either 2] + 2 steps or 2/ + 3 steps, that is Pij+2 > 0 and Pff’L?’ > 0. Therefore

J is also an aperiodic state. Since all states in {X;} are aperiodic, {X}} is aperiodic.

Proposition 3: If a single random walk {X;} initiates from its stationary distribu-
tion p on a connected graph G with at least one triangle, then ¢, = F(¢;)/t = k;/ K, and

limy ooty = akik;, where o = 2[(3 kw)? — D, k27 and K =Y 0 _ k.

Proof: Let ¢ = (q1, o, ...,q,)T, where ¢; = number of times node i appears in the
sample, and p = (p1, p2, ..., pn)T, where p; = % According to Anderson’s (1989) results

for irreducible and aperiodic Markov chains,

(4.13) E(g) = pt.

and

(4.14) lim CL@ =C,
t—00 t

where C' is a square matrix with constant elements.

From (4.13), we have =% = % fori=1,...,n.
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In general a,, = O(b,) indicates lim;_,, a, /b, = ¢, where ¢ is a constant, and a, =

o(b,) indicates lim;_,, a, /b, = 0, so we have

(4.15) Cov(g;, q;) = o(t?), and Var(g;) = o(t*) Vi.

The expected number of times dyad r appears in sample S is

(4.16) E(Qr) = E(qiq;) = E(¢:)E(q;) + Cov(gi, q;) = pipst* + o(t?)

The expected number of dyads (including duplicates) in sample S is

(@.17) Fsi) = () - 2o B
(119 = (3) - 3 2B - @)
B\ I
(4.19) _ (2) 3 D (B ) - Bla) + Var(a)
(4.20) = (;) - %thi(tpi —1) +o(t?)
(4.21) = %t(t —1)— %(tQ Zp? —t) + o(t?)

(4.22) = %(1 = o)t +o(t?)

=1



67

In the long run, the expected fraction that dyad r appears in sample S is

. . B(Q)
(4.23) tlggo Yr = tlgglo E|S|
(4.24) _ iy 2t +olt)
' t=oo (1 =300, p)t* + o(t?)
2pip;
4.25 ==
( ) 1=, p
o__kik;
ML
(4.26) =T
O F)?
kiik;
(4.27) = 4

(Qw Fw)? = 220 K

For simplicity we can write limy_oot), = ak;k;, where a = 2[(3°, kw)* — >, k2]~

Therefore, the generalized Hansen-Hurwitz estimator for /N, is

N
. 1 L
(4.28) N = 2 ¢ l=1,.., 1L,

N
. 1
(4.29) NI = %" @ L 1=1,..,L

The generalized Hansen-Hurwitz estimator for the fraction of dyads with SPL [ is

~ N erf«
(4.30) FHH NI 2o Gk I=1,..L
N ’S‘N 7 3 ? ?
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and the generalized Hansen-Hurwitz ratio estimator for the fraction of dyads with SPL

lis
\J N erl
HH r
(4 31) fHH.ra __ Nl . Zr:l keik; I I
. ! Y - N QT 9 — 1y
NHH ZT:1 e

4.4.3. The Horvitz-Thompson Estimator

In the Hansen-Hurwitz estimator illustrated above, we take the average of all observed
dyads, including duplicates, to estimate N; and N. Alternatively, we can consider apply-
ing the Horvitz-Thompson estimator to the subsample obtained by excluding duplicate

observations.

Let s* = V* denote set of distinct nodes visited by H random walks, and |s*| =
S |V(R)| denote the sample size of s*. Since s* is derived from s by excluding the du-
plicates, |s*| is a random variable depending on s. Let z;, i = 1,...,n denote the number
of times node ¢ appears in sample s*. In our case z; is an indicator variable such that
zi = 1if i € s* and zero otherwise. Let 7; = E(z;) denote the inclusion probability of
node ¢ in the subsample s*, which is indeed the probability that node i ever appears in

sample s. Since > - | z; = |s*|, we have > | 7, = E(|s*|).

Let S* denote the set of all pairs of nodes in s*, and let |S*| denote the size of S*. Let
Zryi=1,..,n—1, j =i+ 1,...,n denote the number of times dyad r = (¢, j) appears

in sample S*. In our case Z, is an indicator variable such that Z, = 1 if r € S* and
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zero otherwise. Let . = FE(Z,) denote the inclusion probability of dyad r in the sub-
sample S*, which is indeed the probability that dyad r ever appears in sample S. Since
Zivzl Z, = |S*|, we have Zivzl . = E(|S*]).

Due to the lack of knowledge about the full network G = (V| E) as well as computa-
tional considerations, we will use an approximation for estimating ., r € S*. If a single
random walk {X;} initiates from its stationary distribution p on a connected graph G

with at least one triangle, in the long run,

(4.32) = 77, forr=1,2,..., N,
where
57| :
(4.33) Ti=—=m—0; fori=1,2,...,n,
Zi:l i
and
ki .
(4.34) 0 =1—(1- ) for i =1,2,...,n.

Ew k’w

Heuristic proof: To derive the expected number of appearances of dyads in S, we
used (4.14) but did not need to use the form of the matrix C. A simple sampling model
that satisfies (4.13) and (4.14) is multinomial sampling with ¢ draws and probability

D = Ziikw for node 7 to be sampled at each draw. For multinomial sampling,

(4.35) E(g;) = tp;,
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and

_tpipja [ 7& j?
(4.36) Cov(g;, qj) =

and hence (4.13) and (4.14) are satisfied.
Under multinomial sampling, the probability that node ¢ is ever included in the sample

by step t is

(4.37) 0i=1—(1—p;)"

The joint probability that ¢ and j are both included in the sample is

t—1
(4.38) 0, =0;; = P(z = 1|g; = 2)P(q; = ).
rx=1
Note that
t T t—x
(4.39) Plgg=a)={ Jri(1—p)""
and
(4.40) Plzi=1lg=2) =1— (1 - L)tz
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— t T t—x pZ t—x
(4.41) =3 (L)Ba -0
(4.42) -3y (;)pf(l —p) " - i <;)p}”(1 —pi—p) "
(4.43) =1—(1=pij) —p; = (1 =p) = (1= pi —p;)" — 1]
(4.44) =1—(1=p) =1 —=p)' + 1 —pi—p).
Since
(4.45) 0,0; = [1— (1 —p)T[L = (1 —py)’]
(4.46) =1—(1=p) =1 =p) + 1 —=pi—p; +pip;)
(4.47) ~ 1= (1=p) —(1=p;) + (1= p; — p;)" if pip; is negligible,

and as p;p; is verified to be negligible by simulations in this case, we can estimate ¢, by

(4.48) 0, ~ 0,0;.

The only problem in approximation by multinomial sampling is that we assume the
draws are independent, while it is not the case in random walk sampling since a node can’t
be sampled twice consecutively. Therefore, ; under the multinomial sampling model over
estimates 7;, the inclusion probability of node i in random walk sampling. To adjust for

the overestimation, we can use the one of the following two approaches to estimate 7;,
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and then estimate 7, by
(449) Ty & TiTj.

Approach 1: Using the fact Y ", 7, = E(|s*|) as a constraint for 7;, we can estimate

7; by

|57
(4.50) Ti = <n 5 0,
Zz‘zl 91

Approach 2: Using the fact >..__. 7, ' = n, we can choose the exponent t* < t for

1€8*

the random walking sampling such that

(4.51) > ﬁ —n)?

1€8*

is minimized, and estimate 7; by
(4.52) i=1—(1-¢)".

Simulation results have shown that both (4.50) and (4.52) can provide a good estima-
tion for ;.

The Horvitz-Thompson estimator for NV; is

R Z,
(4.53) NAT =32 =,

and the Horvitz-Thompson estimator for N is

A Z,
(4.54) NAT =N =2

T
r=1 T
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The Horvitz-Thompson estimator for the fraction of dyads with SPL [ is

~ !

) NAT SN L

4.55 HT _ L &=l m 1 L
(4.55) ! N N o

and the Horvitz-Thompson ratio estimator for the fraction of dyads with SPL [ is

A~ N A l
HT E : Zryr
fHT.ra Nl r=1

(4.56) o DL sl g
NHT ZTZI%

4.4.4. Approximating actual SPLs between sampled nodes

As discussed in previous sections, in a network with n nodes and m edges, the time com-
plexity to measure the actual distances between all pairs of nodes is O(mn + n?). This
is computationally expensive for large networks. With our proposed estimators discussed
above, we only need measure the distances between sampled nodes to estimate the SPLD
of the population graph. Let $* denote the ratio of number of nodes in the induced sub-
graph to the number of nodes in the population graph, where 0 < §* < [ and f is the
sampling budget. The computation time of actual distances between all sampled nodes
is O(B*mn + B*n?). For * = 20%, only measuring the actual distances between sampled

nodes will bring a 80% reduction in computation time.

However, according to some approximation methods for SPLs discussed in previous
sections, we can approximate the actual SPLs between sampled nodes instead of actually
measuring them. And by doing that we can achieve further reduction in computation
time. In the following section we will revise the approximation methods from Ribeiro,

Basu, and Towsley [6] and Potamias, Bonchi, Castillo, et al. [5] and apply them to our
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random walk samples.

1) For networks with large c.v., approximate actual SPLs by observed SPLs in the

induced subgraph.

Based on theoretical and simulation results from Ribeiro, Basu, and Towsley [6], in
scale-free networks, random walks have strong ability to uncover the true shortest paths,
so the actual SPLs between sampled nodes can be approximated by the their observed
SPLs in the subgraph induced by the random walk sample. More specifically, for a pair
of sampled nodes (7, j), the actual SPL [;; between them in the population graph G can

be approximated by the observed SPL in the induced subgraph G*.

More generally, it is the existence of hubs in scale-free networks that makes random
walks able to find the shortest paths, as discussed in section 4.1. Therefore in this paper,
we generalize the condition for random walks to uncover shortest paths to networks with
relatively large variance in degree distribution, compared to the mean degree < k >. Let

Var(k) _ <k?>—<k>?

cv.o= Y = = denote the coefficient of variation of the degree distribution

as a measure of the relative variance. A large c.v. is needed in order for the random walks
to uncover the shortest paths, and we will discuss in section 5.1 about how large the c.v.

needs to be.

In an induced subgraph with 5*n nodes, the computing time for single source shortest

paths is reduced to O(5*m + *n) by BFS within the induces subgraph. Applying BFS
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to £*n sampled nodes in the induced subgraph, the time complexity for computing SPLs
between all sampled nodes is O(3**mn + $**n?). Comparing to measuring the actual
distance between sampled nodes, i.e., applying BFS to sampled nodes in the population
graph, doing BFS only in the induced subgraph can save us (1 — 8*) x 100% in compu-

tation time.

2) For networks with small c.v., approximate actual SPLs using landmarks.

For networks with small c.v. in degree distribution, since random walks can’t find the
shortest paths in the induced subgraph, we need to implement breadth-first search (BFS)
on sampled nodes in the population graph to find the shortest paths. However, based on
findings by Potamias, Bonchi, Castillo, et al. [5], the BFS doesn’t have to be applied to
all sampled nodes. Instead, one can apply BFS to only a fraction of the sampled nodes
to find their shortest distances to all other nodes, and use that information to estimate
the shortest distances between other sampled nodes. More specifically, one can first se-
lect a set of nodes as landmarks, denoted as D, pre-compute the SPLs from landmarks
to all other nodes by BFS in the population graph, and estimate the SPL between any
arbitrary pair of nodes s and ¢ by min;ep{ls; +1;;}. The estimation will be very precise if
many shortest paths contain the selected landmarks. From their experiments, using 100
nodes with highest degrees from the population seems a fairly good strategy for choosing

landmarks.
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In this work, we propose selecting landmarks from the sample. This is because we are
only interested in the SPLs between nodes in the sample, and landmarks from the sample
will be more likely to be on the shortest paths between nodes in the sample. Also it is
costly to select landmarks from the population since we need to observe the degrees of
all nodes. Let v denote the the ratio of number of landmarks to number of nodes in the
induced subgraph G*. From the sample we will choose the top v5*n nodes in their actual
degrees as landmarks. We will discuss the size of landmark set, i.e., the value of v, in

later sections.

In an induced subgraph with 5*n nodes and v8*n landmarks, the computing time
for SPLs between a single landmark and all other nodes in the sample is still O(m + n),
since the BFS needs to be implemented in the population graph to compute the actual
distances. Invoking the BFS v/5*n times, the computing time for SPLs between all land-
marks and all other nodes in the sample is O(yS*mn + y3*n?). Comparing to measuring
the actual distance between sampled nodes, i.e., applying BFS to all sampled nodes in
the population graph, doing BFS only to the landmarks can save us (1 — ) x 100% in

computation time. This is for the pre-computing stage.

For the estimation stage, for any arbitrary pair of nodes, it only takes v3*n time to go
through the distances from these two nodes to each landmark and choose the minimum
sum as the estimated SPL. Note that with BFS applied to landmarks, the distances
between v5*n landmarks and all other nodes in the sample have already been identified,

therefore we just need to estimate the distances between (1 — v)5*n nodes that are not
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used as landmarks. Applying v8*n numerical search to ((1*72)5*") R~ %(1—7)25*2712 pairs of
nodes in the sample, the computing time for estimating distances between sampled nodes
that are not landmarks is about O(y(1 — v)?4*3n?) after we have the pre-computation

data.

4.5. Application of Estimating Methods

In practice, sometimes we are only able to crawl part of the network, so we are re-
stricted to observing the degrees of the sampled nodes. To apply the estimators in section
4.4 to estimating the SPLD for a network, we need to estimate 1,.’s and 7,’s of the sam-

pled nodes and c.v of degree distribution by the degrees of nodes in the sample.

Following the mathematical expressions of c.v., ¥,, and 7., we can estimate them by
the estimated first moment k; and the second moment ky of the degree distribution. The

estimation for k; and ko can be achieved by Hansen-Hurwitz ratio estimator. Suppose a

k1 ko kn
T e

I
o
S

single random walk {X,} initiates from its stationary distribution p = ( )T on

a connected graph G with at least one triangle such that

k.
4. i = — .
(4.57) ¢ =1 v

Then we can estimate the first moment k; by

1
5 1 k; = .
. K g 2iese sl 2ies
n

(4.58) oy = = —
|_i| ZiES é ﬁ Zies ZiES kz '

G I
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Similarly, we can estimate the second moment ko by

k2 L K
(4.59) h o M T ik Tk
. 2 pu— pum— = — .
ﬁ ZiES é ﬁ Zies é Zies kz !
4.5.1. Estimation of c.v.
We can estimate c.v. by
ko — (ky)?
(4.60) cv. = ———
ka1

4.5.2. Estimation of 1,
For Hansen-Hurwitz estimator, we can estimate « in ¢, = ak;k; by

2

(nk1)2 — ’n,kg

and can therefore estimate 1, by

- 2
( ) w (nk1)2 — nk’g !

Note that for Hansen-Hurwitz ratio estimator (4.31), we can just plug in the observed

degrees k; and k; of sampled nodes, and don’t need to estimate any selection probabilities.
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4.5.3. Estimation of =,

For Horvitz-Thompson estimator, we can estimate 7; identified in (6.16) by

(4.63) AT
nb
where
X k,
(4.64) ;i =1—(1- - )t
TLle
and

1 0 1 0 0;
sl Zies i s] ZiES ki/K ZiEs ki
-1 T~ 1 1 1-

Is] Zies Y Is] Zies ki /K ZiES k;

D)

(4.65)

Consequently, we can estimate 7, by

4.6. Evaluation Metrics

To evaluate the performance of an estimator, we take K random walk samples from
the population graph G, compute the estimate from each sample, and then apply the

following four evaluating metrics to get an overall assessment for the estimator.

4.6.1. Box plots

We first plot the histogram of the population SPLD. For each value of the population SPL,

we place a box plot of sample estimates on the corresponding position of the histogram.
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Figure 4.6.1 is an example of box plots of Hansen-Hurwitz ratio estimates based on 100
samples taken from a scale-free network of size 1000. For each sample, a single random
walk of 200 steps is used to produce the induced subgraph for the sample SPL to be

observed.

Density
02 03 04 05 06

0.0 041

SPL

Figure 4.6.1. Box plots of estimated SPLDs on the histogram of population SPLD.

4.6.2. Mean Absolute Difference (MAD)

For each value of population SPL [, the Mean Absolute Difference (MAD) for the esti-

mated fraction P(l) is

(4.67) mad(l) = BE(|P(l) — P(1)]).



81

The empirical MAD for SPL [ from K samples is

(4.68) MAD(]) = %Z |Pu(1) = P,

with estimated variance

135 — PU)| — MAD(1))?
K K—1 '

(4.69) Var(MAD(I)) =

Averaging all possible values of population SPL, the MAD for the estimated SPLD P

is
1
(4.70) MAD = - ; MAD(I),

with estimated standard error

(4.71) se(MAD) = % \/Z Var(MAD(1))

4.6.3. Root Mean Square Error (RMSE)

For each value of population SPL [, the Root Mean Square Error (RMSE) for the estimated

fraction P(1) is

(4.72) rmse(l) =\ EI(P(1) — P(1))?).

