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ABSTRACT

Empirical Measures for Integrable Eigenfunctions Restricted to Invariant Curves

Michael L. Geis

We introduce empirical measures to study the L? norms of restrictions of quantum
integrable eigenfunctions to the unique rotationally invariant geodesic H on a convex
surface of revolution. The weak™ limit of these measures describes the dependence of their
size on H in terms of the angular momentum. The limit measures blow up (1 — ¢2)~/2
at the end points ¢ = +1, reflecting the fact that the Gaussian beam sequence is the
largest on H.

We then use the quantized action operators constructed by Colin de Verdiére on
these surfaces to show that there is a unitary Fourier integral operator which conjugates
them to the standard action operators on the round sphere up to finite rank error, show-
ing that all of these surfaces are essentially equivalent in terms of quantum integrability
of the Laplacian.

Afterwards we move on to study asymptotics of ladder sequences of spherical har-
monics and show that they have Airy-type behavior in a shrinking neighborhood of these
circles. This provides a more explicit calculation of the quantities appearing in classical
expansions by Thorne and Olver for the Legendre functions in terms of the geometry on

the sphere.



We also include expository notes which are intended to be a practical introduction
to homogeneous Lagrangian distributions, Fourier integral operators, and the symbol
calculus of composition. The primary focus is on examples and line-by-line calculation,
including a description of the singularities of the Duistermaat-Guillemin wave trace using

the symbol calculus.
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CHAPTER 1

Introduction and Organization

We begin by discussing the organization of this document. Chapters 3 and 4 are ded-
icated to the proofs of the main results, discussed below in section [I.I} Chapter 2 is a
synthesis of personal notes that were written during the process of learning the symbol
calculus of Fourier integral operators. The aim of these notes is to provide a practical
introduction to the symbol calculus of Lagrangian distributions and Fourier integral op-
erators. For this reason, we keep the quotation of abstract theory to a minimum, stating
only what is needed to parse the examples and calculations that follow, and defer to
the excellent sources |21],(9],[23],|6],|18],|19],|7] for the detailed general theory. The
focus is instead on explaining the symbolic data of commonly encountered examples of
Lagrangian distributions and Fourier integral operators, as well as an algorithmic pre-
sentation of the symbol calculus. The goal is to leave the reader with the ability to fill
in the details in the proofs of many such calculations in the literature and execute their
own. Chapter 2 begins with the bare minimum basic theory needed to understand the
examples that follow in section 2.2. From there, we briefly recall the basics of Fourier
integral operators before moving on to describe the ‘recipe’ of symbolic composition in
section 2.4 in general terms. Finally, section 2.5 is a detailed, symbolic, line-by-line
calculation of the celebrated trace of the wave group calculated by Duistermaat and

Guillemin |[8].

In chapter 3 we consider a convex surface of revolution (52, g). Letting dy be the vector

field that generates the S' symmetry, Colin de Verdiére [4] has shown the existence of



a first order pseudo-differential operator fg which commutes with the Laplacian A, and

Dy = —i0y such that the joint spectrum of fQ and Dy consists of a lattice of simple
eigenvalues,
(1.0.1) Spec(ly, Dg) = {(¢,m) € Z* | £ > 0;|m| < €}

The operator fg is analogous to the degree operator A on the round sphere (52, gean),

(1.0.2) A=4/-A

whose joint spectrum with Dy is exactly . The similarity of I, and A suggests
that, in terms of the spectral theory of the Laplacian, all convex surfaces should be
‘equivalent’ to the round sphere. We codify this by showing the existence of a unitary
Fourier integral operator which commutes with Dy and conjugates ]'\2 into A up to finite
rank error. Next, we fix an orthonormal basis of joint eigenfunctions ¢! satisfying
fggofn = (ot Dot = my’ and study how these joint eigenfunctions concentrate across

a fixed (-eigenspace of I, as £ — oo via the empirical measures

¢
1 02
(1.0.3) pe = A Z ||l |22y 022

m=—¢
which are normalized to be probability measures on [—1,1]. Here H C S? is the unique

rotationally invariant geodesic on (S?, g) and we study the weak limit of this sequence

of measures, which is absolutely continuous with respect to Lebesgue measure on [—1, 1]
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and whose shape describes the relative concentration of the ¢!, on H as m varies across

the IAQ eigenspace.

In chapter 4 we study special sequences of the standard spherical harmonics,

2N +1(N —m)! ‘
(1.0.4) Yi'(¢,0) = \/ 4: EN " :z;P]\T}(cos p)e™

on the round sphere (52, gean). Let 0 < my < N be sequences of integers so that
mi/(Ny + 3) = ¢ € (0,1) for all k € N. The ladder sequence Y'* is actually a semi-
classical Lagrangian distribution with respect to the semi-classical parameter hy = (Ny+
)7 and its associated Lagrangian is the torus 7, C T*S?, consisting of all geodesics in
S5*S? which make an angle 1) with the equator satisfying cos 1) = c. There are two latitude
circles on S? which are tangent to every geodesic making a fixed angle cos1) = ¢ with the
equator. The projection of T, down to the sphere has a fold singularity over these latitude
circles which makes them caustics for the such a ladder sequence. We study the scaled
asymptotics of ladder sequences in an hi/ 3 neighborhood of these caustic latitude circles
and derive full asymptotic expansions in terms of the Airy function. These correspond to
classical asymptotic expansions for the Legendre functions proven by Thorne and later
Olver [33|,|30]. The advantage of this approach is that the quantities appearing in the
expansion have clear meaning in terms of classical mechanics on the Lagrangian T, while

the ODE methods used previously did not yield as explicit expressions.

1.1. Statement and discussion of the main results

We begin with the results of chapter 3 concerning convex surfaces of revolution. In order
to state the results, we need to briefly describe the underlying geometry. Let (52, g) be

a convex surface of revolution. Fix a meridian geodeisc 7, joining the poles of length
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L > 0 and let 6 be the polar angle measured relative to vy, r > 0 be the geodesic distance

from a chosen pole. Then we have coordinates

S*={(r,0)|re(0,L),0<€0,2m)}

in which the metric is of the form

g = dr® + a(r)do?

where a(r) has a single critical point a'(rg) = 0 with a”(ro) < 0. Let I, be first order
pseudo-differential operator of [4]. fg is self-adjoint and elliptic, commutes with —A,
and Dy = —i0y, and has joint spectrum . In what follows, we fix an orthonormal
basis ¢!, of joint eigenfunctions of fg and Dy. The principal symbols of f2 and fl = Dy,
I, and I; = py, are homogeneous, Poisson commuting smooth functions on 7%S% \ 0
and are called the action variables for the geodesic flow. Their Hamiltonian flows are
2m-periodic so their joint flow ®; defines a homogeneous, Hamiltonian action of the torus
T?. The joint flow preserves level sets of both I, and py and by homogeneity, all of the
information is contained in the I, = 1 level set, which we denote by ¥ C T*S?\ 0. On
Y, |[I1] <1 and for ¢ € [-1,1], we let T, = I, *(c) N X. For ¢ # %1, these level sets are
diffeomorphic to 7?2 and consist of a single orbit of the joint low. The levels T; consist
of I unit covectors tangent to H with the sign reflecting the orientation relative to 0.
The first result is a global conjugation to a normal form:

Theorem 1.1.1. Let (S?, g) be a convex surface of revolution and A = /=2, +1—3

be the degree operator on the round sphere. There exists a homogeneous unitary Fourier

integral operator

W L2(52;gcan) — L2(527g)
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such that [W, Dg] = 0 and W*j\—QW = A + R where R is a finite rank operator. Conse-
quently, if Y\, denotes the standard orthonormal basis of L*(S?%, gean) such that AY,) =

YL DpY!t =mY?, then for { large enough, there are constants ¢!, with |c', | = 1 so that

(1.1.1) WYt =c ot

In [25|, Lerman proves that there is only one homogeneous hamiltonian action of the
torus 7% on 752\ 0 up to symplectomorphism. In particular, letting ps(x, &) = |€]gun(2)
be the principal symbol of A, py and p, generate such an action, so there is a homogeneous
symplectomorphism x on 7%5?\ 0 satisfying x*py = py and x*I, = p,. Theorem is

essentially an operator theoretic upgrade of this symplectic equivalence.

To state the result regarding the empirical measures ((1.0.3)), we need to set more notation.
Let dpy, denote Liouville measure on 3 and dy. 1, = duy, /dpy denote Liouville measures on
the regular tori T,. The torus action ®; commutes with the geodesic low G* = exptH i€l

and we can write

(1.1.2) €]y = K (1, I2)

For a smooth function K on R?\ 0, homogeneous of degree 1. We let (wy,wy) =
ViK(I,I5) be the so-called frequency vector associated to this action. The w;
are themselves functions of the action variables I,l,. For a homogeneous pseudo-
differential operator B € WY(S?), we let o(B) denote its principal symbol and set

—

o(B)(c) = fTCU(B) dpie,. We also let w(B) = [, o(B)dug be the Liouville state on
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B. Letting T75% = {(2,€) € T*S? | x € H} be the set of all covectors based on H, we

observe that for (z,€) € TyS* N T,

(1.1.3) po(@,€)* = [€]galro)* cos® = K (¢, 1)*a(ro)* cos® ¢

where ¢ is the angle between the covector ¢ and H and rg is the distance from the north

pole to H so that H = {r = r¢}. Let L(H) be the length of H. Then a(ry) = L(H)/2x.

Theorem 1.1.2. Let (S?, g) be a convex surface of revolution where g = dr*+a(r)*db? in
geodesic polar coordinates. Let H C S? be the equator, the unique rotationally invariant

geodesic. Then in terms of action-angle variables,

(a) For every f € C°([—1,1]),

/ f(e) dp(c M Z HSOmHB(H)f / f(c) \/1 C(: C2
(b) For any f € C°([-1,1)),
1 ¢ 1 o
[ 1@dute) = 5 3 Betn ol (F) = 75 [ 1B de

m=—/

The constant appearing in (a) is

T K(¢1)2L(H)

and normalizes the limit measure to have mass 1 on [—1,1].



14

When (52, gean) is the standard sphere, L(H) = 2w, K(c,1) =1 and ws(c, 1) = 1, hence

(,UQ(C,l) _ 1
022z — 2
N

(1.1.4)

When ¢ = 41, T, collapses to the set of I, unit covectors tangent to H. On T4,

Wy = g—g = g—f = a(ry)™% = 527{};) and ¢ = 0. The left hand side of (1.1.4)) therefore

blows up at ¢ = +1. Blow-up at the end points is to be expected since the end points
of the interval correspond ¢ = m/¢ = £1. The eigenfunctions ¢, are Gaussian beam
sequences which concentrate microlocally on ¥ NT*H and are extremizing sequences
for the universal L? restriction bounds proven by Burq, Gerard, and Tzvetkov |2]. The
measures py considered here are closely related to the empirical measures associated to

a polarized toric Kahler manifold L — M™ studied in [39],

z 1 2
MkZM Z |8a<z)’hk5%

ackPNzd

Here, s,(2) are the holomorphic sections of L*. These correspond to lattice points inside
the k' dialate of a certain Delzant polytope P C R"™. This polytope is the image of
the moment map p : M — P associated to the torus action on M. In our setting,
M is analogous to the phase space energy surface ¥ = {I, = 1} C T*S? with the
moment map [; : ¥ — [—1,1]. The joint eigenfunctions of fg—eigenvalue ¢ correspond
to the lattice points inside the (" dialate of I;(¥) = [—1,1] and are analogous to the
holomorphic sections s,. In both cases the measures are dialated back to be supported
on the image of the moment map and normalized to have mass 1. The submanifold H
plays the role of the continuous parameter z € M in the Kéhler setting. In [39] it is

shown that as k& — oo, a central limit theorem type rescaling of these measures tends



15

to a Gaussian measure centered on p(z) while in our case the measures i, tend to an
absolutely continuous limit which blows up at the end points with a (1 — 02)_% type

singularity.

Chapter 4 is concerned with the round sphere (5%, gean). We use standard polar coor-

dinates, so in the notation of chapter 3, ¢ = r, a(¢) = sing, I = | Therefore

Gecan*

¥ = 5*5? in this case and T, = {py = ¢} N .S*S?. Suppose that Y]GZ’“ is a ladder sequence
of spherical harmonics with my,/(Ny + 3) = ¢ € (0,1). This sequence concentrates mi-
crolocally on the torus T, and the boundary of the projection 7(7,) consists of the two
latitude circles v corresponding to the two solutions of sin ¢ = c¢. The projection has
a fold singularity over each of these latitude circles which is responsible for the ‘Airy
bump’ in the asymptotics near these circles. We prove the following scaled asymptotics

for such ladder sequences:

Theorem 1.1.3. For integers 0 < m < N, let Y be the standard spherical harmonics
(1.0.4) on (S?, gean) and let x = (¢,0) be geodesic polar coordinates from a pole. Suppose
0 < my, < Ny, are sequences of integers such that my/( Ny + %) =c for all k. Then there

exists an € > 0 such that if v = (¢,0) with ¢ <sin¢ < ¢+ ¢, with hy = (Nk + %)71,

V@) V() ~Ai (= o)) S uon(a)hc "+
(1.1.5) 2 n=0
A (—h;gp(m)> Zulm(m)h,‘gﬂl

(1.1.6) p(z) = (% l a)g
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Here, vy, is the geodesic arc joining the two pre-images 7' (z) € T, and « is the canonical
1-form on T*S?. The arc is oriented so as to make the integral positive. The u;; are

smooth half densities on S?* and the leading order coefficient uq g is

4p(x)
sin® ¢ — ¢2

1
(1.1.7) uppo(x) = ( ) eimil\ JdV, = (27T)p(317)ieim’“am\/amhC

where duy, . is the normalized joint flow invariant density on T, and 7w : T*S — S? is the

natural projection.

The ladder sequence is of size ~ h~'/% in an h*? neighborhood of the caustic latitude
circles which is characteristic for caustics caused by fold singularities. It is size O(1)
at points © = (¢,0) for which sing > ¢, and O(h*) in the case sing < c. It is
interesting to note that we only have asymptotics in an h?/3 strip around the caustic
on the side contained in the projection 7(7.). It should be possible to obtain two-sided
Airy asymptotics, but it seems like it would require complexifying the Lagrangian T, and
extending the dynamics into the complex domain. The half density \/M that shows
up in the leading order amplitude ug( is essentially the principal symbol of the ladder

sequence Y]G;i’“ as a semi-classical Lagrangian distribution.

The asymptotics are obtained by constructing explicit quasi-modes for the Legendre op-
erator using the well-known Maslov-WKB quantization procedure, (see section ,
[5],]7] for background) which approximate the Legendre functions P locally uniformly
up to O(h™) error. The quasi-mode is expressible as an oscillatory integral with a degen-
erate critical point in the phase near the turning points, which correspond to the caustic
latitude circles on the sphere. From this, the Airy expansion is obtained by putting the

phase function in a cubic normal form. This idea was first due to Chester Friedman, and
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Ursell [3], |26],|27] and further refinements can be found in |22] [18]. The main interest
in this approach is that it connects the mysterious quantities appearing in the classical
asymptotic expansions of Thorne and Olver [33|,[30] for the Legendre functions to the

relevant classical mechanics on T*S2.
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CHAPTER 2

Lagrangian Distributions

2.1. Lagrangian distributions: basic definitions

Let X™ be an n dimensional smooth manifold, compact without boundary. The theory of
Lagrangian distributions and Fourier integral operators requires us to work with smooth
half densities and half density distributions on X. The spaces of these are denoted
C>=(Q2,X) and D'(Q2,X). The reader unfamiliar with these notions should consult
chapter 6 of [19]. X may or may not carry a Riemannian metric g, but when it does, the
metric provides a canonical smooth half density, namely the square root of the metric

volume, which in local coordinates is equal to

VAV, = (det g;;)i|dx|?

Homogeneous Lagrangian distributions on X are a special class of half density distribu-
tions. A Lagrangian submanifold of 7% X is called homogeneous if it is invariant under

dilation in the fiber variable, that is, if for each real number ¢t > 0

(2,8) e N <= (2,t8) € A

Let U C R" be an open set. A smooth function a € C*(U x RY \ 0) is a classical
amplitude of order k if there exists a sequence of smooth functions a;(z, 0) € C*(U x
RN\ 0) such that each a; is a homogeneous function of 6 of degree j for |§] > 1 and for

each positive integer NV,
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a(x,0) — Z ap—;(z,0)

J=0

is homogeneous of degree k — N — 1 in #. In this case we write

™~

i
o

a(z,0) ~ Y ap_;(z,0).

A non-degenerate homogeneous phase function is a smooth function ¢ € C*(U x
RY \ 0) which is real valued, homogeneous of degree 1 in # and such that d¢ # 0 on its
domain. We also require the differentials d (89], gb) to be linearly independent everywhere.

If ¢ satisfies these assumptions then the phase critical set,

Cyp={(z,0) €U xR¥\ 0 | dg¢ = 0}

is a smooth, homogeneous submanifold of dimension n. Associated to ¢ is the map

ip: Cp = TU ip(z,0) = (z,d,p(x,0))

For any such phase function, the map ¢4 is a Lagrangian immersion and its image is an
immersed homogeneous Lagrangian submanifold of 7*U. We say that ¢ parametrizes

the image of 4.

Definition 2.1.1. Let A € 7*X \ 0 be a homogeneous Lagrangian submanifold. We
say that u € D’ (Q%,X ) is a Lagrangian distribution of order m with respect to
A if for each p € X, there are local coordinates around p in which © can be written in

the form

(2.1.1) u(r) = (27r)_(”+2N)/4/ a(z,0)e@0) d6 |dx|2

RN
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Where a(z, ) is a classical amplitude of order £k = m + (n — 2N)/4 and ¢ is a non-
degenerate phase function parametrizing the open subset of A lying over this coordinate
patch. We write I™ (X, A) for the set of all homogeneous Lagrangian distributions of

order m on X.

2.1.1. The symbol of a Lagrangian distribution

If w € I'™(X,A), the leading order part of the amplitude ay(z,0) appearing in the
representation is not invariant and depends on the choice of phase function.
However there is a notion of the ‘leading order part’ of u which does not depend its
local representation. This is called the symbol of u and is written as o(u). The symbol
of a Lagrangian distribution is a smooth, homogeneous half density on its associated
Lagrangian A, tensored with a section of a flat, complex line bundle I. — A called the
Maslov bundle. We now review how this is defined. Writing u locally in the form ,

we observe there is a canonical density on the critical set Cy, namely

dc¢ = F*50 F(ZE,@) = (8@1¢(l’,8),...,89N¢<J],0>)

Since we will discuss the pullback operation as a Fourier integral operator later on, we
pause here to explain exactly what F*§, means. Of course, for u € C®(U x RN \ 0),
the pairing (F*dp, u) should mean ‘integrate u over the fiber F~1(0)’, but this requires
a density on F~1(0). Hence we are identifying F*d, with this density. To calculate d¢ "
notice that the non-degeneracy condition of ¢ implies that C;, = F'~*(0) is a submanifold

and for each p € Cy, dF induces the exact sequence

0 — T,Cs — T,(U x RN\ 0) = ToRY — 0
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Letting (y1,...,yn) be coordinates on the co-domain R¥, the densities |dz ® df| and
|dy| on U x R\ 0 and RY define a density on Cy in the following way: choose any basis

v, ..., v, of T,Cy. Complete this to a basis of T,,(U x R \ 0) by adjoining (w1, . .., wx).

Then let
|dx @ df| (v, ..., U, w1, ..., WN)
de, (V1,...,0,) =
oLt o) = T AR (wn), . dBy ()
If one chooses local coordinates (A1, ..., A,) on Cy and sets v; = 0,,, w; to be a basis of

T,(U x R¥\ 0)/T,Cy dual to the basis d(dy,¢) of (T,Cy)" C T¥(U x \RN \ 0), then this

formula reduces to

(2.1.2) de, =

-1
a()\a d9¢)
(z,0) ‘ 42

where the prefactor is the reciprocal of the Jacobian determinant of the map

G:UxRY\0—=R"™  G(z,0) = (\(x,0),dpo(x,0))

Definition 2.1.2. Suppose that v € I"(X, A) with the local representation (2.1.1)). We

define the half density part of the symbol, o(u) by

(2.1.3) o(w)(\) = (i5')° (ak(x,e)\/dz) A€ iy(Cy)

And this does not depend on the choice of local representation.

There are three separate notions of ‘order’ appearing so it useful to pause and relate

them. They are

(1) The order of u as a Lagrangian distribution, i.e. the m so that u € I"™(X, A)



22

(2) The order of the amplitude of w in any local representation (2.1.1)), which is
m+ (n—2N)/4.
(3) The order of o(u) as a homogeneous half density on A. This is m + n/4.
To see that (3) holds, notice that any choice of local coordinates \; on Cy are necessarily
homogeneous of degree 1, so the Jacobian matrix whose determinant appears in (2.1.2))

written out in block form is

O\ dgp) [ Az N
(bzé) <Z590

oz, 0)
The upper diagonal block has entries which are homogeneous of degree 1, the lower degree
—1. The off diagonal block entries are homogeneous of degree 0. One can check from
the formula for the determinant of a block matrix that the determinant is homogeneous
of degree n — N. Hence ,/dc, is homogeneous of degree (N —n)/2 +n/2 = N/2. This

makes the half density symbol homogeneous of degree m + n/4 on A.

2.2. Examples of Lagrangian distributions

In this section we enumerate commonly encountered Lagrangian distributions and cal-

culate their order and symbol.

