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ABSTRACT 

Granular materials consisting of discrete particles, are a pervasive material in nature and play a 

major role in disparate fields of science and technology. To control and manipulate the granular 

materials in engineering, enriching our understanding of their fundamental characteristics and 

mechanical behavior is crucial. In this context, one of the major challenges concerning particulate 

materials composed of fragile particles is their response at high pressure. The extreme conditions 

cause the evolution of size and shape of their grains, a phenomenon referred to as breakage. The 

evolving particle-scale attributes induce the critical change in rearrangement of microstructures 

leading to macroscopic deteriorations, affecting the safety and serviceability of the granular 

system. Therefore, it is essential to comprehend the effect of size reduction and shape alterations 

in crushable granular materials at the multi-scale mechanics. The goal of this study is therefore to 

enhance our understanding of crushable granular materials mechanics, especially in light of the 

effect of particle shape and the evolution of shape attributes under continuous breakage.  

In this thesis, first, high-pressure compression tests with concurrent 3D X-ray tomography were 

conducted at assembly scale with two different morphological types of sand. The attained digital 

images during the experiments were used in conjunction with a tracking algorithm able to quantify 

the consecutive response of sand grains. The tracking algorithm, for example, allowed the isolation 

of the individual breakage events and the quantification of number and geometry of the fragments 

resulting from each grain rupture in the packed sand experiencing collective comminution.  

Furthermore, the shape-dependent breakage models at grain scale were proposed to predict the 

failure strength of crushable grains with particle-scale attributes, size, and shape. The performance 
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of the proposed models was assessed with the measured particle failure strength through the 

diametral compression test which was conducted on single particles of varying size and shape.  

Moreover, a level-set discrete element method was used to replicate the oedometric compression 

test to investigate the evolving response of stress distribution in the assembly of a crushable 

granular system. With the benefit of computational modeling, the role of geometric modelling in 

a discrete element method was examined to evaluate the optimal level of particle geometry 

representation. Furthermore, the virtual laboratory experiments were examined to validate the 

possibility of attaining ultimate size and shape attractors. The conclusion summarizes the main 

findings of the thesis and discusses the possible direction of applicable contribution of this thesis 

and future research. 
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a’, b’: collective coefficient in particle fracture energy models 
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F : force at failure 
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q: deviatoric stresses 
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SA : surface area of particle 
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V, VP: particle volume 
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𝑥𝑐  : branch vector 

𝑦𝐵 : yield function 
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𝛼 : fractal dimension 

𝛼𝑓 : cumulated fragments produced by an individual crushed particle  
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휀𝑝 : prediction error 
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 :  the rate of viscoplastic strain tensor 

ℱ(𝜅) , ℰ(𝜅) : complete elliptic integrals of the first and second kinds 

𝜉 : scaling factor 

𝜅 : ellipticity parameter 

𝜇 : friction 

𝑁𝑓
𝑖 : number of fragments generated by a broken particle  

𝑁𝑝𝑗 : number of crushed particles identified at step ‘j’ 



9 

 

𝑁𝑛𝑓
𝑖  : number of newly generated fragments at a given loading step ‘j+1’ 

𝑁𝑛𝑝
𝑖  : number of particles at step ‘j’ which will generate fragments at the subsequent step, ‘j+1’ 
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𝜌𝑥 , 𝜌𝑦 : two contact curvatures of single particle contacting to a rigid plate 

𝜎 : current stress of a given particle 

𝜎𝑚𝑎𝑥 : the maximum principle stress 

𝜎𝑐0 : stress to have a 37% survival probability at that state 

𝜎𝑚𝑜𝑑𝑒𝑙 : the strength predicted with each model with the average AR and Dp from measured 

values of each batch 

�̄�𝑝 : average particle characteristic stress 

𝜎𝑝𝑐,0 : particle strength 
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𝜎𝑦 : macroscopic yield stress 

𝜈 :  poisson ratio 
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Chapter 1. INTRODUCTION 

Granular materials play a crucial role across a wide range of industrial applications, including civil 

engineering, mining technology and the energy sector (Yang et al., 2010; Arshad et al., 2014). A 

challenge concerning particulate materials consisting of brittle particles is the evolution of the size 

and shape of their grains when subjected to high pressures, a phenomenon often referred to as 

breakage. The crushing of brittle grains is among the primary causes of changes in surface area, 

porosity, and physical properties of granular solids subjected to high pressure. The implications of 

grain crushing, such as size reduction and shape alteration, may deteriorate the stability of 

underground systems subjected to burial, penetration, and impact, with major consequences for 

the safety and serviceability of the affected systems. For example, variations in particle-scale 

features may cause the early-stage sediment compaction, which leads to upper crustal deformation, 

permeability and deterioration of the long-term performance of rockfill dams and railway ballast 

(Chuhan et al., 2003; Antonellini et al., 1994; Chester et al., 2004; Alonso et al., 2011). In this 

context, the intricacies of the mechanics of crushable sands motivates the extensive efforts made 

to explore the grain-scale processes contributing to their macroscopic behavior via experimental, 

analytical, and numerical methods, especially when the goal is to elucidate the role played by the 

complex initial and evolving morphology of their particles.  

For example, modern experimental techniques based on high-resolution imaging (e.g., 3D X-ray 

tomography) allow observation of geometric changes of the scanned systems while simultaneously 

acquiring mechanical response data. The increasing application of these techniques in conjunction 

with micromechanics therefore opens a new era for geotechnical modeling. In fact, thanks to the 

access to 3D digital imagery of individual particles, numerous advanced shape descriptors have 
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been proposed to quantify the particle form (e.g., sphericity, aspect ratio) and surface textures (e.g., 

roughness). Numerous studies explored the role of the shape of the particles on continuum-scale 

properties such as stiffness (Cho et al., 2006), as well as with reference to how contact 

configuration and fracture types affected the onset of breakage (Zhao et al., 2015; Karatza et al., 

2019). Those studies revealed that shape analyses for brittle granular materials should be given 

priority to comprehend their micromechanics. However, most breakage studies considering shape 

effects are still limited to individual particles or to the first occurrence of breakage. The evolving 

features of the grains (e.g., fragment morphology, fracture modes) have instead received less 

attention, especially in the context of constitutive laws.  

Among the available continuum frameworks, Breakage Mechanics has been proposed to connect 

the distributed rupture of brittle grains and the development of permanent porosity changes (Einav, 

2007). However, this approach assumed spherical grains, thus restricting its applicability real sands 

made of particles exhibiting deviations from perfect sphericity (Zhao et al., 2015). To consider the 

effect of non-spherical particle geometries, different contact and fracture modes at particle level 

were proposed and an upscaling law bridged that micromechanics with continuum model (Zhang 

et al., 2016). However, most of these fracture laws include size as the only geometric descriptor 

influencing the particle resistance, thus excluding shape descriptors. Furthermore, one of the most 

commonly ignored effects of the particle shape is its ability to cause non-negligible crushing prior 

to the standard yielding point, thus severely affecting both elastic and inelastic properties (Karatza 

et al., 2019). These phenomena require thorough examination in order to identify their grain-scale 

origin and explain how their effect propagates across length scales.  
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This thesis is motivated by these premises and aims to enhance our understanding of the breakage 

of granular materials in light of particle shape effects. The research work discussed in the following 

chapters has the goal to characterize the evolution of breakage in individual particles, as well as 

how breakage events can emerge in distributed form across an assembly of packed grains. Changes 

of particle shape indicators upon breakage will be tracked and quantified through a 3D tracking 

algorithm specialized for the analysis of grain breakage processes. Furthermore, such indicators 

will be used to feed micromechanical models of contact deformation and fracture, with the goal to 

estimate a shape-dependent energy threshold for breakage initiation in single particles. In this 

context, the recently proposed model by Zhang et al (2016) considering only particle size effects 

on crack growth and breakage dissipation will be used as a reference. To build a comprehensive 

understanding of the mechanical response in a crushable granular continuum, assembly-scale 

simulations will be performed to examine how the shape of the particles affects force transmission 

and grain kinematics. Such analyses will be based on a Level-Set Discrete Element Method (LS-

DEM). Furthermore, preliminary results illustrating the potential of linking the digital data analysis 

methods formulated in this thesis will be briefly discussed with reference to the construction of a 

network model and the incorporation of digital datasets into the workflow of finite element models 

based on Continuum Breakage Mechanics models. In summary, the goals of this thesis can be 

summarized as follows: 

1. To assess the evolution of different grain-scale attributes (e.g., size, shape, and fracture mode) 

of sand grains subjected to oedometric compression tests by means of laboratory experiments 

assisted by in-situ 3D X-ray tomography scans. 
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2. To examine quantitatively the microscopic mechanical response of granular materials through 

a novel 3D tracking algorithm specialized for particle breakage, thus enabling the use of digital 

technologies to guide mechanics-based modeling techniques for crushable granular media. 

3. To develop closed-form analytical models able to quantify the crushing strength of individual 

particles as a function of shape descriptors.  

4. The replicate computationally the interparticle contact interactions emerging during the high-

pressure compression of sand by means of DEM simulations based on exact virtual replicas of 

the tested sand grains replicated via level-sets (LS-DEM), as well as to use the calibrated model 

to infer the possibility for the size and shape of crushed particles to converge towards ultimate 

attractors emerging under extreme pressure levels. 

The thesis is structured as follows. Chapter 2 discusses the laboratory experiments available to 

explore particle-scale and assembly-scale breakage in granular media. In addition, the analytical 

and theoretical frameworks available to study shape effect in granular materials through digital 

image analysis and computational modeling are introduced. Chapter 3 outlines the characteristics 

of the testing methodology and the tested materials in the context of laboratory experiments 

conducted in conjunction with in-situ 3D X-ray tomography. Chapter 4 presents a novel algorithm 

able to process digital images collected from 3D X-ray tomography scans and aimed at quantifying 

microstructure evolution and sequence of breakage events during confined compression. Chapter 

5 assesses the crushing behavior of granular materials by comparing assemblies having different 

particle sizes and shapes. Oedometer test are carried out through a custom-designed compression 

apparatus to capture sequential response under continuous breakage at the sample-scale. In Chapter 

6, failure models for non-spherical particles are proposed by considering multiple contact scenarios 

and failure mechanisms. To validate the performance of those proposed analytical models, a series 
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of diametral compression test is conducted at particle-scale by quantifying the particle-scale 

attributes through X-ray scans. Chapter 7 discusses the computational assessment of crushing in 

granular materials through LS-DEM simulations by using particle replicas generated from the 3D 

tomography images. To illustrate the opportunities opened by this particular combination of digital 

model initialization and computational method, the crushing behaviors is examined by using the 

output of the model to infer quantities not accessible from direct visualization (e.g., contact forces). 

Finally, Chapter 8 highlights the key findings of this thesis and suggests potential future directions 

for this research area.  
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Chapter 2. TECHNICAL BACKGROUND 

2.1 Effect of the Particle Shape on Crushable Granular Materials 

The grain morphology influences the performance of geotechnical infrastructures and energy 

geosystems (Brzesowsky et al., 2014; Oldecop and Alonso, 2001; Yang et al., 2010). The particle 

shape also influences the mechanical behavior, from particle-scale interactions such as force 

transfers to macroscale deformation (Santamarina and Cho., 2004). Specifically, it has shown that 

the grain geometry determines microscopic slip, contact deformation, rotation and arrangement 

(Mair et al., 2002; Anthony and Marone, 2005), with effects that propagate across the entire system 

to vary bulk density, flowability, compaction and strength (Antonellini et al., 1994; Radjai et al., 

1999; Goldenberg and Goldhirsch, 2005). One of the most common ignored effects of the particle 

shape is its ability to cause non-negligible crushing prior to the standard yielding point, thus 

severely affecting both elastic and inelastic properties in the granular system (McDowell and 

Bolton, 1998; Coop et al., 2004; Brzesowsky et al., 2014). For example, assemblies made of 

spherical grains tend to transition sharply from elastic to plastic compaction, while angular 

particles produce a smoother transition (Nakata et al., 2001). Furthermore, in the context of plastic 

deformation, assemblies with flaky or elongated particles have been found to suffer more severe 

degradation and larger deformation upon loading compared to sands consisting of round grains 

(Alonso et al., 2011). Despite such recognition of the relevance of particle shape effects, most 

existing continuum theories for engineering applications either do not account explicitly for the 

geometry of the particles or only encompass the particle size as a unique descriptor of the grain 

geometry.  
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In this context, a challenge in crushable granular system is the evolution of the size and shape of 

their grains under breakage. The variation in size and shape of particles by breakage induces 

redistribution of local stress with, as well as variations in contact fabric. This effect extends to the 

macroscale response leading to changes in compressibility and shear strength (Pestana and Whittle 

1995; Marsal 1967). In nature, such effects can be found in multiple settings, such as during the 

early-stage sediments compaction, upper crustal deformation, permeability change, infrastructure 

deterioration, and ground instability (Chuhan et al., 2002; Antonellini et al., 1994; Chester et al., 

2004). Those responses in granular materials motivate extensive scientific efforts to explore the 

granular mechanics with the evolving particle-scale features under continuous breakage, the goal 

of this study is therefore to enhance our understanding of the breakage of granular materials 

especially in light of particle shape effects.  

2.1.1 Particle shape descriptors and their quantification via digital image analysis 

During the last few decades, the quantification of the particle shape and the analysis of its role on 

the mechanical response of granular materials has been studied extensively through digital image 

analysis. Due to the limited capacity of imaging technologies and the use of simple measurement 

techniques, numerous studies have applied 2D shape descriptors defined based on 2D projections 

collected from scanning electron microscopes (SEM) or photographs (Blott and Pye., 2008; Li et 

al., 2016). However, 2D methods are dependent on planar projections of the object of interest, thus 

introducing inconsistencies in the quantitative assessment of the value of shape descriptors (Zhao 

and Wang, 2016). For example, discs or cylindrical forms can appear identical to spheres if their 

geometry is projected on a plane parallel to their cross-section, while result into obviously different 

geometries such as flat or rectangular shapes if projected on planes perpendicular to the cross 

section. This example highlights the inherent limitations of 2D imaging. Regarding this point, 
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three-dimensional features of particle shape have been studied and measured by X-ray tomography 

or 3D laser scanner, by benefiting from the rise of new technologies over the last decades (Zhao 

et al., 2015; Seo et al., 2020; Zheng et al., 2020). 

Generally, the particle geometry is described with three important scales at particle level: global 

form, roundness, and surface texture, as described in Figure 2.1a (Barrett., 1980; Mitchell and 

Soga., 2005; ISO., 2008). Those three shape scales are independent descriptors as each scale value 

can be various regardless the change in other scale descriptors (Wadell, 1932; Barrett, 1980.; Cho 

et al., 2006). The overall form of a particle can be readily described through its principal lengths 

(i.e., longest length (L), intermediate length (I) and shortest length (S), 𝐿 ≥ 𝐼 ≥ 𝑆) by measuring 

these lengths with respect to a particle-specific Cartesian coordinate system (Blott and Pye., 2016). 

Standard examples of particle form descriptors are sphericity, elongation (I/L), flatness (S/I), and 

aspect ratio (AR = S/L), see Chapter 4 for more details.   

 

  

(a) (b) 

Figure 2.1. (a) Particle shape descriptors at different scales (Zheng & Hryciw., 2015) (b) Zingg plane 

(redrawn from Zingg, 1935, alternative descriptors in brackets selected from Blott and Pye, 2008) (Pen 

et al., 2013) 
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With form descriptors, particles can be classified into different classes by setting threshold values 

for selected sets of shape indicators. A classic example widely used in sedimentology is the so-

called Zingg plane (Zingg, 1935), introducing four shape classes (i.e., spheroid, oblate, prolate, 

and blade) depending on the values of EI and FI with respect to a threshold reference number of 

2/3 (i.e., spheroids involve elongation >2/3; flatness > 2/3) in Figure 2.1b.  Another representative 

descriptor of the particle form is sphericity, i.e., a quantity reflecting how closely the shape of an 

object resembles a perfect disk/sphere (Wadell, 1932). All the above descriptors have a range from 

0 (i.e., flat/elongated) to 1 (i.e., spherical). The second scale of interest to quantify the shape of 

particles is the roundness, addressing lower-scale irregularities not affecting the overall particle 

form (e.g., angularity and presence of sharp corners). Roundness quantification typically involves 

the computation of local curvatures at the surface of particles. This value is based on two-

dimensional projected area of the particles and reflects morphological features of the corners as a 

ratio of the average radius of curvature of the particle corners to the radius of the maximum 

inscribed circle (Wadell, 1932), the details in Chapter 4. Figure 2.1a shows an example of 

geometric irregularities affecting the particle roundness at major corners along with the geometric 

features defining the particle form. This feature can be changed by weathering or abrasion without 

impacting the form (Zhao and Wang., 2016). Finally, the smallest length scale of shape 

irregularities is the surface roughness, i.e., a metric of the surface texture of a particle (Zhao and 

Wang., 2016) requiring very high imaging resolution. Although surface roughness has been found 

to play a role in soil properties, such as interparticle friction (Sandeep and Senetakis., 2018; Yao 

et al., 2021), it is typically inaccessible with common high-resolution imaging techniques and its 

quantification has been considered outside of the scope of this thesis. In this sense, most studies 

have focused on particle form and roundness. However, despite the abundance of characterization 
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methods defining the intrinsic particle shape and its effects on the mechanical response of granular 

systems, morphological features are rarely incorporated into geomechanical models due to the 

difficulty of bridging the influence of the particle shape with the macroscopic deformation 

behaviors of granular materials. 