The empirical RMSE for SPL [ from K samples is

(4.73) RMSE() = \/ % SO(Bell) — P2,
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with estimated variance

1 S/ (Bl = PO))? = RMSE())?

(4.74) Var(RMSE(l)) = 7 1

Averaging all possible values of population SPL, the RMSE for the estimated SPLD

~

P is
1
(4.75) RMSE = — Zl: RMSE(),

with estimated standard error

(4.76) Se(RMSE) = % \/z Var(RMSE(1)).

4.6.4. Kullback-Leibler Divergence (KL)

To measure the difference between two discrete distributions: estimated SPLD Pk from
the k' sample, and population SPLD P, we can use the symmetrised Kullback-Leibler

divergence:

I Pe(l) 0
(4.77) KL(k) = ;Pk(l)l 950 +;P(Z)l B

The average Kullback-Leibler divergence over all K samples is

1
(4.78) KL=+ ; KL(k),
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with estimated standard error

(4.79) se(KL) = \/% Zk(K[Iék—) 1— KL)?

In practice, since the values of K L are much almost ten times as large as the values of
MAD and RMSE, we will use K'L/10 to keep the three numerical measures in the same

scale.

4.7. Simulation Study

In this section, we present several simulation studies to assess the performance of the
methods we proposed in Section 4. More specifically, by using the evaluation techniques
discussed in section 4.6, we 1) test on different values of c.v. of degree distribution to
explore the conditions for random walks to uncover shortest paths; 2) test on various
lengths and numbers of random walks and different estimators to find the best sampling
design; 3) compare our estimates based on approximated SPLs to the unweighted sample

SPLDs and estimates based on actual SPLs to evaluate the estimation performance.

4.7.1. Conditions for Random Walks to Uncover Shortest Paths

In Section 4.4.4, we generalized the condition for random walks to uncover shortest paths
to having a large c.v. of degree distribution. In this section, we will first verify the strong
ability of random walks from scale-free networks in uncovering shortest paths. And based
on that, we will explore the range of c.v. which allows the random walks to perform well
in uncovering shortest paths in general networks. To assess the performance, we will look

at the proportion of shortest paths uncovered by the random walk sample. We will use
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networks with gamma degree distributions as an example of general networks.

In addition, as discussed by Ribeiro, Basu, and Towsley [6], in networks with large
degree variability, the fraction of edges with at least one its endpoints visited by the ran-
dom walk is large. In this paper, we are more concerned about the fraction of edges in
the induced subgraph, i.e., with edges with both endpoints visited by the random walk,
because they are what we use to measure sample SPLs. If more edges are included in the
induced subgraph, it is more likely to observe the true shortest paths from the sample.
Let E.f denote the fraction of edges with both of its endpoints visited by the random
walk, that is, the fraction of edges in the induced subgraph. One should expect large

values of E.f for networks with large value of c.v.

For each network of size 1000, a single random walk of 200 steps is implemented to
produce the induced subgraph. For each dyad in the subgraph, we take the difference
between its sample SPL (SPL observed in the induced subgraph) and population SPL
(SPL observed in the population graph, i.e., true SPL). Note that the sample SPL is
always as large as or larger than the population SPL, as a node may take more steps in
the subgraph to reach another node than it would in the population graph. Therefore the
value of this difference has a range {0, 1,2, ...}. For each value of population SPL, we plot
the distribution of difference between sample SPL and population SPL. The proportion
of uncovered shortest paths by the random walk sample is equal to the proportion of
zero difference between sample SPL and population SPL. Therefore, we expect a large

proportion with zero difference to show that the random walk sample is performing well
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in uncovering the true SPL.

1) Scale-free networks v.s. Erdés-Rényi networks
We first compare a Erdos-Rényi network and a scale-free network, both of which have
average degree around 6. In Figure 4.7.1, we observe a large proportion of zero differ-
ence for each value of SPL in the scale-free network, which indicates that random walks
have strong ability in uncovering the true shortest paths. However, in the Erdés-Rényi
network, we don’t see a large proportion of zero difference, for any value of SPL greater
than 1. Therefore the ability of random walks to uncover the true shortest paths in the
Erdés-Rényi is very weak. This is to be expected, since the c.v. of degree distribution
of the scale-free network is much larger than that of the Erdés-Rényi network. What’s
more, we notice that E.f in the scale-free network is larger than that in the Erdds-Rényi
network, which also explains why random walks are doing a better job in uncovering

shortest paths in the scale-free network.



86

<k>=6.1 cv = 0.4 E.f=0.062 <k>=6cv=24Ef=0.105

”m IIIII
2
1 2 4 5

4
Population SPL 3
Population SPL

0.

o

proportion
=
g
propartion
=
in
z

025
0.

i3

0.00

&

W1 s :l
sample KL poptl SRl VI sample SPL - population SPL 4[| [l 2 [l 1 Il

(a) Erdés-Rényi, n = 1000, 5 = 0.2 (b) scale-free, n = 1000, 5 = 0.2

Figure 4.7.1. Erdos-Rényi network v.s. scale-free network: distribution of

difference between sample SPL and population SPL.

2) General Networks
A more general condition for random walks to uncover shortest paths is that the degree
distribution has a large coefficient of variation (c.v.). To explore how large the c.v. needs
to be in order for the random walk to perform well in uncovering the shortest paths, we

compare 4 networks with gamma degree distributions.

As one would expect, as the c.v. increases from 0.8 in network (c) to 2.4 in network (f),
E.f increases, which means more edges are observed in the induced subgraph, and there-
fore the proportion of zero difference between sample SPL and population SPL increases.
When c.v. reaches 1.8 in network (e), the distribution of difference between sample SPL

and population SPL looks very close to that for the scale-free network in Figure 4.7.1.
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When c.v. increases from 1.8 in network (e) to 2.4 in network (f), there is still an increase
in the proportion of zero difference between sample SPL and population SPL, but not
very substantial. One should also notice that c.v. for the scale-free network in Figure
4.7.1 is 2.4. Combining the empirical results from some real networks in section 6, we
get some insight about the value of c.v. we need for the random walk to perform well in
uncovering shortest paths:

1) If the c.v. is much smaller than 2, the random walk is not able to uncover the
shortest paths;

2) If the c.v. is around 2, the random walk has the ability to uncover the shortest
paths, but the performance may vary from case to case;

3) If the c.v is much larger than 2, the random walk has strong ability to uncover most

of the shortest paths between the sampled nodes.

As network (f) has the same value of c.v. as the scale-free network (b), we will use
degree sequence generated from Gamma(0.125,40) + 1 to generate networks as an exam-
ple for networks with large c.v. in the rest of this simulation section. And we will use
degree sequence generated from Gamma(1,5) + 1 (setting for network (c¢)) to generate
networks as an example for networks with small c.v.. In order to evaluate the estimation
performance, for a given network, a specific sampling design and a specific estimator, a
total of K = 100 random walk samples will be drawn from the network. An estimate will
be computed from each of the samples. Then the 100 estimates will be used to construct

the the box plots and calculate the three numerical measures discussed in section 4.6.
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Figure 4.7.2. Networks with Gamma degree distribution: distribution of

difference between sample SPL and population SPL.
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4.7.2. Sampling designs for Random Walks

In this section, we will explore random walk sampling designs for estimating the popula-
tion SPLD. We will also compare the performance of different estimators. Basically, we
will answer the following four questions:

1) For networks with large c.v., how many steps do we need in a single random walk
in order to get a good estimation?

2) For networks with small c.v., how many nodes do we need to use as landmarks and
how many steps do we need in a single random walk in order to get a good estimation?

3) Will multiple random walks outperform a single random walk, given fixed sampling
budget?

4) For a fixed sampling design, how will the performance differ by using different

estimators?

4.7.2.1. Length of Random Walks for Networks with Large c.v.

For networks with large c.v. in degree distribution, we use the observed SPLs in the
induced subgraph to approximate the actual SPLs between sampled nodes. In order to see
the effect of length of a single random walk on the estimation performance, we implement
single random walks with sampling budget S = 0.05(0.05)0.5, where = = a(r)b means x
increasing from a to b, with r increment at each time. This process is applied to networks
with c.v. = 2.4 and size n = 1,000, n = 5,000, and n = 10,000. The estimator we use

here is the generalized Hansen-Hurwitz ratio estimator, denoted as HH.ra.
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In Figure 4.7.3, the values of the three numerical measures of accuracy keep decreas-
ing, as we increase the sampling budget from 0.05 to 0.5. That means, the estimation
performance is improving as the single random walk gets longer, which is to be expected.
However, the improvement is dramatic as the sampling rate reaches 0.2, and becomes mod-
erate beyond that. Therefore, it is appropriate to set the minimum sampling budget 5 to
be around 0.2 for the estimation to perform well. Let’s now assume 5* = § = 0.2, then the
computing time of approximating SPLs between all sampled nodes is 0.04n(m+n). Com-
paring it to the computing time of actual distances between all sampled nodes 0.2n(m+n),
approximating the SPLs leads to 80% reduction in computational time. Recalling that
the original computing time for DSPL is n(m + n), using sampling and approximation of

SPLs achieves 96% reduction in computational time for networks with large c.v..

Another thing we can notice from Figure 4.7.3 is that the estimation performance is
better in larger networks. More specifically, as we increase the network size, the estimates
stay unbiased and their variance gets smaller. One possible reason for this phenomenon is
the small world effect. For a fixed sampling budget, the sample size increases linearly with
the network size, while the shortest path lengths only increases in the log scale. Therefore
even with the same sampling budget, a random walk in a large network is relatively
“longer” than that in a small network, and thus has a stronger ability in uncovering the

shortest paths.
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Figure 4.7.3. Estimation performance of the generalized Hansen-Hurwitz
ratio estimator versus sampling budget (5) of the random walk in a networks
with large c.v., measured by MAD, RMSE, and KL (low values are bet-

ter).

4.7.2.2. Size of Landmarks and Length of Random Walks for Networks with

Small c.v.

For networks with small c.v. in degree distribution, due to the lack of powerful hubs,
random walks lack strong ability to uncover shortest paths. As discussed in section 4.4.4,
an alternative way is to use landmarks to estimate the SPLs between sampled nodes. We
proposed using nodes in the sample with high degrees as landmarks, and a remaining

question is the size of landmark set.

In order to see the effect of landmark size and single random walk length on the

estimation performance, we will:
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1) Fix the sampling budget at 5 = 0.2 and let v = 0.05(0.05)0.5 to find the minimum
fraction 7, for good estimation;

2) Fix the fraction of landmarks at 7 = o, implement single random walks with sam-

pling budget 5 = 0.05(0.05)0.5, and check if a random walk with 8 < 0.2 is also acceptable.

The above process is applied to networks with c.v. = 0.8 and size n = 1,000,
n = 5,000, and n = 10,000, as shown in Figure 4.7.4 and 4.7.5. The estimator we

use here is the generalized Hansen-Hurwitz estimator, denoted as HH.ra.

In Figure 4.7.4, the values of the three numerical measures are decreasing as 7 in-
creases from 0.05 to 0.2, and stay almost stable after 0.3. Thus we can use 75 = 0.3 as
the minimum fraction of landmarks. In Figure 4.7.5, for large networks when n = 5,000
or n = 10,000, the estimation performance is very good if we use a sampling budget as
large as = 0.2. We can also use s smaller sampling budget such as 0.15 or even 0.1
for large networks since the estimation error will not increase too much. If we assume
£* = = 0.2 and use v = 0.3, the pre-computing time of approximating SPLs between all
sampled nodes is 0.06n(m + n). Comparing it to the computing time of actual distances
between all sampled nodes 0.2n(m + n), approximating the SPLs leads to 70% reduction
in computational time. Recalling that the original computing time for DSPL is n(m +n),
using sampling and approximation of SPLs achieves 94% reduction in computational time

for networks with small c.v..
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Similar to networks with large c.v., for networks with small c.v. we also notice that
the estimation performance is better in larger networks. A possible reason is that as we
increase the network size and fix sampling budget and landmark fraction, the number of
landmarks is getting larger. And with more landmarks it is more likely to get a precise

estimation of the SPLs between sampled nodes.

On the other hand, Figure 4.7.6 shows the change of RMSE as we increase the land-
mark size  for different values of random walk length 5. As expected, the lines for larger
B are below the lines for smaller 3. The means if the random walk is longer, less landmarks
are needed. To save computation time of breadth-first search, we want the value of [~
to be as small as possible. The questions remains whether to use large 8 and small v or
to use small § and large ~. Ideally the latter is better because by doing that we can also
save the sampling cost. Suppose we want the RMSE to be as small as 0.01, there are four
available combinations of § and ~ listed in Table 4.1 to achieve this accuracy. Among
them g = 0.1 and v = 0.5 is the best because it achieves both the smallest sampling

budget and the shortest computation time for BFS.
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Figure 4.7.4. Estimation performance of the generalized Hansen-Hurwitz
ratio estimator versus size () of landmarks in a network with small c.v.,

measured by MAD, RMSE and KL (low values are better).
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Figure 4.7.5. Estimation performance of the generalized Hansen-Hurwitz

ratio estimator versus sampling budget () of the random walk in a network

with small c.v., measured by MAD, RMSE, and KL (low values are bet-

ter).
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Figure 4.7.6. Estimation performance of the generalized Hansen-Hurwitz

ratio estimator versus size (y) of landmarks for different sampling budgets

(B) of the random walks in a network with n = 5000 and c.v. = 0.8 (small

cv.).

G| v By
041025 0.1
0.3 0.3 | 0.09
0.20.375 | 0.075
01| 0.5 | 0.05

Table 4.1. Comparison of combinations of sampling budget of the random

walk (/) and landmark size () to achieve RMSE =~ 0.01 in a network with

n = 5000 and c.v. = 0.8 (small c.v.).
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4.7.2.3. Number of Random Walks

To compare the estimation performance with a single random walk and multiple ran-
dom walks, we fix the total sampling budget and take H independent random walk samples
with H ranging from 1 to 6. For networks with large c.v., we fix the total sampling budget
at By = 0.2. For networks with small c.v., we fix the total sampling budget at gy = 0.2

and use 79 = 0.3 as the landmark fraction.

As we can observe in Figure 4.7.7, for both networks, the three numerical measures are
stable as we increase the number of random walks from 1 to 6. Therefore, when keeping
the total sampling budget fixed, using multiple random walks will not improve the estima-
tion performance. In the case of networks with large c.v, the reason for this phenomenon
is explained by Ribeiro, Basu, and Towsley [6]. As they have shown in their work, if the
network has a large variance in degree distribution, two random walks intersect with high
probability, and thus the subgraph induced by multiple random walks will be very similar
to that induced by a single random walk. In the case of networks with small c.v., where
we use landmarks to estimate the SPLs between sampled nodes, although the landmarks
found by a single random walk and those by multiple random walks are not necessarily
the same, our simulation showed that they have similar and high betweenness centralities.
We can therefore infer that they will play similar roles in estimating the distances between

other nodes.
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(a) n = 5000, c.v. =24, 3 =0.2 (b) n = 5000, cv.=0.8, 5 =0.2,7v=0.3

Figure 4.7.7. Estimation performance of the generalized Hansen-Hurwitz

ratio estimator versus number (H) of random walks, measured by MAD,

RMSE, and KL (low values are better).