2.2.1. Lagrangian distributions in one dimension

Suppose that A € T*R \ 0 is a connected, homogeneous Lagrangian submanifold. Say
(t,7) € A, with 7 > 0. Then A contains the entire half line {(¢,7) | 7 > 0} by homo-
geneity. On the other hand, it cannot contain any point in the lower half line over ¢ or in
the fiber over any other point by connectedness. Hence A = Aj” = {(¢,7) | 7 > 0}. This
means that the only (second countable) homogeneous Lagrangian submanifolds of 7T*R

are countable disjoint union of positive and negative half lines. Thus the basic example
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to understand are Lagrangian distributions associated to A{. Any u € I"™(R,A{) can

be written as

(2.2.1) u(t) = (2#)_% /000 a(t,7)e" dr

Where a(t,7) ~ ap(t)7F + ap_1(¢)7" "1 4+ .-+ and k = m — ;. Since @(t,7) = tr, Cy =

{(0,7) | 7 > 0} and d¢, = |dr|. Therefore,

(2232) 7(w)(7) = ao (0)7" 7

Indeed, by proposition 1.2.5 |21], replacing ay(t) with another function having the same
value at t = 0 only changes u by an element of ™! (R, AJ). Therefore the leading order
behavior of u is controlled only by ax(0) and iterating this shows u is equivalent, modulo

I7(X,A{), to a Lagrangian distribution whose amplitude has constant coefficients,

a(T) ~ apm® + ap_ TV -

This means that the basic objects to understand are the distributions

(2.2.3) up(t) = (271')%/ el dr
0

We notice that vy(¢) is nothing more than the inverse Fourier transform of the power

distribution Ti’l defined, for Re7 > 0 by
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(2.2.4) () = /0 T A (r) dr.

It turns out that Ti_l can be extended to a meromorphic family of distributions with

poles at the non-positive integers. See |22|,|15], or [11] for an extensive treatment of

these distributions. The inverse Fourier transform (12.2.3) has the explicit formula

AT

e2T'()\)
V21

(2.2.5) vx(t) = (t +140)~*.

Here, the distribution (¢ +40)~ is the entire analytic continuation of the distribution
defined as the boundary limit of the principal branch of z=* on upper half plane when

ReA > —1,

o0

((t+1i0)*,¢) = lim : (t +ie)p(t) dt

To understand ([2.2.5)), first suppose that Re A > 0. Let A be a complex number with

positive real part. By changing variables in the formula for the gamma function, one has

that

/OO TA_l efAT d A*/\
T = .
o T'(A)

Setting A = (¢ — it), one gets, for each € > 0,
R A iZA A
——e"Te Tdr = (e —it) "t = €27 (t +ig) .
/0 I'(A)

Now we just note that as ¢ — 0, the left hand side converges to the integral
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0 7_)\71 "
——e"dr
/0 I'(A)

which has meaning as a distribution in ¢; it is the inverse Fourier transform of the
regularized power distriubtion 72 /T'(\). The right hand side converges to ' (t-+i0) ™,
so these are equal as distributions. Since both sides are analytic in A, (the left being the
Fourier transform of an analytic family of tempered distributions), the holds for

all A € C. To summarize, we have shown the following:

Proposition 2.2.1. Suppose that u € [m_%(]R, AS). Then u is equivalent, modulo

C*®(R), to the asymptotic sum

(226) u(t) ~ am(t + ZO)_m + am—l(t + io)—(m—l) + .

If b,, is the coefficient of Ter%’dT’% in o(u), then

0, = by, S L)
(2m)’

This formula will appear crucially when we consider the Duistermaat-Guillemin wave

trace in section [2.5]

2.2.2. Conormal distributions

Let S € X™ be an embedded submanifold of codimenison d. The conormal bundle of S

the sub-bundle of T* X whose fiber at each point is the annihilator of the tangent space
of S,
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(2.2.7) N*S ={(2,6) e T*X |z €S, £ € T*X, |p,s = 0}

N*S is a rank d vector bundle over S. For any S, N*S is a homogeneous Lagrangian
submanifold of T*X. We say that v is a conormal distribution relative to S if
u € I*(X, N*S). To describe them more explicitly, let p be a point in S and select local
coordinates x = (2, 2”) such that S = {z” = 0}. In these coordinates the linear function
¢(z,0) = 2" - 0 (where v - w is the Euclidean inner product) is a non-degenerate phase

function parametrizing N*S near p. Therefore, we can write u locally as

_ n+42d

(2.2.8) u(z) = (2m)” 4 /Rd a(z,0)e™" d9]dw|%

The critical set of the phase is C, = {(2/,0,0)} so we may take (2’,6) as coordinates
on Cy and an easy calculation shows that d¢, = |dz’ @ df|. The Lagrangian immersion

associated to ¢ is

iy : (2/,0,0) — (2/,0,0,0),

so if ag is the leading order term of the amplitude of u then the half density part of the

symbol of u is

(2.2.9) o(u)(z',0,0,0) = ag(’,0,6)|dz’ A df].

Although this is an explicit formula, the half density |dz’ ® df| depended on the choice

of local coordinates at p. It is desirable to have a canonical half density on N*S which
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can be used to view the symbol of u as a scalar. We now explain how a choice of half
densities px and px on X and S determine a half density =g on N*S. This gives a useful
geometric interpretation to the symbol of both examples of conormal distributions which
follow. For p € S, let N, C T7 X denote the subspace of covectors which annihilate 7,5,
i.e. the fiber of N*S over p. Suppose we have fixed a point ( € N*S with 7({) = p.

Taking the derivative of the projection 7 : N*S — S at ( gives the exact sequence

(2.2.10) 0—= TN, - TN*S —T,5—=0

Using this, half densities on the fiber NV, and S determine one on N*S. We already have
a half density on S, so we need a canonical half density on the fiber N,. We have the

second exact sequence coming from the restriction map of a covector to 7'S,

(2.2.11) 0= N, > T X =175 —0.

Letting Q2 x and Qg be the half densities on 7*X and T*S induced by the symplectic
volume form, the ratios Qx/ux and Qg/ps determine half densities on the fibers X,
T,S5. The exact sequence then determines a half density v on N,. The first exact
sequence together with v and pg then determine the half density on N*S. To calculate
this concretely, we again work in local coordinates such that S = {z” = 0} and write
p=(2',2"). Let pux = fx(2',2")|d2’ ®da"|z and v = fg(a)|d2’|2. The dual coordinates
also split & = (£,¢”). The half densities Qx/ux and Qg/us are fx'(z/,0)|d¢’ @ df”\%

and fs_l(x’)|d§’|%. On N, these determine the half density
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fs(2)
fX(:L‘/7 0)

Using the first exact sequence we finally arrive at

|de” |2

—_ f§($’) / m i
=g = =2 |da' NdE"|2
)

Where the coordinate half density |da/AdE”|2 is the same as | /dc , in the local calculation.

The next three examples are all conormal distributions.

2.2.3. The d5 density along a submanifold

Suppose that S C X™ is an embedded submanifold of codimension d. If f € C*(X),

the pairing

(2.2.12) (f.0s)

Should of course mean ‘restrict f to S and integrate’. However, we want to let dg act on
smooth half densities, and we need a density on S to integrate against. Let ¢ : § — X
be the inclusion map. If we fix half densities uxy and pg on X and S as before, we can

simply extend the restriction map to half densities by the rule

(2.2.13) i (fpx) = flsps

and then define the action of dg on half densities by
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(2.2.14) (0s, f 1x) I/Sﬂsué

To analyze this further, we look at it locally. Suppose that we choose local coordinates
r = (2/,2"”) in an open set U such that SNU = {2’ = 0}. As before, let pxy =

Fx(@, 2")|da' A da”|2 and pg = fs(a’)|da’|2. Then by Fourier inversion,

2(
S(x) —iz""-0 1
Rd fX(xlyiU")e Al

[NJisH

(2.2.15) g = (2m)~

The number of phase variables is d and the amplitude is order zero, so the order of dg

as a Lagrangian distribution is —7 + g. The phase critical set is

Oy ={(2',0,0)} C U x R

The image of 44 is the set {(2/,0,0, =)} C T*M which is N*S. To compute dc,, use

the coordinates (z',60) on Cy. Then we have

(2.2.16) do, = \dz’ A df| = |dz’ A db)|

In summary,

Proposition 2.2.2. Suppose S is a codimension d submanifold of X. Let dg be the
0 distribution on S relative to the half densities pux on X and vsg on S. Then dg €
[75T5(X; N*S). In coordinates x = (z',a") such that S = {z”" = 0}, the half density

symbol of dg is
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f3(«')

Falw,0) 4 NI =Es

(2.2.17) o(d) =

where px = fx(a/,2")|da’ A dz"|2 and ps = fs(a')|da’|2. The symbol is exactly the

canonical half density on N*S determined by px and pg.

2.2.4. The kernel of pullback along a smooth map

Let FF: Y™ — X" be a smooth map. The pullback map,

F*:0®(X) = C®(Y) F*g=g(F(y)),

acts on smooth functions but we can extend to it act on half densities by choosing half

densities px and puy on X and Y. We then define

(2.2.18) F*:C®(X,Q2) = C®(Y,03)  F*(gux) = F*guy.

In local coordinates y; in a neighborhood U of p € Y and x; in a neighborhood V' of

F(p) € X, write ux = fX(I)|d$|% and py = fY(y)|dy|%' Then

. _n fr(y) i6-(F(y)—z) 1 1
2. K+ = 2 — V=2 d0\dx|2 |dy| 2

is the kernel of the pullback map (2.2.18)) relative to these coordinates. The phase
d(x,y,0) = (F(y) — z) - 0 is non-degenerate with Cy, = {(y, F(y),0)} C U x V x R" and

the parametrization
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l.fb : (F(y),y,@) = (y,deQ,F(y), _9)

has image which is equal to N*I'r, the conormal bundle to the graph I'r C Y x X. If
we take (y,) as coordinates on Cy then one can check that d¢, = |dy A d9|% and thus,

in the coordinates (y,6) on N*I';, the half density part of the symbol is equal to

Ty (y)

(2.2.20) o(Kp) = =W

|dy/\d9|

In order to give a more satisfying interpretation of the symbol, notice that our choice of
half densities ,u% on X and v2 on Y gives us a half density on Y x X (their product,
Ve ®,u%) and one on I'y (identity I'y with Y and take V%). According to section 3.2, these
then determine a half density, ¢(v2 ® 2z, v2) on N*I'y. We claim that ¢ written in (y, 0)
coordinates on N*I'; is exactly (2.2.20)). Lastly, note that the order is 0—(n+m—2n)/4 =

(n—m)/4.

Proposition 2.2.3. Let F' : Y™ — X" be smooth map and px,uy be smooth half

densities on X and Y. The pullback map F*(gdux)(y) = g(F(y))uy (y) has distribution

kernel K p- T (Y x X, N*T'p) where T'p is the graph of F. The half density symbol
15 equal to
(2.2.21) o(Kp+) = Er,

Where Zr,, s the canonical half density on N*I'p induced by the density py on I'p C

Y x X and py @ px on'Y X X as described in section [2.2.9
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2.2.5. The kernel of pushforward along a submersion

Suppose that F': X"k — Y* is a smooth submersion. As usual we fix half densities jux
and gy on X and Y. In the previous section, we saw that this gives us a pullback map

on half densities

F*: C®(Y,Q7) — C®(X, Q7).

We now define pushforward as the formal L? adjoint of this map. That is, for half

densities «, f on X and Y we define the pushforward map

(2.2.22) F,: C®(X,02) = C®(Y,Q2) (Foa, B) 120y = (o, F*B) 12(x)

Write @ = aux and f = buy with a,b smooth functions and define F.a by F.a =

(Fya) pty. Then we can rewrite the definition of F, as

(2.2.23) /Y (Fua) ()bly) 2 = / a(2)b(F(2)) i

X

At each point p € X, let ¢ = F(p). The derivative dF,, induces the exact sequence

0— T,F ' (q) = T,X = T,Y —0.

As we have seen several times now, the half densities ux and py determine the ‘quotient’
half density on the fibers F'~(q), ux/py. Using the same exact sequence, we may write

o= % ® py, where the quotient is another half density on the fibers. Define



(2.2.24) (F.a)(y) = (/F 28 “—X> ny

-1y Yy My

To compare this to the original definition of pushforward, we observe that

(Fea, B) 12y :/Y(/Fl(y) a(z) %) b(y) s

(0, F*B) = /X a()b(F ()%
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are equal by Fubini’s theorem, so formula ([2.2.24]) is correct. To make this more concrete,

we can write F, in local coordinates chosen so that F' has the form

F(ml7x//) — 1‘//

Then, with ux = fx(2/,2")|dx’ A dl‘"|%, Hy = fy(y)ldylé,

a _px / , fxELy)
— ®— = [ a2, y)=——F|dx
/F—l(y) Hy  fy ( ) f)zz(y) 4z’

so the half density kernel of F} is

i0-(y—az"’ xlvx” 1 1
(2.2.25) KF*(y,:c):/Rkew(y >%1d9uda¢yzydy|2.

The phase ¢(z,y,0) = (y — 2”) - 6 is non-degenerate and the critical set is Cj

{(z", (2',2"),0)}. The parametrizing map is

ip: (2", (2, 2"),0) — (2,0, (2", 2"),(0,—0)) C T*(Y x X)
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and if we view 6 as the dual coordinate to z”, then the image of i, can be identified with

(N*Tp)! = {F(x),0,z,—dF0) | 6 € TiwmY '}

Where we write the superscript ‘T’ to mean ‘reverse the X and Y components’ i.e. for

a subset C' C T*X x T*Y,

CT ={(y,n,z,8) | (x,&y,m) € C}.

We also see that the symbol of F is the same canonical half density on N*I'r induced by
px and py as for the pullback map. The order is of course —(n+k+k —2k)/4 = —n/4,

which is equal to (dimY — dim X')/4, the same as for pullback.

Proposition 2.2.4. Let F : X"* — Y* be smooth submersion and px,ity be smooth

half densities on Xand Y. The pushforward map on half densities defined by

(Fea, B) r2(vy = (0, F*B) r2(x)

has distribution kernel Kp, € 17 (Y x X, (N*T'r)T) where ' is the graph of F' and the
transpose ‘T" means flip the T*X and T*Y components. The half density symbol is equal

to

(2.2.26) o(Kp:) = Zp,

Where Zr,, s the canonical half density on N*I'p induced by the density py on I'p C

Y x X and py @ ux on'Y x X, the same as for the pullback map.
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2.2.6. The half wave kernel on a Riemannian manifold

Let (X", g) be a closed Riemannian manifold, A be the non-negative Laplace operator,
and D, = —id,. The smooth half density |dtz ® |dVg|% determines an isomorphism
between smooth half densities and smooth functions with which we lift the half wave

operator, D; +v/A to act on C‘”(Q% ,R x X) and we consider the initial value problem

(2.2.27) (Di+VA) u(t,2) = 0

Let U(t,z,y) be the kernel of the unitary operator exp —itv/A, the propagator of the
initial value problem. Since our primary goal is to understand Lagrangian distribu-
tions symbolically, we choose not to include a detailed construction of a parametrix
(approximate kernel) for the propagator. For these details see one of the many excellent
expositions [32][1],|37],|24]. A consequence of these local parametrix constructions is

that the propagator kernel is a Lagrangian distribution,

(2.2.28) Ult,z,y) € IT(R x X x X,C")

where C” is the space-time graph of the geodesic flow inside T*R\ 0 x T*X \ 0 x T* X \ 0

(2229) C' = {(t, 7',31),5, Y, _77) | T+ |€|g(x) = 07 G_t(xa g) = (yv 77)}

There is a Lagrangian immersion parametrizing C",
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(2.2.30) L RXT*XN\0O— ' Wtz &) = (t, —|§|g(x),x,§,G*t(x,§))

and the domain carries a natural half density |dt|2 ® ||z, where |Q |2 is the symplectic
half density on T*X. We describe how to calculate the half density symbol o(U) of
U(t,z,y) in a rather indirect way. Let P = D, + VA, and p denote its principal symbol.
Since PU(t,z,y) = 0 and o4, (P) = 0, the first transport equation, theorem 5.3.1, [9]

implies that

1
(2.2.31) ~L,0(U) =0

If we write o*o(U) = o(t, z,y)|dt|z @ |Qx|2 then we are reduced to calculating the scalar
0. The integral curves of vector field H, pull back to curves of the form (¢,z,§) —
(t+s,G*(z,€)). The half density |dt|z ® |Q2x]| is constant along these curves because G*
preserves the symplectic form on 7% X, so the transport equation implies that o(¢, x, &)
must be as well. Furthermore, we know that at ¢ = 0, o(U) = o(Id) = |Qx|2, thus

0(0,z,y) = 1. If we write an arbitrary point (¢,z,§) € R x T*X \ 0 as

(t,,8) = exp(tH,)(0, G™'(x,))

then the fact that o is constant along the integral curves of H, implies that o(¢,z,y) = 1.

Thus

(2.2.32) Ho(U)) = |di]2 ® Q|2
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2.3. Fourier integral operators

Recall that a linear operator A : C*°(X,Qz) — D/(Y,Q2) is equivalent to a distribution
in D'(Y x X,Q2) by the Schwartz kernel theorem. As we saw in the case of pullback
and pushforward, it may be that the kernel of an operator is a Lagrangian distribution.

In this case we call the operator A an Fourier integral operator.

Definition 2.3.1. A linear operator A is a Fourier integral operator if its kernel K4
is eual to a Lagrangian distribution; K4 € I"(Y x X, A) modulo C* kernels for some

homogeneous Lagrangian A C 7*(Y x X) \ 0. If this is the case, the set

C=N={(ynz-E|(ynmz e}

is a Lagrangian submanifold of 7*Y xT™ X with respect to the symplectic form wy & —wy.
We call C' a canonical relation and we will write A € I"™(Y x X;C) to mean K, €

I'™(Y x X;C") modulo C* kernels.

Our main goal is to study the composition of Fourier integral operators which isn’t
possible unless they map smooth half densities to smooth half densities. This is not

always the case, but is true when their canonical relations satisfy a mild condition.

Proposition 2.3.2. Suppose that A € I"(Y x X,C) and C C T*Y \0Ox T*X \ 0. Then

A:C™(02,X) = C®(Q2,Y).

And A extends uniquely to a continuous mapping on half density distributions,

A:D(Q2,X)— D'(Q2,Y).
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Note that in general the canonical relation of a Fourier integral operator A cannot contain
a point which lies in the zero section of both factors, but it can contain points of the form
(y,0,2,€) or (y,n,z,0). It is these cases we need to rule out in order for A to preserve
smoothness. To prove this, observe that theorem 2.2.2 |6] implies that that WF'(A) c C

and hence WF'(A)y = @. Then by the standard wavefront set calculus,

(2.3.1) WF(Af) C WF'(A) o WF(f) U WF'(A)y

so if f is smooth this set is empty, and Af is smooth. Note that since AT € I"(Y x
X, C7T), the same argument implies that A7 maps smooth half densities to smooth half

densities and thus A is extendable as a continuous map on half density distributions

A:D'(X,Q2) = D'(Y,Q2).

We state a preliminary version of the composition theorem for Fourier integral operators

which we refine in section [2.4]

Theorem 2.3.3. Suppose Ay € I"™ (Y x X;C4) and Ay € 1"™(Z xY;Cy). Suppose that
C; contain no elements of the zero section in either factor and that Cy x Cy intersects
T*Z x Apsy X T*X cleanly, where Ap«y C T*Y x T*Y s the diagonal. Then the set

theoretic composition

CooCy = {(z,w,x,&) | Iy,n) € T*Y; (z,w,y,n) € Cyand(y,n,x,&) € C1} CT*Z\0OXT*X\0

1s an tmmersed canonical relation and
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AQ OAl € Iml+m2(Z X X, Cyo Cl)

Under the clean intersection assumption, there is a bilinear composition map on half

densities,

o1 C™(Cy; Q7)) ® C(Cy; Q2) — C(Cy 0 Cy; Q2)

and

0(As0Ay) =0(As) oa(Ay).

2.3.1. Fourier integral operators associated to a canonical graph

Let x : T*X \ 0 — T*Y \ 0 be a homogeneous symplectomorphism (canonical transfor-

mation). The graph of ¥,

Oy ={:n,2,) | (y,n) =x(,} CTY\N0OxT*X\0

is a homogeneous canonical relation from 7*X to T*Y. Suppose that A € I"™(Y x X;T')
is a Fourier integral operator associated to this canonical relation. A local oscillatory
integral representation for the kernel K4 of A can be obtained by choosing a local
generating function for y. That is, a function ¢ (z,8) defined on U x R™ for an open

subset U C X which is homogeneous of degree one in 6 and satisfies

(2.3.2) X(x,d0(x,0)) = (dgtb(z,0),0).