2.1.2. Laboratory experiments quantifying particle shape effects in sand 

Numerous experimental works have explored particle shape effect at both micro and macro scales. 

Cho et al. (2006) studied the packing density and the strain response influenced by particle shape 

of sand and shows that the more angular sands tend to have higher void ratio and decrease in 

stiffness (Figure 2.2). Also, Yang and Luo (2015) presented shape parameters (i.e., AR, sphericity, 

overall regularity, and convexity) influences the critical properties (i.e., effective stress ratio, 

critical state friction angle, void ratio intercept and the slope of the critical state locus). 

Specifically, in undrained and drained tests with same effective confining stress and void ratio, 

particles with high regularity reduced the intercept and the slope of the critical state locus and were 

more susceptible to liquefaction due to the decrease in the required void ratio. In the context of 

particle breakage, the relevance of shape effects has been widely recognized. Hiramatsu and Oka 

(1966) found non-negligible difference of material strengths between irregular solid and spheroidal 

glass and insisted the 0.9 times critical load of spherical grain can be considered as the tensile 

strength of irregular solid. In agreement with this finding, Tang et al. (2001) observed that disk 

tends to have 21 % higher maximum load than irregular particles, in that irregularly shaped solids 

may deform due to more severe tensile stress concentration within the solid and this triggers crack 

initiation extensively. With novel techniques such as 3D X-ray tomography, substantial efforts 

have been made to quantify the morphological variables affecting the initiation of particle breakage 

and its evolution (Zhao et al., 2015; Karatza et al., 2018). Karatza et al. (2019) explored the 
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correlation between broken particles and their sphericity in the assembly and found more breakage 

in flatter grains under oedometer compression test as shown in Figure 2.3. Similarly, other studies 

found that specimens consisting of angular particles displayed more breakage than an assembly 

with round sand at the similar particle size (Sohn et al., 2017; Zhu and Zhao, 2019).  

  

(a) (b)

 

Figure 2.2. Effect of particle on (a) maximum and minimum void ratios and (b) compression and 

decompression coefficients measured with oedometric loading/unloading tests (Cho et al., 2006) 

 

 

 
Figure 2.3.  Effect of the particle sphericity on the collective breakage of packed sand specimens (Karatza 

et al., 2019) 
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2.1.3 Theoretical models of shape dependency 

Despite the important role of the geometry of particles documented by experiments, most 

theoretical models for the crushing of individual grains and assemblies consider only the particle 

size in their computations, thus excluding shape effects from their analyses. Therefore, the 

challenge is to extent constitutive laws by incorporating the effect of the particle shape on grain 

fracture responses through measurable geometric attributes of natural and/or engineered particles. 

In the context of continuum-scale constitutive laws for brittle particulate materials, Breakage 

Mechanics is a widely used framework (Einav, 2007; Zhang et al., 2016; Buscarnera and Einav., 

2021). Rooted on methods of continuum thermodynamics, this approach uses analytical 

expressions of stored elastic strain energy and breakage dissipation to formulate constitutive 

equations describing the stress-strain behavior of a granular material subjected to high pressure, 

along with the evolution of the grain size distribution (GSD). In this framework, grain fracture 

processes are quantified through a new internal variable, Breakage, B, measured on the basis of 

the relative proximity of the current GSD from the initial (B0) and ultimate distributions (Bt), 

quantified as Eq. (2.1), to consider the evolving GSD as described in Figure 2.4. 

𝐵 =
𝐵𝑡

𝐵𝑝
 (2.1) 

The residual breakage energy, i.e., the amount of elastic strain energy stored in the system and 

available for further crushing, is used to define a dissipation equation. When the energy released 

upon the evolving GSD, the breakage energy reaches a critical threshold, macroscopic yielding 

occurs. However, this approach has been established based on the assumption of either circular or 

spherical particles and pursued mainly by expressing the size effect rather than the role of the grain 

morphology. 
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Figure 2.4. Definition of the breakage index, B (Einav, 2007) 

 

To overcome these limitations, upscaling techniques can be used to bridge the micromechanics of 

grain fracture to continuum scales, in that grain-scale phenomena impacts the constitutive 

properties, such as yield pressure and plastic compressibility (McDowell and Bolton., 1998, Coop 

et al., 2004, Brzesowsky et al., 2014). An example is the work by Zhang et al. (2016), who used 

an energy scaling hypothesis to integrate breakage and fracture mechanics based on the grain-scale 

contact models (e.g., linear, Hertzian or conical contacts; Goddard., 1990; Jäger., 1999; 

Timoshenko and Goodier., 1951) and fracture criteria (e.g., central split, contact cracks or Weibull 

failure; Timoshenko and Goodier., 1951; Hiramatsu and Oka., 1966; Nakata et al., 1999) (Figure 

2.5). Contact models were used to quantify the elastic strain energy stored within individual 

particles prior to a fracture event depending on the deformation between a grain and a rigid plate 

(e.g., flat, spherical and conical contacts in Figure 2.5a, 2.5b and 2.5c), while fracture criteria were 

used to quantify the maximum compressive force applicable to the particle prior to the generation 

of a tensile crack along its median axis or at its point of application (Figure 2.5d and 2.5e). In 

addition, failure conditions were also interpreted statistically through the Weibull’s weakest link 

theory of flaws distributed randomly within the volume (Figure 2.5f).  

3 Results and data interpretation
3.3 Quantification of particle failure mode

o Figure 9 

Figure 9. Definition of the continuum breakage index, B (Einav, 2007)
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Sohn et al. (2017) verified through laboratory experiments the ability of the suggested contact 

models to explain crushing mechanisms in sands with different particle shapes, finding that data 

for irregular quartz sand were well captured by contact crack models, while those for spherical 

glass beads were well replicated by a central fracture model, as shown in Figure 2.6. Notably, this 

result was found to be valid both at the scale of individual particles and for sand assemblies 

undergoing collective breakage. 

(a) (b) 

  
Figure 2.6. Correlation between the average particle size and macroscopic yielding stresses upon 

oedometric compression for (a) angular Q-ROK sand and (b) spherical glass beads with the 

corresponding performance of both contact and central fracture models (Sohn et al., 2016) 

 

In this analysis, the critical breakage energy for the assembly was calculated from the particle 

fracture energy with packing porosity, n, and a scaling factor, 𝜉 (Eq. 2.2). 

𝐸𝑐 = (1 − 𝑛)𝜉𝐸𝑝𝑐 (2.2) 

  

(a) (b) (c) (d) (e) (f) 

   
   

Figure 2.5. Schematic diagram of contact models: (a) flat (b) spherical (c) conical contact, and failure 

models: (d) centre (e) contact (f) random crack (Zhang et al., 2016) 
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𝐸𝐵

𝐸𝑐
(1 − 𝐵)2 + (

𝑞

𝑀𝑝
)

2

− 1 ≤ 0 
(2.3) 

With the system-scale breakage energy and the breakage index, the clastic yielding at continuum 

scale was determined with stress ratio, M, mean stress, p, and deviatoric stresses, q in Eq. (2.3). 

However, even with this upscaling approach, most models for granular materials are based on 

energy dissipation methods associated with only the particle size.  

With analogy with this case, previous studies have taken into account the shape-dependency with 

an indirect strategy based on size-dependent models. Brzesowsky et al. (2011) suggested an 

empirical model for non-spherical grain failure force on the basis of Hertzian contact mechanics 

with the size of pre-existing flaw size and surface curvature. This work concludes that model 

considering surface asperities explained better the measured grain failure for non-spherical grains 

rather than Weibull weakest link model derived from volume-dependent flaw. However, sphericity 

and roundness of tested materials display a similar relation between radius of curvature and size, 

there is no clear physical distinction between shape and size dependency in the particle strength. 

Regarding statistical models considering geometry of the tested specimen, an example is the 

modified Weibull theory proposed by Lei et al. (2019), where the length-to-diameter ratio is used 

to quantify changes in the tensile strength statistics. However, this method is limited to 2D 

applications, in that it does not allow the use of three-dimensional descriptors of the particle 

geometry. It is thus apparent that augmented analytical models accounting for the 3D particle 

geometry are required to explain and quantify how changes in particle shape influence the crushing 

resistance of individual particles and the collective crushability of sand specimens. 
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2.2 X-ray Microtomography Image Analysis 

While the significant role of the particle shape in the behavior of granular materials has been 

widely recognized, a standardized study of particle shape effects and underlying micromechanics 

has been unavailable due to the difficulty to address their complex features systematically. With 

this regard, X-ray tomography has been used in conjunction with laboratory tests to resolve 

simultaneously macroscopic behavior and microstructural changes. A non-destructive technique, 

x-ray tomography imaging allows the quantification of sand microstructure, including particle and 

pore morphologies, their spatial distribution and connectivity, previously not accessible without 

interrupting the experiment (Farber et al, 2003).  

To quantify the movement of each grain in an assembly with successive scans, image analysis 

methods have been developed especially by using tomography technologies and its analysis 

methods. For example, Digital Image Correlation (DIC) detects the variation in the system by 

paring the highest normalized mean greyscale value in the searching window between two 

sequential images (Tudisco et al., 2017). With those correlated windows, DIC defines the spatial 

coordinates of the deformation. To detect the broken particles, discrete DIC techniques (dDIC) 

have been applied by exclusively correlating the segmented particles. In this manner, failed 

attempts at correlating particles were considered as breakage events, as shown in Figure 2.7 

(Karatza et al., 2019). Another strategy is ID-tracking identifying each grain based on their own 

features, such as geometry and initial location, and matching them in successive images. Ando et 

al (2012) compared the two classes of image analysis and concluded that ID-Track provides a 

significantly faster performance than DIC due to the use of comparison methods based on 

quantifiable metrics rather than using correlation features of the image itself. 
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By applying the image analysis method, previous studies have characterized microscale response 

for significant macroscale events (Andò et al., 2012, Karatza et al., 2018). For example, the 

initiation and evolution of shear bands was explored by quantifying local changes and it was found 

that the full development of a shear band started from a single point with significant breakage 

characteristics in the deformation zone (Alikarami et al., 2015 and Karatza et al., 2019). Hurley et 

al. (2018) explored the correlation between particle breakage and distribution of force by 

assembly-scale experiments with concurrent synchrotron X-ray microtomography (SMT). It was 

found that stresses in grains prior to fracture vary widely across the sample, as well as those 

fractured grains experience forces statistically higher than those of intact grains. With the benefit 

of quantitative data, breakage of single particle under compression was explored with different 

types of sand to comprehend fracture patterns and evolution of shape parameters (Zhao et al., 

2015). This study verified that more complex geometry and internal microstructures led to much 

richer fragments, while the result is restricted to single particles and qualitative observation. Under  

 
Figure 2.7. Schematic of dDIC algorithm with the broken particle colored in light color (Karatza et al., 

2019) 
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oedometric compression, the different fracture types at the onset of particle breakage appeared 

depending on the heterogeneity of the particle morphology, as described in Figure 2.3. However, 

the evolution of the fracture patterns and fragment features has never been addressed despite its 

importance under on-going breakage (Einav, 2007). In summary, advanced image analysis desired 

for particle breakage is and it is required to comprehend shape effects on evolving state of 

crushable particulate systems. 

2.3 Discrete Element Modeling for Crushable Granular Materials 

2.3.1 DEM for brittle materials 

Computational modeling has led to unprecedented progress in the numerical analysis of granular 

materials. It has provided us with extensive information and deeper insight into the behavior of 

granular media, especially by providing access to quantities that are not directly obtainable from 

experiments (e.g., contact forces). Discrete Element Modeling (DEM), originally proposed by 

Cundall and Strack (1979), has been widely used as a numerical method for granular materials. 

One of the challenges that DEM faces today is how to accurately account for the complicated 

shapes of arbitrary particles in the modelling, and to implement particle breakage in classical 

DEM, where each particle is a sphere. A common strategy to address this problem involves each 

particle being represented by smaller spheres bonded together (Cil and Alshibli, 2014, Cheng et 

al., 2003). Using this technique, Cil et al. (2019) simulated breakage via DEM by applying a linear 

parallel bond model to generate each particle, to which a Hertzian interparticle contacts behavior 

was assigned (Figure 2.8). The study showed the particle-size dependence of the yielding stress, 

with a satisfactory match between simulations and experimental results, despite the challenges in 

replicating the real particle shape and packing conditions. Specifically, such strategy requires large 
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number of small particles to describe accurate shape of fragments under continuous breakage and 

this requires high computational costs. A different strategy to simulate breakage in DEM 

frameworks involves replacing a particle with smaller spherical units modeling the fragments 

produced by a breakage event. While simpler, this strategy involves complications related with the 

choice of the number of replacement particle, the loss of mass, and the destabilization of the 

assembly during the procedure of particle removal/reinsertion (Ben-Num and Einav, 2010, 

McDowell and de Bono, 2013). With this method McDowell and de Bono (2013) replicated 

qualitatively with DEM analyses experiments of one-dimensional compression by using an 

Octahedral shear stress and Weibull distribution to determine the particle failure. While this study 

showed small broken particles contribute to the resulting macroscopic response, including the post-

yielding compressibility, their computations tended to be largely inaccurate from a quantitative 

standpoint, mostly because of the severe approximations resulting from the use of spherical 

particles.  

As most existing DEM approaches over-simplify particle features, hybrid computational 

framework based on peridynamics have been suggested. Peridynamics is a continuum mesh free 

method combining to simulate fracture mechanisms (Zhu and Zhao., 2019; Wan et al., 2020). This 

method simulates the rigid body motion of particles and inter-particle interactions for irregular 

shape; however, the particle should always have local concave features, and this limits the 

possibility to describe concave particles. In this context, DEM with Fourier descriptors have been 

suggested to simulate non-convex particles, but their use has been limited to the simulation of 

intact particles not undergoing breakage. This indicates that other strategy in DEM is required to 

describe accurate shape and its variation in crushable granular system. 
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(a) (b) 

  
Figure 2.8. (a) Before; and (b) after oedometric compression simulation with DEM (Cil et al., 2019) 

 

2.3.2 LS-DEM  

The recent proposition of LS-DEM, originally introduced in Kawamoto et al. (2016) is an 

advanced DEM that fully captures the shape of every particle with level set functions by generating 

3D particle avatars from X-ray tomography images. Level set functions define the particle 

geometry by using both a discrete level set, φ, equal to the signed distance, 𝑑𝑑, to the surface (Eq. 

2.4) 

𝜑(𝑥) =  ± 𝑑𝑑 (2.4) 

The particle interaction is calculated from the level set values with a set of surface discretized 

points, 𝑝𝑑, having the discrete level set to 0 (Figure 2.9). To check the contact, the points of leader 

(i.e., master) at surface (𝜑1) and the follower (i.e., slave) from level set points (𝜑2) are compared. 