.4. Comparison of Estimators

In this section, we compare the performances of the four estimators proposed in sec-

tion 4.4. For generalized Hansen-Hurwitz estimator, Horvitz-Thompson estimator, and

Horvitz-Thompson ratio estimator, 1,.’s and m,’s are estimated by the expressions dis-

cussed in section 4.5, therefore the estimates are denoted by HH.or.s, HT.or.s, and HT .ra.s,

respectively. For generalized Hansen-Hurwitz ratio estimator, we just need to use the ac-

tual degrees of sampled nodes to compute the estimates, thus the estimates are denoted as

HH.ra. The comparison based on numerical evaluations measures and comparison based

on box plots are shown in Figure 4.7.8.
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From the numerical comparison, one can observe that the Horvitz-Thompson ratio
estimator is doing a slightly better job than the other three estimators. As we can ob-
serve from the comparison of box plots, the Horvitz-Thompson ratio estimator exhibits
smaller variance than the Hansen-Hurwitz ratio estimator. There are two reasons for this
phenomenon. According to the Rao-Blackwell theorem [33] (p.342), if § is an unbiased
estimator of @ and 0* = E(A|T) where T is the sufficient statistic for 6, then 6* is also
an unbiased estimator of 0 and Var(6*) < Var(f), and the inequality is strict unless 6 is
a function of T'. That is, for any unbiased estimator that is not a function of the suffi-
cient statistic, one may always obtain an unbiased estimator, depending on the sufficient
statistic, that is better in terms of smaller variance. For the finite population sampling
situation, the minimal sufficient statistic T is the unordered set of distinct, labeled ob-
servations [34]. Therefore, the Hansen-Hurwitz estimator t## is not a function of the
minimal sufficient statistic while the Horvitz-Thompson estimator 7 is. Note that both
tHH and t97 are unbiased estimators for t. Based on the Rao-Blackwell theorem, we
can always find another unbiased estimator W = E(t#7|T) such that W has a smaller
variance than t# while we cannot find such an estimator for 17 as t#7 = E(t77|T).
Therefore t17 is expected to have a smaller variance than t##. Second, since the ratio
form ensures that the estimated fractions for all values of SPL sum to 1, it stabilizes
the estimators and therefore has a smaller variance than the original form. Theses two

reasons make it not surprising for the Horvitz-Thompson ratio estimator to perform best

among the four estimators.
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In Figure 4.7.9, we compare the performance of the Horvitz-Thompson ratio estima-
tor and the generalized Hansen-Hurwitz ratio estimator by plotting their RMSE versus
the sampling budget 5. As one can observe, for the Horvitz-Thompson ratio estimator,
we can use a smaller sampling budget to achieve the same estimation precision as the
generalized Hansen-Hurwitz ratio estimator. For example, in network (a), the estimation
precision by the generalized Hansen-Hurwitz ratio estimator with 20% sampling budget
can be achieved by the Horvitz-Thompson ratio estimator with only about 12.5% sam-
pling budget. People can choose to use the Horvitz-Thompson ratio estimator to save
sampling cost while achieving a high estimation accuracy. But given that the generalized
Hansen-Hurwitz ratio estimator requires less computational work and its estimation per-
formance is close to that of the Horvitz-Thompson ratio estimator, it is still preferable to

use in practice.
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Figure 4.7.9. RMSE of the generalized Hansen-Hurwitz ratio (HH.ra) esti-

mator and the Horvitz-Thompson ratio estimator (HT.ra.s) versus sampling

budget (/).

4.7.3. Evaluation of Estimation

In order to evaluate how well our estimates from section 4.4 perform in estimating the

population SPLD, we first compare the generalized Hansen-Hurwitz ratio estimates, de-

noted by HH.ra, to the unweighted sample SPLDs observed from the induced subgraphs,

denoted by UW. Note that by using HH.ra, we are correcting bias from UW, but the bias

to be corrected for networks with large c.v. and networks with small c.v are different. For

networks with large c.v., we only correct the bias from unequal sampling probabilities,

because we are still using the observed SPLs between sampled nodes from the induced

subgraph. For networks with small c.v., we correct bias from both unequal sampling prob-

abilities and not observing the true SPLs between sampled nodes, as we use landmarks



106

to estimate those SPLs.

From the numerical comparison of UW and HH.ra in Table 4.2, one can observe that
for both networks, about 90% of the estimation error in UW is reduced by using HH.ra.
In Figure 4.7.10, one can observe that for networks with large c.v. as shown in (a), the
box plots for UW are shifted to the left of the population SPLD. This is because dyads
with shorter SPLs are more likely to the be sampled than dyads with longer SPLs, and
thus the fractions of dyads with shorter SPLs are over estimated while the fractions of
dyads with long SPLs are under estimated. Therefore for networks with large c.v., bias
from unequal sampling probabilities is dominating in the estimation error of UW. For
networks with small c.v. as shown in (b), the box plots for UW are shifted to the right
of the population SPLD. This is because the many observed SPLs are longer than the
true SPLs. Therefore in networks with small c.v., bias from not observing the true SPLs
between sampled nodes is dominating in the estimation error of UW, and thus correcting
it is necessary. For both networks, after applying HH.ra, the box plots stay at the right
positions on the histogram with short whisker, which means the estimates are unbiased

and have small variance.

On the other hand, in order to see how much we can improve if we can actually observe
the true SPLs between sampled nodes, we compare our HH.ra based on approximated
SPLs, to the generalized Hansen-Hurwitz estimates based on the true SPLs between sam-
pled nodes, denoted by HH.ra.l. As we can observe, there will still be some improvement

if we use the latter, but the improvement will not be huge. More specifically, in Table
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4.2, the improvement from HH.ra to HH.ra.l is only about 10%. In Figure 4.7.10, we can
also see that the box plots for HH.ra and those for HH.ra.l are really close. Therefore
in practice, we will prefer to base our estimates on the approximated SPLs for saving

computation time and not loosing much estimation accuracy.

n = 5000, cv. =24 n = 5000, c.v. = 0.8
B =0.2 8=02v=0.3
MAD RMSE KL | MAD RMSE KL
UW 114 115 0.161 | .101 103 213
HH.ra | .010 .012 .0025 | .011 014 .003
HH.ra.l | .009 011 .0023 | .010 013 .003

Table 4.2. Numerical comparison of the unweighted sample SPLD observed
from the induced subgraphs (UW), the generalized Hansen-Hurwitz ratio
estimates based on approximated SPL (HH.ra), and the generalized Hansen-

Hurwitz ratio estimates based on actual SPL (HH.ra.l).
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Figure 4.7.10. Box plots of the unweighted sample SPLD observed from the
induced subgraphs (UW), the generalized Hansen-Hurwitz ratio estimates
based on approximated SPL (HH.ra), and the generalized Hansen-Hurwitz

ratio estimates based on actual SPL (HH.ra.l)

4.8. Adjusted Estimator by Weighted Average

While the estimators we proposed and discussed in the previous sections are non-
parametric estimators which are not based on the degree distribution of the population
network, Nitzan et al. [12] presented some analytical results for the DSPL between ran-
dom pairs of nodes in configuration model networks, as discussed in section 3.5. In Figure
4.8.1, we compared the estimation performance of the generalized Hansen-Hurwitz ratio

estimator (HHE), f¢H#H7 and that of the configuration-model estimator (CME), f;™.

For both networks, the CME is biased. More specifically the proportions of dyads with

shorter SPLs are over estimated and the proportions of dyads with longer SPLs are under
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estimated. To investigate the source of bias, we also computed the CME using the actual
degree distribution. As one can observe, the bias in the CME is not corrected by using the
actual degree distribution, so we can infer that the bias is from computing the DSPL from
the estimated degree distribution, instead of from estimating the degree distribution. On
the other hand, the HHE is almost unbiased in network (a) with large c.v. and slightly
biased in network (b) with small c.v. where the proportions of dyads with shorter SPLs
are under estimated and the proportions of dyads with longer SPLs are over estimated.
Since the bias of the HHE and the bias of the CME have different directions, we consider

using the weighted average of them to adjust for any possible bias of the HHE.

~ ~
< B HHE < B HHE
@ | 0+ B CME o | B CME
= B CME with a.d. < E CME with a.d.
w w | 0*
[=] Qo
> % > % ]
E =] E [=]
g 3 & 3 |°i
o °+ o f |
(=] (=]
- El -
S S ] °
g = —llji (I3 3 - =_n__]—+°*7 —i_\ OO
I T T T 1 I T T T 1
0 2 4 6 8 0 2 4 6 8
SPL SPL
(a) n = 1000, c.v. =24, 3 =0.2 (b) n =1000, cv. =0.8, 5 =0.2,vy=10.3

Figure 4.8.1. Box plots of the generalized Hansen-Hurwitz estimator
(HHE), the configuration-model estimator based on estimated degree dis-
tribution (CME), and the he configuration-model estimator based on actual

degree distribution (CME with a.d.).
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Letting «, 0 < a < 1, denote the weight for the HHE, we define the adjusted estima-

tor(AE), denoted as f¥, to be

~

(4.80) Y = af T+ (1= a) f.

Recall that the goal of using the weighted average is to improve the estimation perfor-
mance, so we will use root mean square error (RMSE) as a measure of that. Theoretically
the optimal weight o* will be to the weight by which the RMSE of the weighted average

is minimized, i.e.,

(4.81) af = arggu’nRMSE( oy

In practice, an intuitive approach to find the theoretical a* is to solve equation
(4.82) M = aMCHAT 1 (1 —a)M™

for v, where M is the true average SPL of graph G, M“HH7 is the average SPL computed

from HHE fCHH7 and M™ is the average SPL computed from CME f;*. That is

M —M™
- MGHH,T _Mm

(4.83) a*

In Figure 4.8.2, we plotted the adjusted estimates with weight found by Eq.(4.83)
for (a) a simulated network with c.v. = 0.8 and (b) a real network: P2P network with

cv. = 0.9. For both networks, the weighted average has smaller bias variance for each

SPL, so the RMSE of the weighted average will be smaller than the HHE.
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Figure 4.8.2. Box plots of the generalized Hansen-Hurwitz estimator
(HHE), the configuration-model estimator based on estimated degree dis-
tribution (CME), and the adjusted estimator (AE) with weight found by

(4.83).

From results in Figure 4.8.2, using equation (4.83) is a reasonable approach to find
the optimal weight o*. However in practice, we won’t know the true average SPL M
without full access to the population network. Therefore we need to seek for a practical
solution for weight that works for most networks. In general, if we want to pick one value
for « for all networks, it’s better to set the value large rather than small. If the value of
a we use is large, then it will be a little too conservative to some networks with small
c.v., i.e., we are not making the maximum improvement, but we are still making some
improvement for those networks and are not over-correcting the bias for networks with
large c.v.. However, if we use a small value of «, then more weight is put on to the CME;,
and we will be over-correcting the bias for networks with large c.v.. After calculating a*’s

for 6 simulated networks with various values of c.v., we found that o = 0.8 is a reasonable
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choice. The RMSE reduced by using the optimal o and that by using o = 0.8 is listed on

Table 4.3.
D cv. o RMSE RMSE Reduction in Reduction in
by HHE by CME RMSE (o = a*) RMSE (o = 0.8)

Gamma(4,1.25) |0.41 0.42 0.0212 0.0205 42.13% 24.73%
Gamma(2,2.5) |0.57 0.57 0.0196  0.0249 28.61% 21.67%
Gamma(1,5) 0.87 0.6 0.0260  0.0252 28.04% 18.45%
Gamma(0.8,6.25) | 0.97 0.62 0.0330  0.0292 25.57% 16.52%
Gamma(0.5,10) |[1.18 0.86 0.0224  0.0367 8.59% 10.33%
Gamma(0.25,20) | 1.66 0.85 0.0260  0.0496 9.77% 10.79%

Table 4.3. Reduction in RMSE by using the adjusted estimator (AE).

4.9. Real Networks

In this section, we test our SPLD estimation methods on data from eight real world
networks. These data are available on the SNAP (Stanford Network Analysis Project)
website. To simplify the analysis, we only consider nodes in the largest connected compo-
nent. Table 4.4 summarizes the basic information for each network used in out test. These
networks vary in size, number of edges, average degree, and most importantly, coefficient
of variation. We compare the HH.ra estimates based on observed SPLs from induced
subgraph (obs SPL) versus those based on estimated SPLs by landmarks (est SPL). For
estimates based on observed SPLs from induced subgraph, we use a single random walk
with 20% sampling budget. For estimates based on estimated SPLs by landmarks, we

use a single random walk with 20% sampling budget and 30% of the sampled nodes as
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landmarks. The results are shown in Table 4.5, Figure 4.9.1, and Figure 4.9.1.

As shown in plot (a), (b), and (c¢) in Figure 4.9.1, the estimates based on observed
SPLs of the first three real networks, Oregon, AS-733, and Email-Enron are very good.
This is not surprising, as the c.v.’s for those networks are all much larger than 2, which
indicates the existence of hubs. In addition, the performance on Email-Enron network is
the best among these three, as measured by the small values in MAD, RMSE, and KL
in Table 4.5. This is also to be expected, since Email-Enron network has the largest size
among the three. According to our discussion in previous sections, our estimation method

tends to perform better for larger networks.

When the c.v. gets closer to 2, the performance of estimation based on observed SPLs
varies from case to case. For example, the SPLD of CA-HepPh network is a little over-
estimated, while the SPLD of Wiki-Vote network is very well estimated. As one can
observe, the average distance in CA-HepPh network is longer than the average distance
in Wiki-Vote network, therefore random walks in CA-HepPh network are having a harder
time in finding the true shortest paths. The performance of estimation is getting worse as
the c.v. decreases to some value below 1.5, and even below 1. For networks CA-HepTh,
CA-GrQc, and P2P, the SPLDs are highly over estimated. The worst case happens to
the P2P network, which only has c.v. = 0.9. Since there’s no powerful hub in networks

(f), (g), and (h) , its really hard for random walks to find the shortest paths.
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Alternatively, we can base the estimates on the estimated SPLs by landmarks. As one
can notice, for networks whose estimates based on the observed SPLs are good, such as
(a), (b), (c), and (e), there won’t be much improvement if we base the estimates on the
estimated SPLs. However, for networks with small value in c.v., whose estimates based on
the observed SPLs are far from the true SPLDs, such as (f), (g), and (h), using estimated
SPLs will correct the bias from not observing true SPLs in the induced subgraph and

therefore result in much better estimation performance.

Network nodes edges <k> cv E.f

Oregon 10.7K 22K 4.1 7.6 0.162
AS-733 6.4K 13.2K 4.3 5.8 0.140
Email-Enron | 33.7K  361.7K 21.5 3.5 0.298
CA-HepPh |11.2K 2352K 42 229 0.361
Wiki-Vote | 7.1K 103.7K 29.3 2.06 0.254
CA-HepTh | 8.6K 496K 11.5 1.12 0.107
CA-GrQc 42K 268K 129 1.34 0.129

p2p 109K 40K 74 09 0.093

Table 4.4. Basic information of real networks.



HH.ra by | MAD RMSE KL
Oregon obs SPL | .012  .014 .0032
est SPL | .011  .014 .0029
AS-733 obs SPL. | .016  .021  .0055
est SPL | .016  .020 .0051
Email-Enron obs SPL | .0069 .009 .0023
est SPL | .0085 .010 .0032

CA-HepPh  obs SPL | .026  .032  .026
est SPL | .016  .022  .011
Wiki-Vote  obs SPL | .014  .018 .0028
est SPL | .015  .018 .0029

CA-HepTh obs SPL | .028 .034  .054
est SPL | .010  .015  .012

CA-GrQc  obs SPL | .031  .038  .062
est SPL | .015  .024 .0225

p2p obs SPL | .086  .087 13
est SPL | .009  .010 .0012

Table 4.5. Numerical evaluation measures of estimated SPLDs of real net-

works: HH.ra by observed SPL (8 = 0.2) v.s. HH.ra by estimated SPL by

landmarks (8 = 0.2, v = 0.3).
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4.10. Summary of Results

By applying the estimators proposed in section 4.4 and evaluation metrics discussed
in section 4.6 to the simulated networks studied in section 4.7, we have the following

findings:
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e When a network has c.v. > 2 in degree distribution, random walks have strong
ability to discover the actual shortest paths between sampled nodes. Therefore
we can use the observed SPLs between sampled nodes in the induced subgraph to
approximate their actual SPLs.

e When a network has c.v. < 2 in degree distribution, random walks don’t have
strong ability to discover the actual shortest paths between sampled nodes. There-
fore we need to do breadth-first search in the population graph to get the actual
SPLs, but only to a fraction, such as 30%, of the sampled nodes (known as ”land-
marks” ), and use that information to approximate the SPLs between other sampled
nodes.

e The estimation performance improves as sampling budget increases, with dramatic
improvement as the sampling budget reaches 20% and moderate improvement
beyond that.

e If we use 20% as sampling budget, using sampling and approximation of SPLs
between sampled nodes will achieve 96% reduction in computational time for net-
works with large c.v. and 94% reduction for networks with small c.v..

e If we fix the total sampling budget, such as 20%, using a single random walk
performs equally well as using multiple random walks.

e To a small degree, the Horvitz-Thompson ratio estimator outperforms the other
estimators, but the generalized Hansen-Hurwitz ratio estimator is still preferable
to use in practice given its high estimation accuracy and easiness in computation.

e The estimation performance improves as the network size increases, but tends to

be stable once the network is large enough, such as of size n = 5000 or larger.
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e When the Hansen-Hurwitz ratio estimator is slightly biased for networks with small
c.v., we can use the weighted average of it and a configuration-model estimator
proposed by Nitzan, Katzav, Kiithn, et al. [12] to adjust for bias. A reasonable

weight to use for the Hansen-Hurwitz ratio estimator is 0.8.