40

We claim that ¢(z,y,0) = ¥ (x,0) —y-0 is a non-degenerate phase function which locally
parametrizes the canonical relation I'y. We observe C, = {(z,9,0) | v = dp(z,0)},

dy¢ = dy2p, and dy¢ = —0 Hence image of the immersion 44 is the set of points

(2.3.3) i(Cy) = {(do0(,8), =0, z,dp1)(z,0)} CT*(Y x X)

Which is equal to I'\ when we identity 6 € R™ with the covector 6§ - dy lying over the
point y € Y. We also note that C, is a graph over the (z, #) coordinates. It follows from

this observation that

-1
8(1‘, 67 d9¢ — y)

2.3.4 de, = dx A db).
(234 =" o) | TN
The prefactor is |det J| ! where

I 0 0
(2.3.5) J=1 0 o 1 |,

v —1 gy

which is equal to 1 by expanding along the top row, so d¢, = |dz A df)|. Now since Iy
is a canonical graph, its right projection mp : Iy, = 7% X \ 0 is a diffeomorphism. This
means we have a canonical half density on I'y given by the pullback of the symplectic
half density on 7*X, |Qx|2 = |dz A d|2. Since € = d,¢b under the immersion i4, we

have that
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Id 0
(2.3.6) x,8) _ ,
8(:[;, 0) " "
Tx z0
which means
(2.3.7) \dae A dO] = [ | |d A d|.

1 1
Relative to the pulled back symplectic half density Q2% = |dx A d€|2, we can view the
principal symbol as the scalar o(u) |dz Ad€ |_%. We have just shown that the half density

part of the symbol is

(2:3.8) i7, (o) = ao(x, 0) | 2.

where as usual, ag is the leading order part of the amplitude in a local expression for

Ky.

Proposition 2.3.4. Suppose that A € I™(Y x X,C) where C is the graph of the ho-
mogeneous canonical transformation x : T*X — T*Y. Suppose that ¥(z,0) is a local
generating function for x in the sense of (2.3.2)). Then the kernel of A can be written

locally as

(2m)™ / a(z,y, 0)e' @)=y g
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For a classical amplitude of order m + @ =m. Let g : C'— T*X be the projection
onto the right factor and |dx A d§|% = WE|QX|% be the pullback of the symplectic half

density on T*X. Then the half density part of the symbol of A is equal to

(2.3.9) 7 (A)(,€) = am(, dtp(,0), 0) |, 0) | A €2
where (x,0) € Cy is such that (x,d,(x,0)) = (x,§) € T*X..

As an important example of this class of operators, suppose that X = Y and y is the
identity map on T*X. It is easy to verify that ¢ (z,0) = -0 is a local generating function

for the identity. Thus, if A € I"(X x X;T'lq) we can represent the kernel of A locally as

(2.3.10) }(A(x,y)::(Qﬂ)”h/n @00 (g . 0) db|da] |dy >

n

where a(z,y,0) is a classical amplitude of order m. On the critical set, y = = and the
image of the point (x,z,6) under i, is the covector (z,0,z,0) € T*X \0xT*X \ 0. Since
¥.9 = Id, the symbol of this operator is just the top order part of the amplitude on the

diagonal times the symplectic half density
o(A) = ag(z, z,0)|dx A db)2.

2.4. Symbolic composition

A homogeneous canonical relation is called weighted if it comes equipped with a smooth,
homogeneous half density. Suppose that (Cy,01) C T*X \ 0 x T*Y \ 0 and (Cy,02) C

T*Z\0xT*X \ 0 are weighted homogeneous canonical relations from 7*Y to T*X and
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T*X to T*Z. In this section we describe how to compose these to get a third weighted

homogeneous canonical relation, (Cy o Cy, 09 0 07) from T*Y to T*Z,

Cy0Cy ={(z,¢,y,m) | Iz, &) € T*Y\O, (2,(, z,8) € Co, (x,&,y,m) € Cr} CT*Z\OXT*Y\0

As mentioned in section this is only possible when C; and (5 intersect cleanly, to
be discussed later on in this section. First we describe the linear algebraic version of

composition which is always possible.

2.4.1. Composition of linear weighted canonical relations: abstract descrip-

tion

Let V, W, U be symplectic vector spaces of dimensions 2m,2d, and 2n respectively. Sup-
pose that C; C W~ x V and Cy C U~ x W are linear canonical relations (Lagrangian

subspaces) from V' to W and from W to U. We define the set theoretic composition

(2.4.1) Cy0C) ={(u,v) e U™ xV | Jwe W, (u,w) € Cy, (w,v) € C1 },

and also the set

(24.2) F=(CoxC)NUx Ay xV)={(u,w,w,v) | (u,w) € Cy, (w,v) € Cy}.

We also define two maps central to the theory of composition to follow,

(2.4.3) T:Cox O =W 7 (u,w,w',v) = w —w
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(2.4.4) a:F— CyolCh a: (u,w,w,v) — (u,v)

Associated to each of these maps is an exact sequence which we will make heavy use of

in what follows. They are,

(2.4.5) 0= F—->CixCy—=W = coker 7 — 0

(2.4.6) 0> kera — F — Cy0C; — 0.

The first thing to understand is the so-called canonical pairing between ker a and coker 7.

Lemma 2.4.1. Identifying ker v with a subspace of W in the obvious way, we have

(2.4.7) kera = (im 7)*.

If w € ker o, then the association

w = Ly(+) = ww(w, )

defines an isomorphism between ker o and (coker 7)*. In the terminology of Guillemin,

ker a and coker T are canonically paired by the symplectic form.’
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PROOF. We first prove the inclusion im7 C (kera)t. Fix some w' —w € imT,
with (u, w,w’,v) € Cy x Cy. Observe that wy € kera means that (0,wy) € Cy and

(wp,0) € Cy. For any such wy,

(2.4.8) ww (W' — w, wp) = ww (W', we) — wyw (w, wp).

Since (u,w) € Cy, (0,wy) € Cy, and Cy C U~ x W is Lagrangian,

w (w, wo) — wy(u,0) = ww (w,wy) =0

By the same argument, we find that wy (w',wg) = 0. Hence ([2.4.8)) is equal to zero,
which proves the first inclusion. Next, we have to prove that (im7)* C kera. To this

end, suppose that wy € W satisfies

(2.4.9) ww (wo, w" —w) =0

Whenever there exists u and v such that (u, w,w’,v) € Cy x Cy. In particular, using the

fact that (0,0) € C;, we may assume that

w (wo, w) =0

for all w in the right projection of 5 and all w in the left projection of C;. We have to
show that wy € ker «, or equivalently, that (0,wg) € Cy and (wp,0) € C;. To this end,

suppose that (u”,w”) € Cy is arbitrary. Then

wU—XW((u”a w//)a (07 U)o)) = CL)W('UJ”, U)()) =0
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Since (5 is Lagrangian, (0,w) € Cy. The same argument shows that (wg,0) € Cj, i.e.
wy € kera. For the last assertion, suppose that w € kera. Then ¢, = wy (w,-) is a
linear functional on W that vanishes on the symplectic complement of ker a which is
im 7. Hence ¢, descends to a well-defined linear functional on coker 7. This association

is an isomorphism since the dimensions of ker a and coker 7 are the same.

The first consequence of this lemma is the fact that C5 o Cy is a canonical relation.
Proposition 2.4.2. C5 o C is a Lagrangian subspace of U~ x V.

PROOF. [t is easy to observe that Cy o C is isotropic; if (uy,v1), (ug, v2) € Cy 0 CY,

choose wy,wy € W so that (u;, w;, w;,v;) € Cy x Cy. Then

wU*xV((Ula Ul), (U2>U2)) = WV(U17U2) - WW(wwa) + ww(wl, wz) - WU(ULUQ) =0

since both terms on the right hand side are zero using the fact that C; are isotropic. Using
the exact sequences (2.4.5)) , together with the lemma we can count dimensions to
verify that C5 o 'y is Lagrangian.

O

Next, suppose we have half densities o; € |C’Z|% on each canonical relation. The next
proposition is almost the recipe for composition. It is the crucial isomorphism to under-

stand concretely.
Proposition 2.4.3. There is an isomorphism T : |Cs|2 ® |C1|2 — |Cy 0 Cy|2 ® |ker

PROOF. The entire point is to understand this isomorphism explicitly. In order to

do this we begin by fixing a non-zero half density p on Cy o . Then the content
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of this proposition is that o, 0, determine a unique density v on ker a by the rule
T(o2®01) = p®v. To describe the density v, we will fix another non-zero half density n
on F. Using the exact sequence ([2.4.6)), u and n determine the quotient half density p/n
on ker a. Next, using the other exact sequence , the product half density o9 ® oy
on Cy x (] together with y determine the quotient half density % on im7. So far,

schematically, we have

(2.4.10) 02®01=77®02®01=Z® o 220
Now the short exact sequence
(2.4.11) 0 —im7 — W — coker7 — 0

determines a half density & on coker 7, the ratio of the symplectic half density on W and

the o9 ® 01 /n from above, so that

Now 7' is a —1 density on coker 7, and the isomorphism (coker 7)* 2 ker v means that

£~1 uniquely determines a half density on ker ov, which we call ¢’. In the end we get

09 ® 01
n

and putting this back into (2.4.10)),

>l
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(2.4.12) oy o1 2 pu® Z ®¢

The last two factors are both half densities on ker «r, and their product is the density v.

g

It may seem as though this construction depended on the choice of 7, but roughly
speaking & goes like n~! which cancels out the other 7 factor appearing. The argument
of lemma 2, page 27 of |17] shows this independence rigorously. However, to practically
compute these objects it is useful to make a choice of 7. It may happen that kera = 0
and in this case the isomorphism 7" becomes much simpler. The next proposition explains

this case.

Proposition 2.4.4. In the terminology of this section, suppose that keraw = 0. Then
[ker o = R and there is a unique half density p € |Co0Ch|2 such that T(oy®0y) = p®1.
The half density u is the quotient of co®ac by the symplectic half density \QW]% according

to the exact sequence

(2.4.13) 0= F—=CxCy—=W —=0.

PROOF. The assumption ker & = 0 means that F' = Cy 0 and 7 is surjective. The
exact sequence reduces to . Let p be the half density on F' = (5 o ()
determined by and |Q|2. The exact sequence with p determines the half
density 1 on ker a. On the other hand, the half density that y determines on im7 =W
is by definition |QW|% This means the half density on coker 7 is 1, and so is the half

density on ker o we get by duality. Thus in the end we get 05 007 = 1 ® u as stated.



49

2.4.2. Examples of compositions of weighted linear canonical relations

Before describing how to pass from the case of linear canonical relations to cleanly
intersecting canonical relations on cotangent bundles, we work out three examples of
linear composition. The first are included in the special case kera = 0 of the above

proposition.

Proposition 2.4.5 (Composition of linear canonical graphs). Let A; : V. — W and

Ay W — Z be canonical transformations and let

Cr={(Aw,v) |[veV}cW xV  Cr={(Aw,w) |weW}cU xW

be the graph canonical relations of each A;. Let o; be the canonical graph half densities
coming from the symplectic form on V', W. That is, o; assigns the value 1 to the basis

(Aej, e;), (Af;, f;) where (ej, f;) is any symplectic basis of dom A;. Then

CQ o Cl = {(AQAﬂJ,AfU,AﬂJ,U) | v E V}

is the graph canonical relation of As 0 Ay and T(09 ® 01) is identified with the canonical

graph half density.

PROOF. It is easy to check that the set theoretic composition is the graph of
Ay o Ay and clear that keraw = 0. We need to verify the assertion about the com-
posite half density. Choose a symplectic basis (ej, f;) of V. This gives us the basis
(AsAve;, Avej, Avej,e;), (AdAr f;, Aufy, Aufy, f;) of F. We complete this to a basis of
Cy x C} by adding (0,0, Aye;, e;) and (0,0, Ay f;, f;). Call this basis B. Now the com-

posite half density p € |Cy 0 Cy|2 2 |F|2 is, according to proposition
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01@02(‘3)
2.4.14 AsAvej,e5), (A2Arf;, f5)) = T
( ) n(( ), (A2A1f5, ) O[5 (Ares A7)

Now since A; is a canonical transformation, the denominator is equal to 1. The numer-

ator is equal to |det A| where A is the matrix taking the product basis

B, - {(AQAlejaAlejaovo)a (AQAlijAlfjaO70)7 (0,0,Alej, 6j)7 (OvoaAfjv f])}

into the basis B. The matrix A is a block matrix of the form

A:
0 1

Hence |det A| = 1. This proves p is the canonical graph half density on the composite.

g

To preface the next example, suppose that V' is a symplectic vector space. A Lagrangian
subspace L C V can be viewed as a canonical relation from V' to the zero vector space.
Given two Lagrangian subspaces L; and Ly of V', we let LT = {(¢,0) | £ € L;} C V™ x 0.
Then Ly o LT is a canonical relation from the zero vector space to itself. Half densities
on each L; determine a half density on the zero canonical relation, otherwise known as

a number. We call this number the canonical pairing of 0; and o5 and denote it by

(02,01)

Proposition 2.4.6. Let Ly and Lo be two transverse Lagrangian subspaces of a symplec-
tic vector space V' equipped with half densities o1 and oo. In the composition, kera = 0
and Ly o LT = 0, the zero canonical relation. The composite half density is identified

with
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09 ® 01

(2415) 0'2®0'1 = 1 ®].
Qv |2
The pairing (o9, 01) is the number
(2.4.16) (02, 00) = 220
Qv |2

PROOF. The fact that L; N Ly = {0} means that kera = 0. By Proposition [2.4.4]
the composite half density is determined by the symplectic half density on V' and the

exact sequence

02>0XLi XxXLyx0—=V —=0
associated to 7.

g

Here is one important special case of the previous proposition. Suppose W is a symplectic
vector space and P : W — W a canonical transformation. Let V =W~ xW 6 L1 = A C
W= x W and Ly = {(Pw,w) | w € W} be the graph of P. Equip each L; with the the

canonical graph half density o; described in proposition [2.4.5, Then

LiN Ly ={(v,v) |veker] — P}

so L; are transverse if and only if I — P is invertible.

Proposition 2.4.7. The canonical pairing (2.4.16)) in the case just described is equal to

det I — P|~z
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PROOF. From the formula, the pairing (o5, 07) is equal to

o1 ® aa((eis €), (fi, fi), (Peis ei), (Pfi, fi)
|QW*><W|%((62'7 e), (fi, i), (Peise;), (Pfi, fi)

(2.4.17)

The numerator is equal to one, and the denominator is equal to |det A|% where A is the
change of basis matrix from the symplectic basis (—e;,0), (—fi,0), (0,¢€;), (0, f;) to the
one we are evaluating on. We just have to verify that |det A| = |det(/ — P)|. The matrix

of A in 2n x 2n block form is

(2.4.18) A=

Subtracting the top 2n rows from the bottom makes the bottom left block zero and we

then see that |det A| = |det I — P)|.

The final example is the generalization of the last example in which we allow I — P to
have a kernel. We again suppose that P : W — W is a symplectic map and claim that

it is always the case that

(2.4.19) (ker I — P)* =imI — P

To see this, notice that for any wy, wy € W,

ww (I — P)wy, wy) = wy (wy, (I — P~ 1)ws).
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Therefore ws is symplectic orthogonal to the image of I — P if and only if (I — P~ w, =
0, or (I — P)ws = 0. This equality also implies that I — P preserves the subspace

V =imI — P. Now we suppose further that

(2.4.20) ker/ — P Niml - P =0.

In this case, the restriction of I — P to V,

(2.4.21) I—-P*:.V =V

has no kernel and the subspaces ker I — P and V' inherit a symplectic structure by the

restriction of wyy.

Proposition 2.4.8. Suppose that P : W — W s a symplectic map satisfying (2.4.20)).
Let Ly = {(w,w) | w € W} and Ly = {(Pw,w) | w € W} be the graphs of the identity
map and P on W equipped with the symplectic graph half densities o;. Then Lo o LT is

the zero canonical relation,
kera = {(w,w) | w € ker I — P},

and the composite half density can be identified with

(2.4.22) oy ®0p 2 |det I — P*|72|Q| ® 1

where || is the symplectic density on ker I — P = ker «v
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PROOF. Choose a symplectic basis (e;, f;), ¢ = 1,...,k of ker I — P and complete

/

this to a symplectic basis of W by adding (e} ,..., €}, fii1,---, fr). The map 7 in this

’n?

case has image equal to Ly + L1 C W x W. The exact sequence

0—=F —>LoxLi—Ly+L;y =0

gives us the quotient half density

09 ® 01

2

where |Q|% is the symplectic half density on F' =2 ker [ — P. To describe v concretely, start
with the basis (e;, e;, e;,€;), (fi, fi, fi, fi) of F = {(w,w) | w € Ly N L1}. We complete
this to a basis B of Ly x Ly by adding the vectors (Pe., e, 0,0),(Pf!, f1,0,0),(0,0,e;,¢€;),

1) )

(0,0, fi, £1),(0,0, ¢, €i), and (0,0, f/, f/). If we choose bases of Lo,L; by taking the graphs

? LY e
of the basis (e1,...,ex, € 1, €, fi,- oo fi, fosts---5 fr) on W, then the basis B of
Ly x Ly differs from the product of these bases by a matrix of determinant one. The

image of the basis B under 7 is the basis of Ly 4+ Ly consisting of the vectors

(2423) (€i7 ei)7 (fla fl)> (6;, 6;), (fz/> fz/)7 (_P€;7 _6;)? (_szlv _.fz/)

By definition, v assigns the value 1 to (2.4.23)). Now consider the exact sequence

O—>L2+L1—>W_XW—>W_XW/(LQ—f—Ll)—)O

we now get a half density £ on the quotient W~ x W/(Ls + L1),

5 _ |QW*><W|%.
14
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To describe it, start with the basis of Ly + Lo, we add the vectors (e;, 0), (f;,0)
in order to complete this to a basis of W x W~. The change of basis matrix, A, from the
symplectic product basis, (—e;,0),(—fi,0),(—€, 0),(—f7,0),(0,¢€;),(0, f),(0,€:),(0, fI) of
W= x W to the basis of W~ x W just constructed has determinant equal to |det I — P#|.

To see this, we let A be this matrix and decompose A into blocks,

B C
A —
D FE
and note that each block can be further written as a block matrix reflecting the decom-

position W = ker I — P@im [ — P. If we subtract the last 2n — 2k rows of the top half of

A from the bottom 2n — 2k rows of A, the D block becomes 0 and the E block becomes

= I 0
0 [ — P#
And since
I 0
B —
0 —1

We get |det A| = |det Bdet E’'| = |det [ — P#|, as claimed. Now this means that £ assigns
the value |det I — P#|2 to the basis (e;,0), (fi,0) in the quotient, W~ x W/(Ly 4 L1).
One can check that the bases (e;,0),(f;,0) of W= x W/(Ly + L) and (e;, e;), (fi, fi) of
ker a = ker I — P are dual with respect to the canonical pairing in lemma [2.4.1} at least
up to a change of basis of determinant one. This means that ¢! induces the density on
ker I — P which assigns the value |det I — P#|~2 to the basis (e;, e;),(f;, f;). Therefore

we finally end up with the density
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Q|2 ® |det T — P#|72|Q)z

on ker o, as claimed. Il

2.4.3. Composition of cleanly intersecting weighted homogeneous canonical

relations

Let XY, and Z be smooth manifolds, compact without boundary, of dimensions n, m,
and d respectively. Suppose that C; C T*X \0x T*Y \0 and Cy C T*Z\ xT*X \ 0 are
homogeneous canonical relations from 7*Y to T*X and T*X to T*Z. In this section we
explain how the clean intersection assumption guarantees that the composition Cy0C; C

T*Z\ 0 xT*Y \ 0 is an immersed, homogeneous canonical relation.

Definition 2.4.9. We say that (5 and (' intersect cleanly the if the following is a

clean fiber product:

Cy «——F

(2.4.24) l” l

T*X\O <T 02

This means that F = (Cy x C1) N (T*Z x Ap«x x T*Y) is a submanifold of T*Z x

T*X x T*X x T*Y and if (p,q) € F, then

(2.4.25) T = {(u,w,w,v) | (u,w) € T,Cs, (w,v) € T,C1 }

Proposition 2.4.10. Suppose that Cy and Cy are intersect cleanly. Then the map 7,
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(2.4.26) To: = Cy0C1  ma(p,q) = (70(p), mr(q))

1S a surjective, proper submersion whose image is an immersed, homogeneous canonical

relation in T*Z x T*Y . We define the excess, e, to be the dimension of the fibers of m,,

1
(2.4.27) e=dimF — 5 dim(T*Z x T*Y)

ProoF. We begin by showing that 7, is a submersion. The derivative of 7, is the

map

d(ﬂa)(p,q) TpgF = Trapa) (T"Z x T*Y) d(”&)(p,q) C(u,w,w,v) = (u,v)

For (p,q) € F', p=((,§) € Co, g = (£§,m) € Cy, let 7(,4) be the map on tangent spaces,

Tpg) © TpC2 X T,Cy — TTT X T, (U, w, W', v) = W' — w

Then we can consider the linearized exact sequences,

(2.4.28) 0 = ker d(7a) pg) = Tip F = Tp,Ca 0 T,Cy — 0

(2429) 0— T(pﬂ)F — TPCQ X Tqu — im T(p,q) coker T(p.q) — 0
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Because [’ is a submanifold, the dimension of T{,, ' is constant and therefore the
dimension of im 7, 4) is constant, equal to dim Cy + dim C; — dim F'. We know from the
linear case that ker d(m,)(p,q) is identified with the symplectic complement of im 7, ;) and
so has constant dimension in T{, 4 F". This shows that 7, is a constant rank, homogeneous
degree one map. The second condition implies that 7, is proper, and these together
ensure that the image of 7, is an immersed submanifold of 7*Z \ 0 x T*Y \ 0. It
is clearly homogeneous, and it is a canonical relation because the linear composition
T,Cy o T,Cy, which is the tangent space to Cy o Cy at m,(p, q), is a canonical relation
from T, T*Y to T 7" Z.

g

Now suppose that these canonical relations are weighted with smooth, homogeneous
half densities o; € C’OO(Q%, C;). For each point (p,q) € F, the exact sequences ([2.4.28),
determine an object an object ooy which is a half density on T{¢,)Cs o C,
tensored with a density on ker d(7,)(,,q), which is identified with the tangent space of the
fiber 7 (¢, n) at the point (p, q). The composite half density on C5 o C} is then defined,

for (¢,n) € Cy 0 Cy, by

(2.4.30) o 001((,m) = / oo 0oy,

7o (¢m)

In the discussion of the composition of linear canonical relations, we considered several
cases in which the linear map « had no kernel. The geometric situation that corresponds
to is the following special case of clean intersection. We say that C; and C} intersect
transversely if they intersect cleanly and the co-dimension of F' inside T*Z x T*X x
T*X x T*Y is the sum of the co-dimensions of Cy x C; and T*Z x Ar«x x T*Y . This

assumption ensures that the excess of 7, : F — Cy 0 (] is zero, i.e. that m, is a proper,
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local diffeomorphism onto its image. The following is an important case in which we

always have transverse intersection.