When any points of the surface 𝜑2(𝑝𝑑𝑖) has a negative value, it is considered as overlapped. The 

contact forces and moments are integrated for each time step by explicit scheme. LS-DEM 

computes the frictional forces by Coulomb friction and linear contact models, although it enables 

the use of Hertzian contact laws depending on the goals of the analysis.  
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Figure 2.9. Schematics of Post-image processing and level set image preparation 

 

Under unbreakable conditions, LS-DEM has been validated with stress-strain and volume-strain 

relations observed in triaxial test as shown in Figure 2.10 (Kawamoto et al., 2016). LS-DEM has 

also been recently augmented to simulate particle breakage by adopting a particle splitting strategy 

(Harmon et al., 2020). Specifically, the average stress of single discrete level sets is obtained as a 

maximum principal stress while other strength criteria, such as von Mises and the Tresca failure 

conditions, can be used. Eq (2.5) shows the calculation of maximum principal stress with volume, 

𝑉𝑝, branch vectors, 𝑥𝑐 , and the contact forces, 𝐹𝑐. When the average stress exceeds the yielding 

criterions, particle breakage initiates and the critical stress of the particle is calculated based on 

Weibull’s theory considering particle material and size (Weibull, 1951) (Eq. (2.6)). 

�̄�𝑝 =
1

𝑉𝑝
∑ 𝑥𝑐 ⊗ 𝐹𝑐

𝑁𝑐

𝑐=1
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Figure 2.10. LS-DEM simulation results: stress–strain and volume–strain curves for on looser (left) and 

denser (right) samples (Kawamoto et al., 2016) 

 

Figure 2.11 shows the details of the procedure, according to which the original level set, 𝜑1 with 

the splitter, 𝜑2 generates two new particles 𝜑3 and 𝜑4. For simplicity, the split surface is shaped 

to flat plane, but arbitrary shapes can in principle be used. At breakage, 𝜑2 is set to the plane 

passing the three highest contact forces on 𝜑1 or the plane determined with two contact forces 

combined with the particle centroid when the degree of particle coordination is two.   

 
 
Figure 2.11. Schematic of particle breakage in LS-DEM (Harmon et al., 2022) 
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Recent work for particle breakage with LS-DEM verified its ability to solve the previously 

mentioned challenges in modeling morphological changes during breakage (Zhao et al., 2019). 

The results of LS-DEM reasonably mimic the experimental data of oedometric test with silica sand 

not only in terms of stress-strain curves, but also particle size distribution at initial and final states 

in Figure 2.11 (Harmon et al., 2020, Nakata et al., 2001). Therefore, LS-DEM can provide an 

avenue to quantify information inaccessible from x-ray tomography experiments. In this study, 

with the benefits of LS-DEM, computational analyses will be conducted to quantify properties 

(i.e., contact forces) unavailable from image analysis.  

 
Figure 2.12. Validation of LS-DEM with experimental data at the initial and final particle size 

distributions (Harmon et al., 2020) 
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Chapter 3. LABORATORY EQUIPMENT AND METHODOLOGY WITH X-RAY 

TOMOGRAPHY 

 

3.1 Introduction 

The advent of non-destructive testing techniques (e.g., 3D X-ray tomography) in laboratory 

geomechanics has allowed the direct observation of the particle-scale response of granular systems 

in 3D. Such use of imaging techniques during an experiment is often referred to as in-situ testing. 

Over the last decades, the developments of in-situ tests have led to a new era of micromechanics 

in geophysics and geomechanics by quantifying underlying behaviors not accessible until few 

decades ago. With the benefits of non-destructive methods, this chapter provides the details of 

testing materials and the description of two types of tests of granular materials in conjunction with 

3D X-ray tomography (i.e., oedometric test and diametral test). Specifically, in-situ tests for two 

types of sample-scale (i.e., single particles and assembly) are conducted by a customized 

compression apparatus to characterize the sequential breakage of granular materials while the 

details of 3D X-ray tomography will be discussed in the next chapter.  

 

3.2 Tested Materials 

To explore the role of the particle shape on the mechanism of collective breakage in an assembly 

of granular materials under uniaxial compression, two quartz sands with similar average particle 

size (with a specific gravity of 2.65) are tested: subrounded Ottawa (US Silica, Inc.) and subangular 

Q-ROK#2 (Corpuscular, Inc.). The morphological features of each type of sand can be visually 

inspected through scanning electron microscopy (SEM; Figure 3.1), displaying that Ottawa sand 
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grains have relatively smooth surfaces compared to the irregular surfaces of QROK. Specifically, 

the attributes of Ottawa sand are a median diameter of 600 μm, roundness of 0.294 and sphericity 

of 0.701 and those of Q-ROK#2 are a median diameter of 670 μm, roundness of 0.630 and 

sphericity of 0.855. In brief, the diameter of sand is measured based on the equivalent volume of 

the scanned images, the roundness is calculated with the strategy suggested by Zheng and Hryciw 

(2015) based on the two-dimensional image of the cross-sectional area, and the sphericity is 

calculated based on the equation suggested by Wadell (1951). Further details about the methods 

to quantify morphological sand properties will be discussed in Chapter 4.  

(a) (b) 

  
Figure 3.1. SEM images of (a) subangular QROK#2 sands; (b) subround Ottawa sands (Sohn, 2017) 

 

Each sand was sieved between standard ASTM sieves #20 (840 μm) and #40 (420 μm), washed 

with distilled water, and oven-dried at 110°C for 24 hours. The grains were then placed in 

cylindrical aluminum tubes with a diameter of 4.1 mm and a height of 5.0 mm through dry 

pluviation. The samples were densified by repeating tamping and vibration into multiple layers, in 

accordance with standard procedures (ASTM D4253). This strategy ensures that both subrounded 

and subangular samples reach their maximum packing density (i.e., eo = 0.60 and eo = 0.80, 

respectively) in this study. At this point, it is worthy to know that the difference in assembly-scale 
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properties (e.g., void ratio) is acceptable as such gap is an inevitable result from various 

morphological features of the two tested sand (Cho et al., 2006). 

Figure 3.2 shows the grain size distribution (GSD) curves of two tested sand at initial stage. The 

GSD is calculated through the image analysis and the percentage mass finer indicates the mass of 

the tested particle smaller than a given sphere-equivalent diameter. Both GSD shows narrow size 

variability while QROK#2 is slightly less uniform than Ottawa sand. Again, the slight gap of two 

prepared samples is an unavoidable feature due to the particle morphology.   

 
Figure 3.2. Initial grain size distribution curves of Ottawa and QROK#2 sand 

 

To explore particle shape effects on the strength of single grains, diametral tests were conducted. 

Single particles of Ottawa sand were prepared in the same way abovementioned. 100 single 

particles are selected manually to reserve a broad range of particle shape. Here it is assumed that 

the expected erratic factors such as pre-existing internal flaws of the particle, materials 

constituents, and surface roughness, are constant in the same type of sand. The selected grains 

therefore will provide the opportunity to distinguish shape effect from the failure response 

influenced by other factors such as size which will be discussed in Section 6. The median diameter 
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of the tested particles is 0.707 mm, and this median diameter may be different from the 

representative median diameter of Ottawa sand itself as the particles are chosen to involve diverse 

shapes.   

 

3.3 Miniaturized Test Apparatus 

To quantify sand characteristics and its mechanics sequentially, in-situ tests have been performed 

via a customized miniatured compression loading apparatus. This apparatus is designed to target 

relatively small specimens sized to fit in in-situ test for 3D X-ray microtomography imaging 

acquisition and manufactured by Romus Inc., Illinois, USA. The miniaturized loading apparatus 

enables a versatile performance in both the uniaxial compression testing and the local failure 

modes of single solid of geomaterials and records force-displacement data automatically. Figure 

3.3 shows the apparatus consisting of the main testing body connecting to a data recording system 

sensor, a National Instrument USB-6216, to digitize the measurement. The main testing body is 

composed of a load cell, a linear variable differential transducer (LVDT), loading pistons made of 

stainless steel, an acrylic cylindrical frame, and an actuator. The load cell (Model LC302- 250 

Omega, Inc.) allows to impose uniaxial compression forces up to 1112 N with a resolution of 0.10 

N by contacting the top loading platen. The LVDT (Model LD620-25, Omega Inc.) a 30 mm range 

of vertical motion. The acrylic cylindrical frame (an inner diameter of 44 mm and a height of 132 

mm) supports the main body of the load cell while securing the X-ray penetration to scan the 

particle sample located between two loading pistons. The actuator (Model CPM-MCVC-2310P-

RLN, Teknic Inc.) controls the force-displacement movement with displacement rate (0.01 

mm/min – 20 mm/min). This apparatus is controlled and data are acquired through a LABVIEW 
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software specifically designed for this class of experiments (e.g., strain-controlled uniaxial 

compression test) as shown in Figure 3.3.  

 
Figure 3.3. The miniature compression test cell and a layout of the LABVIEW software for data 

acquisition of force and displacement measurements 
 
 

3.4 Test in conjunction with 3D X-ray Microtomography 

Tomography is a non-destructive imaging method reconstructing the internal structure of the 

object with radiographs resulting from the attenuated X-rays during penetrating inside an object. 

To examine particle-scale processes, microtomography has been used through in-situ tests. Such 

in-situ tests in conjunction with X-ray microtomography enable the sequential microscopic 

response to be captured without interruption of the loading process. The testing cell prepared as 

described in the previous section is mounted on the 3D X-ray tomography system and the 

compression tests are conducted while simultaneously acquiring compression loading data (i.e., 

the force-displacement) and scanned images.  
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3.4.1 Imaging facility at Argonne National Laboratory, IL USA & 3SR, FRANCE 

X-ray microtomography scanning has been conducted at two facilities: GeoSoilEnviroCARS 

(Sector 13-BMD) of the Advanced Photon Source (APS) in Argonne National Laboratory (ANL), 

Illinois, USA and Laboratorie 3SR, Grenoble, France. While most in-situ tests have been done at 

the Argonne National Laboratory, part of diametral compression test is performed at Laboratorie 

3SR as a part of research collaboration.  

The X-ray facility at ANL provides synchrotron X-ray microtomography (SMT) images. It is 

worthy to know that SMT acquires high spatial resolution images faster than regular x-rays 

(Alshibli et al., 2014; Afshar et al., 2018; Hurley et al., 2018). Figure 3.4 displays the loading 

device setup in the X-ray beamline. SMT offers a high energy X-ray beam ranging from 4.5 to 

80keV and the scanning in this study is conducted through pink beam microtomography which 

transmits a wide range of energy bandwidth and acquires image rapidly while monochromatic 

beam provides a narrow energy of radiation bandwidth (Rivers, 2016). Pink beams penetrate the 

prepared specimen positioned between X-ray beam source and a charge coupled device (CCD) 

imaging detector system. The traveled beam is converted to visible state by a built-in scintillator 

and a Grasshopper3 CMOS camera acquires this incoming X-ray source with 1.5 mrad grazing 

incidence angle with 1 mm of Titanium filter. This filter is capable of optimum contrast of the 

scanned images. In this setup, the bandwidth of pink beam is in 40 keV with an exposure time of 

0.008 seconds. It is worthy to know that the solid and pore phases in 3D images can be acquired 

in the energy range between 25 to 40 keV. The rotation intervals of the sample are 0.1° per 

projection for 180° about an axis perpendicular to penetrating beam, the total collection of the scan 

is therefore 1800 radiographs. In this study, the image resolution is 4.28 μm per pixel at the 

prepared sampled condition (i.e., a diameter of 4.1 mm and height of 5.0 mm). This resolution is 
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high enough to detect the variation of particle-scale response following the purpose of this study. 

To convert the raw tomography images to processable data, 3D spatial distribution map is 

reconstructed by stacking 2D raw tomography slices through an Interactive Data Language (IDL) 

software. 

 
Figure 3.4. Miniaturized loading device mounted at GSECARS 13-BM-D, APS, Argonne National 

Laboratory 

 

The X-ray tomography device at Laboratoire 3SR is built as a laboratory-scale scanner inside a 

lead-lined cabin supplied by RX-Solution, Annecy in Figure 3.5. The energy level ranges between 

40 to 150 keV with a cone-beam. The radiographs are attenuated by a scintillator (Caesium Iodide, 

CsI) and detected by an indirect flat-panel Varian PaxScan®  2520V. During illumination, the 1024 

images are obtained for 360° for approximately 2 hours per scan. The rotation axis is also 

perpendicular to axis where the beam travels. 6 radiographs are averaged to get the results of image 

and the raw tomography are reconstructed by using DigiCT software. The image resolution this 

study applied is 9 μm per pixel which is reasonable to extract the particle size geometry and more 

details regarding the images will be discussed in Section 6. 
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Figure 3.5. Test cell mounted on Laboratoire 3SR x-ray scanner, Grenoble, France 

3.4.2 Oedometric compression tests 

To quantify the particle shape effects involved in particle breakage mechanisms, in-situ oedometric 

compression test conducted with the miniatured compression apparatus in 13-BM-D beamline in 

Argonne National Laboratory as shown in Figure 3.6a.  

(a) (b) 

  

Figure 3.6. (a) General setup of oedometric compression test (b) test cell configuration of oedometric 

compression test before and after loading 

The applied force on the specimen is given from the top platen contacting to a loading cell where 

the force-displacement is measured together. Figure 3.6b shows that a floating ring is applied on 
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the sample to minimize the frictional forces on the side of the specimen while the aluminum tubing 

prevents the radial deformation. 

The successive scans are conducted at the selected stress levels based on the yield stress. 

Specifically, prior to loading, the initial condition of sample is scanned at which the applied stress 

is 0 MPa and next, the load is applied at a constant displacement rate of 0.05 mm/min. As shown 

in Figure 3.7a, the stress levels are the normalized stress ratio σ/σy = 0.50, 1.00, 1.33, 1.66 and 

2.00 for both Q-ROK#2 sand and Ottawa sand. Note that σ is the currently applied stress and σy is 

the yield stress of each material, 15 MPa and 29 MPa, respectively. Those yield stress are 

determined from the preliminary test as the stress point of the maximum curvature of the 

compression curve following the conventional soil mechanical approach (Pestana and Whittle, 

1995).  

(a) (b) 

  
Figure 3.7. (a) SMT scans performed at selected stress states during oedometer tests (b) Stress-strain with 

stress relaxation at each selected scan point  

Such yield stress also represents a point of the reference comminution pressure where the external 

stress is high enough to trigger grain crushing leading macroscopic compressibility in the 

assembly. The selected normalized stress ratios as scan points are sufficient to attain the level of 

stress where pervasive crushing occurs in both assemblies. When the applied load reaches the 
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designated normalized stress ratio, loading is interrupted and, after 10 minutes of specimen 

stabilization at fixed loading piston, SMT scans are conducted. Such loading interruption displays 

stress relaxation as shown in Figure 3.7b with average 4.45 % of the targeting axial stress at each 

scan.  

3.4.3 3D X-ray Scans in conjunction with single particle tests 

In this study, the purpose of diametral compression tests is to determine the failure strength of 

single particles by accounting for both their size and morphology. The tested single particles are 

scanned prior to the diametral test to their 3D geometrical properties of which the details will be 

discussed in Section 3.4. Figure 3.8 shows the setup of the diametral compression test where two 

loading pistons attached to the sand particle without any given force at the initial stage. The initial 

values of force and displacement are set to zero prior to loading. The bottom piston is fixed while 

the top piston moves without friction along the axial loading direction and transfers the load when 

it is attached to the top platen in the same way of Figure 3.6a. The test is conducted with constant 

displacement rate at 0.05 mm/min (i.e., strain-controlled test condition) and the force-displacement 

response is recorded until the major drop of force (Figure 3.9).  

 
Figure 3.8. Test setup of a diametral compression test with X-ray tomography scan 

100 Ottawa sand particles are selected visually to acquire various range of shape within similar 

particle size and consistent materials color to prevent other expected impact variables such as 
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materials constituent. As explained previously, due limitations in the access of the testing facilities 

during the conduction of this research, diametral test for 30 particles are performed in Argonne 

National Laboratory, USA and the rest of 70 particles are done in Laboratorie 3SR, France. While 

the diametral loading is consistent in both cases with strain-control (displacement rate of 0.05 

mm/min), inevitable differences emerged between the results collected at the two facilities, mostly 

with reference to differences in the image resolution of the scanned particles. To overcome this 

inconvenient, adjustments of image resolution were carried out, which will be discussed in the 

following chapters.  