4.11. Discussion and Future Work

In this chapter we studied methods for estimating SPLDs in networks via random walk
sampling. More specifically we applied Hansen-Hurwitz estimator, Horvitz-Thompson es-
timator, and their ratio forms to estimate SPLDs by subgraphs induced by random walk
samples. There are two problems associated with this estimating process: 1) we are not
able to observe the actual SPLs between sampled nodes from the induced subgraph; 2)
pairs of nodes are sampled with unequal probabilities so the unweighted estimator is bi-
ased. To solve the first problem, we used approximations for SPLs. We approximated
the actual SPLs between sampled nodes by their observed SPLs in the induced subgraph
for networks with large c.v. and by the minimum of the sum of their distances to land-
marks for networks with small c.v.. To deal with the second problem, we used weighted
estiamtors: the Hansen-Hurwitz estimator for samples with duplicate and the Horvitz-
Thompson estimator for samples without duplicates. For the Hansen-Hurwitz estimator,
by theory of Markov chains we showed that the inverse of the weight of a pair is approxi-
mately proportional to the product of the degrees of the two nodes when the random walk
is sufficiently long. For the Horvitz-Thompson estimator we approximated the random

walk sampling of nodes by an adjusted multinomial sampling model, and computed the
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weight accordingly.

By applying our proposed estimators to some simulated networks and real networks,
we have found that 1) for large networks, high estimation accuracy can be achieved by
using a single random or multiple random walks with total number of steps equal to at
least 20% of the nodes in the network; 2) about 94% to 96% reduction in computational
time can be achieved by using sampling and approximation of SPLs between sampled
nodes; 3) the estimation performance increases as the network size increases but tends to
stabilize when the network is large enough; 4) a single random walk performs as well as
multiple random walks; 5) the Horvitz-Thompson ratio estimator performs best among

the four estimators.

While the estimator for networks with large c.v. is unbiased, the estimator for net-
works with small c.v. is slightly biased, due to the lack of estimation accuracy for SPLs
between sampled nodes. In section 4.8, we proposed using the weighted average of the
Hansen-Hurwitz ratio estimator and a configuration-model estimator developed by Nitzan,
Katzav, Kiihn, et al. [12] to adjust for bias. After developing the theoretical optimal weight
and applying it to several simulated networks we found that 0.8 is a reasonable weight
to use for the Hansen-Hurwitz ratio estimator, and thus the weight for the configuration-
model estimator is 0.2. Based on our simulation results, this adjustment is helpful in
reducing the bias. However, it only works for some real networks and cannot fully elimi-
nate the bias. Therefore one future direction of this work is to develop alternative methods

to further reduce the bias in estimating SPLDs for networks with small c.v.. There are
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two possible approaches: 1) applying or inventing an algorithm to approximate the SPLs
between sampled nodes that can work better than using landmarks; 2) developing a bet-
ter way to adjust for bias from estimator of SPLD based on approximated SPLs using

landmarks.
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CHAPTER 5

Estimation of Closeness Centrality Ranking

5.1. Overview

Closeness centrality measures how close a node is to other nodes in a given network.
In reality people are more interested in the rank of closeness centrality as it measures
the relative importance of a node in the network. People need to compute the closeness
centrality of all nodes in the network in order to find the exact rank of a node, and this
is computationally expensive for large networks. In this chapter we study the problem of
estimating closeness centrality rank via random walk sampling through three stages: 1)
estimating closeness centrality of nodes from a random walk sample by Hansen-Hurwitz
ratio estimator and approximated geodesic distances; 2) estimating the population cumu-
lative distribution function (CDF) of closeness centrality by weighted kernel estimator;
3) for a given node, computing its estimated closeness centrality rank from the estimated
CDF of closeness centrality. Application to simulated networks and real networks show
that the weighted rank estimator performs well in estimating the closeness centrality rank-
ing of a given node: 1) for networks with large c.v.(c.v. > 2), the estimator is unbiased
with moderate standard deviation; 2) for networks with small c.v.(c.v. < 2), the estimator

is slightly biased due to the bias in geodesic distance estimation, but not to a large extent.



123

5.2. Definitions

Closeness centrality is a metric that measures how close a node is to other nodes in
a given network. Mathematically, in a network with n nodes, the closeness centrality of
node ¢, denoted as ¢;, is defined as the inverse of the mean geodesic distance from node ¢

to all nodes in the network:

n

(5-1) G =< 7
Zj:l lij

where [;; is the geodesic distance between node ¢ and node j in the population network.

In reality, we are more interested in the rank of closeness centrality of a node in a
network. It can measure the relative importance of a node in information delivery in a
network. The closeness centrality rank of node i, denoted by R;, R; € {1,2,...,n}, is the
relative position of node ¢ in the network, based on its value of closeness centrality. For
instance, in a network with n nodes, R; = 1 if node ¢ has the largest value of ¢; in the

network, and R; = n if node 7 has the smallest value of ¢; in the network.

Mathematically, we can compute the rank of closeness centrality R; of node i from its
closeness centrality ¢; and the CDF of closeness centrality of the network. Let C denote the
random variable for closeness centrality, and let F(¢) = P(C < ¢) denote the cumulative
distribution function (CDF), also called distribution function, of closeness centrality of

the network. In a network with n nodes, we can compute the rank of closeness centrality
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R; of node i by
(5.2) Ri=(n+1)—nF(g).

5.3. Estimating Methods

When the network is large, computing the closeness centrality for all nodes can be
time consuming, therefore the actual CDF of the network will be unknown. In this case
we consider using sampling to estimate the CDF of closeness centrality of the network
first, and then plug in the value of closeness centrality of a particular node to estimate
its rank of closeness centrality. More specifically, the estimation process has three stages:

1) Estimate closeness centrality of sampled nodes;

2) Estimate the CDF of closeness centrality of population network from the estimated
closeness centrality of sampled nodes;

3) For a particular node, plug in its closeness centrality value into the estimated CDF

to estimate its rank of closeness centrality.

5.3.1. Estimating closeness centrality of sampled nodes

Recall that V* is the set of distinct nodes visited by the H random walks. Let |V*| denote
the the size of V*. Let d;; denote the observed geodesic distance between node 7 and node
J in the induced subgraph G*. For any sampled node 7, we define its observed closeness
centrality in the sample as

V7
(5.3) =
> jev- dij
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obs
7

However, ¢ is biased since 1) nodes in V* are sampled with unequal probabilities
by random walk sampling and 2) the observed geodesic distance d;; is not always equal
to the actual geodesic distance /;;. To solve the first problem, we generalize the Hansen-
Hurwitz estimators to account for the unequal selection probabilities. To solve the second
problem, we adopt different strategies to approximate the actual geodesic distance [;; for
networks with different values of c.v.. For networks with large c.v., we approximate [;; by

the observed geodesic distance d;;. For networks with large c.v., we approximate [;; using

landmarks.

1) Generalized Hansen-Hurwitz Estimator

Let s = {X(1),X(2),..., X(H)} denote the set of sequences of nodes visited by H ran-
dom walks, including duplicates, and let |s| = H - B denote the size of s. Let I(X éh) =1)
denote an indicator variable taking the value 1 if node i is visited at the b step in the ht"
random walk, and zero otherwise. Let ¢; = Z,Ijzl 25:1 ](X,Sh) =1), i = 1,...,n, denote

the number of times node i appears in sample s and let ¢ = (q1, ga, .-, Gn) " -

Let t; = Z;;l l;; denote the total geodesic distances from node 7 to all nodes in the
network, then ¢; = . Using the generalized Hansen-Hurwitz estimator, we can estimate
t; and n by

n

» leij
—1 E(qj)

J]=
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and

3

(5.5) f = 9

and therefore we can estimate ¢; by

n n
ti o 2oj-1 ki Egy)
or the ratio estimator
(5.7) n_ Zn?:l a/E(q)
i 2 jm1 il E(g))

Let p = (p1,p2; ., pn)T, where p; = % with K = 3 k,. As shown in [35], a single

random walk {X;} on a connected graph G = (V, E) with at least one triangle is an
irreducible and aperiodic Markov chain with a stationary distribution p. According to
Anderson’s (1989) results for irreducible and aperiodic Markov chains, F(q) = pt. Apply-
ing this in our case, we will have E(q;) = |s|% We define the Hansen-Hurwitz estimator
for ¢; by actual geodesic distances as

n
53) S — 7
EK| Zj:l leij/kj

and define the Hansen-Hurwitz ratio estimator for ¢; by actual geodesic distances as

n
pHHral _ Zj:l 4/ k;

(5.9) ! === -
> i1 4ilij /K

2) Approximating geodesic distances between sampled nodes
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Ribeiro, Basu, and Towsley [6] have shown that random walks have strong ability in
uncovering the shortest paths in networks with high degree variability. Zheng and Spencer
[35] have shown this property generalized to networks with large c.v. (e.g., c.v. > 2). For a
network with large c.v, we propose using the observed geodesic distance d;; in the induced

subgraph to estimated the actual geodesic distance [;; in the population graph for dyad

(4, 7)-

For networks with small c.v. in degree distribution, since random walks can’t find the
shortest paths in the induced subgraph, we need to implement breadth-first search (BFS)
on sampled nodes in the population graph to find the shortest paths. However, based on
findings by Potamias, Bonchi, Castillo, et al. [5], the BFS doesn’t have to be applied to
all sampled nodes. Instead, one can apply BFS to only a fraction of the sampled nodes to
find their shortest distances to all other nodes, and use that information to estimate the
shortest distances between other sampled nodes. More specifically, one can first select a
set of nodes as landmarks, denoted as D, pre-compute the SPLs from landmarks to all
other nodes by BFS in the population graph, and estimate the SPL between any arbitrary

pair of nodes ¢ and j by min,ep{li, + ly;}

We define the Hansen-Hurwitz estimator for ¢; by estimated geodesic distances as

n
(5.10) et = ——,
] 2o 4ylis /e
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and define the Hansen-Hurwitz ratio estimator for ¢; by estimated geodesic distances as

St _ > -1 95/k;

(5.11) | =L %
> i1 4ilij /K

where Zij = d;; for networks with c.v. > 2 and [ij = minyep{liv + ly;} for networks with

cv. < 2.

5.3.2. Estimating the population CDF of closeness centrality

In this section, we develop methods to estimate the CDF of closeness centrality of the
population graph using the estimated closeness centralities of sampled nodes. Intuitively,
one would use the empirical distribution of the estimated closeness centrality of sampled
nodes (empirical estimated CDF) to approximate the shape of distribution of closeness
centrality of population graph. This will give us a general idea of how well the estimated
CDF fits the true CDF, but we cannot get an accurate estimate of CDF for each node in
the population using the empirical estimated CDF. This is because the empirical CDF is
a discrete function with number of values equal to the elements in the data set. Since the
sample size is always smaller than the population size, the number of possible values in
the empirical estimated CDF is smaller than that in the true population CDF, and thus
there will be many equal values for the estimates of CDF. In order to deal with this issue,
we apply kernel estimator to smooth the empirical estimated CDF and get a continuous

estimated CDF.

1) Empirical estimated CDF
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If the elements are sampled with equal probabilities, we can approximate the empirical
CDF of population by the empirical CDF of sampled nodes. The unweighted estimated

empirical CDF is

(5.12) F(e) = s I‘g <9,

If the elements are sampled with unequal probabilities, the empirical CDF of sampled
nodes deviates from the empirical CDF of population. Instead we need to use a weighted
empirical CDF of sampled nodes to approximate the empirical CDF of population. The
weighted estimated empirical CDF is

ZiES wZI<OZ S C)
ZiEs Wi ’

(5.13) F(c) =

where w; = K/k;.
2) Smoothed Estimated CDF

Kernel density estimation is a commonly-used technique to get a continuous estimator
for the population density from a sample of discrete values. Mathematically, for a positive

real number h, the kernel density estimator p(-) is defined as

h)

&Ky
(5.14) p(y)—E]ZlK( ) o0 <y < 0,

where K (+) is a continuous, nonnegative density function satisfying ffooo K(u)du = 1, also

known as the kernel, h is known as the smoothing parameter or the bandwidth, and n is
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the sample size.

Some commonly-used kernels include Gaussian kernel, biweight kernel, Epanechnikov
kernel, and triangular kernel. Different kernels lead to different density estimates, but

they tend to be very similar. In this paper we choose to use the Gaussian kernel:

1 1,
EXPy—=ZU .

(5.15) K(u) =

The choice of smoothing parameter A is another issue in using the kernel estimator. In
general, large value in A will lead to a smoother estimator, but it might not be accurate
enough to capture the important features of the data. In contrast, small value in h will
capture the data feature very well but it might not satisfy the desired level of smoothness.
Therefore a good choice of h is a balance of desired level of smoothness and the ability of
capturing the important features of the data. In this work, after analyzing the results for

several different values of h, we choose to use h = 0.01.

Once we have the kernel density estimator p(-), we can compute the smoothed distri-

bution function Fi(y) by

(5.16) Fr(y) = /y p(t)dt, —oo < y < 00.

—0o0
Consider the case of a Gaussian kernel, we have

ey

, —00 <y < 00,

(517) i) = > o
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where ¢(+) is the density function of the standard normal distribution, and therefore

- I~ [V 1 t-Y,
(5.18) FK(y):E]Z_;/OOEQb( hj)dt,—oo<y<oo.

After some algebra using the change-of-variable u = (t — Y;)/h, we have

ey

,—00 <y < 00,

(5.19) Fry) = 5 > o

where ®(-) is the distribution function of the standard normal distribution.

Applying Eq. (5.19) to our case of estimating the CDF of closeness centrality, the

smoothed estimated CDF is defined as

(5.20) Fi(c) = %Z@(C;Oi).

1€s
Here C; is a random variable that denotes the value of closeness centrality of sampled node
1. In section 6.2, we will compare the estimation performance by using the actual closeness

centrality ¢; and that by using the estimated closeness centrality ¢Z#-7e or ¢lfH-ral,

While the above methodology is based on a sample where the elements are sampled
with equal probabilities, we can also extend the usage of kernel estimator to the case
where elements are sampled with unequal probabilities. More specifically, we define the

smoothed weighed estimator for CDF as

(5.21) F(c) = > wid(
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where w; = 1/¢; = K/k;.

5.3.3. Estimating closeness centrality rank of a given node

For a particular node 7 in a network with closeness centrality ¢;, if F'(¢) is known, we can
compute its rank of closeness centrality R; by plugging ¢; into Eq.(5.2). However in many
real cases, F'(c) is unknown and we need to estimate it through Eq.(5.20) or Eq.(5.21).

Therefore, we define the estimated rank of node i through F,(c)as
(5.22) Ri=(n+1) — |nFy(c)],

where |z | means rounding x down to its closest integer, and define the estimated rank of

node i through F(c)as
(5.23) R = (n+1)— [nF"(c:)).

5.4. Evaluation Metrics

In this section, we list some numerical metrics for evaluating the estimation perfor-
mances of 1) closeness centrality of sampled nodes, 2) CDF of closeness centrality of

population graph and, 3) closeness centrality rank of a given node.
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5.4.1. Mean Absolute Error (MAE)

To evaluate the estimation performance of closeness centrality of a sampled node ¢;, we
use mean absolute error. Mean absolute error (MAE) measures the average absolute dis-

tance between the estimate and the parameter.

For k** sample, the MAE for ¢; is
1 .
(5.24) MAE; = = " |é — .
‘$| €S
Across K samples, the average of M AE€ is

K
1
(5.25) mean(MAE®) = > MAE;,
k=1

and the standard deviation of M AFE* is

K
1
(5.26) s.d (MAE) = | > (MAE; — mean(MAE®))?.
k=1

5.4.2. Kolmogorov-Smirnov Distance (KS)

To measure the estimation performance of smoothed CDF of closeness centrality of popu-
lation graph Fs(c), we use Kolmogorov-Smirnov distance. Kolmogorov-Smirnov distance

(K'S) measure the maximum distance between two distribution functions. For k' sample,

the K.S for F(c) is

(5.27) KS) = sqp\ﬁ’s(ci) — F(&)).

Ci
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Across K samples, the average of K.S is
(5.28) mean(KS) ZKSk,

and the standard Deviation of KS is

K

1

T E (K Sk, — mean(KS))2.
k=1

(5.29) s.d.(KS) =
5.4.3. Percentage Mean Absolute Error (PMAE)

To evaluate the estimation performance of closeness centrality ranking of a given node

~

R;, we use percentage mean absolute error (PMAE).

For k" sample, M AE for R; is
1 n
(5.30) MAE]! =~ > R — R,

and the PMAFE for }A%Z is

MAERE
(5.31) PMAE} = P x 100%
Across K samples, the average of PMAEFR is
(5.32) mean(PMAE®) = Z PMAEFE,

and the standard deviation of PMAEF is

1

\f

K
(5.33) s.d.(PMAE®) = > (PMAEF — mean(PMAER))?.
k=1
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5.5. Simulation Study

In this section, we test our estimators developed in section 5.3 using some graphical
tools and the numerical metrics discussed in section 5.4 for the three stages in estimating
the rank of closeness centrality respectively. We do the evaluation for both a network
of size n = 1000 with large c.v. (c.v. = 2.5) and a network n = 1000 with small c.v.
(c.v. = 0.7). From each population network, K = 100 random walks samples are taken
with sampling budget § = 0.3, i.e., each random walk takes B = 300 steps. For the
network with large c.v., we use the observed geodesic distances in the induced subgraph
to approximate the actual geodesic distances between sampled nodes. For the network
with small c.v., we use distances computed from landmarks to approximate the actual

geodesic distances between sampled nodes.