Proposition 2.4.11. Let Co CT*Z\ 0 x T*X \ 0 be a homogeneous canonical relation
from T*X to T*Z and Cy =T, C T*X \ 0 x T*Y \ 0 be the graph canonical relation of

the homogeneous canonical transformation

x:TY - T°X

Then Cy and Cy intersect transversely.

Proor. Fix a point p = (¢, x(n), x(n),n) € F. We need to show that the tangent

spaces

Ti¢ xtmxmay (C2 X C) = {(u, w, dxv,v) | (u, w) € Ti¢xmCa, (dxv,v) € TixmymCi}

and

Tiexmxmm(T*Z x Apex X T*Y) = {(a,b,b,c) | a € T;T*Z,b € Ty (pT* X, c € T,T"Y }

together generate the tangent space of the four fold product at p. Suppose we pick an
arbitrary tangent vector («, f3,4,7) of the four-fold product at p. Choose any (u,w) €
Ti¢c ) Ca, and pick a € T.T*Z and b € T\,)T*X so that (u,w) + (a,b) = (a, 3). Now
pick v € T,,T*Y so that dyv + b = ¢ (which is possible because dy is surjective) and

finally ¢ € T,,T*Y so that ¢+ v = . Then

(u7 w’ dX,U7 U) + (a/7 b7 b? C) = (a7 /87 57 ,7)
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As an example of transverse symbol composition, we consider the composition of two

canonical graphs.

Proposition 2.4.12. Suppose that x; : T*Y — T*X and xo : T*X — T*Z are ho-
mogeneous canonical transformations and let C; be their corresponding graph canonical

relations. Let wp, be the projection map onto the left factor and define the half densities

1
2

(2.4.31) \dy A dn)? = 75 |Qpey

(2.4.32) |dw A dg|2 = 7} | Qrex|?

on Cy and Cy. Then let o5(xa(2,€), (,€)) = a(z,&)|dz A dE|> and o1(xa(y, 1), (y. 1)) =

b(y,n)|dy A dn|%. where a and b are smooth and homogeneous in & and n. Then

(2.4.33) CyoCr={(x2xa(y;m), (y,n)} CT*Z\ xT*Y \ 0

(2.4.34) 72 0 01 (x2x1 (4, ). (. 1) = alx(y, )b(y. m)|dy A dn]=.

PROOF. By proposition [2.4.11] the composition is transverse. We fix a point (y,n) =
q € T*Y. The fiber of 7, over (x2x1(q),q) is the single point (x2x1(q), x1(¢),q). Since

(s intersects C transversely, the map 7 = T(yoy: (q),x1(9),x1(q),q) 19
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(2.4.35) 71 (dx2B, B, dx1a, ) = dxia — B € TX(Q)T*X

Let (e;, f;) be a symplectic basis for 7, 7*Y". Then we have the basis (dxadx1€;, dx1€;, dx1€;, €;),
(dxadxi fi, dxa fi, dxa fis fi) of Thoxi()9F- 1If we add the linearly independent vectors
(0,0,dx1€i,€;), (0,0,dx1fi, fi) we get a basis of T( oy (q)x1(a)C2 X Tixi(g),9)C1 Which
differs from the product of the symplectic bases on each factor by a A with |det A| = 1.
The image of this basis under 7 is the symplectic basis dxe;, dx:f; of Ty, (17" X. By
proposition [2.4.4] the composite half density assigns the value a(x1(q))b(¢) to this basis

of Tixaxi(q),9)F', which proves the stated formula.

2.5. The Duistermaat-Guillemin wave trace
Let A be the positive Laplace operator on (X", g). The goal of this section is to explain
the leading order asymptotics of the trace of the wave group on X found in [8]. Let
(¢, A7) be an orthonormal basis of L*(X, dV;) of eigenfunctions of the Laplacian,
2
A@j = )‘j Pj-

We first begin by fixing notation for the remainder of this section. Let U(t) be the wave

group of X, the operator

Ut) : C™(Q2,X) = C(Q2,Rx X)  U(t): f(2)|dV,|? — u(t,z)|dt|> @ |dV,(z)|?

where u(t, x) is the solution of the initial value problem,
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(2.5.1)

We will write p(z, &) = |€],) = /9% (x)&¢&; for the principal symbol of the operator v/A.
We also let G' = exp tH,, be the homogeneous geodesic flow, where H, is the Hamiltonian
vector field of p on T*X. We are interested in the trace of U(t) as a distribution half

density on R,

(2.5.2) e(t) =TrU(t) =Y e™ldt|2.

J
If we write U(t, 2, ) = Y227 i, (), (5) |4V ()|} @ [dV, ()]} @ |de]3, then formally

we have

253) U = [ Ul = X e ( [le@rao)) e = .

In section we saw that U(t,z,y) is a Lagrangian kernel of order —1/4 associated

to the Lagrangian submanifold

(2.5.4) A ={(t: [Elg) . & y.m) | (y,—n) = G'(2,)} C T"(R x X x X).

For the remainder of the section, we will make frequent use of the embedding
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(2.5.5) I RXT*X TR x X x X) i(t, 2, &) — (t,p(z,€), 2, Gz, 8)).

whose image is A. The strategy for understand e(t) is to the view ‘restrict to the diagonal
and integrate’ operation appearing in is a Fourier integral operator which can be
composed with U (¢, z, y) if the geodesic flow satisfies a nice geometric assumption. In this
case the composition theory will allow us to prove that e(t) is a Lagrangian distribution

on R.

2.5.1. The trace as a Fourier integral operator

Let A : Rx X — R x X x X be the inclusion of the spacial diagonal, A : (¢,x) — (¢, x,x)
and 7 : R x X — R be the projection onto the first factor. Pulling back along A is
restriction to the diagonal and pushing forward along 7 is integration in the spacial

variables. We extend this to half densities by setting

r A () di] © [V ()] © [dVy ()|} = ( [ st |dvg<x>|) it

Letting K (t, s, p, q) be the half density distribution kernel of m,A*, we may write

K(t,s,p,q) = K(t,5,p,q) |ds| @ |[dV,(p)| @ |dV,(q)|? @ |dt|2

It is easy to check that the scalar kernel K is equal to

K(t,s,p,q) = do(s — t) ® d,(q).

If we view K as the kernel of an operator A : C®°(R x M) — C®(R x M) by setting

Af(t,p) = [ K(t,s,p,q)f(s,q) then it is clear that A is the identity operator. To
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summarize, if ® : RXRX M x M — Rx M xR x M is the map ®(¢, s,p,q) = (t,p, s, q).

Then we have ®*K;; = K. Recall that

Ide IR x X xR x X;I'1q)

where I'yq = (¢, 7,2,§,t,7,2,§) is the graph of the identity map on T*(R x M). The
symbol of the identity map is equal to the pullback of the canonical symplectic volume

\dt A dr A dx A dE|2 on T*(R x M). To summarize,

Proposition 2.5.1. The operator m,A* is a Fourier integral operator in the class I°(R x

R x X x X;C) where

C=A{trt,rz,x, )} CT"R\OXT*(Rx X xX)\0

and whose principal symbol is i*o = |dt A dr A dx A d€|z where i : T*(R x M) — C is

the obvious parametrization.

2.5.2. The clean fixed point set assumption

Our goal is to compose the operator m,A* with the Lagrangian kernel U(t, z,y). To do
this, we need to ensure that the canonical relation C' intersects A cleanly. This section

describes an assumption on the geodesic flow that guarantees clean intersection.

Definition 2.5.2. Let 7, = {(z,§) € T*X | G(x,§) = (x,£)}. We say that G' has a
clean fixed point set if for each t € R, Z; is a submanifold and the tangent space at

a point p € Z; is equal to

(2.5.6) 1,7 ={v e T,T*M | dG'v = v} C T,T*X.
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Notice that this is just the statement that the graph of the geodesic flow intersects the
graph of the identity cleanly in 7*X x T*X. We will see that closed geodesics control
the singularities of the trace of U(t). An important geometric consequence of the clean

fixed point set is that the length spectrum of X is a countable set of isolated points.

Proposition 2.5.3. If Gt has clean fized points, then the length spectrum of X,

LSP(X) = {T € R | 3(z,€) € T*X; GV (z,€) = (x,£)}

1s a closed, discrete set.

We need the following lemma in the proof that the clean fixed point assumption implies

the clean intersection of C with A.

Lemma 2.5.4. Let R be the vector field which generates the scaling action X - (z,£) —
(2, XE) on the fibers of T*X . In local symplectic coordinates, R = {0 and at each point
(x,&) € S*M,

(2.5.7) w(H,, R) =1

PRrROOF. The formula R = 0, just follows from differentiating the curve (z,t§) at

t = 1 in local coordinates. Now

0
w(H,, R) = dp(R) = a—igk,
while
op? op ik
S = 205 =297

06 04
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Since p =1 on S*M, w(H,, R) = g'*¢;&, = 1.

Proposition 2.5.5. If G has clean fized point sets, then the canonical relation C of

T A* intersects A cleanly.

PROOF. We need to check two things, that
F=(CxA) NTR X Aps@mxamrxan

is a submanifold and that its tangent space is equal to the intersection of the tangent

spaces of each factor. Since

C=A{trtrzéx, )} CT"R\OxT(Rx X x X)\0,

we can identify a point in F' by its projection onto A. In this sense we have

F{(t,7z &z ey ={tp8),r,Ex 8| Gl r,€) = (2,8} C TRXT* X XT*X.

There is a natural embedding

(2.5.8)

it | {TIxZr > TRxTXxT'X  i:(T,2,8) > (T,p(x,§),2,¢,2,8)
TeLSP(X)

whose image is F'. Since the domain is diffeomorphic to a disjoint union of all the
fixed point sets, the clean fixed point set assumption guarantees that F' is a manifold.

To verify the condition on spaces, we fix a point (T, z,£) = (p,q) € F. Here, p =
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vector in T(T*R) by a pair of real numbers,

(a,b) = ad; + b0,

then according to the embedding 7, the tangent space of F' is

(2.5.9) T F = {(0,dp(v),v,v) | v € TgeyZr},

where this is really shorthand for

(2.5.10) (0,dp(v),v,v) = (0,dp(v),0,dp(v),v,v,0,dp(v),v,v) € T,C x T,A.

We need to verify that (2.5.9) is equal to (7,C x T,A) N T4 (T*R X Apsrxxxx)). The
intersection is equal to the set of tangent vectors of the form (o, 8, 8) € T,,C x T,A where
a € T(T*R) and € T(T*(R x X x X)). Write 8 = (a,b,v,w) where (a,b) € T(T*R)

and v, w € T(T*X). Using the parametrization (2.5.5) we can write

T,A = {(s,dp(v),v,sH, + dG'(v)) | s € R,v € T(T*X)}

On the other hand, if («, ) € T,C, then

(. 8) = (a,b,a,0,2',v") v € T(I"X)

This means the intersection can be identified with the set of points

{(s,dp(v),v,v) | v=sH,+dG v} C T(T*R x T*X x T*X)



68

If v = sH, + dG"v, then by the lemma (2.5.4),

(2.5.11) s=w(sH,, R) =w((I —dG")v,R) =0

where the last equality is because R is fixed by dGT by homogeneity. Hence s = 0 and
v = dGTv. By the clean fixed point assumption, this is equal to the expression ([2.5.9))

for the tangent space of F.

2.5.3. Lagrangian structure of the wave trace

The clean intersection (2.5.5) guarantees that e(t) = m, A*U(t) is a Lagrangian distri-
bution on R. From our description of the submanifold F' of the previous section, if
(T,7) € C oA, then there exists (z,€&) € T*X so that GT(z,£) = (z,€) and 7 = p(z,§).
By homogeneity, of GT, (t,7) € C' o A implies that (¢,7) € C oA for all 7 > 0. Therefore,

in the notation of section [2.2.1

(2.5.12) CoA= |J Af
TeLSP(X)

Fix some T" € LSP(X) and split the cross section of the fixed point set Zr into connected

components,

(2.5.13) ZrNS*X =Uk_, 727,
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If Z7 has dimension e + 1, then each component is a clean fixed point set of dimension
i. Since the fiber 7 1(T, 1) is identified with Z7 N S* X, the excess of the composition at

t =T is equal to e/2, therefore

3 3 e+l 3
+o - = -

Ord(e(t)|i=r) = 11 2 4

N ®

From section [2.2.1] in a neighborhood of ¢t = T', modulo smooth functions of ¢, e(¢) has

the expansion

e+1

(2.5.14) e(t) ~ ao(t — T +1i0)” 2

tay(t—T+i0)"7 +---

where the leading coefficient is equal to

(e +1 1
(2.5.15) ao:emﬂ“*z)”p(e; )bo

where the symbol of e(t) at (7),1) is equal to

(2.5.16) o(T, 1) = byr2|dr]2

The coefficient by will be a sum of terms each of which is contributed by one of the
components Zz. ;. This differs from the result of theorem 4.5 in [8] only by the omission
of the Maslov factors which they write as :7%. These turn out to be the common Morse

index of the geodesics belonging to component j of the fixed point set Zr N S*X.

Proposition 2.5.6. The wave trace e(t) = mA*U(t) can be written as a sum
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(2.5.17) e(t)= > ur(t) mod C*(R)

T€eLSP(X)

e+1
where each up € 1 2

_%(R, AL). Each ur has the asymptotic expansion,

5. up(t) ~ agr(t — T +i0)" % +ayp(t — T +i0)"F +---
2.5.18 ot =T +i0)"% 2(t—T +i0

and the leading coefficient is equal to

k
C(my e+l +1
(2.5.19) Gor = ) expin <% " ) g (e 2 ) i

j=1

The principal symbol of ur is

(2.5.20) o(ur)(T,1) = (Z exp ”;”ﬂ' bo,j’T> 5 |dr|d
J
The next section contains the calculation of the symbol of ur which we split into two

cases, I'=0and T # 0.

2.5.4. The symbol of ug
The fixed point set Zj is all of T*X, so the excess is e = 2n — 1 and the order of ug is

n — 3/4. Our goal is to prove

Proposition 2.5.7. Let puy be the Leray volume form on S*X, the positive 2n + 1 form

on S*X determined by



71

(2.5.21) pr A dp = w"

where w" is the symplectic volume form on T*X. Then

(2.5.22) o (ug) = Vol(5*X)7"3|dr|>

Since the symbol is homogeneous it is determined by its value at 7 = 1. We just need
to verify that this is equal to Vol(S*M). Put Fy = m,'(Ay) which is equal to the image

of (2.5.8) restricted to {0} x T*X. Writing (p, q) = i(0,z,£), (2.5.9) tells us that

Tipg Fo = {(0,dp(v),v,0) [ v € Tl ) T" X }

We let |Q|2 be the half density on £y which is equal to one on the pushforward by (2.5.8)

of any symplectic basis of T, ¢ (7T*X). Now we choose a basis of T(, 7T X of the form

(2523) {61,. ..,en,l,Hp,fl,.. -7fn717R}

where {e1,...,en_1,Hp, f1,..., fa—1} is a basis for T(S*X), R is the radial vector field,
and the entire collection forms a symplectic basis for T(7T*X). To work out the symbol

composition, begin with the exact sequence

0 — ker d(ﬂ'a)(p,q) — T(p,q)Fo — T(OJ)A(J]r — 0.

In terms of the identification ([2.5.9)) of T(, o) Fo, d(7a)(p,q) acts by
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(7o) (pg) : (0,dp(v)0r,v,v) = (0,dp(v))

hence ker d(7a)(p,q) = T(ae)5*X. The pushforward by the embedding (2.5.8) of the
linearly independent set of vectors (ey,...,en—1, Hp, f1,..., fa=1) C T(aeT*X is a basis
of T(46)S*X = kerd(my)(p,q and we complete it to a symplectic basis of T'(p,q)Fy by

adding the pushforward of the radial vector field, R. Then we may write

(2.5.24) Q7 = |uL)? @ |dr|?
Because (i, equals to one on the basis (e, ..., en_1, Hp, fi,..., fu_1) of T(z6S*X and

dp(R) = w(H,, R) = 1 by lemma [2.5.4] Now consider the exact sequence

0— Tpofo— T,C x TyA = im7ye — 0

We have natural bases on 7,C' and T;A from the which come from pushing forward
the product of our basis (2.5.23)) of T(, ¢T*X with the standard basis of TR and the

standard symplectic basis of T'(T*R) along the parametrizing maps

RxT*X — A

T RxT*x X = C

The product half density o9 ® o1 on T,C' x T, A is equal to one on this pushforward basis.

Lemma 2.5.8. The basis (2.5.23)) of TipqFo can be completed to a basis of T,C x T,A

which differs from the pushforward product basis above by a matriz A with |det A| = 1.
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We can do this by adding the 2n + 3 vectors 0 x (0, dp(v;), vi, v;), 0 x (1,0,0, Hp),
(1,0,1,0,0,0) x 0, and (0,1,0,1,0,0) x 0, where v; ranges over the basis (2.5.23))

This means that we can write

(2.5.25) IR0y =Q2®v

where v is the half density which assigns 1 to the basis (0, dp(v;),v;,v;),(1,0,0, Hp),
(0,—1,0,0),(—1,0,0,0) of im 7,4 C T(T*R x T*X x T*X). All that’s left is to figure
out which half density on ker d(7q)(pq) = T(S*X) v corresponds to. For this we use the

last exact sequence

0= im7pq — T(T"R X T"X x T*X) — coker 7(,,4 — 0.

We take the basis which v assigns the value 1 to and complete it to a basis of
the middle factor by adding the 2n — 1 vectors (0,0,0,v;) where v; ranges over
€1y --y€n1, [1,--+, fn_1, R. This differs by a matrix of |det| = 1 from a symplectic
basis on T'(T*R x T*X x T*X). Hence we get the half density on coker 7 which assigns
the value 1 to the basis consisting of the residues of (0,0,0,v;). Its reciprocal is a
negative half density which assigns the same value to this basis. The final step is to note

that this basis of coker 7 is the dual basis to the 1-forms

WT(T*RxT*X xT*X) ((07 dP(Uz’), Vi, Uz’)7 )

where v; ranges over the basis e1,...,e,—1, Hp, f1,..., fam1 of ker d(7a) ) = T(2,6)S* X.

Thus, in the end, v is equivalent to the half density on ker daw = T, ¢)S* X which equals



74

. . 1
one on ey, ...,e,1, Hp, f1,..., fa_1, which we have already observed is |ur|2. We have

just proved that

01 @ 09 2 || ® |dr]3

The half density symbol of the trace at 7 = 1 is then just the integral of u; over

7-1(0,1) 2 S*M times |dr|2, which is what was stated.

2.5.5. The symbol of ut for T #0

To make the calculations more explicit, we make the simplifying assumption that the
fixed point set Zr N .S*X consists of one closed geodesic 7. Fix a base point (g, &) € 7

and let T# be the minimal period of v, the smallest positive T' > 0 so that GT (¢, &) =

(w0,&0).

Definition 2.5.9. The Poincaré map, P,, is the derivative of the geodesic flow at our

chosen base point of ~,

(2.5.26) P, =d(G") o o) : Twogo)S X = Tiag0)S™ X

The clean fixed point condition means that H, is the only tangent vector in T{,, ¢)S* X

fixed by P,.

Lemma 2.5.10. For each point (x,€) € 7, the map

(2.5.27) I —d(G") g : Tiwe)S*M/H, — Te)S*™M/H,

s an isomorphism.
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PROOF. To avoid cluttered notation, we drop the base point subscripts. To say that

this map has no kernel is to say that

im I — dGT Nker I — dG* = {0}.

To verify the above equation, suppose that v € T(S*X) satisfies (I — dG")v = aH,,.

Then

a=w(aH, R) =w((I —dG")v,R) = w(v, (I — (dGT)™")R) =0

so (I —dG")v = 0. But then by cleanliness, v is a multiple of H,.

g

Since the Poincaré maps at different base points are conjugate by the linearized geodesic

flow, the determinant of I — P, on T'(5*X)/H, is independent of the chosen base point.