 
Figure 3.9. Force-displacement curve of single particle under diametral compression test 
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Chapter 4. COMPUTATIONAL 3D X-RAY TOMOGRAPHY ANALYSIS 

 

4.1 Introduction 

One of the primary challenges in granular mechanics is to examine how phenomena occurring at 

the scale of individual particles affect the bulk macroscale behavior of a granular continuum. From 

this standpoint, to analyze and quantify particle-scale characteristics and its mechanics, X-ray 

tomography has been applied to geophysics and geomechanics. As a non-destructive technique, x-

ray tomography enables quantification of the sample properties such as grain morphologies and 

their spatial distribution. Furthermore, this technique allows the acquisition of fast time-lapse 

images of laboratory test through in-situ test in conjunction with scanning and obtaining the 

macroscopic test results simultaneously. Those time-lapse images enable to examine the evolution 

of particle-scale features (e.g., kinematics, grain morphologies, fabric) under continuous variation 

(e.g., compression, shear banding) (Andò et al., 2012, Alshibli et al., 2013, Zhao et al., 2015, 

Hurley et al., 2018). In the domain of crushable granular materials, such time-lapse image analysis 

provides opportunities to characterize the particle breakage in the assembly where each grain 

undergoes different breakage response (e.g., fracture patterns and failure strength) under given 

loading to the assembly. This study therefore challenges quantification of the evolution of particle 

breakage regarding 3D morphological characteristics and effects with the given benefits of 3D X-

ray tomography techniques. The following section outlines the general process of 3D X-ray 

tomography analysis (pre- and post-processing) and proposes a new tracking algorithm specialized 

in sequential particle breakages and the definition of the quantified particle attributes. By 

quantifying the undisclosed particle-scale response, the image analysis techniques suggested here 

will enable us to elucidate granular mechanics with new interpreted data. 
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4.2 3D X-ray Tomography Imaging 

Once tomography scans are performed as described in Chapter 3, the acquired raw images must 

be pre-processed to reconstruct 3D structures from a series of 2D X-ray projections. At Beamline 

13 of the ANL-APS, this step is conducted through the IDL software (Rivers, 2012). Specifically, 

the dark and white fields of raw radiograph are adjusted to distinguish the solid parts from the void 

spaces. In addition, mismatches with the original position of the units are unavoidable due to the 

rotation of the scanned objects during scanning, those 2D slides are rearranged to their center 

which is estimated based on their grey scale in pre-processing stage. The corrected radiographs are 

then reconstructed in a three-dimensional image set. Afterwards, through specialized image 

analysis software (Avizo, FEI Company 2019), the images are post-processed to isolate the 

individual solid grains for subsequent microstructural quantitative analysis. First, to expedite such 

post-processing steps, the outer boundary of sample is excluded from the scan window (Figure 

4.1a). Next, to minimize the noise while increasing contrast for the solid boundaries, the images 

are filtered with an anisotropic diffusion algorithm according to the lowest value between the two 

major peaks appearing in the greyscale histogram as shown in Figure 4.1b (Kim et al., 1987). Such 

procedure is consistent with similar smoothing strategies previously used for granular materials 

(Bernard et al., 2011; Cil et al., 2017). The filtered images are binarized to solid and void spaces 

on the basis of an iterative thresholding procedure based on the minimum value between bimodal 

grayscale intensity distribution with peaks corresponding to the solid and void phases (Figure 

4.1c). Afterwards, a built-in remove-island function is used to remove the local noise remaining 

from the filtering stage. As this study focuses on the microscopic behavior of sand, the solid matrix 

needs to be segmented into individual particles. For this purpose, each grain image is separated 

through a watershed algorithm based on the Chamfer distance for subround grains and a 



62 

 

skeletonization function optimized for irregular units (Figure 4.1d) (FEI Company, 2019). Lastly, 

the sand particles are labeled individually by setting pixels belonging to each separated solid in 

3D to have their own index (Figure 4.1f). Such labelled solids can be quantified to general 

geometric features at static condition from the built-in function, label analysis. The details of 

extraction methods will be discussed in Section 4.4.3.  

(a) (b) (c) 

   
(d) (e) (f) 

   
Figure 4.1. Post-processing X-ray microtomography (a) raw image (b) filtering (c) binarization (d) 

separation (e) labeling (f) an example of digitized labeled image 
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4.3 A New Tracking Algorithm for Crushable Granular Materials  

Under compression, the particles move and rotate simultaneously in 3D and the number of particles 

from breakage alters under continuous loading. This precludes simple comparison between two 

sequential image sets even in the processed conditions (Figure 4.2). Therefore, tracking algorithms 

for crushable granular solids require special procedures to inspect the evolution of the particles, 

their rearrangement, and the mechanisms leading to the formation of fragments under compressive 

loading.  

 
Figure 4.2. Schematic of mismatched labelling between two successive labeled image sets  

 

4.3.1 Methodology of Tracking Algorithm 

The algorithm proposed in this work follows the guidelines provided by Andò et al. (2012) for 

intact grains, recognizing that individual grains can be isolated based on their geometric features 

(e.g., particle index and geometric properties) measurable from the images. In this study, an 

augmented algorithm is proposed to enable the tracking of the sequential breakage events for each 

grain by matching the newly generated fragments with their original grains. This allows not only 

to track the kinematics of the particles that do not undergo crushing during a single scan (i.e., 
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displacement and rotations), but also to record the history of grain breakage events from the start 

to the completion of an experiment.  

The algorithm operates by bridging data from successive scans and it consists of two main steps 

(Figure 4.3): (a) pairing intact particles; (b) matching crushed fragments (child particles) to the 

grain from which they originated (parent particles). Part (a) applies three conditions to find an 

identical particle in the consecutive scans: (i) for the current stage (e.g., timestep 2), it selects all 

objects in a window of observation determined as a cube of 30 voxels centered at the reference 

particle position from the previous stage (timestep 1); (ii) it selects the candidates among the 

objects in timestep 2 satisfying the volumes of the reference object within a ± 3% tolerance; (iii) 

it verifies that the length ratios (details in ‘4.4.2 Quantification of particle properties’) at the current 

stage matches those of the reference particle in the previous scan with a ± 10% tolerance. It should 

be noted that the tolerance values are here chosen by finding a compromise between accuracy of 

the results and efficiency of computational cost. As a result, these values can be adjusted depending 

on the testing conditions and objectives of the study. It is possible to get more than one particle 

satisfying the above criteria. In that case, the expected position of the reference grain from timestep 

1 to timestep 2 is calculated based on the average displacement of the neighboring pairs between 

timestep 1 and timestep 2. Finally, the particle located close to the expected position of the 

reference grain at timestep 2 is conventionally declared as the paired grain. 

In Part (b), the algorithm works exclusively on broken particles. Specifically, the unmatched 

particles in timestep 2 are automatically considered as fragments with geometrical features that 

have been determined by a breakage event. Such unmatched particles are referred to as child 

particles and the particles from which they stem are referred to as parent particles. Again, the 
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remained objects after Part (a) (i.e., pairing intact particles) are targeted only to link with their 

parent particles. The expected position of the parent particle (unmatched with any child particle at 

this step) can be calculated based on the average displacement of the intact particles. Then the 

child particle located to the closest to that expected position is assigned to the first child particle 

to that referred parent particle. Next, the second child particle is determined based on the closest 

order in distance from the first child particle. This step is repeated until the accumulated volume 

of child particles satisfying the acceptable tolerance range of their parent volume. As a result, child 

particles (minimum 2 particles) are matched to their parent particles as shown in Figure 4.3.  

 
Figure 4.3. Schematic of tracking algorithm, part (a) for intact condition and part (b) for broken condition 

 

4.3.2 Validation of Tracking Algorithm  

With the selected examples of image analysis results, the proposed tracking algorithm was verified 

as illustrated below. Figure 4.4 shows an example relative to a 2D particulate system not 

susceptible to crushing. The test images consisted of arbitrarily shaped objects moving along a flat 

surface. The matched objects use identical index and constant color, moreover, the principal axis 

from the center of mass to the shortest surface and its perpendicular axis are lined to inspect the 

rotation direction. 
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Figure 4.4. An example of performance of tracking algorithm in 2D intact solids  

 

In 3D, independent of the occurrence of breakage events, particle assemblies can have different 

labeling due to the motions of grains after loading. Figure 4.5 shows the results of pairing obtained 

from the algorithm with reference to two consecutive image sets. The original labeled image sets 

display distinct colored grains in Figure 4.5a and after applying the tracking algorithm, two sets 

attain corresponding matches displaying identical color and index (Figure 4.5b). Such paired 

images and indices enable a direct comparison to calculate the kinematics of individual grains 

(e.g., displacement and rotation).  

Besides identifying particles across different scans and tracking their position, the main strength 

of the enhanced algorithm is the ability to pinpoint the occurrence of breakage events and assess 

(a) 

 

(b) 

 

Figure 4.5. An example of performance of tracking algorithm in 3D intact Ottawa assembly (a) before 

and (b) after tracking algorithm 
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the mechanisms leading to each individual grain rupture and the outcomes in terms of particle 

shape evolution. Figure 4.6 shows examples of 2D image analysis of crushable units (animal 

crackers) chosen to test the ability to quantify relation between particles before a breakage event 

(parent grains) and their corresponding fragments (child particles) in successive scans. The particle 

progenies associated with their parent display the index of their parent particle. Note that in Figure 

4.6 only, the color is not updated to distinguish the broken condition of solids clearly.  

 
Figure 4.6. An example of performance of tracking algorithm in 2D broken solids 

 

Figure 4.7 depicts digital images of cross-sections of an Ottawa sand specimen under oedometric 

testing. Given the 3D nature of these scans, some grains appearing in the raw tomography are off 

the cross section due to out of plane motion of some particles. As a result, Figure 4.7 involves only 

quasi-planar movements for illustration purposes. In case of application to 3D image, the distinct 

feature is having two indices on individual grains. First, black labels on each particle indicate the 

index number of the original particles from the initial condition. Corresponding to the updated 

main index, the color is also matched to the features of original particles. The second sub-number 

in red indicates the birth timestep at which the fragments are detected. For example, in the sub 

image in Figure 4.7 presents ‘3’ (circled in yellow) indicates that fragment was generated at 
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timestep 3 and survived at timestep 4 without new breakage event while other fragments having 

‘4’ for their sub number indicate that they are newly appeared fragments at timestep 4 from particle 

breakage. These figures document the ability of the processing technique to match child and parent 

particles. In addition, the algorithm is able to record not only incremental breakage between two 

successive scans, but also cumulated breakage by accounting for multiple generations of 

fragments.    

 
Figure 4.7. An example of breakage tracking in 3D  

4.4 Properties for Data Interpretation Variables 

The main objective of the tracking algorithm described previously is to quantify the kinematics 

and breakage events between successive scans. Such image analysis technique can be used to 

characterize a number of processes involving granular systems. In this thesis, emphasis is given to 

the interplay between breakage and the evolving morphology of the grains of crushable sands.  
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4.4.1 Validation of post-processed image analyses 

The validation of post-processing in preliminary test is shown in Figure 4.8, reporting the GSD of 

the initial and final stage of the experiment with Ottawa sand. The initial GSD from image analysis 

is consistent with that of sieve test, whereas the final GSD of image analysis presents a slight 

mismatch, with a slight underestimation of finer grain fractions in case of the digital image 

analysis. It is triggered by the current limit in the image resolution restricting the precise 

segmentation of the small solids.  

 
Figure 4.8. Grain size distribution (GSD) curves at preloading (σv = 0MPa) and final loading (σv = 

80MPa) during the oedometric compression tests obtained through sieve analyses (symbol) and 

tomography image analyses (lines) techniques 

 

Given the common prevalence of image noise on tomography scans and blurred image boundary 

of finest fragments upon confined comminution from the limit of image resolution, the analysis in 

this study filters out particles below a thresholding value 10-3mm3, in agreement with the 

conventional size of fine sand (ISO, 2017). Such process guarantees sufficient accuracy for 

morphological analysis by (i) preventing the biased results from the significant amount of finer 
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child particles; (ii) ensuring an accurate characterization of the particle morphology through the 

exclusion of the units most susceptible to inaccuracies due to limitations in image resolution (Hill 

and Ng, 1996; Zhao et al., 2015). In Figure 4.9a, the frequency ratio of segmented particle volumes 

shows reliable distribution at the initial state (𝜎/𝜎𝑦 = 0) as also verified in Figure 4.8, however at 

the final stage of the experiment (𝜎/𝜎𝑦 = 2) the fines become exceedingly dominant. Figure 4.9b 

shows that volumetric thresholding impacts heavily the frequency distribution results under the 

confined comminution condition while initial particle distribution remains consistent with 

thresholding. This procedure readily presents that the mass reduction induced by filtering out, 1.52 

% and 4.31 % of the total particle volume for Ottawa and QROK#2 sand, respectively (Figure 

4.10).  

(a) (b) 

  
Figure 4.9. Frequency plots of particle volume of Ottawa sand for (a) all particles and (b) sample filtered 

from very fine broken fragments 

 

Furthermore, mass loss occurred in image analysis increases gradually and such phenomenon 

appears strongly in irregular shaped solid. It is worthy to note that such mass reduction can be 

compromised to perform an objective analysis and this strategy is general in conducting image 

analysis accepted in previous research to retain the reliable analysis of image processing 

techniques (Karatza 2017). 
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Figure 4.10. Evolution of the volume ratio of particles filtered from fine fragments and fine fragments 

alone  

 

4.4.2 Quantification of particle properties 

This section illustrates the image analysis procedures used to quantify the three-dimensional 

morphology of individual particles. Such quantification involves the following main attributes: 

general particle properties (e.g., volume, surface area and central points) and non-dimensional 

morphological indicators (e.g., roundness, sphericity, aspect ratio, flatness, and elongation index). 

Specifically, particle volume and surface area are set equal to the number of voxels involving to 

each labelled solid and its boundary voxels, respectively. In case of the particle position, each 

center of gravity point is retrieved based on the fixed Cartesian coordinates as a reference. Given 

the benefits of X-ray tomography to capture the morphological features directly, this study focuses 

on the evolution of the 3D particle shapes resulting from breakage and explores the corresponding 

shape variability through nondimensional ratios. Roundness is a local scale shape variable for 2D 

image expressed as a ratio of the average radius of curvature at the particle corners (marked in 

green) to the maximum inscribed circle (marked in red) (Figure 4.11) (Wadell., 1935; Zheng, J. & 

Hryciw, R. D.,2015). This activity was conducted to assure the difference in irregularities of the 

tested materials.  
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(a) (b) 

  
Figure 4.11. An example of roundness measurement on 2D images of (a) Ottawa (b) QROK#2 

 

To facilitate the consideration of particle shape in general by liberating from the image resolution, 

the shape parameters at global form (details in Chapter 2) were employed in that such parameters 

are convenient to obtain (Zingg, 1935; Krumbein, 1941; Barrett, 1980). In this context, sphericity, 

aspect ratio (AR), flatness and elongation are calculated based on 3D measurements to assess the 

evolution of 3D particle morphology at global form. Sphericity is a measure of the resemblance of 

an object to a perfect sphere, defined with the ratio between solid volume (V) and surface area (SA) 

in Eq. (4.1) (Wadell, 1935).  Sphericity varies from 0 (e.g., very angular) to 1 (e.g., a perfect 

sphere).  

𝑆 =  
√36𝜋𝑉23

𝑆𝐴
 (4.1) 

  

Aspect ratio (AR) is an indicator to describe the elongated shape with a ratio of the minimum 

length (i.e., shortest length, S) to the maximum length (i.e., longest length, L) of an object in Eq. 

(4.2). For a spherical particle, AR is equal to 1, while more elongated and flatter particle haves AR 

values closer to 0. The flatness-elongation ratio, FE, is defined as an inverse number of AR. 
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AR (𝑜𝑟 𝐹𝐸−1) =  
𝑆

𝐿
 (4.2) 

  

The elongation and the flatness describing the principal dimensions in 3D at the particle form level 

are calculated as follows. The elongation index measures the ratio of the intermediate length to the 

maximum length and the flatness index is a ratio of the shortest to the intermediate length.  