5.5.1. Estimating closeness centrality of sampled nodes

In Figure 5.5.1 and 5.5.2, we plot the estimated closeness centrality of sampled nodes
versus their actual closeness centrality for a network with large c.v. (cv. = 2.5) and

that for a network with small c.v. (c.v. = 0.7). The four estimators are a) the observed

closeness centrality from the induced subgraph ¢2¢, b) Hansen-Hurwitz estimator based

HH

on approximated geodesic distances ¢, ¢) Hansen-Hurwitz ratio estimator based on

approximated geodesic distances ¢7#7¢ and d) Hansen-Hurwitz ratio estimator based on

actual geodesic distances ¢/1H-7a,

For the network with large c.v. (c.v. = 2.5), ¢ and ¢ do not perform very well.

For ¢2%, most estimated c¢;’s are greater than the actual ¢;’s, especially for nodes with
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large ¢;’s, so the bias is not negligible. ¢7# is less biased but the variance is large. On
the other hand, ¢f#-7e and ¢f#me! perform well in terms of being unbiased and having
small variance. é#Hre! performs slightly better than ¢7#7¢ for nodes with small ¢;’s, but
not to a remarkable extent. This can also be verified by the numerical error measures
listed on the left table from Table 5.1. The MAE’s of ¢ and ¢# are much greater
than the M AE’s of e and ¢ffHral while the MAE of ¢ is only slightly larger
than the MAE of ¢/f7a. Therefore, for a network with large c.v., approximating the
actual geodesic distances using the observed geodesic distances in the induced subgprah

is reasonable, and ¢/ i preferable to use in practice.

For the network with small c.v. (c.v. = 0.7), the estimation performances are slightly

different. For ¢** and ¢/ most estimated ¢;’s are smaller than the actual ¢;’s, and the

variance is large. ¢7H7e and ¢Hral perform similarly, but some ¢;’s are under estimated
by ¢fffra especially for nodes with small ¢;’s. This is due to the fact that by using

landmarks, the approximated geodesic distance is always greater than or equal to the
actual geodesic distance, therefore the denominator in Eq. (5.11) tends to be greater

than the denominator in Eq. (5.9). Also from the right table from Table 5.1, we can

observe that the average M AE can be reduced by about 40% if we use ¢f#-r¢! instead

HH.ra sHH.ra

of ¢ C is slightly biased, and this bias may result in bias in the estimation for

CDF, which we will discuss it in section 6.2.
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Figure 5.5.1. Closeness centrality of sampled nodes: scatter plots of esti-

mated values v.s. actual values. Network: n = 1000, c.v. = 2.5.
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Figure 5.5.2. Closeness centrality of sampled nodes: scatter plots of esti-

mated values v.s. actual values. Network: n = 1000, c.v. = 0.7.
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Estimator | mean(M AE°) s.d.(MAE®)  Estimator | mean(MAE®) s.d.(MAE°)
cobs 0.0389 0.0062 cobs 0.0326 0.006
cHH 0.0315 0.0192 cHH 0.0422 0.0063

cHiH.ra 0.0112 0.0046 cHHra 0.0113 0.0018
cHH.ral 0.0091 0.0030 cHHral 0.0069 0.0018

Table 5.1. Numerical comparison of estimators for closeness centrality of
sampled node. Left: network of size n = 1000 with c.v. = 2.5; right:

network of size n = 1000 with c.v. = 0.7.

5.5.2. Estimating the population CDF of closeness centrality

In Figure 5.5.3 and Figure 5.5.4, we plot the smoothed estimated CDF’s along with the
actual CDF for a network with large c.v. (c.v. = 2.5) and that for a network with small
cv. (c.v. = 0.7). The four estimators are a) unweighted smoothed estimator Fl(c) based
on ¢;, b) weighted smoothed estimator F*(c) based on ¢;, ¢) unweighted smoothed esti-
mator F,(c) based on ¢, and d) weighted smoothed estimator F%(c) based on ¢. Here
¢; refers to the Hansen-Hurwitz ratio estimator ¢7#77% based on approximated geodesic

distances.

For the network with large c.v. (c.v. = 2.5), the unweighted estimates deviate from the
actual CDF, as we can observe from plot a) and plot ¢) in Figure 5.5.3 . This is because
nodes are sampled with unequal probabilities. More specifically, nodes with large degrees

are more likely to be sampled by random walks. So the unweighted estimators are biased.
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On the other hand, the weighted estimators perform much better. Both of them are un-
biased, as we can observe from plot b) and plot d). The one based on ¢; performs slightly
better than the one based on ¢; with a smaller variance. From the left table on Table
5.2, we can also notice that there’s a dramatic reduction in K.S if we change from the un-
weighted estimators to the weighted estimators, but the reduction is not very substantial

if we change from the weighted estimator based on ¢; to the weighted estimator based on c;.

For the network with small c.v. (c.v. = 0.7), the results are slightly different. For
estimators based on ¢;, the estimation performances are similar to those from the network
with large c.v.. That is, the unweighted estimator is biased and the weighted estimator is
unbiased with small variance. But for estimators based on ¢;, as we discussed in section
6.1, since ¢;’s are biased for some nodes with small ¢;’s, the estimation of CDF is affected.
For the unweighted estimator based on ¢;, the bias from ¢; and bias from unequal selection
probabilities cancel out to some extent for nodes with small ¢;’s, so the estimated CDF's
based on ¢; are actually less biased than those based on ¢;. For the weighted estimator
based on ¢;, the bias from ¢; makes the CDFs slightly over estimated for nodes with small
¢;’s. The bias from ¢; makes the KS distance of the unweighted estimator based on ¢;

similar to the KS distance of the weighted estimator based on ¢;, as shown on the right

table from Table 5.2.
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Figure 5.5.3. Smoothed estimated population CDF's of closeness centrality.

Network: n = 1000, c.v. = 2.5.
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Figure 5.5.4. Smoothed estimated population CDF's of closeness centrality.

Network: n = 1000, c.v. = 0.7.
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Estimator | mean(KS) s.d.(KS) Estimator | mean(KJS) s.d.(KS)
E,(¢) by ¢; | 0.4689 0.0361 EFyc)by ¢ | 0.2423 0.0331
Fo(c) by ¢; | 0.0725 0.0351 F¥(c) by ¢; | 0.0585 0.0293
EF,(c) by é | 0.4481 0.0786 Fyc)byé | 01717 0.0456
Fo(c) by & | 01313 0.0780 F¥(c) by & | 0.1656 0.0725

Table 5.2. Numerical comparison of estimators for population CDF of close-
ness centrality. Left: network of size n = 1000 with c.v. = 2.5; right:

network of size n = 1000 with c.v. = 0.7.

5.5.3. Estimating closeness centrality ranking of a given node

As discussed in section 4.3.3, once we have the smoothed estimated CDF, we can estimate
the closeness centrality rank of a given node through Eq. (5.22) or Eq. (5.23). In this
section, we use plot of average estimated rank with confidence band and PM AFE of R; to

evaluate the estimation performance of different estimators for R;.

We display the plots for the network with large c.v. (c.v. = 2.5) in Figure 5.5.5. If
we base the estimator on actual closeness centrality ¢;, as shown in plot a) and plot b),
the unweighted estimator R; is biased and the weighted estimator R}’ is unbiased. This
is consistent with the results of estimation of CDFs. The variances for both estimators
are small as the confidence bands are narrow. If we base estimator on estimated closeness
centrality ¢;, as shown in plot ¢) and plot d), we still have the same pattern for aver-
age estimated rank as we have for the one using ¢;, but the variances increase since the

confidence bands get wider. This indicates that for network with large c.v., using the
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observed geodesic distances in the induced subgraph to approximate the actual geodesic
distances will keep the unbiased estimator unbiased, and slightly increase the variance of
the estimator. If we refer to Table 5.3, we can also notice that the estimation performance
has a dramatic improvement if we change from the unweighted estimator to the weighted
estimator, but approximating geodesic distances don’t have a substantial influence on the

estimation performance.

When it comes to the network with small c.v. (c.v. = 0.7), the results are similar to
the results for estimated CDFs as discussed in section 6.2. The estimators based on ¢;
behave similarly to those for the network with large c.v.. One thing to notice is that the
bias for the unweighted estimator is milder in this case. For the estimators based on ¢;,
since we have two sources of bias, and they can cancel out to some extent, the unweighted
estimator is less biased than expected and the weighted estimator is more biased than
expected. The biases for the two estimators are in opposite directions, but if measured

by PM AFE, they have similar estimation performances as shown on Table 5.4.
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Figure 5.5.5. Average of estimated rank with confidence interval. Network:

n = 1000, c.v. = 2.5.
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Estimator | mean(PMAEY) s.d.(PMAE®)
R; by ¢ 27.23% 2.43%

RY by ¢; 3.28% 1.97%

R; by ¢ 25.95% 5.69%

RY by & 6.64% 4.81%

Table 5.3. Numerical comparison of estimators for closeness centrality rank-

ing: network of size n = 1000 with c.v. = 2.4.

Estimator | mean(PMAFE®) s.d.(PMAE®)
R; by ¢; 16.00% 2.33%

RY by ¢; 2.80% 1.75%

R; by & 8.60% 3.65%

RY by ¢ 10.06% 4.79%

Table 5.4. Numerical comparison of estimators for closeness centrality rank-

ing: network of size n = 1000 with c.v. = 0.7.

5.5.4. Length of Random Walks

In Figure 5.5.7, we plot the estimation performance versus sampling budgets for networks
with sizes of 1000, 5000, and 10000 and c.v. equal to 2.4 and 0.8. We display the esti-
mation performance of the three steps in the estimating process for closeness centrality
ranking: 1) the estimation performance of closeness centrality of sampled nodes is mea-
sured by mean absolute error (M AFE), 2) the estimation performance of population CDF

is measured by Kolmogorov-Smirnov distance (KS), and 3) the estimation performance
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of closeness centrality ranking is measured by percentage mean absolute error (PMAFE).

First of all, we observe that the estimation performance improves as we increase the
network size from 1000 to 5000, but tends to stabilize once the network size is large enough,
as we don’t observe any substantial difference between n = 5000 and n = 10000. The
following analysis is based on networks of size 5000 and 10000. For networks with large
cv. (cv. = 2.4), the estimation performance for the three steps, as we can observe from
plots (a), (¢), and (e), improves as we increase the sampling budget. The improvement is
dramatic before f = 0.2 and moderate after 8 = 0.2. We can also observe this behavior
pattern in the estimation performance of the first step for networks with small c.v. (c.v. =
0.8), as shown in plot (b). Therefore, we can set § = 0.2 as the minimum sampling budget

to achieve a good estimation performance for closeness centrality ranking.
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Figure 5.5.7. Estimating performance versus sampling budget £ (low values

are better).

5.6. Real networks

In this section, we apply our proposed estimators for closeness centrality rank to some
real networks. These data are available on the SNAP (Stanford Network Analysis Project)
website. To simplify the analysis, we only consider nodes in the largest connected com-
ponent. The first four columns of Table 5.5 summarize the basic information for each
network used in this section. These networks vary in size, number of edges, average de-
gree, and coefficient of variation. For each network, K = 100 random walk samples with
sampling budget § = 0.3 are taken, and an estimate is computed from each sample by
the weighted rank estimator R;” based on ¢; estimated from the Hansen-Hurwitz ratio
estimator ¢##7@ To approximate the actual geodesic distances, we use the observed ge-

odesic distances in the induced subgprah for networks with c.v. > 2, and use estimations

through landmarks for networks with c.v. < 2. To measure the estimation performance,
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we use the average estimated rank with confidence band as graphical tool and the M AE

of R}’ as numerical metric.

As we can observe from Figure 5.6.1 and Figure 5.6.2, the estimator is almost unbiased
for all real networks. For some networks, such as Oregon, AS-733, and P2P network, there
are some minor fluctuations on the plots of average estimated ranks, but there’s no major
deviation from a diagonal line with intercept 0 and slope 1. As for variance, the estimator
is very stable for some networks such as Wiki-Vote and P2P, where the confidence bands
are very narrow. While the variances for some networks are slightly larger, such as CA-
HepTh and CA-GrQc, they are still in moderate range. If we refer to the numerical
measure listed on the last two columns on Table 5.5, we can also notice that the average
PMAFEs for RY;" are all under 10%, except for CA-GrQc whose average PM AE is only
slightly above 10% Both the graphs and the numerical metrics show that our proposed

estimator ZA%;L” for closeness centrality ranking performs well in real networks.



Network | nodes edges <k> cuv. mean(PMAE®R) s.d.(PMAER)
Oregon 10.7K 22K 41 76 5.18% 3.26%
AS-733 64K 132K 43 538 5.67% 3.96%
Email-Enron | 33.7K 361.7K  21.5 3.5 5.37% 4.14%
CA-HepPh |11.2K 2352K 42  2.29 9.54% 6.20%
Wiki-Vote | 7.1K  103.7K  29.3  2.06 3.73% 2.84%
CA-HepTh | 8.6K 496K 11.5 1.12 7.02% 5.30%
CA-GrQc | 42K 268K 129 1.34 11.02% 6.97%
p2p 109K 40K 74 09 5.97% 2.54%
Table 5.5. Basic information and estimation summary of real networks.
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5.7. Summary of Results

By applying the estimators and evaluation metrics to several simulated networks and

real networks, we develop the following findings:

e The Hansen-Hurwitz ratio estimator provides unbiased estimate with small vari-
ance for the closeness centrality of sampled nodes. For networks with c.v. > 2,
using observed geodesic distances in the induced subgraph as an approximation for
actual geodesic distances doesn’t bring notable bias to the estimator. For network
with c.v. < 2, using estimated geodesic distances by landmarks brings some bias
to nodes with small closeness centrality, but not to a large extent.

e The weighted kernel estimator performs well in estimating CDF of closeness cen-
trality of the population network. For network with c.v. > 2, the unweighted
estimator is biased and the bias is reduced substantially in the weighted estimator.
For networks with c.v. < 2, there two sources of bias in the unweighted estimator:
bias from estimating closeness centrality and bias from unequal selection probabil-
ities. The two biases cancel out to some extent to make the unweighted estimator
less biased than expected. On the other hand, the weighted estimator is also
slightly biased due to the existence of bias from estimating closeness centrality.
The interaction of biases makes the estimation performance for the unweighted
estimator and that for the weighted estimator similar for networks with c.v. < 2.

e The estimation performance of closeness centrality rank follows the pattern of CDF
estimation. In general, the rank computed from the weighted kernel estimator for

CDF provides good estimation for the rank. More specifically, the estimator for
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networks with c.v. > 2 is unbiased with moderate standard deviation, and the

estimator for networks with c.v. < 2 is slightly biased but not to a large extent.

5.8. Discussion and Future Work

In this chapter we proposed estimating closeness centrality ranking of a node in a
network via random walk sampling. We first applied Hansen-Hurwitz ratio estimator to
estimate the closeness centrality of nodes sampled by a random walk, then used weighted
kernel estimator to estimate the population CDF of closeness centrality, and finally com-
puted the estimated rank by the estimated CDF. There are three challenges in the esti-
mating process: 1) the actual geodesic distances between sampled nodes are unknown;
2) the nodes are sampled with unequal probabilities so their unweighted empirical dis-
tribution of closeness is biased for the population CDF; 3) the empirical distribution is
a discrete function with number of possible values equal to the number of nodes in the

sample, so we cannot get an accurate estimation of rank for each node in the population.

We adopted a weighted estimator to deal with the unequal selection probabilities and
applied kernel estimator to smooth the empirical distribution. Therefore the second and
third problems are perfectly solved. To deal with the first challenge, we used different
strategies for networks with different values in c.v.. For networks with large c.v.(c.v. > 2),
we used the observed geodesic distances in the induced subgraph to approximate the ac-
tual distances. It works very well as random walks have strong ability in finding the

shortest paths in networks with large c.v.. It follows that the estimation performance for
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the three stages is consistently good as expected.