Proposition 2.5.11. Assume that T # 0 and Zr N S*X consists of a single closed

geodesic. Then the half density symbol of ur is

(2.5.28) o(ur) = —lré|dr|é

PROOF. The order of ur is 1/2 — 1/4 = 1/4, so we just need to calculate o(ur) at
(T, 1) as in the previous section. Let Fr = 7 '(A}). We fix a point (z,¢) € 7 (T, 1) &
v C S*X and let (p,q) = i(0,2,§) € Fr where i is the embedding (2.5.8)). The basis

H,,R of T\, ¢)Zr pushes forward under 7 to the basis

(2.5.29) (0,0, Hy, Hy), (0,1, R, R) € Tip ) Fr
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where we again use the identification (2.5.10)). Let ]Q|% be the half density on T{, 4 Fr

which is equal to 1 on this basis and consider the exact sequence

0 — ker d(ﬂ'a)(p,q) — T(I{)FT — T(T’l)A; — 0.
Now d(7a)(p,g)(0,1, R, R) = dp(R)0- = O, by lemma (2.5.4). The quotient half density,

2

1
dt|z =
4 |d7|2

on ker d(m4)(p.g) = T(z,e)y equals 1 on H,,. Therefore the exact sequence splits the sym-

plectic half density on Fr as

(2.5.30) Q)2 = |dt]? ® |dr]|2

Next, to use the exact sequence

0— T(nq)F — TpC X TqA — im T(p,q) —> O,

again choose vectors ei,...,en,—1, fi,..., fac1 € Tag)(S*X) so that, together with H,
and R, they form a symplectic basis of T(, ¢T*X. We need to complete the basis ([2.5.29))

of T(pq Fr into a basis of T,C' x T;A. We then add the 4n + 1 vectors

0 x (0,dp(v;),v;, Pyv;), 0 x (1,0,0, H,)

(0,0,0,0,w;,w;) x 0,(1,0,1,0,0,0) x 0,(0,1,0,1,0,0) x 0
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where v; € {ey,...,en_1,Hp, f1,..., fae1, R} and w; € {e1,...,en1, fi,.. ., faoa} It is
casy to see that this basis differs from the product pushforward basis on 7,,C' x T, A by

a matrix of determinant +1, so 0; ® 0o = 1 the completed basis. Therefore,

(2.5.31) IR0y =Q2®v

where v is a half density on im 7 which equals 1 on the basis

(0, dp(v;), vi, Pyv;), (0,0, —w;, —w;), (—=1,0,0,0), (0,-1,0,0), (1,0,0, H,)

of im 7, 4. Here v; and w; range over the same sets as before. Finally we use the exact

sequence

0= im7py = T(T"R X T*X x T*X) — coker 7(,4 — 0.

We complete this to a basis of the middle factor by adding the single vector (0, 0,0, R).

Lemma 2.5.12. Let |Qz be the symplectic half density on T,(T*R x T*X x T*X) and

let B be the basis

B = {(07 dp(vi)v Vg, P’Yvi)7 (07 Oa — Wy, _wz)
(2.5.32)
(—1,0,0,0),(0,-1,0,0),(1,0,0, H,),(0,0,0, R)}.

Then

(2.5.33) Q)2(B) = |det I — P#|z
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PRroOOF. By applying a matrix with determinant +1, we can assume that B is the

basis

(0,0, R, 0),(0,0,0, R), (0,0,0, H,), (0,0, H,,0)
(2.5.34) (1,0,0,0),(0,1,0,0), (0,0,0,¢;,¢:), (0,0, f;, f)
(07 O’ €i, P’Yei)a (07 Oa fia P’yfz)

The 2n — 2 x 2n — 2 block matrix

I I
M=
I P
takes the product basis (e;,0), (fi,0), (0,¢€;), (0, fi;) into (e;, e;),(fi, fi),(ei, Pe;),(fi, Pfi).

Therefore the matrix

A Isxe 0O

0 M
Takes obvious symplectic basis of T, (T*R x T*X x T*X) into , where the upper
left block preserves the subspace spanned by (0,0, R, 0),(0,0,0, R),(1,0,0,0),(0,1,0,0),
(0,0, H,,0), and (0,0,0,H,). But the determinant of A is det M, which is equal to

det I — P by subtracting the last 2n — 2 rows from the first.

Taking the reciprocal of the half density on coker 7,4 that is the quotient of the sym-
plectic half density on the middle factor by v, we get the —1/2 density on coker 7 which

assigns the value |det I — P#|~2 to the residue class of (0,0, 0, R). This is symplectic dual
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to the basis (0,0, Hy,, H),) of ker d(74)(p,q) = T(z,¢)7, so finally identify the half density v

on im 7, o) with |det J — P|~z|dt|2. Therefore

01 ® 0y = |dt|? ® |d7]? ® |det I — P#|"2|dt|2 = |det I — P#|"%|dt| ® |d7|?

The principal symbol at 7 = 1 is the integral of this density over the fiber a=1(0,1) =
v C S*M times |d7‘|%, which gives the stated result.

g

The same calculation works when the fixed point set consists of finitely many distinct
closed geodesics. The calculation of the symbol o(ur) at (7, 1) is the same except we
get a sum of terms each corresponding to each geodesic. As we have mentioned, because
we are ignoring Maslov factors, we would miss the important feature that the terms in
this sum are weighted by unit modulus complex numbers, and therefore the individual
contributions to the trace may cancel. This is one of the main obstacles to extracting

geometric information from the trace.
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CHAPTER 3

Convex Surfaces of Revolution

3.1. Introduction

In this section we study the behavior of quantum integrable eigenfunctions on a convex
surface of revolution (52, g). We begin by reviewing the integrability of the geodesic flow,
the moment map, and the quantum toric integrability of the Laplacian on such surfaces.
Colin de Verdiére [4] has shown that there exists a first order pseudo-differential operator
]'\2 which commutes with A and the generator of the S' symmetry, Dy = —idy, such that

the joint spectrum of fg and Dy consists of a lattice of simple eigenvalues,

(3.1.1) Spec(l, Dg) = {(£,m) € Z* | £ > 0;]m| < £}.

The operator TQ is analogous to the degree operator A on the round sphere (52, gean),

1 1
1.2 A=4/-A - — —.
(3 ) Jcan + 4 2

In section we prove theorem (|1.1.1)) which states that there is a unitary, homoge-
neous Fourier integral operator W which conjugates the pair (fg, Dy) to the standard
pair (A, Dg) up to finite rank error. The basis for the argument is the fact that up
to homogeneous symplectomorphism, there is only one homogeneous Hamiltonian ac-
tion of the torus 7% on T*S2 \ 0, proved by Lerman [25|. In particular if Iy = o(I5)

and py = o(Dy) are the principal symbols of the action operators, then both of the
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pairs (I3, pp) and (|€]g..., Pe) generate such an action. Therefore there is a homogeneous
symplectomorphism pulling back the symbol I to |{],... and which fixes py. We then
quantize this symplectic map into a unitary Fourier integral operator and adapt the
averaging argument first due to Weinstein [36] and later refined by Guillemin [16] to
make sure the conjugation commutes with Dy. From there we move on to studying
the concentration of the joint eigenfunctions ¢ of (]/;, Dy) on the unique rotationally
invariant closed geodesic H in section [3.3] We do this by calculating the weak limit of

the empirical measures

¢
1 02
(3.1.3) fe = E mZ;fH(pmHL%H)d?

as well as a phase space version of these measures,

¢
(3.1.4) vi(B) = No(B) D (Bl @ha) p2(sn 0,

m=—/{

where B € ¥ is a homogeneous pseudo-differential operator of order zero. The idea is to
compute the weak limits of both sequences of measures by expressing their un-normalized
versions as the trace of a semi-classical Fourier integral operator. The leading order term

is then computed using the symbol calculus.

3.1.1. Background

Let (S?%, g) be a surface of revolution. We denote the two fixed points of the S* action by
N and S. Fix a meridian geodesic vy which joins N to S and let (r,0) denote geodesic
polar coordinates from NV, i.e. so that the curve r +— (r,0) is the arc length parametrized

geodesic 7g. In these coordinates the metric takes the form
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g = dr* + a(r)*d¢?

for some smooth function a : [0, L] — R such that a?*(0) = a?*(L) = 0 and a’(0) = 1,
a’(L) = 1. Here L is the distance between the poles. A convex surface of revolution is
one such that a(r) has exactly one non-degenerate critical point which is a maximum,
a”(ro) < 0. The latitude circle H = {(r = r)} is the unique rotationally invariant

geodesic.

Recall that we say the Laplacian —A, of a Riemannian manifold (M",g) is quantum
completely integrable if there exists n first order homogeneous pseudo-differential oper-

ators P, ..., B, € U(M) satisfying:

. [P P =0)

o \/—A,=K(Py,...,P,) for some polyhomogeneous function K € C*(R" \ 0)

o If p; = o(P;) are the principal symbols, the regular values of the associated
moment map P = (p1,...,pn) : T*M \ 0 — R™\ 0 form an open, dense subset

of T*M.

For background on quantum integrable Laplacians, see [12],|34], chapter 11 of [37]. If
(S?,g) any surface of revolution, and Dy = %89 is the self-adjoint differential operator
associated to the generator of the S* action, it is clear by writing A, in polar coordinates
that [A,, Dy] = 0. Hence every surface of revolution is quantum completely integrable
by taking P, = \/——Ag and P, = Dy. The third condition is satisfied, for instance, if a(r)
is assumed to be Morse. In the special case of a convex surface of revolution, Colin de
Verdiére in [4] has shown that the Laplacian is quantum toric completely integrable. This

means that there exists fl,fQ first order, homogeneous, commuting pseudo-differential
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operators satisfying the above conditions of quantum complete integrability, but with

the additional property that

(3.1.5) exp 2mil; = 1d

In particular, one can take fl = Dy and fg to be self-adjoint and elliptic. Note that
condition ({3.1.5)) implies that the joint spectrum of 1., 15 is a subset of Z2. In fact it is

shown in [4] that it consists of all simple eigenvalues and

(3.1.6) Spec(Iy, Ib) = {(m,0) € Z* | |m| < £;¢ > 0}.

We fix a particular orthonormal basis of joint eigenfunctions {¢* } satisfying fggpﬁl = bt

and Dyl = myt .

3.1.2. The moment map and classical toric integrability

-~

Let I; = o(I;) be the principal symbols. The associated moment map P = ([y, 1) :

T*S5?\ 0 — R?\ 0 has image equal to the closed conic wedge

B={(z,y) | |z| <y;y > 0}.

The set of critical points, Z, of P consists of covectors lying tangent to the equator. If

(p,n) are the dual coordinates to (r,6) on the fibers of T*S?,

Z:{<7’0>9707"7) | W#O}:T*H\O
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P maps Z to the boundary 0B, so the interior of B consists entirely of regular values.
Consider a regular level set of the form T, = P~(1,¢), for ¢ € (—1,1). By homogeneity,
all other regular levels are dialates of these. For each ¢, T, is connected and diffeomorphic
to a torus T? = R/277Z x R/2nZ. The singular levels correspond to ¢ = +1 and are
equal to the set of covectors Ty = {(r9,6,0,41)}. One consequence of quantum toric
integrability is of course classical toric integrability. That is, letting H;, denote the
hamilton vector fields of I;, equation implies that both H;, generate 2m-periodic

flows. Since {I1, I} = 0, we let for t = (t1,t5) € T?,

(3.1.7) Oy 1 T> x T*S*\ 0 — T*S?\ 0

q)t(xvé-) = exp tlHll O exp t2H12 (‘T7£)

The joint flow ®; thus defines a homogeneous, Hamiltonian action of 7% on T%S? \ 0
which commutes with the geodesic flow G* = exp tH, ¢l,- 1t preserves the level sets of the

moment map and each torus T, consists of a single orbit of the joint flow.

3.1.3. The standard torus action on 7*5?

In [25], Lerman shows that up to symplectic equivalence, there is only one homogeneous
Hamiltonian action of T2 on T*S? \ 0. The simplest example of a convex surface of

revolution is the standard sphere (52, gean). For the standard sphere we can take f2 =

A=/-A

gcan

+ }l — %, the so-called degree operator. We refer to the associated torus

action on T*S? is generated by py(z, &) = ¢ and py the standard torus action on

Gcan

T*S?. If I, = py and I, are the action variables associated to a convex surface of

revolution, there is a homogeneous symplectomorphism
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X :T*S*\ 0 — T*S*\ 0

such that x*pp = py and x*Ir = |{],,.,.. Theorem is the statement that the
symplectic equivalence of the torus action on a convex surface of revolution to that of
the standard action can be quantized. That is, the generators of the standard unitary
torus action Dy and A on the round sphere are unitarily conjugate via a homogeneous
Fourier integral operator to the quantized action operators ]Aj on any convex surface of

revolution.

3.1.4. The quantum torus action

In this section we briefly review the fact that the commuting operators fl = Dy and fg on
a convex surface of revolution (52, g) together generate an action of 7% on L*(S?,dV,) by
unitary Fourier integral operators. (See for instance p. 245 of [37]). For t = (t1,t3) € T?

we set

(3.1.8) U(t) = expi[t; Dy + to 1]

Proposition 3.1.1. The operator U(ty,ts) is a homogeneous Fourier integral operator
belonging to the class I72(T2 x S2 x S% Cy). Its canonical relation is given by the

space-time graph of the joint flow

CU = {(tlap9(x7€)7t2a12(x7£)7ya777x7€) | (?JJ?) = (b(tl,tQ)(xvg); (x7€) € T*SQ \ O}

The half density part of the symbol o(U) pulls back along the parametrizing map
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L: (t17t2ax7§> — (tlapﬁ(‘r7§>7t27l2(x7§)7q)(t1,t2)(x7€>7x7€)

to the half density |dt, A dty|2 @ |da A d€|z on T? x T*S2.

PROOF. Since expit; Dy just acts by pulling back a function along the flow of the
vector field Oy, one can check in coordinates that this is a Fourier integral operator in

the class 171(S x $2, 5% C) where

C= {t17p9($75)7y7n7$a€) | (y777) = eXptal9<l’,€); (x7€) € T*SQ \ O}

The half density symbol pulls back along the parametrizing map

L (t1,$,€) = (t17p6(xa5)7expt1Hpe(x7§)vm7€)

to |dt,|z @ |dx A dE|2. Now I is a first order, self-adjoint, elliptic pseudo-differential
operator with integer spectrum, so by [8| we have that exp itoly € ]_i(S1 x 5% x 8% C")

where

' = {tg,]g(l‘,g),yﬂ’],l‘,f) | (9777) = expt2H12(x,§); (I,f) € T*S2 \ O}

Now the composition of C' with C’ is transverse since they are essentially canonical
graphs. By standard transverse composition of FIOs the orders add and we get the

description of U(t) stated in the proposition.

3.2. Conjugation to the global normal form

This section contains the proof of
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Theorem 3.2.1. Let (S?, g) be a convex surface of revolution and A = /=N, +1—3

be the degree operator on the round sphere. There exists a homogeneous unitary Fourier

integral operator

W L2(52,gcan) — LQ(SQ,g)

such that [W, Dg] = 0 and W*L,W = A+ R where R is a finite rank operator. Conse-
quently, if Y\, denotes the standard orthonormal basis of L*(S?%, gean) such that AY,Y =

YL DpY! =mY?, then for { large enough, there are constants ¢!, with |c!, | = 1 so that

(3.2.1) Wyl =d o,

The outline of the argument goes as follows. First, using the canonical transformation
X :T*S?\ 0 — T*S?\ 0 of section which satisfies x*I> = []g.an, X Do = Do, We can

find a unitary Fourier integral operator Wy so that [Wy, Dy] = 0 and

(3.2.2) Wol,Wi = A+ R_,

where R_; is a pseudo-differential operator of order —1. We then use the averaging
argument of Guillemin (See [16]) to show that there exists a unitary pseudo-differential

operator F' of order zero such that

(3.2.3) F(A+ R_\)F* = A+ R?,

where [A, R*|] = 0 and [F, Dy] = 0. This is contained in propositions [3.2.2, and

3.2.4. Then W = FWj is a unitary Fourier integral operator which commutes with Dy
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and conjugates I to A+ Rﬁ, where Ri is an order —1 pseudo-differential operator
commuting with A. Using the fact that A 4 Ri and A have the same spectrum, we

easily see that Ri is a finite rank operator.

Proposition 3.2.2. There exists a unitary Fourier integral operator Wy such that
Wonga‘ = A+ R_; where R_; € V™! is self-adjoint and [Wy, Dy] = 0. In this case we

also have [R_1, Dy =0

PRrOOF. Let Uy be any unitary Fourier integral operator whose canonical relation is

the graph of x. Then by Egorov’s theorem,

(3.2.4) UoloUf = A+ R

Where R € ¥° Both the left hand side and A are self-adjoint, so R is as well. The
subprincipal symbols of both the left hand side and A vanish which implies that o(R) = 0
so R € V=1, We write R_; from now on to emphasize this. The only thing left to
do is to show that we can modify U, in order to make it commute with Dy. We let

V(t) = expitDy and set

1 2

(3.2.5) W= — [ V(EUV(-t)dt

:27'('0

W is a Fourier integral operator with the same canonical relation as Uy, although it may
not be unitary. To fix this, replace W} with Wy = [W§(W})*]"2W{. Then WoWg = I
and W is still a Fourier integral operator associated to the same canonical graph since
Wi (W{)* is pseudo-differential. W/ commutes with Dy so Wy does as well. Note that

if one replaces Uy by Wy, (3.2.4) is still valid since both operators are associated to the
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graph of y. Since I, and A commute with Dy, we automatically have that R_; does as
well.

g

The following two propositions constitute a slight modifcation of what Guillemin refers
to as the averaging lemma, found in |16]|. The goal of the modification is to make sure

the conjugations commute with Dy.

Proposition 3.2.3. Let R_y be as in proposition [3.2.9.  Then there exists a unitary
pseudo-differential operator F € W, a self-adjoint operator Rﬁ € U1 which commutes
with A and a smoothing operator R_., such that F(A+ R_)F* = A+ R*, + R_., and

[F, Dg] =0

PrROOF. We let U(t) = exp(itA) be the unitary group generated by A and for a

pseudo-differential operator B, define as before, its average with respect to U(t) by

1 2

(3.2.6) By = —
2 Jo

U(t)BU(~t) dt

Then B,, commutes with A and is self-adjoint if B is. We recall the statement of lemma
2.1 in [16]: If R is any self-adjoint operator of order —k, k € N, there exists a skew-
adjoint pseudo-differential operator S of order —k so that [A,S] = R — Ry, + U7+ 1
This statement is equivalent to the vanishing of the principal symbol of [A, S| — (R— Ra)
which is a first order transport equation for o(S). This can be solved for o(S) explicitly
on S*S? | which can be extended as a degree —k homogeneous function to 7%S% \ 0.
Since it is imaginary, we can choose S to be skew-adjoint. Given such an S, set S =
(2m)~! Ozﬂ V(t)SV(—t)dt. Then S is still skew-adjoint and commutes with Dy. If we

further suppose that R commutes with Dy then
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(3.2.7) 4, 5] :% VOISV () dt
(3.2.8) Z% TV R = Ra)V(—)de + 0
(329 LR Ryt wh

Hence we may assume from the outset that [S, Dy| = 0. This fact allows us to build the
operator F' in stages. If R_; is the operator in proposition [3.2.2] then using the above

procedure we can choose S_; € ™! skew-adjoint such that

(3.2.10) [A,S_1]=R_1— (R_1)aw + R

where R, € U2 and so that [S_;,Ds] = 0. Then setting F; = expS_, a direct

calculation shows that

(3.2.11) Fi(A+ R )Ff = A+ (R_1)a + Ry

By construction, F} is unitary and commutes with Dy. We can now choose S_5 skew-

adjoint commuting with Dy such that

(3.2.12) [A, 8] =R_5 — (R_2)aw + R_3

Then, with Fy, = expS_5exp S_; we have
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Continuing in this way, we get a sequence of unitary operators
F.=expS_j---expS_;

so that F), commutes with Dy and

(3.2.14) FrlA+ R \)FEy =A+ (R))aw+ -+ (Rg)aw + Rg—1

We also note that Fyiq — Fy € U1 Let F' ~ Y 07 (Fiy1 — Fi), R~ > e i (R—k)aw,
and R”| = R,,. Then we know that R*, — R € U= and if we put F = F’ + F} we have

F — F,, € U~F, It is then easy to check that

(3.2.15) F(A+ R_\)F*— (A+ R*) e U=

Furthermore, since all of the F), commute with Dy, we can choose F' so that it does as
well. As in the proof of proposition [3.2.2] F' may not be unitary. This is fixed in the
same way, by replacing F' with (FF*)_%F. More explicitly, let G = FF* — I. Note that
F = F}, 4+ ¥~% which implies that G is a smoothing operator. By the functional calculus,
we can find a self-adjoint operator K so that (I + K)? = (I + G)~! and if we replace F'
by (I + K)F, then F is unitary, [F, Dy] = 0, and we still have F' — [, € =% since K is

a smoothing operator.
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Proposition 3.2.4. Suppose that R"fl and R_o, € V= are as in proposition and
that Spec(A + R*, + R_..) = Spec(A) = N. Then there exists a unitary operator L and

R#* € U1, self-adjoint, such that [R*, A] =0 and

(3.2.16) LU+R+R_)L*=1+R*

Furthermore, L — I is a smoothing operator and [L, Dg] = 0

PROOF. Let V, denote the k" eigenspace of A and V/ the k™ eigenspace of A+R* +
R_. Also let m; and 7). denote orthogonal projection onto these subspaces. Finally let
P, = 7, restricted to V. First we show that there is a C' > 0 so that for all N > 0 and

k sufficiently large

(3.2.17) 1A+ RE)N (P = m)l|ze < Cll(A+ RE)NR-omp |2

To do this, we note that the spectrum of A+R?, consists of bands of the form X = k-

where |p}| = O(k™"). Hence for k sufficiently large, the entire band is contained in a

ball of radius %L around k. Let ~, be a circle of radius % centered at k € N. Then for k

sufficiently large,

(3.2.18) T = (A— (A+ R?)))tdx

21 -

and
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1
(3.2.19) T = —/ (A= (A+R*, + R_)) " d\
2 -
Hence
(3.2.20)

/ / 1 — / —
(A+RE)Y (mym =) = o — / (A—(A+R"))  (A+R? )V R_om (A= (A+R* +R_.)) " dA
Tk

For \ € v, the distance between A and the spectrum of both A+R*, and A+R* +R_,
is bounded below by i. Hence the norms of both resolvents are bounded by 4, which
implies the norm of the left hand side is bounded by 2||(4 + R )N R_.om}||r2. Now
suppose that we choose k > ky so that the above estimate holds. Then, repeating the
argument on p. 255 of [16] we build a sequence of unitary operators Ly : V) — V4.
Since Lj is a function of P, and A commutes with Dy, each L, does as well. Define
the unitary operator L by declaring L = Lj on V| for k > ko sufficiently large so that
the above estimate holds. To define L on @1gkgko VY, let Uy denote the eigenspace
of I of eigenvalue k. and let ¢* be an orthonormal basis of U, consisting of joint
eigenfunctions of Dy. Then Wk is a basis of V{ which are also joint eigenfunctions
of Dy. Define L by taking Wk to the corresponding standard spherical harmonic of
joint eigenvalue (k,m). L clearly commutes with Dy as well as A. Also, by construction
L(A+R* +R_)L* = A+ L(R",+ R_.,) L* preserves each V}, eigenspace, so commutes
with A. This implies that L(R* 4+ R_.,)L* = R# commutes with A. Finally the estimate
above is used to prove that L — I is a smoothing operator in the same way as in [16].

g
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Proposition 3.2.5. Suppose that Spec(A + R*)) = Spec(A) = N where R*, € U~

self-adjoint and commutes with A. Then Ri 1s a finite rank operator.