𝐸𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛 =  
𝐼

𝐿
 (4.3) 

  

𝐹𝑙𝑎𝑡𝑛𝑒𝑠𝑠 =  
𝑆

𝐼
 (4.4) 

  

Those conventional geometric indices for geoscience can be calculated with the three principal 

lengths (shortest, S, intermediate, I, and longest, L). Due to the absence of standard fitting methods 

to quantify these attributes of the particle geometry, this thesis employed different strategies to 

define shape factors. Therefore, three widely used fitting methods characterizing the major 

principal dimensions are investigated: minimum volumetric box (MVB), minimum volumetric 

ellipsoid (MVE), and moment of inertia ellipsoid (MIE) (Figure 4.12). MVB is a method to apply 

a prismatic fitting box having minimum volume, providing straightforward intuitive metrics like a 

common caliper measurement (Blott and Pye., 2008, Bagheri et al., 2015). MVE calculates the 

principal lengths as the semi-principal axis of ellipsoid circumscribing an object and minimizing 

the fitting volume simultaneously (Zheng, J., & Hryciw., 2017, Yury., 2021). MIE involves an 

ellipsoid generated from the mass moments of inertia corresponding to the original object (Katagiri 

et al., 2015, Ikeda, 2000), providing the principal axis lengths of the obtained ellipsoid. These 

fitting methods based on ellipsoidal approximations of non-spherical particles has the main benefit 

that they encompass spheres as a particular case (i.e., the standard reference for studies ignoring 
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shape effects), as well as because ellipsoids are often used in computational models (Ting., 1993, 

Rothenburg & Bathurst., 1991, Gong & Liu., 2017). By comparing the three selected fitting 

methods, MVE and MIE measure the values of L, I and S as the lengths of principal perpendicular 

axes, while MVB equates these principal lengths to the side lengths of a prismatic fitting box 

(Figure 4.12). Again, since in case of the Feret length, only minimum and maximum lengths can 

be extracted from the three-dimensional object, but no definition of intermediate length can be 

obtained, this study has excluded the use of Feret length measurements for particle shape 

quantification (Walton, 1948). 

 
Figure 4.12. 3D illustration of the fitting methods  

4.4.3 Classification of particle failure mode 

The ability of the proposed algorithm to identify and characterize individual breakage events can 

be used to classify the different types of particle fracture mechanisms prevailing during confined 

compression. This study classifies particle breakage events into three modes: chipping, splitting 

and comminution. Chipping is defined as a local damage often involving the edges and corners of 

a particle due to the concentrating local stress. Observations indicate that such class of particle 

damage processes tend to result into one large particle with few smaller fragments (Wang and 

Coop, 2016). By contrast, splitting is a fracture mode resulting into energy loss through the 

formation of a major crack transversing the particle and leading to a small number of fragments of 

roughly equal size (Unland., 2007). Finally, comminution is here defined as a mode involving 

pervasive disruption of a particle into a large number of small fragments. As there is no established 
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classification standard for particle failure more, this study differentiates conventionally these three 

modes by the number and volume of child particles (Figure 4.13).  

 
Figure 4.13. Selected mechanisms of particle breakage: chipping, splitting and comminution 

 

As a result, when the volume of largest child particle is above 95 % of the original particle volume, 

an event is classified as chipping. Conversely, it is classified as a splitting even when no fragment 

retains a volume above 95 % of the parent particle volume, while satisfying a total number of 

fragments lower than 4. If such condition is not satisfied (i.e., biggest fragment smaller than 95 % 

of the parent particle volume), and the rupture generates more than 4 fragments, that event is 

labeled as comminution. 

4.4.4 Classification of particle crushing mechanisms 

Successive scans from the beginning to the end of the experiment allow the direct identification of 

the breakage mechanisms and with the size, number and location of the broken fragments extracted 

from the tracking algorithm, the evolution of particle breakage is examined into two ways; 

incremental crushing and cumulative crushing defined here. The incremental crushing indicates 

the failure events detected between two successive scans and the cumulative crushing tracks the 
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history of the failure since the original condition, when all particles are intact. Those two counting 

methods (i.e., incremental and cumulative) enable to comprehend the evolving breakage 

mechanics towards the ultimate condition of granular system under continuous loading in that 

previous studies have been limited in defining the crushing mechanics only between the initial and 

the final byproducts of crushing granular materials. Figure 4.14 shows an example of incremental 

and cumulated metrics of breakage graphically while the non-dimensional statistical expression 

will be discussed in Chapter. 5. When the particle breaks from intact condition (between timestep 

1 and timestep 2), incremental and accumulated failure value are identical to 2. Under continuous 

loading (timestep 2 – 3), if only one fragment breaks into 4 pieces while another survives, the 

incremental failure at timestep 2 – 3 is 4 while cumulated breakage event is 5. At timestep 4, the 

remained particle broke into two (colored in grey) then incremental failure is 2 as a new 

incremental failure care and the accumulated failure is updated to 6 for this particle. 

 
Figure 4.14. Example of incremental and cumulated count of newly broken fragments 
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Chapter 5. SHAPE-DEPENDENT COMPRESSION OF CRUSHABLE GRANULAR 

SOILS 

 

5.1 Introduction 

A challenge concerning the mechanics of particulate materials is their response to extreme 

pressures. At high pressure, the micromechanics of granular soils is controlled by the strength of 

their particles, as well as by distributed crushing events leading to rearrangement. Particle crushing 

is therefore a critical factor in the monitoring and interpretation of activities such as pile driving 

(Yang et al., 2010) and site characterization (Arshad et al., 2014). In geophysical sciences, 

numerous studies have showed that grain-scale fracture controls the compaction of sediments 

during the early stages of burial (Antonellini et al., 1994, Chester et al., 2004), thus affecting 

porosity and permeability of sedimentary basins (Chuhan et al., 2003). Confined comminution is 

also crucial for the physics of fault gauges, where rocks undergo healing/granulation cycles during 

which they disintegrate into individual constituents that further fragment during slip (Marone et 

al., 1995, Tenthorey et al., 2003, Ben-Zion and Sammis, 2003).  

In numerous circumstances, the design of earthworks depends on the evolution of the size and 

shape of fragile coarse aggregates, which controls the long-term performance of rockfill dams 

(Alonso et al., 2011) and railway ballast (Indraratna et al., 1998). Specifically, crucial properties 

of sands such as density, stiffness, compressibility and friction angle are all known to be affected 

by the particle morphology (Zhao & Wang, 2016, Anthony & Marone, 2005, Mair et al., 2002). 

For example, assemblies with flaky or elongated particles have been found to suffer more severe 

degradation and larger plastic deformation upon loading compared to sands consisting of round 

grains (Gur et al., 1967). Similarly, it has been widely reported that knowledge of the fraction of 
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irregular grains is necessary for the quantification of the small strain shear stiffness of packed 

assemblies (Altuhafi et al., 2016). Although importance, further progress in this area is limited by 

the relative scarcity of data documenting the simultaneous changes in the statistics of particle size 

and shape during breakage. 

Recently, such line of inquiry has been strengthened by widespread access to high-resolution X-

ray tomography and digital image analysis, which enable precise quantification of the particle 

features (Todisco et al., 2017). Such advances are especially important in the context of grain 

breakage, i.e., a process notoriously responsible for major geometric alterations of sand grains 

(Zhao et al., 2015, Karatza et al., 2018, Sohn et al., 2017). With X-ray image analysis, Zhao et al. 

(2015) showed that high-resolution imaging allows the identification of fracture initiation in single 

grains and the quantification of the patterns of fragmentation under diametric compression. The 

results indicated that the fragments generated by single particles tend to show constant sphericity. 

More recently, X-ray micro-tomography has facilitated the assessment of multi-particle 

interactions at the assembly scale. In the domain of grain crushing, Karatza at el. (2019) used 

digital image correlation to quantify how contact interactions in sands with well-rounded particles 

influences the initiation of grain failure. Their study revealed that during oedometric compression 

the onset of different types of breakage depends on the spatial heterogeneity of particle 

morphology and coordination.  

This chapter is motivated by those results supporting the necessity of quantitative analysis for the 

coevolution of size and shape under continuous breakage. In this context, this study aims to further 

explore the link between particle geometry, individual grain fracture and distributed breakage. 

Specifically, the evolution of the particle morphology during comminution will be assessed by 
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tracking the compression response of packed granular materials and the grain fracture patterns 

emerging from sequential stages of compression. For this purpose, two quartz sands (subrounded 

Ottawa sand and subangular Q-ROK#2 sand) with different particle shape have been subjected to 

oedometric compression within a miniaturized testing setup. Furthermore, the correlation between 

origins and fragments resulting upon incremental breakage will be explored with the aspects of 

shape alterations. For this purpose, we will use particle fitting protocols aimed at quantifying the 

shape of individual particles on the basis of 3D x-ray tomography images and detected by 

sequential x-ray scans will be analyzed through a tracking algorithm able to follow the breakage 

history of each individual particle. Through such combined use of shape fitting and digital particle 

tracking, statistical analyses will be conducted to assess the shape of the grains before and after 

crushing. As a result, the goal of this study is not only to document the coevolution of particle size 

and shape associated with the mode of grain failure that can facilitate the assessment of local 

fracture processes, but also to isolate the mechanisms that contribute the shape characteristics at 

ultimate breakage.   

 

5.2 Testing Materials and Procedures 

To explore the particle breakage under oedometric compression test, two natural silica sands (Q-

ROK#2 sand with a median diameter of 600 μm, roundness of 0.294, sphericity of 0.701 and 20/40 

US Silica White Ottawa sand with a median diameter of 670 μm, roundness of 0.630, sphericity 

of 0.855) were prepared as described in ‘3.2 Testing Materials’. Under the strain control (0.05 

mm/min), the vertical loading was applied on the samples having the maximum packing density 

(i.e., eo = 0.60 and eo = 0.80 for subround and subangular sands, respectively). Loading was 
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interrupted at selected stress levels and SMT scans were conducted after waiting 10 minutes for 

the stabilization of the axial load while the loading piston was kept in place. The stress levels at 

which the scans were conducted are given in terms of normalized stress ratios σ/σy = 0.50, 1.00, 

1.33, 1.66 and 2.00 for both Q-ROK#2 sand and Ottawa sand, where σ is the applied stress and σy 

is the reference comminution pressure for the considered materials (Figure 5.1). The reference 

yield stress of Q-ROK#2 and Ottawa sands was found to be 15 MPa and 29 MPa, respectively.  

 
Figure 5.1. SMT scans performed at selected stress states during oedometer tests on Q-ROK#2 and 

Ottawa sands 
 

5.3 Macroscopic behaviors of Experimental Results 

Figure 5.1 shows the oedometric compression curves of Q-ROK#2 and Ottawa sands. As is readily 

apparent, Ottawa sand has a slightly stiffer elastic response (i.e., less volume change prior to 

yielding) and higher yield stress than Q-ROK#2 sand. Multiple factors may contribute to this 

effect, including differences in initial porosity (the Q-ROK #2 sample has higher void ratio than 

the Ottawa sand sample), and grain morphology (angular shapes can exacerbate stress 

concentration at the contacts, thus causing higher elastic compliance). Given the difficulty of 

controlling the packing density in miniaturized samples, quantifying the relative impact of these 
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factors is beyond the scope of this work. However, it may be noticed that both effects may be 

directly or indirectly caused by differences in grain shape, in that the packing process of irregular 

grains is known to generate looser samples once all other factors are kept constant (Cho et al., 

2006).  

 

5.4 Quantification of 3D Scanned Images 

5.4.1 Shape-dependent Breakage evolution 

The sequential scans obtained during experiments are proceeded to quantify the spatiotemporal 

response as described in ‘4.2 3D X-ray Tomography Imaging’. Figure 5.2 displays the evolution 

of the local particle breakage in Q-ROK#2 and Ottawa sands at selected stress levels. Although 

both sands tend to experience concentrated breakage in the proximity of the loading platen, 

breakage events can be found throughout the sample volumes in both sands. The images also 

indicate that Q-ROK#2 particles experienced more severe damage compared to Ottawa sand grains 

under similar stress conditions. This is in agreement with other studies which showed that 

specimens consisting of relatively round particles (i.e., Ottawa sand) exhibit comminution at 

higher pressures compared to their angular counterparts (Hagerty et al., 1993, Nakata et al., 2001, 

Cavarretta et al., 2017). 

Figure 5.3 illustrates the total volume of solids emerging from the analysis of successive scans. 

The figure shows that the analysis is affected by an inevitable loss of solid volume related with the 

challenging identification of the finest products of crushing. However, the final computed sand 

volume obtained from the reduction of image noise and the segmentation of small fragments was 

found to cause a limited loss of solid mass, equal to 1.30 % and 3.74 % for Ottawa and Q-ROK 
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#2, respectively. This result is consistent with the performance of image analyses reported in 

previous studies (Karatza 2017) and validates the reliability of the selected image processing 

techniques. 

(a) (b) 

  
Figure 5.2. Greyscale vertical cross-sections (top row) from 3D SMT images with 3D renderings (bottom 

row) exhibiting shape dependency of local grain failure (i.e., initially angular particles were broken into 

multiple fragments at the onset of crushing): (a) Q-ROK#2 sand (b) Ottawa sand 

 

 

 
Figure 5.3. Evolution of the total particle (solid) volume in successive SMT scans 

The evolution of the particle gradation of the tested sands was obtained via image analysis (Figure 

5.4). The distribution was calculated based on the percentage mass finer than a given sphere-

equivalent diameter. The figure illustrates the progressive shift of the GSD curves towards finer 
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gradations upon oedometric compression. Such process takes place by preserving the maximum 

grain diameter, thus reflecting the presence of cushioning effects and the gradual transition to a 

breakage process involving primarily smaller, less cushioned grain fractions (McDowell and 

Bolton, 1998).  

(a) (b) 

  
Figure 5.4. Evolution of GSD curves for (a) Q-ROK#2 and (b) Ottawa sands during oedometric 

compression. The data illustrate the gradual accumulation of finer particles upon loading 

 

The degree of macroscopic comminution was quantified by using the continuum breakage index, 

B, defined in the context of Breakage Mechanics models (Einav, 2007). The breakage variable B 

measures the relative position of the current GSD (Fcurrent) between the initial (Fo) and ultimate 

(Fu) GSDs, and it is computed as the ratio of the area comprised between the initial and the current 

GSD (Bt) and that comprised between the initial and ultimate GSD (Bp). Complete breakage occurs 

at B = 1, whereas B = 0 indicates an unbroken material (initial grading). For the purposes of this 

work, such index has been computed by using a minimum diameter of 1 μm (Kendall, 1978) and 

a maximum diameter consistent with the initial GSD. 
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The degree of macroscopic comminution was quantified by using the continuum breakage index, 

B, defined in the context of Breakage Mechanics models (Einav, 2007). The breakage variable B 

measures the relative position of the current GSD (F) between the initial (Fo) and ultimate (Fu) 

GSDs, and it is computed as the ratio of the area comprised between the initial and the current 

GSD (Bt) and that comprised between the initial and ultimate GSD (Bp). Complete breakage occurs 

at B = 1, whereas B = 0 indicates an unbroken material (initial grading). For the purposes of this 

work, such index has been computed by using a minimum diameter of 1 μm (Kendall, 1978) and 

a maximum diameter consistent with the initial GSD. 

Figure 5.5a shows that the values of breakage, B, for Q-ROK#2 sand were higher than those of 

Ottawa sand at all stress levels. This result is consistent with Figure 5.5b, which displays a higher 

percentage of crushed particles in Q-ROK #2 sand. Although both materials exhibited breakage 

prior to yielding, pre-yielding fragmentation was more prevalent in the subangular sand (e.g., more 

than 12% of Q-ROK #2 particles were fragmented at σ/σy = 0.5, while in Ottawa sand a normalized 

stress of σ/σy = 1.33 was necessary to crush a similar percentage of particles). Despite these 

differences, continued compression promoted convergence of these metrics to similar values. This 

was largely due to a noticeably higher rate of grain size distribution evolution in Ottawa sand after 

the nominal yielding point (i.e., at σ/σy = 1.00). Such trend caused similar percentages of 

fragmented particles at the end of the experiment (i.e., σ/σy = 2.00), at which most grains within 

the two samples were affected by crushing.  
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Figure 5.5. Evolution of: (a) breakage index, B; (b) percentage of fragmented particles; (c) uniformity 

coefficient, Cu; and (d) median grain size, D50, for Q-ROK#2 and Ottawa sands 

 

Similar considerations emerge from Figure 5.5c, which illustrates the influence of the initial 

particle size on the evolution of the coefficient of uniformity, Cu. Specifically, while subangular 

Q-ROK #2 sand experienced pre-yielding breakage and earlier broadening of the GSD, 

subrounded Ottawa sand was characterized by relatively constant values of Cu for most of the pre-

yielding compression stage, followed by a sharp drop of uniformity in the post-yielding regime. 