For networks with small c.v.(c.v. < 2), we estimated the geodesic distance between
a pair of sampled nodes by taking the minimum of the sum of their geodesic distances
to the pre-selected landmarks. Since the distance estimated by this algorithm is always
equal to or greater than the actual distances, it brings some bias in estimating closeness
centrality of sampled nodes, and thus slightly affects the estimation of CDF of closeness
centrality and the ranking estimation. A possible direction for future work is to invent or
apply an algorithm that will provide better estimation for geodesic distances in network
with small c.v., so that the bias can be further reduced in estimating closeness centrality
of sampled nodes, population CDF of closeness centrality, and finally closeness centrality

ranking.
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CHAPTER 6

Estimation of Clustering Coefficients

6.1. Overview

The clustering coefficient of a graph measures the average probability that two neigh-
bors of a node are themselves neighbors. However it is computationally expensive to
measure the exact value of clustering coefficient of a network. In this chapter we study
the problem of estimating the clustering coefficient via random walk sampling. We gen-
eralize the Hansen-Hurwitz estimator to estimate the global clustering coefficient (GCC)
and the average local clustering coefficient (ALCC). By simulation studies and applica-
tions to real networks, we find that 1) If we can observe all neighbors of a sampled node
and count the exact number of connections among the neighbors, the estimators for both
the GCC and the ALCC will be unbiased with small variance; 2) If we can only observe
the neighbors of a sampled node in the induced subgraph, we need to estimate the number
of connections among the neighbors in the population graph using that number in the
induced subgraph. The error from this estimating process may lead to bias in the GCC
estimator and the ALCC estimator and largely increase the estimation error. Therefore in
practice it is highly recommended to observe all neighbors of a sampled node to maintain

a high estimation accuracy.
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6.2. Definitions

The clustering coefficient of a graph measures the average probability that two ran-
domly selected neighbors of a node are themselves neighbors. Mathematically, we define
the global clustering coefficient (GCC) [2] (p.199), denoted by C, to be the fraction of
paths of length two that are closed in the network. The global clustering coefficient C'

can be computed through two equivalent definitions.

For a given node ¢ in a graph G = (V, E), the number of paths of length two going

kl) — ki(k‘i—l)

through node ¢ is the number of pairs of neighbors of i, which is ( ) 5

, where k;
is the degree of node 7. The number of closed paths of length two going through node 7 is
the number of edges among the neighbors of ¢, which we denote by e;. Therefore we can
compute the global clustering coefficient C' by

_ Z?:l € 2370 e
. ©- > i (};) Y ki(k— 1)

On the other hand, a triangle in a network involves three paths of length two that
are closed. Let A(G) denote the number of triangles in network G, and 7(G) denote the
number of paths of length two that are open. So we can alternatively compute the global
clustering coefficient C' by

3NG)
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In addition, we can define a local clustering coefficient for a single node as the average
probability that a pair of the node’s neighbors are neighbors of one another. Mathemati-
cally, we define the local clustering coefficient [2] (p.201) of node i, denoted by ¢;, to be

the fraction of connected neighbors of node i, i.e.,

Based on that, Watts and Strogatz [26] proposed another measure of clustering coeffi-
cient for the entire network, which is the unweighted mean of local clustering coefficients

for each node, and we call it average local clustering coefficient (ALCC):

n

1
4 = _E : N
(6 ) CW/S n C;

i=1
Note that the ALCC Cy s defined by Eq.(6.4) is an unweighted average of LCCs,

and the GCC C' defined by Eq.(6.1) is a weighted average of LCCs with weight equal
()
i ()

on two definitions, we call it estimator based on weighted average LCC if it’s based on

to for node ¢ with degree k;. To distinguish the two estimators for GCC based

Eq.(6.1) and estimator based on triangles if it’s based on Eq.(6.2.)

6.3. Estimating Method

In this section, we develop estimating methods for the global clustering coefficient C
through Def. (6.1) and Def. (6.2), and for the average local clustering coefficient Cyyg
through Def. (6.4), by applying generalized Hansen-Hurwitz estimator as defined in Eq.

(2.11).
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6.3.1. Estimating Global Clustering Coefficient Based on Weighted Average

of LCC

Let s = {X(1),X(2),..., X(H)} denote the set of sequences of nodes visited by H random
walks, including duplicates, and let |s| = H - B denote the size of s. Let [ (Xlgh) = 1)
denote an indicator variable taking the value 1 if node i is visited at the b step in the A"
random walk, and zero otherwise. Let ¢; = Zthl Zle I(X,Sh) =1), i = 1,...,n, denote

the number of times node i appears in sample s and let ¢ = (q1, ga, .-, Gn)” -

Suppose for a sampled node i we can observe the degree k; and the number of edges
e; among the neighbors of 7. Let t* =" | e; denote the total number of closed paths of
length two and let tF = Y7 w denote the total number of paths of length two, and

notice that
(6.5) C=—

Using the generalized Hansen-Hurwitz estimator, we can estimate t¢ and t* by

; —~ g€
(6.6) ¢ = :
; E(q:)

and

(6.7) i _ Z W
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and therefore we can estimate C' through Def. (6.1) by

(6 8) tA_e _ Z?:l qu‘e]Z)
: 'k o~ qiki(kai—1)/2°
D D

Let p = (p1,p2,...,pn)t, where p; = % with K = ) k,. As shown in [35], a single
random walk {X;} on a connected graph G = (V, E) with at least one triangle is an
irreducible and aperiodic Markov chain with a stationary distribution p. According to

Anderson’s (1989) results for irreducible and aperiodic Markov chains, E(q) = pt. Apply-

k;
i’é

ing this in our case, we will have E(g;) = |s|Z, and therefore we can estimate C' through

Def. (6.1) by

e i1 Gi€i/ ki
(6.9) P _smacilh
o > ai(ki —1)/2

In some real cases however, we only observe the neighbors of node ¢ when they are
also visited by the random walk, and therefore we can observe the connections between
those neighbors. In other words, the actual value of e; can’t be observed by random walk
sampling and thus needs to be estimated. Recall that G* denotes the subgraph induced
by the sampled nodes. Let ki denote the observed degree of sampled node i in G* and
let e denote the observed connections between neighbors of node ¢ in G*. We propose

estimating e; by

(6.10) & = —ef.
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We define the Hansen-Hurwitz estimator for global clustering coefficient C' based on

weighted average of LCC through Def. (6.1) by e; as

A " gk
11 A i Gici/ki

and define the Hansen-Hurwitz estimator for global clustering coefficient C' based on

weighted average of LCC through Def. (6.1) by é; as

Z?zl Qiéi/ki
i1 @ik —1)/2

(6.12) Crm = >

6.3.2. Estimating Global Clustering Coefficient Based on Triangles

Let w, w = 1,...,M, represent a triple of nodes (i,7,v), i = 1,..mn — 2, j = i +
1,...n—1 v = j+ 1,...,n, in the population graph. Suppose we have a single ran-
dom walk X = {Xi,Xs,..., X}, define S = {(Xp,, Xpy, Xps), 01 < by < b3, by,b2,b3 €
{1,..., B}, X, # X, # Xo,} to be the sequence of triplets visited by the random walk.
The three nodes in each triplet are distinct, but any node may appear multiple times in
the random walk, therefore it’s also possible to have duplicates of triplets in .S. Suppose
we have multiple random walks, i.e., H > 1, recall that s = {X(1),X(2),..., X(H)}
with X(h) = (th), ...,Xgl)), h = 1,...,H, represents the set of sequences of nodes
visited by H random walks, including duplicates. Define S = {(Xéfl),XéQhQ), 523)) :
hy < hy < hs,hy,ho,hs € {1,...,H},b; < bjif hy = hj,i,j = 1,2,3,7 # 7,b1,b2,b3 €
{1,..., B}, Xéf”) #+ Xé:z) #* XIS;”)} to be the sequence of triplets visited by the H random

walks.
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Define Qu = ¢¢jqy, t = 1,...,n =2, j =i¢+1,..,n—1, v = j+1,...,n, as the
number of times triplet w appears in S, and let |S| = Zi\il @, denote the size of
S. Notice that there may be duplicates in the sample of nodes, but to form a triplet,
we only include three distinct nodes, therefore |S| is a random variable with |S| =
(';') — > (B = > () >+ 4] Define ¥, = %’T and assume 0 < E(Q,) < |9]

Vw, therefore 0 < 1, < 1 Vw. Since zwzl Qw =195], szl 1y = 1. Therefore, the 1,,’s

form a probability distribution over the M triplets.

Let A* denote the adjacency matrix of the induced subgraph G*. Let y), w €
{1, ..., M}, denote an indicator variable taking value y2 = 1 if triple w = (4, j,v) forms
an triangle (has three edges) in G* and zero otherwise. Let yI, w € {1,..., M}, denote
an indicator variable taking value y7 = 1 if triple w = (i, j,v) forms a path of length two

that is open (has two edges) in G* and zero otherwise.

The generalized Hansen-Hurwitz estimator for A(G) is

L Quy)
6.13 oI
(6.13) ; B0
where
(6.14) Af]Aijfv
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The generalized Hansen-Hurwitz estimator for 7(G) is

M

(6.15) Z “’yw .

where

(6.16) = ALAL (1= AL) + AL(1 = AL )AL + (1= A AT A

If we already know the value of ) for triplet w, we can also compute y7, by
(6.17) = ALAL, + ALA, + ALAL — 3y

14 tjv jut v

According to Def. (6.2), the generalized Hansen-Hurwitz estimator for C' is

S\e) 3w B
(6.18) S - M Quya M Quyp
3AG) +T(G) 3> et F(Ow) + D et 0w

According to the simulation results in Section 6.2, E(Q.,) o k;kjk, on average in
the long run. Therefore, we define the Hansen-Hurwitz estimator for global clustering

coefficient C' based on triangles through Def. (6.2) as

M Quyn
(6 19) C’ 3Zw 1 kvkjykv
. HH2 — M Quyd M Quyl, :
3 Zw 1 k; kykv EZU:l kik’jykv

According to simulations in Section 6.2, ¢, o< k;k;k, on average across K = 100 ran-
dom walks with B = 80 steps in a network of size n = 100. This implies ¥, = ak;k;k,,
where a = ), Lt kik;k,. However 1, deviates from ak;k;k, in a single random walk

with moderate length. This is due to the fact that nodes are not sampled independently
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in random walk sampling. In fact, since random walk sampling is implemented by going
through connections among nodes, a triplet with at more connection will be more likely
to be sampled than a triplet with less or no connection, even if the the products of nodes
degrees for the two triplets are equal. So the empirical 1, for the former tends to be
higher than than ak;k;k, and the empirical v, for the latter tends to be lower than than
ak;k;k,. Therefore, if we use ak;k;k, for 1, in the estimation process, A(G) and 7(G)
will be biased. More specifically, since the triplets we use to compute A\(G) have three
connections and the triplets we use to compute 7(G) have two connections, ak;k;k, tends
to be smaller than the empirical 1, for those triplets, and thus A(G) and 7(G) will be

over estimated.

According to Eq. (6.18), Crmo will be unbiased if EE\A((G(?) = Ef((GG))), even though S\(G)
ENG)) 4

and 7(G) are biased. But based on simulations results presents in Table 6.2, Y(e)

E{(G)
(@)

SO CA’HHQ will be biased.

6.3.2.1. Application of Bootstrap to Correct for Bias

In order to correct for bias of C’H 2, we apply a bootstrap. The bias for C’H 7o 18
(620) bias(éHHQ) == E(éHHQ) — C,

and the relative bias for Cyrpo is

E(CHHQ) - C

(6.21) r.bias(Crpo) = -
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For a subgraph G* of size n* induced by sample s, let Cy denote its actual global
clustering coefficient defined by Def. (6.2). To apply the bootstrap, we take K random
walk subsamples from G* with B = fn*, and from each of the subsamples we estimate

C, by Eq. (6.19), denoted as C*, b=1, ..., K.

For each sample s, we define the estimated bias for C’H Ho as
K
(6.22) bias(Crps) = Z

and the estimated relative bias for C’H Ho as

1 K A~
fzb:1os _Cs

(6.23) rbias(Crms) = C

We can correct for bias of C’HHQ through either bias or relative bias. We define the

Hansen-Hurwitz estimator for C' based on triangles with bias correction by bootstrap as
(624) CE}JQ = CHHQ — biaS(CHHz),

and define the Hansen-Hurwitz estimator for C' based on triangles with relative bias
correction by bootstrap as

C1HH2

6.25 CHly = —s :
( ) e T.biaS(CHHQ) + 1
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6.3.3. Estimating Average Local Clustering Coefficient

Let t = Y | ¢; denote the sum of local clustering coefficient. Using the generalized

Hansen-Hurwitz estimator, we can estimate t¢ by

“ - iCi
(6.26) e=Y" =,
i—1 E(g:)

ki

2), and estimate network size n by

where ¢; = ¢;/ (

(6.27) i = Z E?q)

According to Anderson [10] and Zheng and Spencer [35], E(g;) = |s|%, therefore we can

estimate Cy g by

e o 6ici/ K
(6.28) P 2wk
n D imy i/ ki
In some real cases, we cannot observe e; and need to estimate it through e; = %e;‘.

We define the Hansen-Hurwitz estimator for average local clustering coefficient through
Def.(6.4) based on e; as

A e ks
6.29 CAE _ M’
( ) e Z’i:l Qi/ki

and define the Hansen-Hurwitz estimator for average local clustering coefficient through
Def.(6.4) based on é; as

o GGk

6.30 Cws = == :
( ) we Zizl%/ki
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k

2):

where ¢; = é;/ (
6.4. Evaluation Metrics

To evaluate the performance of an estimator, we take K random walk samples from the
population graph GG, compute the estimate from each sample, and estimate the sampling
distribution by a histogram. On the numerical side, in addition to bias and standard de-
viation, we use normalized root mean square error (NRMSE) to get an overall assessment

for the estimator.

6.4.1. Histograms

We plot histograms of the estimates to show the estimated probability distribution of
the estimates. In general, a symmetric and unimodal histogram will be ideal. A more
concentrated histogram indicates smaller variance of the estimator than a histogram which
is more spread out. We also plot the true value of clustering coefficient (red vertical dash
line) along with the histogram to indicate if the estimator is biased. In Figure 6.4.1 we
plot the histogram of CA’HHI based on K = 100 estimates, and the true value of global

clustering coefficient C' = 0.0085.
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Figure 6.4.1. Histogram of C'HH1, true clustering coefficient C' = 0.0085.

6.4.2. Normalized Root Mean Square Error (NRMSE)

Normalized root mean square error (NRMSE) is a measure used to quantify the relative

error of an estimator  with respect to its true value 6. It is defined as

A E(0—0)?
(6.31) NRMSE(0) = .

6.5. Simulation Study

In this section, we present several simulation studies to assess the performance of

methods proposed in section 6.3. More specifically, by simulations, we 1) assess the

. * k* . .
adequacy of assumption Z— = 4+ and compare estimation performance based on e; and
7 1

e; for éHHl and C’Wg; 2) discuss the 'draw-by-draw’ probabilities for triplets and their

influence on bias for C'y u1; 3) evaluate the effectiveness of bootstrap to bias-correction; 4)
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compare the performance of estimators proposed in Section 4 and the estimator proposed
by [11]; 5) analyze the effect of different sampling budget (8) and find the best sampling

design for C’HHl and C’WS.

6.5.1. Influence of Estimating number of neighbors on Estimation Perfor-

mance

k

In this simulation, we first check the adequacy of assumption Z— = k—, and then evaluate

the effect of error é; by comparing estimation performance of C‘;}gl and Cyyi. In order
to make histograms and compute NRMSE for the two estimators, K = 100 random
walk samples are taken from a scale-free network of size n = 1000. For each random
walk sample, a single random walk of length B = 300 is implemented. The true value of
clustering coefficient of the population network is C' = 0.0085.

*

Since Eq. (6.10) is based on assumption Z— = ]Z—, we want to check if this equality

holds for most sampled nodes through simulation. In Figure 6.5.1 (a), we plot % versus

IZ—’ for all sampled nodes. As we can observe, there’s a lot of dispersion in the plot. In

ef/e;
ki /ki

Figure 6.5.1 (b), we plot the histogram of ratio We can see that in this case, for a

large proportion of the sampled nodes, this ratio is around 1. More specifically, for 55%

of the sampled nodes, ratio ;;ZZ is within range (0.5, 1.5).
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Figure 6.5.1. Left: Plot of ¢ versus %, right: Histogram of 2%2

The error in é; may increase bias and standard deviation in the estimating process. In
Figure 6.5.2 we plot (a) the histogram of Cy; and (b) the histogram of CAZ, . In Table
6.1, we list the numerical comparisons of the two estimators. As we can observe, in this
case both estimators are unbiased, but Cyyy has larger standard deviation than C/%,.
In Section 7, we will show that for some real networks, using estimated e; increases both
bias and standard deviation of the the estimator. Therefore it is preferable to use actual

e; if it is observable.
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Estimator | Bias SD NRMSE

CAE - 10.0002 0.0011  0.134

Cum 10.0003 0.0022  0.262

Table 6.1. Numerical comparison of é;‘}gl and Cy 1, true global clustering

coefficient C' = 0.0085.