PROOF. Since R” commutes with A, we can choose an orthonormal basis of Vj,
el satisfying R*ef = pfe;. Since R#* € U™, we have |uf| = O(k™"). The fact that
Spec(A + R#) = N implies that for k large, R#|y, = 0 which shows that R# is finite

rank.

3.3. Concentration of quantum integrable eigenfunctions on the equator

This section contains the proof of:

Theorem 3.3.1. Let (S?, g) be a convex surface of revolution where g = dr*+a(r)*db? in
geodesic polar coordinates. Let H C S? be the equator, the unique rotationally invariant

geodesic. Then in terms of action angle variables we have,
(a) For every f € C°([—1,1]),

wa(e, 1)

/ 7€) dpl0) ZH%HLz(mf - / #(e) Y de

K(c,1)2L(H)?

(b) For any f € C°([—1,1]), any any pseudo-differential operator B € W°,

4 1

10w = 51 X Beieat (F) = o | HOBI0d

m=—~{

The constant appearing in (a) is
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(2m)2c2
T K(c,1)2L(H)

and normalizes the limit measure to have mass 1 on [—1,1].

Let II, : L*(S?,dV,) — L*(S?,dV,) denote the orthogonal projection onto the I =1¢
eigenspace. Suppose that A : C*(S?) — C*°(S?) is an operator which commutes with

Dy. Then the kernel of the operator f (%) All, is equal to

(3.3.) > Ad @i (7).

m=—/

and therefore

¢
(3.3.2) Trace f (%) All, = Z (At otV f (%) :
m=—/

When A is a pseudo-differential operator, this forumula returns the unnormalized mea-

sures (3.1.4)) tested against f. To use this formula for the measures (3.1.3)), we express the
L? norms on H C S? as a global matrix element as follows: let vy : C°°(S?) — C>~(H)
denote restriction to H and «} denote the L? adjoint of vz with respect to the Rie-

mannian volume measure dV,. Thus, for g € C*(H), f € C*(S?) we have

Vig, f)r2s2.av,) = / gfladS
H

where dS is the induced surface measure. From this it follows that

||¢fn||%2(H,dS) = <7§7H¢fn7 Sofn>
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One problem with this setup is that (3.3.2]) requires the operator A to commute with
Dy, and this will not be true for every pseudo B € W°(S?) nor for the operator vjv.
We deal with this by averaging against the torus action generated by D, and f2 For

t = (t1,t2) € T?, let

(3.3.3) U(t) = expi[t; Dy + to o).

In section we review that this is a torus action on L?(S?,dV,) by unitary Fourier

integral operators. For any operator A : C*(S5?) — C'*°(S5?) we set

(3.3.4) [1:(27r)2/ U(t)*AU(t) dt

The average A commutes with both D, and fg since

(3.3.5) [Dy, A] = (27)" 2 [ -0, [UR’)*AU(t)]dt =0

T2

And similarly for fg We also note that

(ASOfm SOfn>L2(S2) = VISOfm SOfn>L2(52)

This means replacing A with A in the trace will not change the right hand side of (3.3.2)).

When A € ¥°(S5?), Egorov’s theorem tells us that A € W°(S5?) as well, and

o(A) = (2m)7? /T2 Dio(A)dt



97

where ®; is the joint flow generated by I; = py and I5. In section [3.3.1, we analyze the

averaged restriction operator

(3.3.6) V= (27)2 /T U () () U (8)

And show that, after applying microlocal cutoffs to ~vj;vg, it splits into the sum of a
pseudo-differential operator and a Fourier integral operator. The canonical relation of
the non-pseudo-differential part of V' is related to the notion of the ‘mirror reflection map’
on co-vectors based on H. Both summands can be made to commute with U(t). The
details of the analysis of averaged, cutoff restriction operator are contained in section
3.3.1l The strategy of using the operator V to study restricted L? norms (and more
generally restricted YDO matrix elements) has been used by Toth and Zelditch [35] and
we closely follow their analysis here. As mentioned, for this analysis to work we need
to microlocally cut off v}, vy away from both N*H and T*H. Literally speaking we fix

€ > 0 and instead work with the operator

(3-3-7) (’Y;({’YH)ZE = (1 - X\E/Q)(VBWH)(l - 56\5)

Where (I —X.) is a homogeneous pseudo-differential operator with wave front set outside
conic neighborhoods of both N*H and T*H. The cutoff away from the normal directions
is technical and related to the choice to use the homogeneous calculus, while the cutoff
away from the tangential directions is necessary since otherwise the canonical relation

of V would be singular.
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3.3.1. The averaged restriction operator

Let T5S% = {(x,£) € T*S? | x € H} denote the set of covectors with footprint on
H. Since 7y is just pullback along the inclusion map, it is a Fourier integral operator

associated with the pullback canonical relation,

O = {(z, €l 2,€) | (2,€) € THS?\ 0} € T*H x T*S2.

The left factor contains elements of the zero section whenever & € N*H, so it is not a
homogeneous Fourier integral operator in the sense of [23|. Because of this defect, the

wave front set of vj; vy is

(338) WF/(V;[VH) = CH UN*H x OT*M U OT*M X N*H,

where Cy C T*M \ 0 x T*M \ 0 is the homogeneous canonical relation

C’H = {(x,f,x,ﬁ') | ($7£)7 (x>€,) S TESQ\07€|TZH = €,|TEH}-

Note that since dp is tangent to H, (x,&)|ry = (2,£')|rm is equivalent to I;(z,€) =
Ii(z,&). In order to get rid of the last two components of wave front set, we insert
microlocal cutoff operators as in [35]. In this setting we can take them to be functions

of the action operators fj Let ¢. and 1. be smooth cutoff functions on R such that

1 for |z| <¢e/2
(3.3.9) () =

0 for |z| > ¢
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1 for x| >1—¢/2
(3.3.10) Ye(x) =

0for|z]<1—c¢

Then we set X? = gzﬁs(z—l) and Y! = we(%). Finally set Y. = X* + X.. Note that the

2 2

operator (I — X.) has no wave front set in a conic €/2 neighborhood of both N*H and

T*H. We now define

(3.3.11) (Virve)se = (I — 925/2)7;{’YH(] - Xe)

(3.3.12) (Vavm)<e = Xe/2 ViV Xe-

Proposition 3.3.2. We have the decomposition

(3.3.13) Yirve = (Vpve)se + (Vave)<e + K

where (Kcpy;, ©x;) 12(52.av,) = OE()\J-_OO) and @y, are any orthonormal basis of eigenfunc-

tions of —A,.

For the proof of this, see section 9.1.1 in [35]. We also quote the following description

of the cutoff restriction operator:

Proposition 3.3.3. For each € > 0, (vi;vm)> is a Fourier integral operator in the class

12(M, M;Cy) where Cyy is the homogeneous canonical relation



100

(3.3.14) Cu = {(2,6,2,) € THS*\ 0 x T55°\ 0 | Ii(x,€) = Li(z,€)}
In polar coordinates (r,0,p,n) on T*S?, the set Cy is parametrized by the map

ey 2 (0,n,p,0") = (10,0, p,m,70,0,0',1m)

The half density part of the symbol of (Vi;vu)se pulls back under vc,, to the half density

(3.3.15) (1= Xer2)(ro. 0, p0) (L = x2)(ro, 0, 9 )|dO A dp A dp A dif |2

This follows from Lemma 18 in [|35] setting Opy(a) = Id, because the geodesic polar
coordinates (r,#) are Fermi normal coordinates along H.
3.3.1.1. The I, reflection map and the set GH Here we include more geometric

preliminaries to the description of the averaged restriction operator

(3:3.16) Vo= (n) [ Um0t

We begin by describing the so-called I reflection map along H.

Proposition 3.3.4. Suppose (x,€) € T/S?. If (x,€) ¢ T*H, there are is exactly one
covector (x,€') € T3 S? such that Iy(x,€) = Iy(x,&), (x,€) # (x,€) and &|lrg = |y

We refer to the map

TH: (1:75) = (x7£/)
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As the Ir-reflection map.

Proor. We'll show that on the set {; = ¢}, I5 is an invertible function of the length
q(z,§) = yg‘g(m Thus, if Ir(z, &) = Ix(z, &) and Ii(z,§) = Li(z,{), then ’6‘9(1") = |€,‘g($)

and this means that (z,£’) = (¢, 0, &,/ |§|g(x — ¢2, ¢) in polar coordinates. The reflection

map then flips the sign of the component dual to r. From [4], we have the formula

(3.3.17) \/|£|2 — ) dr + pg

Peo (Z‘,£) .

1P Now ry = ry if and only if

Where ry and r; are the two solutions of a(r) =

(x,&) € T*H thus we have that ry # ry and

‘5’9 d
a\5| b &) = /\/W—”O

This shows that I is an increasing function of ||, on {I; = ¢} C T*S?\ 0.

g

We know that for each € > 0, the operator (v};7m)>- is a Fourier integral operator with

canonical relation

OH - {<‘T7§=x7§/) | (1’75),(@“78) € TZS2§§’TH :gllTH}'

In the study of V., a related set appears. Define

(3318) aH = {(m,f,w,f') | r € H; Il(xaf) = Il(l',f,);lg(l',f) = 12(3776,)}

It is clear from proposition , C w has the following simple description
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Proposition 3.3.5. The set éH 1s an immersed submanifold of dimension 3 which can

be written as the union of the two embedded submanifolds

Chy = Aryse U graphry

T}, 52

These intersect along the set Ap«y where GH fails to be embedded.

3.3.1.2. Description of the averaged restriction operator V.. The purpose of

this section is to describe the averaged restriction operator

(3319) Vo= n) [ U iU () de

As a Fourier integral operator and calculate its symbolic data. In order to state the

proposition, we set some notation. For any set U C T*S? x T*S5?, we define its flow-out

F1(U) by

FIU) = | @ x @e(U) = {(Pe(2,€), e(y,m)) | (2,&,9,m) € U}

teT?

In the calculation of the symbol of V., there are two important submersions. Define

i1D,1R : T? x T;_}SQ — T*S? x T*S? by

(3.3.20) ip(t,z, &) = (Pe(x,§), Pe(x,€))

(3.3.21) ir(t,z,§) = (Pe(z,8), e(ru(z,)))
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The image of these maps are the diagonal and reflection flow-outs, F1(Ar= g2), Fl(graph rg s s2)

Proposition 3.3.6. Both maps ip and ir are smooth submersions. Qver any point
(y,n,9/,n') € T*S? x T*S? in the image of either map, the fiber can be identified with

the set

(3.3.22) {(z,8) € 58" | P(x,6) = Py, m)}

For (y,m) ¢ T3S?, the fiber is identified with two distinct copies of H corresponding to

the choice of the northern or southern pointing covector lying on the torus P(y,n).

PROOF. Fix a point (y,n,y,n) in the image of ip. Then ®¢(x, &) = (y,n) for some

t € T? and (x,¢) € T};S5% The covector (z,€) lies on the level set P~'(y,n) and by

proposition there are two covectors in this set lying over z. Since the flow of Hp,

translates around the equator, for each covector (z,£) in the set , there is a

unique time t so that ®¢(z,£) = (y,n). In this way the fiber is identified with two copies
of H

O

These maps induce half densities on the flow-outs FI(Ar-¢2) and Fl(graphry|r: s2) as
follows. We let ,u% be the half density on 7% x T7;5? which is equal to 1 on the product

basis 0y ® {0y, 0,,0,}. Then the exact sequence

0 — kerdig — T(T? x T5S?) — T(Fl(graphry

552)) = 0

implies that p2 = |df|2 ® u2 /|df)z, where, under the identification of the fiber of i with
two copies of H, |df| is the volume density such that [, |df| = 27 and the quotient

half density ,u% / \dQI% assigns the value 1 to the basis (dPyv;, dP¢dryv;) where v; €
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{H1,,09,0,,0,}. The same is true for the flowout of the diagonal replacing iz with ip.

In this case the quotient density ,u% assigns 1 to the basis (d®yv;, dPv;).

Proposition 3.3.7. The operator

Vo= n) [ UiV de

is a Fourier integral operator in the class I°(S* x S?;Cy). Its canonical relation is

Cy = FI(Cy) = FI(Ar; 52) U Fl(graphry|r: s2)

The half density symbol of V. is equal to

N

_ 1 :
o (Vo)(@u(w, €), e, €) = —(1 = xo)(, ) 1@)2(:::;125(1@ |C/;9|é
~ eBalro)?

where ,u%/|d9|% 15 the half density induced by the fibrations of proposition .

In order to analyze V., we will view it as a composition of pullbacks and pushforwards

applied to the Fourier integral operator

(3.3.23) Ve(t,t)) = U(6)" (v vm)=U ()

We begin by describing this operator.

Proposition 3.3.8. The operator V.(t,t') is a Fourier integral operator in the class

I72(T% x T% x S, 8% Cy)

(3.3.24) Cv ={(t,P(z,§),t', P(z,£), Pe(2,€), Py (2, &) | (2,€,2,¢) € Cu}
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The map vy : T? x T? x Cyg — T*(T? x T? x §% x S?) given by

[’V : (t7 tl? x? 57 x? 5/) = (t7 P(x7 5)7 tl? P(x7 5/)7 (bt(x7 5)7 (bt/(x7 5/))

1s a Lagrangian embedding whose image is Cy. The half density part of the principal

symbol pulls back along ¢ to

|dt A dt'|2 @ o ((vive) <)

PROOF. Viewing both U*(t), U(t') as operators U, U* : C*°(5%) — C>*(T? x S?)

then the composition we are talking about is really

Va(t,t) = 1A ® U*(t) 0 Id © (vi7a)5- 0 U(Y)

The compositions are all transverse provided that Cy and Cp intersect transversely in
the sense that the maps 7; : Cy — T*S? are transverse to the projections p; : Cpy — T*5?
onto either factor. This follows from the fact that Cy is essentially a canonical graph.
It implies the orders add to give the stated order and one can check easily that the

composite canonical relation and symbol is what was stated in the proposition. Il
Now we describe the pullback under the time diagonal map. Let A : T2 x S? x S? —

T? x T? x 5% x S? be the map A : (t,z,y) — (t,t,2,9).

Proposition 3.3.9. The kernel of the operator V.(t) = U*(t)(v;;vm)>U(t) is in the
class I71(T? x 8% x S?%; A*Cy) Where A*CYy is the pullback of Cy, the image of the

Lagrangian embedding in«cy, : T? x Cy — T*(T? x S? x S?) given by

(3325> LA*C’V : (t7 z, 57 z, 5) = (t, P(LU, g) - P(*T? £/>7 (I)t('rv 5)7 (I)t<x7 g))
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The half density symbol of V.(t) pulls back under a-c, to |dt|z @ o((vivm)se.

PROOF. Recall that the pullback of Lagrangian distributions is well-defined under
a transversality condition. Namely, V.(t) = A*V(t,t') is a Lagrangian distribution as
long as the maps 7|c, — T? x T? x S? x 5% and A are transverse, which is easily verified.
Letting N*A C T*(T? x 8% x S?) x T*(T? x T? x S? x 5?) be the co-normal bundle to
the graph of A and 7 : N*A — T*(T? x T? x §% x §?), projection onto the factor on

the right, this implies that the pullback diagram

F )CV

| |

N*A —— T*(T? x T? x §? x S?)

is transverse. The left projection of F' into T*(T? x S? x S?) is then the set

(3.3.26) A*Cy = {t,P(x,&) — P(x,£), Pe(x, &), Pe(z, &)}

Which inherits a canonical half density determined by the symbol of V.(t,t’) on Cy, the
canonical half density on N*A = T2 x T*S? x T*S? and the symplectic half density on

T*(T? x T? x S? x S?). This is the symbol of V.(t). O

Next, let 7 : T? x S? x 2 — S% x S? be the projection onto the rightmost factors,
m(t,x,y) = (x,y). Let let m, : C°(T? x S? x §%) — C*°(S% x S?) be the pushforward

map defined on smooth functions by

mau(t,z,y) = (27r)_2/ u(t, z,y) dt

T2
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Lemma 3.3.10. Let N} C T*(T? x S? x S?) x T*(S? x S?) denote the co-normal bundle
to the graph of m and pr : N* — T*(T? x S? x S?) denote the left projection. The

pushforward diagram

F— A*Cy

| !

N*m ——= T*(T? x S? x 5?)
L

is clean away from the singular set insc, (T? x T*H) C A*Cy.

PROOF. Recall that above diagram is clean if the fiber product F' is a submanifold

of A*Cy x N*m and the linearization

TF —— 5 T(A*CY)

| Js

T(N*7) —— T(T*(T* x §% x 5?))

is also a fiber product. Note that the fiber F' is the set

F= {(tvoa(Dt(x7£)7(I)t(xvfl)ataov(I)t<x7’£)7(I)t<$7€/)7(I)t(x7£)7q)t(x7€/) | ($7€7x7§1> S 6H}

The natural parametrization ip : T2 x (7H — F is an embedding on the smooth parts
of Cy. The image ip(T? x T*H) of the non-smooth part corresponds to the singular
set in«c, (T? x T*H). Hence we see that F' is a submanifold of dimension 5 away from
this set. To prove that the diagram is clean, we have to verify that T'F is given by the
kernel of the map 7 : T(A*Cy x N) — T(T*(T* x S? x S?)) given by 7(u,v,w) =
v — u. Suppose that u = diaxc, (a,v,0") € dpT(N}). Then we have (v,v") € Cyg

with dPv — dPv' = 0. But this implies that (v,v) € T(Cy) and the tangent vector
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(u,u,w) € kert C T(A*Cy x N}) is actually equal to dip(a,v,v’), i.e. it is tangent to

F.

Now since the pushforward diagram is clean, the right projection pg : F — T*(5% x S?)

is a smooth submersion whose image

pr(F) = Cy = FI(Ar; 52) UFl(graph Ty

T;IS2)

is a Lagrangian submanifold of 7%S5? x T*S?. We now describe how the half densities on
N and A*Cy determine a half density on the image pr(F’) = Cy. More precisely, at each
point p € F, the clean diagram determines an element p®@vz € |ker d(PR)p| | T () Cy 2.
The half density at the point ¢ € Cy is then given by integrating the density over the

fiber of pg over q:

(3.3.27) </1( )u) ve

First consider the sequence of maps

0= T,F = T;,n(ACy x N7) = im7 — 0

Where 7 is the map above. Because the diagram is clean, this sequence is exact. We
suppose that p = ip(t,z,§, x,&). We will make use of several different bases which
we pause to notate here. First, let B = (Hy,, 8y,0,,0,) € T(T*S?). We will write
diy=(0y ® B) denote the basis on T'(N}) obtained by pushing forward the product ba-

sis on T2 x T*S? x T*S? determined by d; and B. We also let B’ denote the basis
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09,D), (0, 0), (0,,0),(0,0,) € TCyx and similarly, dia-c, (0y ® B') denote the basis on
m In)s \Op P v

T(A*CYy) obtained by pushing forward the product basis on 7% x C.

Now, since both smooth branches of éH are graphs over TjS% we have a natural half
density p2 € |T(T? x C*H)|% which pulls back to |dt|z @ |df A dy A dp|z on T? x T S2.
We let B be a basis of T,F such that p2(B) = 1. We complete this to a basis of
T(A*Cy x NZ) by adding the 10 vectors 0 ® diy:(0y ® B) in addition to the vector
(0,dP0,,0,dd+0,,0). We claim that the change of basis matrix between this completed
basis and the product basis dia-c,, (0y ® B') ® 0, 0 ® din+ (0 ® B) has determinant equal

to 1.