Once again, despite these differences, both sands displayed similar decrease in Cu at the end of the 

experiment (i.e., ΔCu=0.33 and 0.32 in Q-ROK#2 and Ottawa sand, respectively). Finally, Figure 

5.5d shows that both sands undergo relatively small variations of the median particle diameter, 
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D50. Such changes are slightly more intense for Q-ROK #2 sand, suggesting that, in a sample which 

is still relatively uniform (and thus with limited capacity to develop cushioning by benefiting of 

smaller particles), grain angularity may promote indentation and subsequent crushing in a wider 

range of particle fractions. By contrast, more rounded particles, such as those of Ottawa sand, 

better preserve the larger grain fractions by maximizing the effectiveness of cushioning right from 

the start of the test. 

Figure 5.6 plots the evolution of the shape characteristics of the tested sand particles assessed 

through the collected SMT images, measured as defined in ‘4.4.2 Quantification of particle 

properties’. Both sands lose sphericity upon loading due to progressive particle breakage. Ottawa 

sand particles exhibited noticeable changes in morphology shortly after the yielding point. In 

particular, its grains displayed sharper changes in morphological characteristics than Q-ROK#2 

sand particles at similar macroscopic stress, thus implying that initially subrounded particles 

undergo more dramatic shape alterations compared to their angular counterparts. Most notably, at 

the end of the test the value of sphericity for Ottawa sand approaches that measured for Q-ROK#2 

sand, thus suggesting that the initial differences in grain shape tend to disappear upon continuous 

breakage. Furthermore, the FE ratio of both sands increases with loading, thus suggesting that the 

particles become flatter and more elongated. These results, here based on 3D SMT images, are 

consistent with earlier findings of Altuhafi and Coop (2011), who documented the alteration of 

particle shapes via 2D microscopy, and Zhao et al (2015), observing the morphological alteration 

of a single particle. Such direct visualization of the 3D microstructure therefore indicates that the 

ultimate morphology of intensely crushed particles in an assembly tends to reach limiting values 

that do not depend on the shape of the particles prior to loading, thus corroborating the possible 
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existence of an attractor for the average grain shape of comminuted granular media (Ueda et al., 

2013). 

 
Figure 5.6. Evolution of the average 3D shape parameters (sphericity and flatness–elongation ratio) of 

the tested sands during oedometric compression in Q-ROK#2 and Ottawa sand 

 

 

5.4.2 Statistical analysis of particle crushing mechanisms 

To quantify the influence of the particle shape on local grain fracture phenomena, two simple 

fracture indices are computed at each loading step j by means of the proposed breakage tracking 

algorithm, as follows: 
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where i is the ID number of an individual particle, j is the loading step, 𝑁𝑓
𝑖  is the number of 

fragments (i.e., total number of child particles) at a given loading step j, and 𝑁𝑝𝑗 is the number of 

original particles identified as crushed (i.e., total number of parent particles) at the selected step j. 

As far as the variables used in the definition of beta, 𝑁𝑛𝑓
𝑖  is the number of newly generated 
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fragments at a given loading step j+1, 𝑁𝑛𝑝
𝑖  is the number of particles (including both original and 

broken grains) at step j which will generate fragments at the subsequent step, j+1.    

Index �̅�𝑓 quantifies the average number of cumulated fragments produced by broken grains. As 

such, it can be interpreted as a configurational index tracking the fate of initial particles as they 

undergo comminution throughout the experiment. By contrast, index �̅�𝑓  uses information 

available at two successive scans to provide the average number of new fragments generated by 

each particle at a given loading step. As a result, it estimates the number of new fracture events 

due to grains that continue to crush upon loading. Although the accuracy of �̅�𝑓 in reflecting the 

characteristics of individual fracture events depends on the scan frequency (i.e., it is expected that 

to some extent successive events between scans may be cumulated), it provides quantitative insight 

on grain-scale fracture processes, as well as on how the mechanics of grain crushing gradually 

evolves with the state of the material. Given their definition, �̅�𝑓 and �̅�𝑓 involve a summation across 

all crushed particles, and thus an averaging.  

Hence, to illustrate the statistical variability of these indices across the entire particle populations 

comprised in the tested sand specimens, Figure 5.7 reports the statistical distribution of the 

corresponding particle-specific fracture indices �̅�𝑓 and �̅�𝑓. The figure illustrates the evolution of 

the indices at two normalized stress values, namely σ/σy = 1.00 and σ/σy = 2.00. It can be noticed 

that at nominal yielding (σ/σy = 1.00) Q-ROK #2 is characterized by a broader distribution of �̅�𝑓 

values compared to Ottawa sand, and thus by a broader distribution of fracture mechanisms. 

However, in both sands the crushing events characterized by highest frequency are characterized 

by the creation of 2 or 3 fragments, thus implying first yielding involves mostly splitting or 

chipping (Figure 5.7a). At the final state (Figure 5.7b), the frequency plot of the cumulated fracture 
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index �̅�𝑓 becomes considerably broader for both sands, thus indicating that the particles of both 

materials have experienced by then pervasive comminution, with subangular Q-ROK#2 displaying 

the highest average number of fragments. This trend was observed in the context of single particle 

crushing by Zhao et al., 2015, and is here confirmed in the frame of collective compression of 

packed assemblies. Figures 5.7c and 5.7d illustrate the distribution of the particle-specific 

incremental fracture index 𝛽𝑓  at σ/σy = 1.00 and σ/σy = 2.00. The figure displays a narrower 

distribution of particle fracture events compared to the correspondent frequency plot of 𝛼𝑓. This 

is true both at near-yielding conditions (Figure 42c; where Q-ROK #2 sand particles display a 

broader range of incremental failure mechanisms than those of Ottawa sand) and at the end of the 

experiment (Figure 5.7d; where the two distribution becomes much more similar).  

Such result suggests that the pervasive comminution phenomena evident from the cumulative 

index 𝛼𝑓 are caused by a continuous succession of simple fracture modes involving a relatively 

small number of new fragments at each step (i.e., values of �̅�𝑓 between 2 and 4, consistent with a 

succession of splitting and chipping mechanisms), rather than by immediate chaotic fragmentation 

of the particles. Such similarity of the frequency plots of the fracture indices of Q-ROK#2 and 

Ottawa sand particles confirms once again that at high pressure the effect of the initial particle 

shape vanishes and consequently the dominant particle failure mechanisms tend to become 

identical. At this reference, it is worth noting that a complete definition of grain fracture processes 

cannot be purely geometric but may also need the determination of the contact forces that led to 

it, the location of fracture initiation and the mode of fracture growth. Although determining these 

quantities is beyond the scope of this work, knowledge of the sequence and frequency of the grain 
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breakage mechanisms tracked here on a purely geometric basis can be a starting point for further 

analyses relying on hybrid computational-experimental methods (Andrade et al., 2011). 

(a) (b) 

  
(c) (d) 

  
Figure 5.7. Normalized frequency plots of the fracture mode indices for individual particles: αf at (a) 

σ/σy= 1·00 and (b) σ/σy= 2·00, βf at (c) σ/σy= 1·00 and (d) σ/σy =2·00. The figure also displays the 

corresponding averaged values, �̅�𝒇 and �̅�𝒇, relative to each sand and each stress state 

 

 

5.4.3 Classification of particle crushing mechanisms 

Knowledge of size, number and location of the broken fragments extracted from the tracking 

algorithm allowed the direct identification of the breakage mechanisms at successive stages of 

loading. Such step was conducted by using the breakage categories sketched in Figure 4.13 in 

Chapter 4 as a reference, and it is illustrated in Figure 5.8 for both cumulated (Figure 5.8a, 5.8b) 

and incremental crushing (Figure 5.8c, 5.8d). Cumulated analyses show a steadily increasing 



91 

 

fraction of heavily comminuted particles among the population of crushed grains (corresponding 

by the end of the experiment to 49 % and 30% of the total number of particles in Q-ROK#2 and 

Ottawa sand, respectively). This trend is accompanied by a steady decrease of the contribution of 

splitting events of previously intact particles (decaying from 61 % to 22 % in Q-ROK#2 sand and 

from 100 % to 18 % in Ottawa sand). By contrast, the analysis of incremental breakage 

mechanisms between two successive scans indicates that splitting and chipping processes are the 

most frequent and account in both sands for a similar fraction of the overall number of particle 

ruptures (Figure 5.8c, 5.8d). Such results therefore show that, regardless of the initial morphology 

of the particles, pervasive comminution in sand is mainly a product of successive stages of splitting 

and chipping.  

Nevertheless, the initial morphology was found to play a non-negligible role on the initial stages 

of compression. For example, a higher proportion of comminution and chipping was found in Q-

ROK#2 in the pre-yielding and near-yield regime, while the first breakage mechanisms of Ottawa 

sand particles were found to be dominated by splitting. These findings are consistent with earlier 

results by Sohn et al. (2017), who predicted on the basis of a multi-scale continuum breakage 

theory (Zhang et al., 2016) that subrounded particle assemblies achieve macroscopic yielding 

through splitting, while subangular particles are more likely to undergo contact failure. However, 

the results also point out the remarkable richness of post-yielding processes, during which multiple 

concurrent fracture modes may appear across a compressed granular sample, thus requiring 

modeling approaches able to account for the feedbacks between shape, coordination, and fracture 

strength of the constituting particles. 
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Figure 5.8. Evolution of cumulated fracture mechanisms of (a) Q-ROK#2 and (b) Ottawa sand; 

incremental fracture mechanisms of (c) Q-ROK#2 and (d) Ottawa sand 

 

The data in Figure 5.9 can be further analyzed by normalizing the frequency of each class of 

incremental failure event. The goal of this step is to identify the relation between the type of 

crushing mechanisms and the size of the parent particle from which a given event emerged. Since 

incremental comminution events are extremely sparse, such analysis is here conducted only for 

splitting and chipping (Figure 5.9). At σ/σy = 1.00 (Figure 5.9a, 5.9c) failure events are rather 

uniformly distributed across the affected particle sizes for both failure mechanisms. At higher 

stresses, however (i.e. σ/σy = 2.00; Figure 5.9b, 5.9d), incremental splitting concentrates on the 

finest fractions (i.e., particles with equivalent size smaller than 0.075 mm), which display the 
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highest values of relative frequency (85 % in Q-ROK#2 and 51 % in Ottawa). This result is 

consistent with the indications of the frequency plot of 𝛽𝑓 (Figure 5.9d), for which the peaks also 

correspond to a low number of newly generated fragments (i.e., 76 % and 65 % for Q-ROK#2 and 

Ottawa, respectively). It also indicates the prevalence of cushioning at higher compressive stress, 

i.e., when the presence of surrounding smaller particles is likely to hinder the rupture of larger 

grains. Most notably, it is apparent that cushioning affects more intensely splitting rather than 

chipping events (Figure 5.9d). In fact, while in case of splitting clear frequency peaks are present 

both for Q-ROK #2 and Ottawa sands (Figure 5.9b), in case of chipping the frequency peaks for 

events affecting the finest grain fractions are either weaker (Q-ROK #2) or missing (Ottawa). 

 
Figure 5.9. Normalised frequency plot of incremental failure mechanisms plotted as a function of the 

diameter of the parent particle: splitting at (a) σ/σy= 1·00 and (b) σ/σy = 2·00; chipping at (c) σ/σy= 1·00 

and (d) σ/σy= 2·00 
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5.4.4 Fitting Method Comparison 

As described in ‘4.4.2 Quantification of particle properties’, the three-dimensional form of grains 

can be characterized by their three principal dimensions (shortest, S, intermediate, I, and longest, 

L). Three fitting methods are used: minimum volumetric box (MVB), minimum volumetric 

ellipsoid (MVE) and moment of inertia ellipsoid (MIE) (Figure. 5.10). Figure 5.10 provides a 2D 

illustration of the features of the three selected fitting methods. Systematic use of these concepts 

in 3D will be further discussed later. The evolution and distribution of the principal lengths of the 

particles during confined comminution was examined. To ensure accurate computations, only 

particles with size above a volume threshold of 10-3 mm3 were considered in the following 

analyses. This thresholding standard is consistent with the conventional definition of fines 

prescribed by ISO guidelines (ISO, 2017). 

 
Figure 5.10. 2D schematic of fitting methods used to determine the shape of individual sand grains (MVB 

= minimum volumetric box, MVE = minimum volumetric ellipsoid, MIE = moment of inertia ellipsoid) 

 

Figure 5.11 shows the evolution of the average principal lengths and equivalent diameter during 

comminution, quantified with three fitting methods. Each fitting method results in similar trends 

by involving a noticeable increase in the rate of length reduction at a normalized stress of 1.33 

(38.57 MPa). This implies that shape undergoes dramatic alterations at stress levels higher than  
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(a) 

 

(b) 

 

(c) 

 

Figure 5.11. Evolution of the average equivalent diameter and principal lengths (S, I, L) (a) MVE (b) 

MVB and (c) MIE. Symbols indicate the average value of the variable of interest. Shaded areas with the 

same color of a symbol in the plot represent the 90% confidence interval for the variable of interest. 
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the conventional yielding point. In other words, the standard macroscopic criteria for defining 

yielding are in general not predictive of the most intense stage of particle shape alteration. 

However, the relation between the principal lengths and the average equivalent diameter differed 

between fitting methods. Specifically, while the shortest length, S, resulting from MVE fitting 

provided a close approximation of Deq, for both MVB and MIE fitting the intermediate length, I, 

was found to be closer to the computed, evolving, values of Deq. Such results are consistent with 

prior results by (Ganju et al., 2021), who suggested that the shortest length correlates with the grain 

diameter achieved from ellipsoid fitting, as well as by (Fonseca et al., 2012), who showed that the 

sieve size widely used in standard soil classification can be replaced by the intermediate length 

derived from the calculation of the principal axis length (i.e., a method very close to box fitting 

procedures based on Euclidean distance determined on a Cartesian coordinate system). 

Figure 5.12a plots the initial principal length distribution of the entire particle population prior to 

loading. Even though the shortest length exhibits a narrower distribution compared to longest and 

intermediate lengths, all three principal lengths are characterized by symmetric distributions. In 

terms of evolution, all the principal lengths displayed similar trends. Hence, for the sake of brevity, 

hereafter only measurements pertaining the shortest length will be discussed in detail, with the 

relative conclusions being applicable also to longest and intermediate dimensions. Upon 

comminution, the evolving distribution of the shortest length exhibits growing skewness towards 

small values (Figure 5.12b). Up to the timestep 4 at normalized stress 1.33, the prevalence of fine 

particles increases gradually and eventually becomes pervasive after the transition point, observed 

in Figure 5.11. Increase in the frequency of fine particles is accompanied by a corresponding 

decrease in the frequency of the largest values of the population (which are initially dominant at 

the start of the process). This leads to the emergence of bimodality, with a transition between the  
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(a) 

 

(b) 

 

(c)  

 

Figure 5.12. Evolution of length distribution computed based on the MVE fitting procedure expressed as 

normalized frequency of (a) the initial principal lengths (b) the shortest length for entire scan sets and (c) 

the shortest length according to fragment-generation 
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two relative peaks of the normalized frequency between 0.15 mm and 0.5 mm. Limitations in the 

allowable axial stress do not allow to further explore if such bimodal trends persist upon further 

comminution, which would have required application of higher compressive stress and a 

corresponding increase of the image resolution able to resolve a larger fraction of crushed particles.  

Figure 5.12c displays the varying distribution of the shortest length based on the breakage history 

of the particles within the assembly. For this purpose, the breakage history is here conveyed by 

introducing the notion of generation. Such term is used to indicate the order of discrete grain 

fracture events that lead to the emergence of an individual fragment. Specifically, first-generation 

fragments result from the breakage of a particle that until that moment had suffered no fracture 

(i.e., it was intact until that event). First-generation fragments experiencing further breakage may 

then produce new fragments, which being a product of two successive events will be assigned to 

the second generation. By generalizing this logic, fragments emerging from particles which 

suffered N distinct breakage events will be assigned to the Nth generation. The result in Figure 

5.12c shows that the largest values of S characterizing the initial particle population are preserved 

only up to the second generation of crushing history, after which they are no longer characterized 

by noticeable statistical representations in fragment populations belonging to later generations. 

This trend explains the progressive shift of the particle size distribution towards finer values in 

Figure 5.4b and suggests that the emergence of bimodality in Figure 5.12b was primarily triggered 

by the accumulation of breakage events. 