6.5.2. 'Draw-by-draw’ Probabilities for Triplets

In order to find the theoretical v, on average in the long run, we did the following
simulation. From a scale-free network of size n = 100, we take K = 100 random walk
samples, each of which takes B = 80 steps. For each triple w = (i, j,v) in G, we plot
E(Qy), its average number of occurrence in the 100 random walks, i.e., total number

of occurrence in the 100 random walks divided by 100, versus k;k;k,, the product of
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corresponding node degrees, as shown in Figure 6.5.3. As we can observe, there’s roughly a

linear relationship between E(Q,,) and k;k;k,, and cor(E(Qy), kik;k,) = 0.92. Therefore,

we can infer that £(Q,) o k;k;k, in the long run. Since v, is defined as g((%”‘)) and 1)y,

forms a probability distribution, we have
(6.32) Y = akikjky,

where v = ), Lt kik;k,, and we call v, the 'draw-by-draw’ probability for triplet w.

80 100
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g ° :
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e T T T T T T T e T T T T T T
0 1000 2000 3000 4000 5000 6000 0 200 400 600 800 1000
Kk, Kk,
(a) for all triplets (b) for triplets where k;k;k, < 1000

Figure 6.5.3. Plot of @, versus k;k;k,.

However, there two problems with using ak;k;k, for ¢, in the estimating process.
First, as we can observe from plot (b), the variation of E(Q,) is very large when k;k;k, is
small. Second, as discussed in section 4.3.2, in a single random walk, unless the random
walk is extremely long (for example, a random walk with B = 2000 steps from a network
of size n = 100), the empirical 1, is not equal to ak;k;k,. Due to the nature of random

walk sampling, the empirical 1, for a triplet with more edges between its nodes tends
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to be larger than ak;k;k, and the empirical v, for a triplet with fewer edges between its
nodes tends to be smaller than ak;k;k,, even if their products of degrees are equal. In
Figure 6.5.4, we demonstrate this phenomenon using a small network with only 5 nodes
{a,b,c,d,e}. Consider a extreme case where the random walk only takes 3 steps, then ¢,,
for triplet w = {a, b, d} is zero while 1, for triplet w = {a, b, ¢} is greater than zero, even
if the products of node degrees for these two triplets are both 4. This is because there
are two connection among w = {a, b, ¢} and the random walk is able to traverse the three
nodes in 3 steps, while for w = {a, b, d} there’s only one connection and the the random

walk is not able to visit all three nodes in 3 steps.

o 06 6 0 ©O

Figure 6.5.4. A small network with 5 nodes.

Because of that, if we use ak;k;k, for 1, in the estimation process, A(G) and 7(G)
will be over estimated. To verify this, we computed estimates for \(G) and for 7(G) from
the K = 100 random walks samples with B = 80 from a scale-free network of size n = 100

, and listed the summary in Table 6.2. As we can observe, the relative bias of 7 is greater

than than the relative bias of 5\, ie., Ef) > @, therefore C' tend to be underestimated

according to Eq.(6.18).
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Estimator 6 | 6  E(f) EO)  Relative Bias

A 31 75 242 142%

T 951 3472 3.65 265%

Table 6.2. Relative bias for A(G) and 7(G).

6.5.3. Bootstrap Bias Correction

As discussed in Section 4.3.3, we will apply bootstrap to correct for bias. In this simulation
study, we take K = 100 random walk samples from a scale-free network of size n = 1000.
The true value of clustering coefficient of the population network is C' = 0.0085. For each
random walk sample, a single random walk of length B = 300 is implemented. From each
subgraph of size n* induced by random walk sample, K = 100 random walk subsamples
are taken with B = 0.3n* steps. For each sample, the bias and relative bias for C’HHQ will
be estimated through Eq.(6.22) and Eq.(6.23) by using the estimates from the subsamples.

We will correct the bias for Cyo through Eq.(6.24) and Eq.(6.25).

6.5.3.1. Estimating Bias by Bootstrap

In Figure 6.5.5, we plot the histograms for bizzs(CA'HHg) and histogram for r.bAz'as(CA’HHz)
by bootstrap, along with the true empirical bias. As one can observe from plot (a),
bms(C'H o) is underestimated by biAas(CA’ rr2) while r.b%as(C’H m2) is almost unbiased esti-

mator for r.bz’as(éHHg).
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Figure 6.5.5. Histograms of estimated bias and relative bias for C’HHQ by bootstrap.

6.5.3.2. Comparison of Cpy, CBL., and C52,

In Figure 6.5.6, we plot histograms of estimates for Cypo, CBL, and C'B%,. In Table
6.3, we list the numerical comparison of the three estimators. As we can observe, the bias
of Crars is not negligible. Using C’ﬁ}m is over-correcting the bias so the bias is changed
to another direction. Using OE%Q is effective in reducing bias as it reduced the bias to
—0.0003. But on the other hand, the standard deviation of 6“5%,2 is larger than that of
Cro, which is a common consequence of bias correction. People may still prefer using
C’H o in real cases as 1) it has smaller NRM SE and 2) the computational time is shorter

without doing the bootstrapping.
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Figure 6.5.6. Histograms of C’HHQ and adjusted C’HHQ by bootstrap, true

global clustering coefficient C' = 0.0085.
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Estimator | Bias SD NRMSE

Cuuz  |-0.0023 0.0047 0.6243
CBL, 10.0055 0.0069 1.0401

CB2.  1-0.0003 0.0057 0.6778

Table 6.3. Numerical comparison of Cpys, CBL,. and CB%,, true global

clustering coefficient C' = 0.0085.

6.5.4. COI’Hp&I‘iSOH of CA’HHl and OHHQ

In this section, we compare our estimators C gr1 and C w2 for estimating global clustering
coefficient C'. We will first compare their computational time and them compare their

estimation performance by looking at NRMSFE.

6.5.4.1. Computational Time

For a random walk sample with H = 1 random walk and 8 sampling fraction, let 5*
denote the fraction of unique sampled nodes, i.e., the size of the induced sub graph is
B*n. For Crm we only need to go over each sampled node and count the connections
among its neighbors in the sub graph. Therefore the computational time for Crm is
ﬁ*n(@*) ~ %ﬁ*l_f*n, where k* is the average degree in the induced sub graph.

For Cii o, intuitively we need to go over each sampled triplet to check if it is a triangle
or a path of length 2, and the computational time is (ﬁ 3”) R~ %(ﬁ*n)?). However among all
triplets, the fraction of triangles or the fraction of paths of length 2 is so small, i.e., most

triplets have at most one connection, that going through each triplet is not necessary. In
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fact, we can quickly get a list of triangles from command triangles in R package igraph,
so we just need to look into those triplets for the \ part. For the 7 part, we just need
to find the triplets with exactly two connections. According to [2], the (i, )" element of
Ax A gives the number of paths of length 2 between node i and node j. If (i, 5)"" element
of Ax Ax (1 — A) is greater than zero, then there’s are least one path of length between
node ¢ and node j, but ¢ and j are not directly connected. Instead of going over each
triplet, we only need to go over each non-zero element in the lower or upper triangle of
matrix A* Ax (1 — A) to find the third element in each path of length two. Therefore the
computational time for Cpa will be at most (62”) ~ 1(B*n)>.

Since the computational time for éHHl is in order O(n) and the computational time
for Cypro is in order O(n?), it can be much more expensive to compute Cyms if the network
is large. For instance, in our example with n = 1000, B = 300, and K = 100, we have
B* ~ 0.2 and k* ~ 3. The computational time will be 300 for éHHl and be at most 2000
for Crrygs. In reality, the network size is usually much larger than n = 1000, therefore the

computational time for C mr2 Will be even greater for real networks.

6.5.4.2. Estimation Performance

In Table 6.4, we list the numerical comparison for estimation performance of éHHl
and Cgpgo. The simulation is based on K = 100 random walk samples scale-free network
of size n = 1000. Each of the random walks takes B = 300 steps and the true global
clustering coefficient is C' = 0.0085. As we can observe, C’H 1 1s unbiased and has smaller

standard deviation than C’H 2, and thus has a smaller NRMSFE. In order to check if this
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is consistent across different lengths of random walks, we also compare the NRMSE for
the two estimators with different sampling budgets [ in Figure 6.5.7. Since Crm has the

smaller NRMSE across different sampling budgets, it is preferable for use in practice.

Estimator | Bias SD NRMSE

Cum | 0.0003 0.0022  0.2620

Cuuz  |-0.0023 0.0047 0.6243

Table 6.4. Numerical comparison of C'HH1 and C’HHQ, true global clustering

coefficient C' = 0.0085.
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Figure 6.5.7. Comparison of éHHl and C’H 2 by bar plot for sampling frac-

tion § =0.2,0.3,0.4,0.5, true global clustering coefficient C' = 0.0085.



182

6.5.5. Length of Random Walks

In Figure 6.5.8 we plot the estimation performance measured by normalized root mean
square error (NRMSFE) for two estimators: estimator for the global clustering coefficient
based on weighted average LCC (C’Hm) and estimator for the average local clustering
coefficient (C’WS). The plots are made for networks with sizes equal to 1000, 5000, and

10000, and c.v. equal to 0.8 and 2.4.

For networks with large c.v. (c.v. = 2.4), as shown in plots (a), (¢), and (e), the esti-
mation performances of the GCC estimator C’H 1 are similar in networks with difference
sizes, while the estimation performances of the ALCC estimator C’WS improves as the net-
work size increases. For both estimators, the NRM SE decreases as the sampling budget
[ increases, but when § > 0.3 the decrease is not as dramatic as it is when 3 < 0.3. For
networks with small c.v. (c.v. = 0.8), as shown in plots (b), (d), and (f), the estimation
performances of both éHHl and C’WS are similar in networks with different sizes. As 3
increases, N RM SE decreases, and the rate of decrease in N RM SFE also decreases. While
we don’t observe a change point in the rate of decrease in networks with small c.v., we
recommend to set § = 0.3 as the minimum sampling budget based on our observation

from networks with large c.v..
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Figure 6.5.8. NRMSE of estimator for GCC (éHHl) and estimator for

ALCC (Cws) versus sampling budget 3 (low values are better).

6.6. Real Networks

In this section, we apply our proposed estimators for global clustering coefficient C' and
average local clustering coefficient Cyyg to some real networks. These data are available
on the SNAP (Stanford Network Analysis Project) website. To simplify the analysis, we
only consider nodes in the largest connected component. Table 6.5 summarizes the basic
information for each network used in this section These networks vary in size, number of
edges, average degree, coefficient of variation, and most importantly, C' and Cyyg. For each
network, K = 100 random walk samples with sampling budget § = 0.3 are taken, and an
estimate is computed from each sample and each estimator. For numerical comparison,
we use the mean, bias, relative bias (r.bias), standard deviation (s.d.), coefficient of

variation (c.v.), root mean square error (RM SFE), and normalized root mean square error
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(NRMSE) to measure the estimation performance. For graphical comparison, we use

bar plot of NRMSFE to measure the estimation performance.

Network nodes edges < k> cuw. C Cws

Oregon 10.7K 22K 4.1 7.6 0.0093 0.2970
AS-733 6.4K 13.2K 4.3 5.8 0.0096 0.2522
Email-Enron | 33.7K 361.7K 21.5 3.5 0.0581 0.5092
CA-HepPh | 11.2K 2352K 42 2.29 0.6594 0.6216
Wiki-Vote | 7.1K 103.7K 29.3 2.06 0.1255 0.1396
CA-HepTh | 8.6K 49.6K 11.5 1.12 0.2811 0.4816

CA-GrQc | 42K 268K 129 1.34 0.6289 0.5566

pP2p 109K 40K 74 0.9 0.0054 0.0062

Table 6.5. Basic information of real networks.

For global clustering coefficient C', we compare the estimation performance of C’f}%}l,
Crm and the estimator proposed by Katzir and Hardiman [11], which we denote as
éHKg. The numerical comparison is listed in Table 6.6 and the bar plots are shown in
Figure 6.6.1. As we can observe, C’f}%l and C i are unbiased for all networks, and C HH1
is biased for most networks. On the other hand, C{%, has smaller s.d. than Cyxq and
thus performs the best among the three estimators, except for network Wiki-Vote. This
is due to the fact that O}‘}El uses the largest amount of information from the population
network among the three estimators. More specifically, to compute C’flfll, we observe the
actual e; for each sampled node. For Crm, we only observe €] in the induced subgraph

and use that to estimate e;, and for C e we only observe if there’s a connection between



186

the node before the focal node and the node after the focal node, for each node visited
by the random walk. The richer the information is, the more precise the estimator is. In
addition, the NRM SEs for all networks are very small (under or close to 0.2). Therefore

in practice, if we are able to observe all neighbors of each sampled node, C’f}fll is preferable.

For some networks, such as Email-Enron, CA-HepPh, CA-HepTh, and CA-GrQc, the
estimation performance of C’H 1 1s close to that of éﬁgl. This is because C’H 1 1s almost
unbiased for for those networks, as we can observe from Table 6.6.1. Therefore bias is the
main source of estimation error for éHHl- For network Wiki-Vote, C’HHl performs best

among the three estimators.
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Network Estimator  bias r.bias s.d. cv. RMSE NRMSE
Oregon C’ﬁgl 0.0000 -0.0001 0.0007 0.0730 0.0007  0.0726
Crm 0.0055 0.5959 0.0011 0.1228 0.0057  0.6083
Cuxke 0.0000 -0.0030 0.0026 0.2760 0.0026 0.2746
AS-733 éﬁ%l 0.0001  0.0087 0.0008 0.0812 0.0008 0.0813
Crm 0.0048 0.4964 0.0013 0.1312 0.0049 0.5133
Crke 0.0005 0.0570 0.0034 0.3523 0.0034 0.3551
Email-Enron éf,gl -0.0001 -0.0015 0.0027 0.0327 0.0027  0.0325
Crm 0.0094 0.1100 0.0031 0.0366 0.0099 0.1159
Cuke 0.0002 0.0027 0.0046 0.0537 0.0046 0.0535
CA-HepPh C‘I‘f}%l 0.0003 0.0004 0.0102 0.0155 0.0102 0.0155
Crm -0.0282 -0.0427 0.0163 0.0248 0.0325 0.0493
Cure  -0.0005 -0.0008 0.0190 0.0288 0.0189 0.0286
Wiki-Vote C:“jf}gl -0.0206 -0.1640 0.0016 0.0127 0.0206 0.1645
Crm -0.0124 -0.0987 0.0025 0.0195 0.0126  0.10067
Cuke 0.0122  0.0974 0.0104 0.0829 0.0160 0.1279
CA-HepTh C‘I‘f}%l -0.0116 -0.0414 0.0629 0.2239 0.0637  0.2266
Crm -0.0620 -0.2206 0.0667 0.2373 0.0908 0.3232
Cure  -0.0108 -0.0384 0.0635 0.2259 0.0641 0.2281
CA-GrQc éﬁ%l -0.0541 -0.0860 0.0797 0.1267 0.0959 0.1526
Crmn -0.1006 -0.1600 0.0981 0.1560 0.1402 0.2229
Cuxe  -0.0555 -0.0883 0.0876 0.1392 0.1033 0.1643
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P2P |  CAE, 0.0000 -0.0043 0.0002 0.0451 0.0002 0.0451
Cymi -0.0021 -0.3893 0.0004 0.0691 0.0021 0.3953

Crre 0.0000 0.0029 0.0015 0.2816 0.0015 0.2802

Table 6.6. Numerical comparison of C’f}%l, C’HHl, and C’HKG for GCC.
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Figure 6.6.1. Comparison of C’flfll, é’HHl, and OHKG by bar plot for global

clustering coefficient C.

For local clustering coefficient Cy g, we compare the estimation performance of CWS,
Ciws and the estimator proposed by Katzir and Hardiman [11], which we denote as Crrr.