Lemma 3.3.11. Let |Q]% denote the symplectic half density on T*S?. Then
OL,|*

Q2 (B) = 5

PROOF. Since (1,0, p,n) are canonical coordinates if we write Hy, in terms of the

basis 0,, 0y, 0,, 0y, the coefficient of 0, is %—Ij. Hence the change of basis from this

symplectic basis to B has determinant |%_[/f| O

Now let o € |[T(A*Cy x N¥)|z denote the tensor product of the natural half density on
N and the symbol of V.(t) on A*Cy. Then in light of the lemma, o on the completed

basis above is equal to

(3.3.28) (1- xe)(:c,é)‘%—];(:v,ﬁ)’

This means that the exact sequence, together with our reference half density ,u% de-

termines the half density vz on im 7 which assigns the value (3.3.28)) to the 11 vectors
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dins(t @ B), (0, —dP9,, 0, —dP:d,). We complete this to a basis of T(T*(T? x S* x 5?))
by adding the vector (0, d,,,0,0). Then the symplectic half density on this basis is equal

to |015/dp|2. Hence, using the exact sequence

0—im7 — T(T*(T? x S* x S?)) — coker 7 — 0

We get the negative half density on coker 7 which assigns the value (1—x.)(z, £)|01/0p| 2
to the residue class of (0,0,,,0,0).To finish, we use the exact sequence associated the

submersion pp:

0 = kerd(pr)p = ToF — T,,:»)Cv — 0

Note that this is the exact sequence determined by either ip or ¢z of proposition [3.3.6
depending on whether (z, ¢, x, ') is the diagonal or reflection branch of Crr. Now coker T
is symplectic dual to ker dpg. This allows us to identify the minus half density on coker 7
with the half density

1
2

I 1
02| % 4

(1= x:)(,€) En

The symbol of V. on the diagonal branch is therefore equal to

(1— xa)(y,n)‘%—?(ym)

O(K)(@t(xaf)7®t(xa§)) = (27T)_2 </1(

D (w,&),@t(a:,f))

and on the reflection branch we have

oL,

o (Vo)(@e(,€), ®e(rn(z,€))) = (2m) (/_1(¢( ! (1 —xe)(y,n)‘ op W)

7<I>t(x7§))
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The proof is then completed by the following proposition:

Proposition 3.3.12. For (z,£&) € T3 S? in the support of the cutoff 1 —x.(z,&), we have

oI L b
&lzalro
3.3.29 “(z,&) = g
( ) Op (#:4) wa(z,§)
where wq is the second component of the frequency vector wy = g—g.

ProOF. We have I, = G(|{|,, ). Since pp does not depend on p,

oL, _ 91, ¢,
dp 0]y Ip

Now for (z,&) € T};S%, we have [£], = \/p? + %- So 38|—é‘2q = wy '(2,€) and

€ — 2
dEly 9 7 aln)?

dp |5|g

g

Since the symbol of the cutoff, x. and all of the quanities appearing in (3.3.29)) are
functions of I; and I, they are constant on the fibers of ip and ig. Hence the integrals

appearing above can be simplified to

1
2

_ 1 .
O ]
1= [€[2a(ro)?
— 1 5 %
U(‘/a)(q)t<$,§),(I)t(TH(x’g))) - %(1 - X5)<$,§) 1w2($;12€36,§) ’CZH
T [€Za(ro)?

This completes the proof of proposition [3.3.77 We now want to show that V. can be

written as the sum of a pseudo-differential operator and a Fourier integral operator.



112

Proposition 3.3.13. We have a decomposition V. = P. + F. where P. is an order zero

pseudo-differential operator with scalar symbol equal to

wa(y, M)
_ pylym)
V31— niator

F. € I°(S? x 8% Fl(graphru|r; s2)). The symbol of F. is the half density

#(P)ym) = (1= x)(3:7) dy A dnf?

1
2

L ;
U(FE>(®t(I’€)’CDt(TH(xvg))) - ;(1 - Xa)(xaf) 1WQ(]:1>'1§(3)67§) |CIZ9|§
~ [€2a(ro)?

where /ﬁ/\d@\% 1s the half density on the flow-out of the reflection graph determined in

proposition [3.3.0,

PROOF. Note that the two flow-out sets FI(Az: g2) |J Fl(graphry

T;52 are disjoint
when (z, £) is restricted to the support of a the cutoff 1 —y.. Since V; only has wave front
set in the flow-outs of this region, we can let ¥ € C>°(T*5% x T*S?) be a smooth cutoff
function such that » = 1 in a neighborhood of the diagonal flow-out and has support

disjoint from the reflection flow-out. Then we have

The diagonal flow-out is inside Ar«g2 so the first term is a pseudo-differential operator.
The symbol is unchanged due to the fact that 1) and 1—1 are equal to 1 on neighborhoods
of the diagonal, reflected flow-outs. On the diagonal branch of the flow-out, we also have

the natural symplectic half density |dy A dn A dy A dn[é. It is easy to check that (see

lemma |3.3.11])

1

_% )
dy A dn A dy A dn)|?
VL |dy A dn 7l

/J% _ |0
dp
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This accounts for the difference between the symbol of P. stated here and the symbol of

V. on the diagonal branch.

3.3.2. Preliminaries for the Trace Formula

To begin with, we need a description of the operator f(Dy/().

Proposition 3.3.14. Let f € C*(R). The operator f (%) is a semi-classical pseudo-

differential operator in the class W, % (S?) with principal symbol equal to f(pe(y,n)).

PRrOOF. Note that by Fourier inversion, we can write

(3.3.30) f (%) = %/Rf(t)eiﬂ’@ dt

Becauase the flow of Dy is just linear translation in the polar coordinates (r, 6, p,n), we

can write

t ; ’ / -t
(expizDg)(r,Q,r',G/) = (2%)2/ lr=rp 6=l gien 4

R2

Now change variables p' = p/¢, ¥ = n/{. Then

£2
(27)?

(exp iEDg)(T, 0,r',0") =

/ ei@[(rfr’)er(HfO’)n]eitn’ dp/ dn/
i o

Inserting this expression into (3.3.30|) and integrating in ¢ finishes the proof.
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We also need a description of 11, as a semi-classical Fourier integral operator. For details,
see for instance theorem 1 of [38|. Although this is written for the cluster projection of

a Zoll Laplacian, the same argument applies to the operator fg considered here.

Proposition 3.3.15. For A € W0 g homogeneous order zero pseudo-differential operator,
Ally is a semi-classical Fourier integral operator of order % associated to the canonical

relation

Cn={(r,§,y,m) €L xX |3t e|0,2n)exptHp(v,&) = (y,n)}

Where ¥ = {I, = 1}. Along the parametrizing map v : S X ¥ — T*S? x T*S?

L - (t,l‘,f) = (x,f,exptHIz(a?,f))

The half density symbol pulls back to

o (ATl = C2e~|dt|2 @ o(A)|dpur|2

Where duy, is Liouville measure on the energy surface X and o(A) is the scalar symbol

of A with respect to the canonical symplectic half density on N*A.

3.3.3. Weak* limit of the phase space empirical measures

Let B € U9(S?%) and B be the average (3.3.4)) of B with respect to the torus action U(t).

Then the un-normalized version of v,(B) tested against f € C°(—1,1) is

l
S (5 (2) = e (2 o

m=—/

The right hand side is the trace of a semi-classical Fourier integral operator and by

standard symbol calculus it has the leading order asymptotics
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4

S (Bt () = ¢ [ Fon)o(B)dus + 0(1)

m=—/{

Similarly, the normalizing coefficient N, is

Ny = TraceBHg—ﬁ/ B)dpg +0O(1)

Finally, since o(B) is just the average of o(B) with respect to the torus action ®;, we

have [, o(B)dur, = [y, 0(B)duy, = w(B). We also write

/fpe duL—/llf(c) /TCO'(B) duchdc:/llf(c)a(B c)de

This completes the proof of theorem 1.1 (b) when f is compactly supported. The full

statement follows from the fact that 0/(\B)(c) is an L' function on [—1,1].

3.3.4. Weak* limit of the L? restriction empirical measures

To begin with, we need to express the un-normalized version of (3.1.3)) as the trace:

Proposition 3.3.16. Let f € C°(—1,1). For each ¢ > 0,

¢
m Dy
(3.3.31) Z |’<Pf;1H%2(H)f (7) = Trace f < ) VI, + R(e,0)
m=—~
where
lim sup R ) = 0O(¢)
{—00 14

PROOF. Note that by proposition we have
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14

i: el Becenf () = D2 (i) zeptus i) () +

(3.3.32) . m=—t mj_e
§Z<<7E7H)<s¢£1790£1>f (%) +W;Z<ngofm¢fn>f (%)

The first term on the right hand side is just the trace appearing in the proposition.

Further, since [(K.¢!, ¢!} = O.(£=>), we just need to show that

14

> (i)t ()| = 0

m=—/{

1
(3.3.33) lim sup 7

As in the discussion on page 37 of [35], we can bound the sum

¢

> (i) <t e f () ‘

m=—/

1

14

By a sum of terms of the form

¢
1 o
S bl ()

m=—/

where ¥? is either the tangential or the normal cutoff operator. In both cases, the
symbol of the operator appearing is supported inside a set of volume O(¢) inside ¥. By

the pointwise Weyl law,

V4
) 1 i
timsup S [Ril, (2)* = OC)

f—00 )

and integrating this along H preserves this bound.

Proposition 3.3.17. For each € > 0,
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wo(c, 1)

2
\/1 T K(c,1)2a(ro)?

de | +0:(1)

tvace (22) vt = ant | [ 0 -0

PROOF. By proposition|3.3.13, we have V. = P.+F.. From propositions|3.3.14i3.3.15|
and [3.3.13] the contribution of the P. term in the trace is equal to

‘ ( [ fnap) dm) +0.01)

Since the symbol of P. is a function of I; and I, it is constant on each torus 7T, and the

leading term is equal thus equal to

(27)%¢ /1 f(e)o(P:)(c,1)de

which is the stated term in the proposition. To finish the proof, we need to show that
the contribution to the trace from the F. piece is of size O.(1). For this, note that
f (%) F.II, is a semi-classical Fourier integral operator of order 1 associated to the

2

canonical relation

Crn = {(z,§,y,m) | (2,€) = Ce(ru(2,£)) and (De(a', '), y,7) € Cn}

The trace is controlled by the symbol on the intersection C'rry N Apsg2. This is equal to

the set

{(®e(a”,€), De(ru(a’,€)) € Cu | t € T%, (2, €) € TS}

And this is equivalent to the statement that (z/,¢’) and ry(2/,£') lie along the same
I bicharacteristic. But if (z/,¢&") ¢ T*H, this would mean that the projection of the

I, bicharacteristic to S? has a self-intersection, which is impossible. Thus it must be
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that (z/,&") = rgy(a’,£') € T*H. Due to the cutoff x., the symbol of F. vanishes on the

aforementioned set. Hence the order ¢ term in the trace vanishes as claimed.

O
Proposition 3.3.18. The normalizing factor M, = Zf;:_gHgoan%g(H) satisfies
hm — = 47r/ dc
{—00 E 1 \/1
K(ec, 1)2a r0)>2
PROOF. In the same fashion as the proof of proposition 5.3, we can write
M, = Trace V.II, + R/(¢, ¢)
> ! W2<Ca 1)
Trace V.IT, = z/ (1= v)(0) e+ 0.(1)
! \/1 - K(c,l)c2a(m)2
where limsup,_, | R/ (¢,¢)|/¢ = O(e). Since
1
1)
/ (1 —x:)(e) wale, 1) = dc—>/ de
- \/]' T K(c, I)Qa(ro \/1 T K(c,1)2a(ro)?
as ¢ — 0, the statement follows.
O

Now in light of propositions 5.1,5.2,and 5.3, for f € C°(—1,1),

(i ) = 51 Z_J\%Jﬁ%H)f(%)_”Mie [ sen-xe 7 20D o) 4R 0

2
1 - K(c,1)%a(ro)?

where limsup|R"(e,/)] = O(e). Taking ¢ — oo and then ¢ — 0 finishes the proof of

theorem 1.1 (a) when f is compactly supported. We can freely upgrade this statement
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to f € C([—1,1]) because
wo(c, 1)

c2
\/1 T K(ce,1)2a(ro)2

is an L' function of ¢ on [—1,1].
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CHAPTER 4

Scaling Asymptotics for Ladder Sequences of Spherical
Harmonics

4.1. Introduction

Let (S?, gean) be the round sphere with standard polar coordinates (¢,6) € (0, ) x (0, 27)
where 6 is the polar angle measured relative to fixed meridian geodesic, and ¢ is the

azimuthal angle from the north pole. Let

(4.1.1) YI(6,0) = \/2]\;‘: ! Ex - Z;:P]\?(COS ¢)eim?

be the standard L? normalized spherical harmonics. Suppose that we choose sequences
of integers 0 < my < Ny so that my, N, — oo while the ratio ¢ = my /(N + %) In this
section we show that along such sequences, the functions Y]\T,:i’“ have Airy function type
asymptotics in an (N + %)% size neighborhood of the caustic latitude circles determined

by singyL = ¢, where 0 < ¢ < 7/2 < ¢, < 7.

Theorem 4.1.1. For integers 0 < m < N, let Y be the standard spherical harmonics
(1.0.4) on (S?%, gean) and let x = (¢,0) be geodesic polar coordinates from the north pole.
Suppose 0 < my, < Ny are sequences of integers such that my/(Ny + %) = ¢ for all
k. Then there exists an € > 0 such that if x = (¢,0) with ¢ < sing_ < ¢+ &, with

= (Vi)
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Vit () JaVy(w) ~i (<o) 3 ol 74
(4.1.2) 2 n=0
Ai (—h,:gp(:c)> Zul,n(m)hkw

(4.1.3) pz) = (% /7 z a)g

Here, v, is the geodesic arc joining the two pre-images 7' (x) € T. and « is the canonical
1-form on T*S?. The arc is oriented so as to make the integral positive. The u;; are

smooth half densities on S? and the leading order coefficient ug g is

4 oy .
(4.1.4) upo(z) = (ﬂ) el JdV, = (2m)p(z) 1™ m \/dur, .

sin? ¢ — ¢2

where dpuy, . is the normalized joint flow invariant density on T, and 7 : T*S — S? is the

natural projection.

We recall that the torus T, is the Lagrangian submanifold S*S? N {py = ¢} C T*S?\ 0,
where as before, py(z,£) = (£,0y) is the Clairaut integral, the symbol of Dy. The
Hamiltonian flow of py commutes with the geodesic flow and defines the torus action

which for t = (¢, ;) € T? is given by

Dy ¢ (2,8) — exptiHp, o explaH,
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This action preserves T, and is free and transitive on it for every ¢ € [0, 1]. The measure
dpie.r, pulls back to the normalized measure (27)~2(dt; A dty) under the embedding given
by the orbit of any fixed point (z¢,&) € T.. To prove the theorem, we construct
an approximation to the Legendre functions P]T\Zc ¥, In section we conjugate the

associated Legendre operator

m? 1

— _ _ 2 Z

on the interval [—1,1] to a Schrédinger operator on I = (0,7) and construct a global
WKB quasi-mode (approximate eigenfunction) for this operator in such a way that it is
a locally uniform approximation to P{'(cos¢), ¢ € (0,7) as m, N — oo with the ratio
¢ =m/(N + }) fixed. Section contains the derivation of the Airy expansion of the
quasi-mode and in section 1.4 we explain how the quantities appearing in the expansion

have interpretations in terms of the geometry of the sphere.

4.1.1. Background

4.1.1.1. The Legendre functions. To establish notation and collect basic facts we
quote the following classical results about the Legendre functions and refer to the stan-
dard references [28],[20| for more detail. We note that these functions are called ‘Ferrer’s
functions’ or ‘Legendre functions on the cut’ by some authors. For each pair of integers

(m, N) with 0 < m < N, let Py*(z) be the following function defined for z € [—1,1]:
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We refer to PJ(x) as the normalized Legendre function of degree N and order m. They

are real-valued, smooth on (—1,1), and satisfy

(4.1.7) (1 —2*)02Py(z) — 220, Py (z) + ((N + %) — % - i) Py(z) =0,
(4.1.8) /1 Py (z)?dz = 1.

Proposition 4.1.2. For m € Zx, define the (positive) Legendre operator Ly,

m? 1

4.1. L, = —0,(1— x? — 4+ =
(4.1.9) mi=—0n(1=2%)0p + T + ¢

As an unbounded operator on L*[—1,1] with domain C>([—1,1],dx), L, has only dis-

crete spectrum consisting of simple eigenvalues

2
Spec(Lm):{<N+%> |N€N,N2m}.

FEach eigenspace is the complex span of P (x) and the set { PJ}%_,, is an orthonormal

basis of L*([—1,1],dx).

For a proof, see |31]. The formula

Py (2) = 2Py(x) + (N + 1) Py()

together with Py (1) = 1 implies that for all 0 < m < N, P¥(z) is positive near

x = 1. Depending on the relative of parity of m and N, Py'(z) is either odd or even,
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Pi(—z) = (=1)™*N Pr(z). We will use these properties to match the quasi-mode with
Py

4.1.1.2. Review of Oscillatory Functions Associated to Lagrangian Manifolds.
This section contains a review of the basic theory of oscillatory integrals which we will

use in the construction of the quasi-mode in section

Let (M™, g) be a Riemannian manifold. The theory reviewed here depends upon working
with smooth half densities rather than functions. Fix a smooth, positive density v on

M. We may then identify functions with half densities via the isomorphism

fz) = flx)V

Let A C T*M be a compact Lagrangian submanifold. In order to define the space
O*(M, A) of oscillatory half densities associated to A, we fix a locally finite open cover
{U,} of A such that for each j, there exists a phase function 1;(z,6) € C=(V; x RV R)

defined on some open subsets V; C M which are small enough so that the maps

iy, (2,0) 2 Cy, = (z,d3p;(x,0))

are embeddings onto U; C A. Here C, is the zero set of dypt); which is assumed to be
an n dimensional submanifold. We further fix a partition of unity x; subordinate to this

cover.

Definition 4.1.3. The space O*(M, A) is the space of all half densities which can be

written in the form
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N

(4.1.10) u(z,h) = (Z(Qwh); /RNJ- aj(x,Q,h)e%%(‘”’e) d@) Vv

J

(4.1.11) a;(x,0) ~ Y ajn(z, 0"

n=0
where each a;(x,0) is a smooth function with compact support. We write O (M, A) =
NuerO# (M, A) and when h is restricted to take values in a particular sequence hy we
will signify this with the notation O*(M, A, hy). Associated to each u(x,h) € O (M, A)
is a geometric object o(u) called its principal symbol, which is a section of a certain
line bundle over A. To define it, we first recall that the Maslov bundle . — A is a flat
complex line bundle which can be described concretely using the choice of {Uj,1;}. On
U; NUj, define the locally constant functions

mi;(A) = = (Sgn 95;(A) — Sgn djui(N))

N | —

where 951 is the hessian with respect to the fiber variables. The functions exp iZm;;(A)
are the transition functions of the Maslov bundle on U;NU;. The choice of phase functions

determines a canonical section, s, of I by

s;(A) = expi%Sgn ds1p;(N) A e U;.

Let W; be the lift of ¢; to U; via the map i, and Q2 — A be the half density bundle
over A. Fix a smooth positive density py on A and define the space of symbols of order
11, S*(A), to be the set of all smooth sections of 22 ® L. — A which may be written in

the form
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(4.1.12) h# (Z expi\lljlg/\) fi(A)s;(A) + O(h)) VPo

where f; are smooth functions on A with supp f;(A) C U;. The principal symbol map

o OF(M,A) — S*(A)/SPH1(A) is defined so that when u(z,h) is written in the form
(4.1.10]) then

(4.1.13) [o(w)](\) = h* (Z eXpiqjjT(/\)aj,O()\)gj()‘)sj()‘)> VPo-

Here, the g; are smooth functions on U; defined by

9iv/po = (iy))"yJde, A€,

where d¢ ” is the canonical J-density on the critical set Cy, determined by the density
v @ |df| on V; x RMi. Next, we define a map which takes a symbol to an oscillatory half

density,

Q: SH(A) — O(M,A).

Suppose that o € S* is written in the form (which is always possible using x;).
Define Q(o) to be the smooth half density with amplitudes a; chosen so that
(i;jl)*aj g; = f;- Then Q is a right inverse for the principal symbol map. It depends on
the choices (Uj, ¢}, x;) while the principal symbol map does not. Finally, suppose that
P is an order zero semi-classical pseudo-differential operator with principal symbol pg

and with sub-principal symbol equal to zero. If pg = 0 on A and p is a density on A
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invariant under the Hamiltonian flow ¢t — exptX,, of py, then for any u € O*(M,A),

Pu € O#*1(M, A) and if u(x, h) has principal symbol

(4.1.14) o(u) = (Z exm‘l’;ﬁ) fj(Msj(A)) NG

then the order p + 1 symbol of Pu is

(4.1.15) o(Pu) = (Z expi\P;L—iA)%Xpofj(A)sj(A)> NG

4.2. Maslov-WKB Quasi-modes for the Legendre Functions

We begin by conjugating the Legendre operator on [—1, 1] to a Schrédinger operator on

I = (0,7). The following proposition is a straightforward calculation.