All nondimensional ratios between principal lengths vary from 0 (i.e., distorted) to 1 (e.g., 

spheroidal). In this study, it is explored whether the selected fitting method influences the 

determination of these indices at the initial stage (normalized stress = 0; Figure 5.13). Interestingly, 
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MVE and MVB which involve the largest differences in terms of absolute values of principal 

lengths (i.e., 0.811 mm and 0.710 mm for the longest length, 0.515 mm and 0.450 mm for the 

shortest length, respectively) provide nearly identical non-dimensional indices. Specifically, for 

these fitting methods the ARs are 0.644, while the computed FI and EI display differences as low 

as 0.860 % and 1.294 %, respectively. By contrast, the MIE fitting method, whose principal lengths 

are close to those obtained via MVB (Figure 5.11b, 5.11c), results in a lower AR, 0.583. Despite 

such differences, the variations obtained in terms of nondimensional ratios tend to be in all cases 

smaller than those resulting in terms of principal lengths (e.g., fixing MVE as a reference, MVB 

and MIE involved an average mismatch of 0.143 % and 6.513 % in terms of shape indices, 

respectively, in both cases much smaller than the corresponding average mismatch in terms of 

principle length, which corresponded to 12.206 % for MVB and 12.611 % for MIB). These results 

suggest that use of nondimensional shape index represents the most robust approach to minimize 

the impact of the fitting method in the assessment of initial and evolving particle shape. 

 
Figure 5.13. Average shape indices (AR, Elongation, Flatness) provided by different fitting methods 
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5.4.5. Evolution of the particle morphology 

Figure 5.14 exhibits the evolution of the AR distribution in terms of mass percentage of particles 

with AR lower than a given set value, varying from 0 % (most flat) to 100 % (most spherical). The 

initial AR is distributed from 0.348 to 0.917. During breakage, this range expended by covering 

the interval from 0.120 to 0.925. Compared to the evolving particle gradation in Figure 5.4b, the 

evolution trends of AR tend to involve more broadly the entire range of AR values, without 

showing obvious concentration in particular ranges of particle shape. Despite the particle size 

bimodality shown in Figure 5.12b, the shape distribution does not display evidence of bimodal 

shape populations. This result suggests that the new fragments emerging from successive breakage 

events do not generate shape characteristics radically different from those of the initial set of 

particles, but rather expand the initial range of existing shape through moderate changes in the 

shape indices of the new particles within the population.   

 
Figure 5.14. Evolution of aspect ratio during oedometer test 

 

The average shape indices have been displayed in the Zingg diagram (Figure 5.15), one of the 

most widely used graphical formats for 3D shape analysis. The Zingg diagram classifies the 
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particle shape into four categories based on elongation and flatness: spheroid, disk, blade, and rod 

(Figure 5.15) (Zingg, 1935). FI and EI are interpreted as x-axis and y-axis for entire scans and the 

aspect ratio is expressed as a line on the plot only for initial and final timestep. The results are 

consistent with the analysis in Fig. 6 in that MVE and MVB again show their quantitative similarity 

regardless increasing fragments and the gap between MIE and MVE at final stage decreases in 

comparison with the initial difference (Figure 5.15).    

 
Figure 5.15. Evolution of shape parameters on Zingg diagram  

 

 

5.4.6 Shape heritability 

To explain the microscopic origin of the observed statistical trends of particle shape evolution, this 

section examines the correlation between shape indices of child and parent particles undergoing 

breakage. For all the child particles detected at any given scan the shape features are compared 

with those of their parent particles.  

Figure 5.16a shows the normalized frequency for AR of child particles, each of these groups is 

characterized by a predefined range of AR of the corresponding parent particles. From the results, 

it is apparent that the AR values associated with maximum probability are close, and in some cases 
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even coinciding with the AR of the parent particles. Specifically, for parent particles with AR 

between 0.4 and 0.5, the generated fragments with AR between 0.4 – 0.5 constituted approximately 

31 % of the total set of new fragments generated by those particles as they broke. This result 

explains the moderate trends of evolving particle shape statistics reported in Figure 5.14 (i.e., lack 

of bimodality upon breakage). In addition, it suggests that the fracture patterns responsible for size 

reduction vary with the shape of the parent particles in a way that tends to preserve the original 

shape prior to breakage, a process which is here defined shape heritability. To further stress the 

tendency to shape heritability upon successive breakage, the most frequent value of AR of a child 

particle (i.e., the AR associated with peak probability in Figure 5.16a) is correlated to the AR of 

their parent particles in each incremental breakage from timestep 3 to timestep 6 for all fitting 

methods. Such analysis, illustrated in Figure 5.16b, indicates remarkable correlation for all scans 

(R2=0.988), thus confirming strong traits of shape heritability in the sequential breakage events. 

The figure also provides visuals of individual particle fractures leading to shape heritability. The 

examples clearly show that, although heritability can manifest in both elongated and spheroidal 

parent grains, the fracture patterns leading to it vary dramatically.  

Further inspection of Figure 5.16a also indicates that heritability manifests with different intensity 

depending on the shape of the parent particles. Such differences can be quantified through the ratio 

between mean and mode of the aspect ratio frequency plots (𝐴𝑅̅̅ ̅̅ /𝐴𝑅𝑝). Coincidence between these 

values indicates near-symmetry of the frequency plots, i.e., an indicator of strong heritability, in 

that the mean AR of the parent particle population would nearly coincide with that of the child 

particle population. This trend is illustrated in Figure 5.16c, where 𝐴𝑅̅̅ ̅̅ /𝐴𝑅𝑝 derived from the child 

particle frequency plots is shown to decrease dramatically with the AR of the corresponding 
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particles. In other words, heritability tends to be stronger for more elongated particles and weakens 

when the shape of the particles prior to breakage events is more spherical.  

(a) (b) 

 
 

(c)  

 
 

Figure 5.16. (a) Distribution of AR of child particle and AR of parent particle in incremental breakage 

during oedometer test. Correlation of (b) the mode and (c) the mean between AR of child and AR of 

parent particle in incremental breakage (d) Evolution of AR with the mode and the mean for the entire 

particles in Zingg diagram 

 

Despite evidence of shape heritability upon breakage, the measurements indicate non-negligible 

alteration of the average shape of the particles within the specimen (Figure 5.13). This effect can 

be attributed to the lack of symmetry of the evolving particle shape population, and it is thus 

associated with the skewness of the AR frequency plots (Figure 5.16d). Specifically, in most cases 
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the frequency plots of AR are negatively skewed, implying tails of the distribution located on the 

left side of their peak. Such features imply that the average shape evolves towards lower values of 

AR compared to the initial conditions (i.e., it approaches an ultimate state with more elongated 

particles). Figure 5.16d illustrates this drift of the shape index distribution for the entire particle 

population. It is apparent that the gap between the mode and the mean of the entire AR distribution 

grows upon continuous compression. 

 

5.5 Concluding Remarks 

The effect of the grain shape on the compression of crushable granular soils was assessed at particle 

and assembly scale via sequentially imaged oedometric compression experiments. High-resolution 

X-ray tomography images for two sands (subrounded Ottawa sand and subangular Q-ROK#2 

sand) consisting of particles with different initial shape were acquired in-situ during confined 

compression. To determine the role of the initial particle shape on the compression behavior, the 

processed images were analyzed statistically, and the emerging patterns of particle fracture were 

classified on the basis of simple breakage categories (i.e., splitting, chipping and comminution) 

through the methods described in Chapter 4.  

The main findings of the study are summarized as follows:   

1. Although the morphology of subrounded particles changed more severely compared to 

subangular grains, both sets of particles reached a similar shape at the end of the tests, 

displaying lower sphericity and higher elongation compared to their initial conditions. This 
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result suggests that continuous compression can mitigate morphological differences, 

especially when the stress is sufficient to induce pervasive breakage 

2. Subrounded particles were found to develop more efficient cushioning than subangular 

particles by hindering the damage of larger grains even in the early stages of compression. 

This result reflects a tendency of subangular grains to exacerbate local contact indentation 

and damage and was corroborated by statistical analyses which pointed out that angularity 

(either initial or induced by fragmentation) broadens the range of particle sizes affected by 

damage mechanisms.  

3. A statistical analysis of particle fracture events displayed that, although the average number 

of fragments produced by each particle steadily increases, incremental events detected by 

successive scans indicate the emergence of an average number of new particles between 2 

and 4. This result did not depend on the shape of the particles affected by the crushing 

events. In addition, a classification of the failure mechanisms into splitting, chipping and 

comminution showed that pervasive comminution (i.e., the crushing of a grain into a 

multitude of fragments) emerges from a sequence of successive chipping and splitting 

events.  

4. The emergence of cushioning was verified by inspecting the dependence of the failure 

mechanisms on the size of the parent particles. In particular, it was found that in both sands 

splitting dominates the incremental compression response at high stress, as well as that such 

splitting events concentrate into the finest grain fractions, thus shielding larger grains from 

failure.  

Furthermore, to characterize the evolving distribution of particle shape, three fitting protocols 

(MVE, MVB and MIE) are proposed and used in conjunction with a tracking algorithm recording 
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the breakage history of individual particles to Ottawa sand. This strategy enabled the detection of 

incremental breakage events, as well as the quantification of correlations between the 

morphological properties before (parent particles) and after breakage (child particles). The key 

findings of the shape evolution in incremental breakage can be summarized as follows: 

5. Even though the selected fitting strategies for the principal lengths exhibited quantitative 

differences in the absolute value of those lengths, all methods led to consistent trends of 

nondimensional indicators, which can thus be regarded as robust metrics to assess particle 

shape evolution.  

6. Sharp changes in principal particle dimensions were detected at compressive stress levels 

higher than the nominal yielding pressure, indicating that conventional macroscopic 

protocols to define yielding do not fully capture the dynamics of particle-scale inelasticity.  

7. The acquisition of digital images at selected stress levels pointed out the emergence of 

bimodal fragments size distribution, signaling co-existence of multiple particle population 

(e.g., intact grains and crushed fragments). Such bimodal trends, however, were not 

identified with respect to the particle shape populations (here quantified in terms of their 

aspect ratio, AR), for which a continuous transition towards a more elongated average 

shapes were found.  

8. Further inspection of successive changes in particle shape upon fracture pointed out that 

such moderate changes in shape were linked to a strong correlation between the shape of 

parent and child particles, a phenomenon here defined shape heritability. Heritability was 

found to be stronger in finer, elongated particles and to become more prevalent at higher 

breakage.  
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9. Inspection of individual breakage events indicated that the fracture patterns responsible for 

size reduction vary with the shape of the parent particles. However, the measurements 

pointed out shape distribution curves skewed towards low aspect ratio values. This trend, 

attributed to the prevalence of small fragments at high pressure, was found to cause steady 

loss of particle regularity and convergence towards more elongated particle shapes (i.e., 

morphological ratios departing from unity).  

By providing a 3D identification of the concurrent evolution of particle sorting, grain shape and 

fracture mechanisms, these results shed light on the feedbacks between the continuum-scale 

response and the particle-scale processes involved in the compression of sand. On one hand, these 

findings provide explicit validation of earlier predictions based on multiscale models. On the other 

one, they provide new data to enhance the methods currently used to explain and/or predict the 

mechanics of penetration in granular deposits and the compaction of crushable aggregates. In a 

more general context, they can assist the characterization and simulation of processes in which the 

co-evolution of grain sorting, size and shape impacts the mechanical behavior of sandy soils 

subjected to extreme pressures.  
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Chapter 6. SHAPE-DEPENDENT COMPRESSION OF CRUSHABLE SINGLE 

PARTICLES 

 

6.1 Introduction 

Particle morphology significantly affects the deformation properties of sand. This is 

confirmed by extensive evidence, especially focused on bulk properties such as density, 

flowability, compressibility, and frictional strength (e.g., Antonellini et al., 1994; Radjai et al., 

1999; Goldenberg and Goldhirsch, 2005; Mair et al., 2002; Anthony and Marone, 2005). In the 

context of high-pressure compaction, the particle shape is known to influence the yielding point, 

i.e., the transition between elastic and inelastic regimes (McDowell & Bolton, 1998; Coop et al., 

2004; Shin & Santamarina, 2013; Brzesowsky et al., 2014). For example, spherical grains tend to 

yield sharply, while angular particles display a smoother response (Nakata et al., 2001). Such 

coupling between particle shape and compression behavior is linked to the role of the grain 

morphology on the resistance of particles (Cavarretta et al., 2017), including the possibility for 

crushing to emerge gradually during a macroscopic compression test (Pestana and Whittle, 1995; 

Das & Bajpai, 2018). These observations are now facilitated by non-destructive full-field 

techniques, such as 3D x-ray tomography. For granular assemblies these methods enable fracture 

processes, fragment geometry, and inter-particle interactions to be resolved (Zhao et al., 2015; 

Alikarami et al., 2015; Karatza et al., 2018; Zhao et al., 2020) and recently allowed quantification 

of the prevalence of breakage events in irregular grains compared to spherical-shaped grains 

(Karatza et al. 2019; Viggiani et al. 2019; Seo et al., 2020). 

Despite such evidence, the explicit incorporation of the evolving shape of grains into predictive 

models has been lagging. Notable exceptions are discrete element model formulations enabling 
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arbitrary particle shapes (Harmon et al., 2020) and continuum frameworks listing shape descriptors 

among their state variables (Buscarnera and Einav, 2021). Both require nonetheless an accurate 

depiction of the crushability of non-spherical brittle grains. In this context, the dependence of the 

strength of the particles on their morphology finds its origin at microscopic scales. Tang et al. 

(2001) observed that round grains can sustain 21% higher load compared to irregular particles, in 

that they are less susceptible to microcrack initiation. Brzesowsky et al. (2011) used Hertzian 

contact mechanics to derive a strength criterion for non-spherical grains by accounting for the size 

of pre-existing flaws and the surface curvature. While their study did not encompass explicit 

descriptors of particle shape, it suggested that the consideration of asperities led to a superior match 

against measurements compared to Weibull weakest link models with pre-existing flaws scaling 

solely with the particle volume. Along similar lines, Zhang et al. (2016) used multiple contact 

deformation and fracture models to derive energy limits at the failure of single particles. In addition 

to offering scaling relations between particle strength and size, they enabled a straightforward link 

to energy-based continuum breakage models, thus informing the mechanics of whole assemblies 

and explaining measurements of bulk crushability obtained for granular materials made by 

particles with different shape (Sohn et al., 2017). However, lack of explicit shape descriptors into 

the energy criteria prevented a general quantification of how changes in morphology modulate the 

particle strength, thus restricting the ability to diagnose shape effects only for cases in which 

radical changes in morphology (e.g., comparisons between assemblies made either by very round 

or very angular particles) modify entirely both individual and collective fracture mechanisms.  

This chapter aims to extend the aforementioned frameworks of interpretation and determine the 

effect of particle shape on their crushing resistance by mechanical models accounting for 

deviations from a spherical geometry. The models are designed to enable straightforward 
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computation of both the forces end the elastic strain energy at particle fracture, following the 

approach of Zhang et al. (2016). We adopt various contact deformation and particle failure laws 

relying on a 3D ellipsoidal fitting of non-spherical particles, eventually incorporating the three 

principal lengths and their corresponding nondimensional ratios in the models. In conjunction with 

these analytical developments, we conducted particle compression experiments on 100 particles. 

We used x-ray topography to characterize the geometry of the particles and assess the relative 

performance of the proposed models in accounting for the effect of the geometry on the changes 

in strength.  

 

6.2 Shape-dependent Particle Strength Fracture Models 

 In this study, shape is defined as a component of the more general notion of morphology 

aimed at addressing the coarsest-scale irregularities responsible for distinguishing a natural grain 

from a sphere (Barrett, 1980). In fact, while other morphological attributes exist at lower length 

scales (e.g., asperities controlling the particle roundness or even the surface texture of grains 

responsible for their roughness), here we focus on deviations from the geometry of a sphere caused 

by properties with characteristic dimensions having the same order of the particle diameter (i.e., 

elongation, flatness). This study evaluates three model scenarios to assess shape effects on the 

fracture strength of single particles with embedded microscopic flaws: (i) centre crack, (ii) contact 

crack, and (iii) weakest link model (sketched in Figure 6.1). For all models, the primary input data 

enabling deviations from the corresponding spherical models are three principal lengths calculated 

through a minimum-volume fitting ellipsoid circumscribing the particle giving the representative 

shape (i.e., ellipsoid) from non-spherical groups through one of the simplest ways to quantify the 
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principal lengths. Centre and contact crack models are deterministic criteria based on precise 

configurations of the applied load and potential crack nucleation sites. The centre crack model 

assumes that the applied force generates tensile stress oriented perpendicularly to the loading axis, 

thus resulting into mode I fracture at the center of the particle (Frost et al., 1999). By contrast, the 

contact crack model assumes that the largest tensile stress leading to fracture occurs at edge cracks 

proximal to the contact point where the compressive force is applied (Tuitz et al., 2012). For the 

analyses discussed here, the determination of such tensile stress levels is largely based on the 

strategy proposed by Zhang et al (2016) for spherical grains, with modifications accounting for 

geometric changes either of the cross-section subjected to crack nucleation or of the contact 

geometry. For the weakest link model, the generally adopted Weibull statistics is modified to 

account for the non-spherical geometry of the particles. In addition to enable convergence to 

standard models (e.g., Zhang et al. (2016)) if the three principal lengths coincide, such variables 

facilitate the use of widely used datasets and classifications of particle morphology (Zingg, 1935; 

Krumbein, 1941; Barrett, 1980).  