The numerical comparison is listed in Table 6.7 and the bar plots are shown in Figure
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6.6.2. As we can observe, (:‘If},% and C‘HKL are unbiased for all networks, and CWS is
biased for most networks. On the other hand, CA'{,“V% has smaller s.d. than C v and thus
performs the best among the three estimators with the smallest NRMSE. Again this
is due to the fact that CA'{/?/% uses the largest amount of information from the population
network among the three estimators. Except for network P2P, the NRM S Es are all very
small (under 0.2). Therefore in practice, C{t% is most preferable if we are able to observe
all neighbors of each sampled node. For some networks, such as AS-733 and Oregon,
where Cyyg is almost unbiased, the estimation performance of Cirs is close to that of

CA'{/?/% For network Wiki-Vote, Cyy g performs best among the three estimators.
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Network Estimator  bias r.bias s.d. cv. RMSE NRMSE
Oregon CA’{,‘[‘,% 0.0009 0.0029 0.0217 0.0730 0.0216 0.0727
Cws -0.0057 -0.0191 0.0214 0.0721 0.0221 0.0743
Cuxr  -0.0001 -0.0002 0.0223 0.0752 0.0222 0.0748
AS-733 CA’% 0.0006 0.0025 0.0265 0.1049 0.0263 0.1044
Cws -0.0065 -0.0260 0.0259 0.1027 0.0266 0.1054
Crkr 0.0001  0.0002 0.0314 0.1243 0.0312 0.1237
Email-Enron C’&‘,’f; 0.0016 0.0032 0.0294 0.0577 0.0293 0.0575
Cws -0.0899 -0.1766 0.0264 0.0518 0.0937  0.1839
Cuxkr 0.0011  0.0021 0.0306 0.0601 0.0305 0.0598
CA-HepPh CA’Q,% 0.0049 0.0079 0.0321 0.0517 0.0323 0.0520
Cws -0.1570 -0.2527 0.0381 0.0613 0.1616 0.2599
Crkr 0.0026  0.0042 0.0432 0.0695 0.0430 0.0692
Wiki-Vote CA";‘,’:J; 0.0173 0.1242 0.0205 0.1469 0.0268 0.1922
Cws 0.0063 0.0453 0.0197 0.1413 0.0207  0.1482
Cuxkr 0.0234 0.1677 0.0325 0.2327 0.0400 0.2867
CA-HepTh CA’{,?,% -0.0013 -0.0027 0.0238 0.0493 0.0237  0.0492
Cws -0.0830 -0.1724 0.0252 0.0523 0.0867  0.1801
Cuxr  -0.0037 -0.0077 0.0295 0.0613 0.0296 0.0615
CA-GrQc CA",A},% 0.0006 0.0011 0.0409 0.0736 0.0407  0.0732
Cws -0.0777 -0.1395 0.0418 0.0750 0.0881 0.1583
Cuxr  -0.0002 -0.0003 0.0475 0.0853 0.0472 0.0848
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pP2p C’“}‘,@ 0.0001 0.0211 0.0019 0.3096 0.0019 0.3088
Cws -0.0020 -0.3285 0.0018 0.2922 0.0027 0.4387

Curr 0.0003  0.0422 0.0029 0.4672 0.0029 0.4667

Table 6.7. Numerical comparison of CA'S,%, C’Wg, and C’HKL for ALCC.
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Figure 6.6.2. Comparison of C’f{,@, C’WS, and Crxr by bar plot for average
local clustering coefficient Cyyg.
6.7. Summary of Results

By applying the estimators and evaluation techniques to several simulated networks

and real networks, we developed the following findings:
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e For the GCC, if we can observe the actual nmber of connections among neighbors
of each sampled node, the estimator based on weighted average of LCCs is unbiased
with small variance.

e For the GCC, bootstrapping the estimator based on triangles can reduce bias but
at the cost of increasing the standard error, and can increase the NRMSE. It also
has a longer computing time than the estimator based on weighted average of
LCCs. Therefore estimation based on weighted average of LCCs is preferable to
estimation based on triangles.

e For the ALCC, if we can observe the actual number of connections among neighbors
of each sampled node, the estimator is unbiased with small variance.

e For both the GCC and the ALCC, if we can not observe the actual number of
connections among neighbors of each sampled node, and need to estimate it using
the number observed from the induced subgraph, the bias and NRMSE of the
estimator tend to increase appreciably. Therefore in practice, it is recommended
to observe the actual number of connections among neighbors of each sampled

node to minimize the estimation error, even if it will increase sampling cost.

6.8. Discussion and Future Work

In this chapter we applied random walk sampling and generalized the usage of Hansen-
Hurwitz estimator to estimate the global clustering coefficient (GCC) and the average local
clustering coefficient (ALCC) of a network. For the GCC, we developed two estimators
based on weighted average LCC and on triangles respectively. The former is unbiased

with small variance if we can observe all neighbors of sampled nodes. The latter is biased
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due to lack of knowledge of the exact inclusion probability of a triplet when the random
walk has moderate length. We can use bootstrap to correct for this bias but at the cost
of increasing the standard error and NRMSFE. For the ALCC, we can get an unbiased
estimator with small variance if we can observe all neighbors of sampled nodes. We ap-
plied the estimator for the GCC based on weighted average LCC and the estimator for
ALCC to some real networks, and found that our estimators outperform the estimators

proposed by Katzir and Hardiman [11] if we can observe all neighbors of sampled nodes.

There are two directions for future work. 1) In this work, when we are not able
to observe all neighbors of a sampled node, we used the ratio of its observed degree in
the induced subgraph and its actual degree to estimate the ratio of its observed number
connections among neighbors in the induced subgraph and its actual number of connec-
tions among neighbors. This estimation brings bias in the estimator for the GCC based
weighted average LCC and the estimator for the ALCC. We can try to reduce the bias
by finding an alternative estimation for the ratio of connections among neighbors. 2)
The estimator for the GCC based on triangles has two issues. First the computational
times is too long, and second it is biased. To deal with the bias issue, we used bootstrap
but it increased the standard deviation so that the NRMSFE of the estimator adjusted
by bootstrap is greater than the NRMSFE of the original estimator. In order to reduce
both bias and standard deviation, some adjustment is needed for the theoretical inclusion

probabilities of triplets so that they are closer to the empirical ones.



194

Bibliography

E. Katzav, M. Nitzan, D. ben Avraham, P. Krapivsky, R. Kiihn, N. Ross, and O.
Biham, “Analytical results for the distribution of shortest path lengths in random
networks,” EPL (Europhysics Letters), vol. 111, no. 2, p. 26 006, 2015.

M. Newman, Networks: an introduction. Oxford university press, 2010.

F. Chung and L. Lu, “The average distances in random graphs with given ex-
pected degrees,” Proceedings of the National Academy of Sciences, vol. 99, no. 25,
pp. 15879-15882, 2002.

R. Cohen and S. Havlin, “Scale-free networks are ultrasmall,” Physical review letters,
vol. 90, no. 5, p. 058 701, 2003.

M. Potamias, F. Bonchi, C. Castillo, and A. Gionis, “Fast shortest path distance
estimation in large networks,” in Proceedings of the 18th ACM conference on Infor-
mation and knowledge management, ACM, 2009, pp. 867-876.

B. Ribeiro, P. Basu, and D. Towsley, “Multiple random walks to uncover short
paths in power law networks,” in Computer Communications Workshops (INFO-
COM WKSHPS), 2012 IEEE Conference on, IEEE, 2012, pp. 250-255.

M. H. Hansen and W. N. Hurwitz, “On the theory of sampling from finite popula-

tions,” The Annals of Mathematical Statistics, vol. 14, no. 4, pp. 333-362, 1943.



195

[8] D. G. Horvitz and D. J. Thompson, “A generalization of sampling without replace-
ment from a finite universe,” Journal of the American statistical Association, vol. 47,
no. 260, pp. 663-685, 1952.
9] K. Sigman, “Limiting distribution for a markov chain,” 2009. [Online|. Available:
http://www.columbia.edu/~ks20/stochastic-I/stochastic-I-MCII.pdf.
[10] T. W. Anderson, “Second-order moments of a stationary markov chain and some
applications,” pp. 1-16, 1989.
[11] L. Katzir and S. J. Hardiman, “Estimating clustering coefficients and size of social
networks via random walk,” ACM Transactions on the Web (TWEB), vol. 9, no. 4,
p. 19, 2015.
[12] M. Nitzan, E. Katzav, R. Kiithn, and O. Biham, “Distance distribution in configuration-
model networks,” Physical Review F, vol. 93, no. 6, p. 062 309, 2016.
[13] K. Okamoto, W. Chen, and X.-Y. Li, “Ranking of closeness centrality for large-scale

2

social networks,” in International Workshop on Frontiers in Algorithmics, Springer,
2008, pp. 186-195.

[14] V. Ufimtsev and S. Bhowmick, “An extremely fast algorithm for identifying high
closeness centrality vertices in large-scale networks,” in Proceedings of the 4th Work-
shop on Irreqular Applications: Architectures and Algorithms, IEEE Press, 2014,
pp. 53-956.

[15] A. Saxena, R. Gera, and S. Iyengar, “A faster method to estimate closeness centrality
ranking,” arXiv preprint arXiw:1706.02083, 2017.

[16] E. D. Kolaczyk, Statistical Analysis of Network Data: Methods and Models, 1st.

Springer Publishing Company, Incorporated, 2009, 1ISBN: 038788145X, 9780387881454.


http://www.columbia.edu/~ks20/stochastic-I/stochastic-I-MCII.pdf

[17]

[18]

[19]

[20]

[21]

[22]

23]

196

R. Albert and A.-L. Barabasi, “Statistical mechanics of complex networks,” Reviews
of modern physics, vol. 74, no. 1, p. 47, 2002.

A.-L. Barabasi, “Network science the scale-free property,” 2014. [Online]. Available:
http://barabasi.com/f/623.pdf.

C. Bauckhage, K. Kersting, and B. Rastegarpanah, “The weibull as a model of
shortest path distributions in random networks,” in Proc. Int. Workshop on Mining
and Learning with Graphs, Chicago, IL, USA, 2013.

R. Pastor-Satorras and A. Vespignani, “Epidemic spreading in scale-free networks,”
Physical review letters, vol. 86, no. 14, p. 3200, 2001.

M. Kas, M. Wachs, K. M. Carley, and L. R. Carley, “Incremental algorithm for
updating betweenness centrality in dynamically growing networks,” in Proceedings
of the 2013 IEEE/ACM international conference on advances in social networks
analysis and mining, ACM, 2013, pp. 33—40.

C.-C. Yen, M.-Y. Yeh, and M.-S. Chen, “An efficient approach to updating close-
ness centrality and average path length in dynamic networks,” in 2013 IEEE 15th
International Conference on Data Mining, IEEE, 2013, pp. 867-876.

E. Cohen, D. Delling, T. Pajor, and R. F. Werneck, “Computing classic closeness
centrality, at scale,” in Proceedings of the second ACM conference on Online social
networks, ACM, 2014, pp. 37-50.

D. E. J. Wang, “Fast approximation of centrality,” Graph Algorithms and Applica-

tions, vol. 5, no. 5, p. 39, 2006.


http://barabasi.com/f/623.pdf

[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

197

K. Wehmuth and A. Ziviani, “Daccer: Distributed assessment of the closeness cen-
trality ranking in complex networks,” Computer Networks, vol. 57, no. 13, pp. 2536
2548, 2013.

D. J. Watts and S. H. Strogatz, “Collective dynamics of ‘small-world’ networks,”
nature, vol. 393, no. 6684, p. 440, 1998.

M. E. Newman, D. J. Watts, and S. H. Strogatz, “Random graph models of social
networks,” Proceedings of the National Academy of Sciences, vol. 99, no. suppl 1,
pp. 2566-2572, 2002.

A. M. Verdery, J. C. Fisher, N. Siripong, K. Abdesselam, and S. Bauldry, “New
survey questions and estimators for network clustering with respondent-driven sam-
pling data,” Sociological methodology, vol. 47, no. 1, pp. 274-306, 2017.

T. Schank and D. Wagner, Approximating clustering-coefficient and transitivity. Uni-
versitat Karlsruhe, Fakultat fiir Informatik, 2004.

B. Ribeiro and D. Towsley, “Estimating and sampling graphs with multidimensional
random walks,” in Proceedings of the 10th ACM SIGCOMM conference on Internet
measurement, ACM, 2010, pp. 390-403.

M. Gjoka, M. Kurant, C. T. Butts, and A. Markopoulou, “Walking in facebook: A
case study of unbiased sampling of osns,” in 2010 Proceedings IEEE Infocom, leee,
2010, pp. 1-9.

E. Cem and K. Sarac, “Estimating clustering coefficients via metropolis-hastings
random walk and wedge sampling on large osn graphs,” in 2016 IEEE 35th Interna-
tional Performance Computing and Communications Conference (IPCCC), IEEE,

2016, pp. 1-2.



198

[33] G. Casella and R. L. Berger, Statistical inference. Duxbury Pacific Grove, CA, 2002,
vol. 2.

[34] D Basu, “Role of the sufficiency and likelihood principles in sample survey theory,”
Sankhya: The Indian Journal of Statistics, Series A, pp. 441-454, 1969.

[35] M. Zheng and B. D. Spencer, “Estimating shortest path length distributions via

random walk sampling,” arXiv preprint arXiw:1806.01757, 2018.



	ABSTRACT
	Acknowledgements
	Table of Contents
	List of Tables
	List of Figures
	Chapter 1. Introduction
	1.1. Problem Statement
	1.1.1. Estimating Shortest Path Length Distributions
	1.1.2. Estimating Closeness Centrality Ranking
	1.1.3. Estimating Clustering Coefficients

	1.2. Contributions

	Chapter 2. Background
	2.1. Preliminary Definitions
	2.2. Random Walk Sampling
	2.2.1. Sampling Algorithm

	2.3. Scale-free Networks
	2.4. The Horvitz-Thompson Estimator and the Hansen-Hurwitz Estimator

	Chapter 3. Related Work
	3.1. Approximating Shortest Path Length
	3.1.1. Ability of Random Walks to Uncover Shortest Paths
	3.1.2. Estimating Shortest Distances by Landmarks

	3.2. Estimating Shortest Path Length Distributions (SPLD)
	3.2.1. The Small World Effect
	3.2.2. Previous Estimating Methods for SPLD
	3.2.3. Estimating SPLD in Configuration-model Networks

	3.3. Estimating Closeness Centrality Ranking
	3.4. Estimating Clustering Coefficients

	Chapter 4. Estimation of Shortest Path Length Distributions
	4.1. Overview
	4.2. Intuition
	4.3. Problem Definition
	4.4. Estimating Methods
	4.4.1. The Unweighted Estimator
	4.4.2. The Hansen-Hurwitz Estimator
	4.4.2.1. Inclusion Probability of a Dyad

	4.4.3. The Horvitz-Thompson Estimator
	4.4.4. Approximating actual SPLs between sampled nodes

	4.5. Application of Estimating Methods
	4.5.1. Estimation of c.v.
	4.5.2. Estimation of r
	4.5.3. Estimation of r

	4.6. Evaluation Metrics
	4.6.1. Box plots
	4.6.2. Mean Absolute Difference (MAD)
	4.6.3. Root Mean Square Error (RMSE)
	4.6.4. Kullback-Leibler Divergence (KL)

	4.7. Simulation Study
	4.7.1. Conditions for Random Walks to Uncover Shortest Paths
	4.7.2. Sampling designs for Random Walks
	4.7.2.1. Length of Random Walks for Networks with Large c.v.
	4.7.2.2. Size of Landmarks and Length of Random Walks for Networks with Small c.v.
	4.7.2.3. Number of Random Walks
	4.7.2.4. Comparison of Estimators

	4.7.3. Evaluation of Estimation

	4.8. Adjusted Estimator by Weighted Average
	4.9. Real Networks
	4.10. Summary of Results
	4.11. Discussion and Future Work

	Chapter 5. Estimation of Closeness Centrality Ranking
	5.1. Overview
	5.2. Definitions
	5.3. Estimating Methods
	5.3.1. Estimating closeness centrality of sampled nodes
	5.3.2. Estimating the population CDF of closeness centrality
	5.3.3. Estimating closeness centrality rank of a given node

	5.4. Evaluation Metrics
	5.4.1. Mean Absolute Error (MAE)
	5.4.2. Kolmogorov-Smirnov Distance (KS)
	5.4.3. Percentage Mean Absolute Error (PMAE)

	5.5. Simulation Study
	5.5.1. Estimating closeness centrality of sampled nodes
	5.5.2. Estimating the population CDF of closeness centrality
	5.5.3. Estimating closeness centrality ranking of a given node
	5.5.4. Length of Random Walks

	5.6. Real networks
	5.7. Summary of Results
	5.8. Discussion and Future Work

	Chapter 6. Estimation of Clustering Coefficients
	6.1. Overview
	6.2. Definitions
	6.3. Estimating Method
	6.3.1. Estimating Global Clustering Coefficient Based on Weighted Average of LCC
	6.3.2. Estimating Global Clustering Coefficient Based on Triangles
	6.3.2.1. Application of Bootstrap to Correct for Bias

	6.3.3. Estimating Average Local Clustering Coefficient

	6.4. Evaluation Metrics
	6.4.1. Histograms
	6.4.2. Normalized Root Mean Square Error (NRMSE)

	6.5. Simulation Study
	6.5.1. Influence of Estimating number of neighbors on Estimation Performance
	6.5.2. 'Draw-by-draw' Probabilities for Triplets
	6.5.3. Bootstrap Bias Correction
	6.5.3.1. Estimating Bias by Bootstrap
	6.5.3.2. Comparison of HH2, HH2B1, and HH2B2

	6.5.4. Comparison of HH1 and HH2
	6.5.4.1. Computational Time
	6.5.4.2. Estimation Performance

	6.5.5. Length of Random Walks

	6.6. Real Networks
	6.7. Summary of Results
	6.8. Discussion and Future Work

	Bibliography