Proposition 4.2.1. Let U be the unitary map U : L*((—1,1),dz) — L*((0,7), d¢)

(Uf)(@) = flcos @)y/sin¢

Let 0 < ¢ < 1 and define the operator Hy, . for f € C*((0,7))

12N 02 . h2
(42.) Hef(0) = ~210) + (5~ 1 ) 1O

Suppose that m(h) is an integer such that ¢ = m(h)h € (0,1) for all h. Then

h2U Ly U* = Hp.
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For the remainder of this section we fix once and for all some ¢ € (0,1) and a rational
ladder sequence, that is, integers 0 < my < Ny, such that for all k, my/(Ny, + %) =c.
Putting hy = (Nj, + 3) 7%, it follows from propositions and that the spectrum

of Hy, . is

1 2
Spec(Hhk,C) = {hi (N + 5) ‘ N Z mk} .

In particular, 1 is an eigenvalue of Hj, . for all k. Moreover ker (Hj, . — 1) is one dimen-
sional and spanned by up, (¢) := UPy". It follows that there exists § > 0 so that Hj, .

has the spectral gap,

(4.2.2) inf |1 — Al > dhy,
AeSpec(Hp, ,)\{1}

4.2.1. Construction of a global 4> quasi-mode for H), .

We say that a smooth function v, on I = (0,7) is a quasi-mode of order h* for Hj, .

with quasi-eigenvalue E(h) if

(4.2.3) | (Hne = E(h)) vn| |2y = O(h)

where E(h) has the semi-classical expansion E(h) ~ Eo+ > W E;. Let (¢,7) be

coordinates for T*R, p : T*R — R the natural projection, and

62

sin® ¢

flo.m)=7"+

be the principal symbol of H}, .. The energy curve
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(4.2.4) Y ={f(¢,7) =1}

is a smooth, closed curve, symmetric about 7 — —7, intersecting {7 = 0} at ¢ =
/2 £ ¢o where ¢, are the two solutions of sing = ¢, ¢ € (0,7). We follow the well-
known procedure of WKB-Maslov quantization in order to construct a quasi-mode vy,
approximating uy, = U P]’\Z * locally uniformly on I. For the remainder of the section we

identify smooth functions on I with smooth half densities on I by

HOENIOILE

In this way we may speak of oscillatory functions instead of half densities and we do this

without further comment. The rest of this section contains the proof of the following;:

Proposition 4.2.2. There exists a smooth, real-valued function vy, (¢) € 0%, 3, hy)
with ||vn,||22(y = 1 and a sequence of real numbers E; so that if E(hy) ~ 1+ hjEs +

hpEs+---, then

(4.2.5) | (Hne = E(hi))one || 21y = O(hE)-

Moreover, for any fized ¢ € (¢, py),

( ' cos ifﬁ/ a+Z
2sin ¢ (hk 4 14) + O(h)Lz Nk — Mg odd

T (sin2 ¢—c2) 4

(4.2.6) o () =

- sin(hif a—&-%)
2S;n¢ L% L 4 O(h)e Ny —my even
L (sin2 qb—c?)z‘r
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and there exists an € > 0 such that if p < ¢_ + ¢, then

(4.2.7) v, () = (2mhy,) "2 / a(r, h)ems @) g O (%) 12,

where a(t,h) ~ > a;(T)h/, ao(t) = \/LEV/(G/Q(T))_%, and Go(T) satisfies G4(0) = 0,

(GY(T),T) € X on the support of a.

The existence of O(h*) quasi-modes is well known, see for instance [4], |7], [10]. The
solvability of (4.2.5) up to error O(h*) requires (X, hs) to have the following three

properties:

Proposition 4.2.3. Let o = 7d¢|s, [m| € H(X,Z) be the Maslov class, and Xy be the

Hamiltonian vector field of f.

(a) For all k large enough,

so-lal = 4wl € H'(E.2)

(4.2.8)

(b) There exists a positive density po invariant under the flow of X;
(¢) For each smooth function ro on X satisfying [, o po = 0, there exists a smooth

function ry so that dri(Xy) = ro.

PROOF. (a) Since X is a curve, we can check this by integration. We define the
Maslov class below, but to check this it suffices to know that [;[m] = 2 when X
is oriented counter-clockwise. Since the integral of « is the area enclosed by X
and Y is symmetric across the lines ¢ = /2, 7 = 0, the integral is four times

the area of the upper right quadrant,
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4.2.1.1.
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Vi-c? 2 dr
Tdo = 4c =27(1 —¢
/z ¢ /0 (1 =721 —c?— 712 ( )

Therefore

1 1 1
——=ht—=—ch ' =N, — Z.
27Thk/2a 9~ T T kT

The map

i:[0,m) = X i(t) = exptXs(¢4,0)

is a surjective Lagrangian immersion. To see this, one only needs to note
that the period of the Hamiltonian flow through (¢, ,0) is 7. This follows from
the fact the curve exp $X;(¢4,0) can be identified with a geodesic on S? (see
section 4.4). The density py defined by i*py = 7 !|dt| is clearly positive and
invariant.
Pulling back under 4, we may assume ro(t) is smooth on [0, ), [ r(t)|dt| =0,
and limy_,. ro(t) = 79(0). Then the function ri(t) = fg ro(s) |ds| solves the

equation.

Explicit choice of phases and canonical operator. Let {Uj}§:1 be the

open cover of ¥ pictured below. The sets Uy, Us are symmetric about (¢, ) — (¢, —7)

and Uy, Uy are symmetric with respect to reflection over ¢ = 7.
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Let x; be a partition of unity subordinate to this cover so that xi(¢,7) = x3(¢, —7) and
X2(¢, 7) = xa(m — ¢, 7). We choose local phase functions parametrizing this open cover

as follows. For 7 = 2,4 we put

(4.2.9) Vi@, 7) = o1 — Gy(7),

where G are chosen so that G;(0) = 0 and (G’(7),7) € ¥ on the 7-projection of Uj.

For ¢ € p(U1) = p(Us), let

(4.2.10) bi(9) = / T / A

Here, 7, is the arc joining the turning point (¢, 0) to the point (¢, 7) € Uy and —v, is
the arc joining (¢, 0) to (¢, 7) € Us. Since the lifts ¥; of the phases to ¥ are primitives
of «, they differ by a constant ¥; — ¥; := C;; on each U; N U;. It is easy to see for
this choice of phases that Cis = (93 := C' and C34 = C4; = 0. Note that this means
fzoz = 2C' where the integral is in the counter-clockwise direction. As described in
section 1.3, this choice of phases shows that the co-cycle which defines the Maslov class

[m] 18 Mo = Mgg = My3 = Mg = %

Proposition 4.2.4. Define constants (3 as follows

pr=—B3=% Np—my odd B2=01=0 Ny —my odd
512—53:3—7r Ny —my, even 5220,54:7T N, —my even

4

Then the local expressions
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(N
hy,

(4.2.11) S;(\) = exp i < + @-) se, (V) AeU;

define a global section of the Maslov bundle over 3.

PRroOOF. For each A € U; N Uj, recall that we have

(4.2.12) Sy (A) = 54,(N) expigmzj.

Therefore, the above expression defines a global section if and only if

v -,

4.2.1
(4.2.13) ™ 5

The quantization condition (4.2.8) implies that

v,
(4.2.14) =T T (N —my)
he 2

for j=1,7=2and j = 2, ¢ = 3. Using this together with ¥; = ¥, and V3 = ¥, on
the intersection of their domains, we easily verify the values of the §;, are determined

except for a £ sign ambiguity and this is removed by requiring 35 = 0. U

4.2.1.2. Conclusion of the proof of proposition 2.3. Let py be the positive invari-

ant density on X as in proposition m Define the symbol oy € S°(2) by



134

(4.2.15) oy = (Z expi\llziA)Xj(A)sj(A)> /.

We inductively find a sequence of smooth functions r;(\) on ¥ and complex numbers E;

so that for each n > 0,

(4.2.16)

(Hhk,c — (1 + h2E1 + -+ hn+1En)) (Q(O’o) + hQ(Tlo'o) +--+ th<7’nO'0)) S On+2

With ro = Ey = 1, the n = 0 case follows from formula (4.1.15) and Lx,09 = 0.

Supposing it holds for n > 0, let

U, =9 (<1+er> 00> € O"t?
j=1

En=1+> WE,

J=1

Then with E,; and 7,1 to be determined, the function

(4.2.17) (Hppe — En — B2 Ep1) (Un + K1Q(rp1100))

is in O"*2 and its principal symbol is the same as the principal symbol of

Un + hn+2En+1Q(O'0) + hn—H(Hhk’c — 1)Q<7’n+10'0)

which vanishes if and only if
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2

where hu,00 = 0(Uy,). If E,y1 = — [, uy po, then proposition implies that there is
a smooth 7,1 which solves this equation. Now letting r ~ 1+3 %, r;h"00, v, = Q(r0y)
satisfies (Hp, . — E(h))v, € O(1, %, hy). Finally, to verify the pointwise asymptotics,

we write K; = i’Zj X; and observe that

(4.219) QAoo) = > K (9)ay(9)e () 4 > (@2nhy) 7 /Kj(T)aj(T)ei@i*ﬁf) dr

Jj=13 Jj=2,4

(4.2.20) a;(¢) = = . i=13

1 1

4.2.21 (1) = =
( ) 7 VT VI(G(T)) 2

j=24

Notice that |G’ (7) |_% = \%%, so if we apply stationary phase to j = 2,4 terms at
some fixed ¢ € (¢_, ¢ ), the amplitudes match those in the j = 1,3 terms. Proposition
implies that the phases match as well, so using the fact that the K; are a partition
of unity when lifted to X, we get . The statement is obvious since the j = 2
term does not have any critical points away from the projection of Us and the j = 1,3
are supported away from (¢_,0). Now take the real part of vy, . It satisfies the equation

(4.2.5) with E(h) replaced by its real part. The principal symbol of vy, is
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U(@hkﬂqﬁﬂ T) = J(Uhk)(¢7 _T) = 0o

so ||[Re(vp)||r2(y = 1+ O(h). It follows that L? normalizing Re vy, only multiplies the

lower order terms in the full symbol by a constant. And therefore the expression for the
leading part of ||Re Uhk”ZQl(I)R‘e vp, is the same as (4.2.6)).
4.2.2. Comparison of the quasi-mode to the mode

Here we show that the quasi-mode vy, of proposition is locally uniformly close to

the true mode uy,, = UPy*.

Proposition 4.2.5. Let v,, € 0%I,%, h;) be as in proposition and uy, be the
L? normalized, real-valued function satisfying Hy, cup, = un,. Let I1 denote orthogonal

projection onto ker Hy, . — 1. Then

(4.2.22) o, — Ton, |20y = O(B®)

PRrROOF. From the spectral gap (4.2.2)), it follows that the lower bound

|[(Hhy e — Dullzzy > 0hel|ul| 2

holds for u € (ker Hy, . — 1)*. The estimate

||(Hhk70 - E(h>>vhk||L2(I) = O(hzo>

implies that there is an eigenvalue of Hy, in an O(hY) neighborhood of E(h) for all large
N. Since E(h) = 1+ O(h?) and the eigenvalues of Hj, . are separated by O(h) distances,

this means that E(h) = 1+ O(hg°). Therefore
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(4.2.23) (Hac = 1) (0, — o)ty = O(Y)

which proves the estimate in view of the lower bound above.

Proposition 4.2.6. For each 6 > 0, with Iy = (6,7 — 9),

(4.2.24) [[ny, = unl = (15) = Os(h77)

PROOF. Writing 92 = —h; >(H, . — V). we have

162 (v, — Ton )| z2s) < Py ? (1(Hnge(vn, — Tow)| 22y + 11V (ny, — Top) 1 22(15))

From proposition 4.2.5, || Hy, .(vs, — Hup, )|| 21y = O(hg°) and since V' is bounded on I

depending on ¢, the right hand side is Os(hg°). Applying the Sobolev estimate

1/ 11z < CIf NN

twice on the interval I together with the above inequality yields

(4.2.25) ||’Uhk — thkHL‘x’(Ls) = O(;(hzo)

Similarly, we have
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(4.2.26) lung |z (5) < Cllug, |2y = 0 || (Huge = V) ung I 2215) = Os(hy.?)

SO

(4.2.27)  |Jon, = ungllze(s) < [lvn, = Wong || as) + [[(C(k) = Duny |l 15) = Os(h)

Where we have written vy, = ((hg)up, and ((hx) =1+ O(hg°) since vy, is real valued

and positive in a neighborhood of ¢ = ¢_.

4.3. Airy Expansion of the Quasi-mode

The goal of this section is to prove the following Airy expansion for vy, in a neighborhood

of the turning points ¢..

Proposition 4.3.1. Let v, be the quasi-mode in proposition[{.2.9. There exists € > 0

such that for g_ < ¢ < ¢p_ + ¢, vp, (¢) has the full asymptotic expansion

(4.3.1) vy, (@) ~ Ai (—h%p((ﬁ)) By o i g n(Q)h" + Ad (—hgp(aﬁ)) hs i U (@)h"

The leading part of the expansion is

432) ()~ Vaont (A0 Cai (htoe) + o))

sin? ¢ — ¢2

Here, the argument of the Airy function is
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(433) p(6) = (Z / a)

where 74 is the arc on ¥ passing through (¢—,0) from (¢, 7_) to (P, 74).

To prove this we write

Pa(0,

k

(4.3.4) i () = (2hy,) 3 / (7, ) expi ( um 52) +O(R)

For ¢ in a neighborhood of the turning point (¢_,0). The expansion is a consequence of

the following proposition from Hérmander:

Proposition 4.3.2 (Hol, Theorem 7.7.18). Let f(t,x) be a real-valued smooth function
defined in a neighborhood (0,0) € V' C R2. Suppose that 9,f(0,0) = 92£(0,0) = 0 and
that 33 f(0,0) # 0. Then there exists smooth, real-valued functions a(x),b(x) and smooth

compactly supported functions ug (), w1, (z) such that

e hita )/ (t, 2)et 10 dt ~ Ai(hFa(a hBZuM
(4.3.5)
+ Ad'(h™ 3a h3 Zuln

For a smooth, compactly supported amplitude u(t, x) supported sufficiently close to (0,0).

4.3.1. Proof of Proposition 4.3.1

As explained in [22], page 234 the functions a(z) and b(z) can be calculated by putting

the phase function into the following cubic normal form:
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Proposition 4.3.3 (Hol, Theorem 7.5.13). Let f(t,z) be a real valued smooth defined
in a neighborhood (0,0) € V C R? such that 9;£(0,0) = 82 £(0,0) = 0 and 93 f(0,0) # 0.
Then there exists a real-valued smooth function T'(t,x) in a neighborhood of (0,0) with

7(0,0) =0, 6,7(0,0) > 0 and smooth functions a(x),b(z) such that

T3(t, x)

(4.3.6) f(t,x) = 3

+a(x)T(t,x) + b(x).

We apply this theorem to the phase

(¢, 7) = ¢1 = Ga(7)

It has a degenerate critical point at the turning point(¢_,0). Indeed, by differentiating

the Eikonal equation,

2

4.3.7 =1
( ) T sin® G%(7)

We see that 0%19(¢_,0) = —G5(0) = 0 and 93¢hs(d_,0) = —GY(0) = \/% # 0. The

functions a(z) and b(z) are calculated in the next proposition.

Proposition 4.3.4. There ezists a smooth function T'(¢,T) in a neighborhood of (¢_,0)

as in proposition such that

(43.8) ba(g,7) = L&)

+a(@)T(6,7) + b(¢)

If _ < ¢p_ + ¢, then
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2/3
(4.3.9) a(¢) = — (2 / a)

(4.3.10) b(¢) = B2 =0

Where vy is the arc on X defined in proposition |4.5.1]

PROOF. Existence follows from proposition [£.3.3] Put p(¢) = —a(¢). Take the
7-derivative of (4.3.8) and observe that 0.Ys(¢,7) = ¢ — G4L(7) = 0 if and only if
T?(¢,7) = p(¢). For a fixed ¢ € (¢_,¢_ + ¢), let 71 be the two T-critical points of 1o,

the 7-coordinates of the two points (¢, 7) € ¥ lying over ¢,

02
(4.3.11) To(¢) = £ /1 - 75

Since T?(¢p, 7+(¢)) = p(¢), we can write T(¢, 74 (9)) = —+/p(¢) and T(¢,7_(¢)) =
\/p(@). These imply that 1o(p, 71) = q:@ — 4+0%2(¢) + b(¢) which means

(4.3.12) %,03/2(@ = Va(0, 74) — Ua(9, 7-) 2b(¢) = 2(@, 1) + 2(0, 7-)

The formulas then follow since v, is odd in 7 and Wo(7) = ¥o(GYy(7),7) is a primitive

for oy, .
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Now let x(¢) be a bump function equal to one on (¢_ — 5,¢_ + 5) and supported in
(p_—e,¢_+¢). The amplitude x(¢)az(7, h) appearing in (4.3.4) will then have no critical

points outside of a 7 neighborhood B, (0) of 7 = 0, r = o(g). Split up the integral by
inserting a 7 cutoff (1), x(¢)as(7, h) = x(¢)n(7)a(r, h)+x(¢)(1—n(7)as (T, h) supported
on B,(0), equal to 1 on B, /5(0). If € is small enough, the first term is supported close
enough to 7 = 0 to apply proposition and the second term is O(hg°). Finally, we
calculate the leading order amplitude ugo(¢) appearing in the expansion. The leading

term is

1
6

(4.3.13) W (6) ~ (= 1)+ N (2m) S g () Ad(— R, p(6).

We compare this to the standard expansion of the Airy function for large ¢t > 0 (see [22]

pg. 215)

(4.3.14) Ai(—t) ~ ——— cos(gt

this means that when h=3p(¢) >> 0,

(4.3.15) Uy (@) ~ uo,0(¢) (Wép(qb)i sin <hk1 / a+ %))

But this must match the leading term in proposition which forces

(4.3.16) uo(¢) = \/sin ¢ (@_@)i

sin? ¢ — ¢2
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4.4. Geometric Interpretation of the Expansion

Recall that the generator of rotations, Dy = —idy commutes with the Laplacian on S2.
The Clairaut integral, pp(z,&) = (&, Op), is the symbol of the Dy so {pg,q} = 0 where
q(x, &) = [£|.. Together they generate a homogeneous Hamiltonian torus action, ®(t, s)

on T*52,

(4.4.1) P(t,s,x,&) = exp sX,, oexptX,(z,§)

which acts transitively on the level sets of the moment map,

(4.4.2) p:T*S* TR p(x,€) = (po(z,8), q(z,8))

whose image is the cone I' = {(z,y) | y > 0, |x| < y}. Since p is homogeneous, we need
only consider level sets with ¢ = 1. For ¢ € [—1,1] set T, = p~!(1,¢) = S*S* N {pp = c}.
For ¢ € (—1,1), T, is Lagrangian torus inside of S*S%. When ¢ = +1, T, is just the lift
of the standard equator ~, to S*S%. In terms of the dual polar coordinates (¢, 7,6,n) on

T*S?,

02
2

n ¢

(4.4.3) T.={(¢,7,0,n) | 7° + 5o =Ln=c

Therefore its projection to S? is w(7T.) = {(¢,6) | sing > c¢}. The projection is an
annular band consisting of all geodesics which make the fixed angle arccosc with the
equator. The energy curve associated with the associated Legendre functions is just

the (¢, 7) cross-section of T,. For z in the interior of m(T,), let 7, be the geodesic arc
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connecting the two points lying above x in T, from (x,£_) to (z,&.), where the sign
corresponds to the sign of 7. It is clear that f% df = 0 since there is no change in the
0 coordinate across the arc. But the canonical 1-form is o = 7d¢ + ndf. Since n = ¢
is constant on 7T, the second term contributes nothing to the integral over ~,, and the
first term is clearly equal to the integral in the Legendre function expansion. The

density

_ |dg| @ |d8

(4.4.4) djie L

is invariant under the joint flow on 7, and

1 /sing |dé| ® |db
(2m)%  (sin® ¢ — )z
which verifies the formula (4.1.4). The reason for the Airy bump at the caustic latitude

Tidjle =

7. : T. — S?. Recall that

circles is the presence of a fold singularity for the projection m
a smooth map f : X” — Y™ between n-dimensional manifolds is said to have a fold
singularity with fold locus S if there exists a codimension one submanifold S C X such

that

(1) S'isequal to the set of critical points of the map f,i.e. S = {x € X | df, is not surjective }

(2) For each s € S, the kernel of df, is transverse to the tangent space T5S.

Proposition 4.4.1. The projection w|y, — S? is a folding map with fold locus S =

S, US_,

St ={(¢+,0,0,¢) | 8 € [0,27)}
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where ¢4 are the two solutions of sin¢g = c¢. The images of Sy are the latitude circles

which bound 7(T,).

PRrOOF. Writing (p,n) as dual coordinates to (¢, 0), T, is cut out by the equations

n=cand p? + Sigz 5= 1. differentiating the second equation gives
coSs ¢
dp — dp =0
pdp " ¢

so writing = = (¢,0), £ = (p,n),

coS @
o
sin® ¢

T T = {ady + By +10, | py = }

So for v € Tix,&)T,, drv = 0 if and only if « = = 0. But then py = 0. If p = 0, then
v = 0, so the kernel of dr is non-trivial only when p = 0, and this means that (z,£) € S.

At such points, the kernel of dr is the span of 0,, which is transverse to T(,¢)S = Rdy.
O
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