   
Figure 6.1. Graphical descriptions of the three fracture models proposed: (a) centre crack (b) contact 

crack (c) weakest link model (Weibull’s statistics) 

 

  

Conventionally, the characteristic strength at the particle scale, 𝜎𝑝𝑐, can be expressed as:  

𝜎𝑝𝑐 =
𝐹𝑓

𝐷𝑝
2
 (6.1) 
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where 𝐹𝑓 is the force at failure, usually measured through uniaxial compression tests on single 

particles and 𝐷𝑝 is the particle diameter. For an ellipse it can be computed from principal lengths 

as: 

𝐷𝑝 = (2𝑆 ∙ 2𝐼 ∙ 2𝐿)1/3 (6.2) 

where S, I and L are the smallest, intermediate, and longest principal particle dimensions, 

respectively. 

While the theoretical models in this study can consider three principal lengths, as it will be shown 

hereafter simpler versions of the proposed criteria can be obtained for the specific cases of a prolate 

(i.e., S = I < L) or an oblate (i.e., S < I = L) ellipsoids. The principal lengths can be used to compute 

non-dimensional shape indicators, such as the aspect ratio, AR, as: 

AR =  
𝑆

𝐿
 (6.3) 

This ratio describes the particle shape independently of the particle size. In the following we 

present the three proposed failure models as a function of this ratio. 

6.2.1 Centre Crack Model  

In centre crack models the largest tensile stress is assumed to develop along the median axis of the 

particle and to initiate failure through the growth of thin pre-existing flaws (Hiramatsu and Oka, 

1966). The pre-existing crack propagates when the stress intensity factor 𝐾𝐼 equals the fracture 

toughness for mode I, 𝐾𝐼𝐶  (Kassir and Sih., 1966). 𝐾𝐼  can be readily computed under the 

assumption that the crack size is proportional to the particle radius as a function of a constant of 

proportionality, 𝛼:  
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𝐾𝐼 =
2

√𝜋
𝜎𝑡√𝛼𝑅 (6.4) 

Where 𝜎t is the tensile stress at the crack tip. The fracture toughness for mode I can instead be 

expressed as a function of the critical energy release rate, 𝐺𝐼𝐶 , elastic modulus, 𝐸 and Poisson 

ratio, 𝜈 as follows: 

𝐾𝐼𝐶 = √
𝐺𝐼𝐶𝐸

1 − 𝜈2
 (6.5) 

From Eq. (6.4) and (6.5) follows that the tensile stress initiating crack growth for an ellipsoidal 

elastic-brittle particle can be computed as:  

𝜎𝑡𝑐 = 𝑎′√
𝐺𝐼𝐶𝐸

1 − 𝜈2
𝑆−

1
6𝐼−

1
6𝐿−

1
6       𝑤𝑖𝑡ℎ       𝑎′ =

√𝜋

√2𝛼
  (6.6) 

The largest tensile stress given by estimated in accordance with earlier propositions by Hiramatsu 

and Oka (1966), as follows:  

𝜎𝑡 =
2.8𝐹

𝜋(2𝑆)2
 (6.7) 

where 2S is the distance between the points of load application, here assumed to coincide with the 

shortest principal length of the grain. This strategy is supported by the previous findings that non-

spherical particles are positioned parallel to the shortest length to the loading direction under 

diametric compression test (Moss, 1972; Tuitz et al, 2012). 

By substituting Eq. (6.6) into (6.7), the force at failure corresponding to centre crack fracture is: 

𝐹 =
4𝜋

2.8
𝑎′√

𝐺𝐼𝐶𝐸

1 − 𝜈2
𝑆

11
6 𝐼−

1
6𝐿−

1
6 (6.8) 
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In Eq. (6.8) the particle shape is reflected through three distinct values of principal length.  

For a more general case, Eq. (6.8) can also be expressed as a function of two independent non-

dimensional ratios, commonly referred to as elongation index (EI=I/L) and flatness index (FI=S/I) 

widely used for particle shape classification (Zingg, 1935): 

𝜎 =
√2𝜋

2.8
𝑎′√

𝐺𝐼𝐶𝐸

1 − 𝜈2
EI

2
3FI

4
3𝐷𝑝

−
1
2 (6.9) 

It can be readily shown that the expression above encompasses the case of prolate (FI=1; AR=EI) 

and oblate (EI=1; AR=FI) ellipsoids. 

If a prolate geometry is assumed, the particle failure strength obtained from a centre crack model 

can be expressed as follows:  

𝜎 =
√2𝜋

2.8
𝑎′√

𝐺𝐼𝐶𝐸

1 − 𝜈2
AR

2
3𝐷𝑝

−
1
2 (6.10) 

Where the effect of the particle size (through Dp) and shape (through AR) is clearly isolated. 

6.2.2 Contact Crack Model 

The contact crack model assumes that fracture initiates at pre-existing flaws located on the surface 

of a particle. In this class of models, fracture originates from near-contact tensile stress that can be 

quantified through the Hertzian contact theory (Brzesowsky et al., 2011). Prior studies by Antoine 

et al. (2006) enable the quantification of the force-displacement relationship between two elliptical 

solids establishing a Hertzian contact interaction, as follows: 

𝐹 = [
23

3

𝐸∗

(𝛿∗)3/2(𝜌𝑥 + 𝜌𝑦)1/2
] 𝛿3/2 (6.11) 
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where E* is an equivalent elastic stiffness defined as 𝐸/(1 − 𝜈2), 𝜌𝑥  and 𝜌𝑦  are two contact 

curvatures, and 𝛿∗ is a dimensionless contact deformation defined as: 

𝛿∗ =
2ℱ(𝜅)

𝜋
(

𝜋

2𝜅2ℰ(𝜅)
)

1/3

 (6.12) 

In this study, we calculate the particle strength based on the contact between an elastic ellipsoid 

and a rigid plate (Antoine et al., 2006). To infer the value of tensile stresses along the contact 

periphery, the contact curvatures, 𝜌𝑥 and 𝜌𝑦 (ρx ≤ ρy) are approximated by 1/𝑟𝑥 and 1/𝑟𝑦 where r 

is the radius of curvature (Antoine et al., 2006). 𝑟𝑥 and 𝑟𝑦 are then calculated as 𝐿2/𝑆 and 𝐼2/𝑆 

according to (Regen 1996). ℱ(𝜅) and ℰ(𝜅) in Eq. (6.12) are complete elliptic integrals of the first 

and second kinds, which can be approximated by asymptotic expressions depending on the 

ellipticity parameter 𝜅 = 𝑎/𝑏 (≥ 1), where 𝑎 and 𝑏 are determined with semiaxes of elliptical 

area of contact. Based on the definition of ellipticity of the contact area, 𝜅 can be expressed as 

(𝐿/𝐼)4/3 (Greenwood, 1985; Dyson, 1965; Brewe and Hamrock, 1977). For a Hertzian contact 

model, such approximated elliptical integrals exhibit an error of 0.003 – 0.0005 % from the exact 

solution, which can be considered acceptable for the current application (Antoine et al., 2006; 

Tanaka, 2001; Bryant and Keer, 1982).  

The tensile stress at the surface contact can be expressed in accordance with earlier results by 

Timoshenko & Goodier (1951), as follows:  

𝜎𝑡 =
1 − 2𝜈

2

𝐹

𝜋𝑎𝑐
2

=
1 − 2𝜈

2

𝐹1/3

𝜋𝑅
(

23

3
)

2
3

(
𝐸

1 − 𝜈2
)

2
3

𝛿∗−1(𝜌𝑥 + 𝜌𝑦)
−

1
3 (6.13) 

According to Goddard (1990), the contact radius 𝑎𝑐  proportionally increases following 

displacement 𝛿 (i.e., 𝑎𝑐 = √𝑅𝛿).  
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The critical tensile stress at the onset of Hertzian fracture can be expressed as in Zhang et al. 

(2016): 

𝜎𝑡𝑐 = 𝑏′√
𝐺𝐼𝐶𝐸

1 − 𝜈2
𝐷𝑝

−
1
2  𝑤𝑖𝑡ℎ 𝑏′ =

1

1.12
(

𝜋𝛼

2
)

−1/2

  (6.14) 

where b’ is a corrective geometric coefficient. 

The contact crack propagates when the tensile stress around a Hertzian contact reaches the critical 

stress in Eq. (6.14), with the corresponding failure load given by:  

𝐹 =
9

29
(

2𝜋𝑏′

1 − 2𝜈
)

3

(
1 − 𝜈2

𝐸
)

1
2

𝐺𝐼𝐶

3
2 𝛿∗3(𝜌𝑥 + 𝜌𝑦) 𝐷𝑝

3
2 (6.15) 

In addition, by equating Eq. (6.15) with Eq. (6.1) with EI and FI,  

𝜎 =
9

64
(

2𝜋𝑏′

1 − 2𝜈
)

3

(
1 − 𝜈2

𝐸
)

1
2

𝐺𝐼𝐶

3
2 𝜋−2 (

ℱ3 (EI−
4
3)

ℰ (EI−
4
3)

) (EI +
1

EI
) EI

10
3 FI

4
3𝐷𝑝

−
3
2 (6.16) 

In the case of a prolate geometry, Eq. (6.16) becomes:  

𝜎 =
9

64
(

2𝜋𝑏′

1 − 2𝜈
)

3

(
1 − 𝜈2

𝐸
)

1
2

𝐺𝐼𝐶

3
2  𝜋−2 (

ℱ3 (𝐴𝑅−
4
3)

ℰ (𝐴𝑅−
4
3)

) (AR +
1

AR
) AR

10
3 𝐷𝑝

−
3
2  (6.17) 

which shows explicitly the effect of size and shape through Dp and AR, respectively. 

6.2.3 Weakest Link Model 

The Weibull’s weakest link model (Weibull 1951; Brzesowsky et al., 2011; Nakata et al., 1999) 

has been commonly used to quantify the statistical variability of particle strength and the influence 

of the particle volume, 𝑉𝑝, on its characteristic stress, 𝜎𝑝𝑐,0, as: 
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𝜎𝑝𝑐 = 𝜎𝑝𝑐,0 (
𝑉𝑝

𝑉𝑝0
)

−
1
𝑤

= 𝜎𝑝𝑐,0 (
𝑆𝐼𝐿

𝑆0𝐼0𝐿0
)

−
1
𝑤

 (6.18) 

where w is the Weibull modulus. This can also be expressed through dimensional volume ratios 

and the principal shortest length S with the principal length ratios as: 

𝜎𝑝𝑐 = 𝜎𝑝𝑐,0 (
𝑆

𝑆0
)

−
3
𝑤

(
FI

FI0
)

2
𝑤

(
EI

EI0
)

1
𝑤

 (6.19) 

Where the ‘0’ subscript indicates the reference value of each variable. There is no independent 

effect of the particle shape on the strength statistics underlying Eq. (6.19). S remains as a 

dimensional quantity in the model as it was found to be the most influential in the compression of 

non-spherical grains (Hiramatsu and Oka, 1966; Moss, 1972; Tuitz et al, 2012).  

Eq. (6.19) can be generalized to be a power law function of the type: 

𝐷𝑝 = 𝐷0 (
𝑆

𝑆0
)

𝑤′

 (6.20) 

where w’ is a power law coefficient determined from data-driven fashion by recognizing that 

certain correlations exist between principal lengths and volume-equivalent diameter. 

The size and shape effects can be isolated in Weibull’s statistical prediction of particle strength in 

Eq. (6.19) as:  

𝜎𝑝𝑐 = 𝜎𝑝𝑐,0 (
𝐷

𝐷0
)

−
3𝑤′

𝑤
(

FI

FI0
)

2
𝑤

(
EI

EI0
)

1
𝑤

 (6.21) 

For the specific case of Ottawa sand grains, this correlation is depicted in Figure 6.2. 

Here exponential w’ is found to be 1.017 with a coefficient of determination of 0.836 for Ottawa 

sand particles.  
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Figure 6.2. Relationship between principal length S and equivalent particle diameter Dp for the Ottawa 

sand used for the uniaxial compression test  

It should be noted that, while this result applies to prolate geometry, similar results can be obtained 

if an analogous power laws relate Eq. (6.21) with the 𝑤′ of Ottawa sand. 

𝜎𝑝𝑐 = 𝜎𝑝𝑐,0 (
𝐷

𝐷0
)

−
3.051

𝑤
(

𝐴𝑅

𝐴𝑅0
)

1
𝑤

 (6.22) 

 

6.3 Single Particle Compression Test (Materials and Procedures) 

To verify the predictability of the models with experimental data, we performed a series of single 

grain compression tests on US silica Ottawa (quartz sand) with a median diameter of 0.707 mm. 

100 single particles were manually selected to range across multiple aspect ratios and size, while 

avoiding major protrusions and maintaining consistent color features (a common indicator of the 

dominant mineral constituents). Previous studies of particle shape effect involve comparisons 

between different types of sand (Zhao et al., 2015; Sohn et al., 2017). Here the selection of particles 

of the same material provides more controlled conditions to isolate the role of individual factors.  

To characterize the particle geometries a series of x-ray tomographies were acquired. Due to access 

restrictions, the particles were scanned at two different facilities. Specifically, 36 particles were 
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scanned at the 13 BM-D beamline at the Advanced Photon Source of the Argonne National 

Laboratory in Lemont, IL, USA (setup sketched in Fig. 54a) and 64 particles were tested at 

Laboratoire 3SR in Grenoble, France (Fig. 54b).  

 

 
Figure 6.3. Setup used for single particle uniaxial compression tests at (a) GSECARS 13-BM-D, APS, 

Argonne National Laboratory, USA and (b) Laboratoire 3SR, Grenoble, France 

 

The 13 BM-D facility is a synchrotron X-ray microtomography, (SMT) which offers a high 

intensity X-ray beam with energies ranging from 4.5 to 80keV. The scans in this study were 

conducted with a pink beam, which allows for fast scanning (exposure 0.008s) by adopting a 

relatively broad energy bandwidth centered around 40 keV, chosen to fall in the ideal range for 

solid and pore phase contrast (between 25 to 40 keV) (Rivers, 2016). 1800 projections were 

acquired around a 180° rotation at a pixel size of 3.14 μm. The X-ray tomograph at Laboratoire 

3SR is instead a laboratory-scale scanner with a cone-beam (Viggiani et al., 2015). A 
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polychromatic beam with average energy around 40 keV was used in this study. 1024 images were 

acquired over 360°, each the result of the average of 6 radiographs. The pixel size is in this case 9 

μm.  

After matching the image resolutions to 9 μm per pixel, the grains were segmented (isolated) 

though filtering and thresholding (Seo et al., 2020). The binarized images were fitted with a 

circumscribing minimum ellipsoid yielding. Its shortest (S), intermediate (I) and longest (L) 

lengths, as illustrated in Figure 6.4a, 6.4b show the correlation between I and the median value of 

S and L (i.e., (S+L)/2). The median is slightly smaller than I, indicating that I is closer to S than L. 

Based on this observation, the following derivations assume prolate particles (S = I < L) to take 

advantage of the simplifications of the proposed analytical models. 

 
 

Figure 6.4. (a) Schematic of the minimum volumetric ellipsoid for the principal lengths of the single 

particle (b) Ratio between the intermediate length and the average of the minimum and maximum ones, 

justifying the assumption of prolate ellipsoids adopted below 

 

6.4 Results and Data analysis 

6.4.1 Theoretical model predictions 

The trends of predicted particle strength resulting from the three models are reported in Figure 6.5 

for varying size and shape characteristics and for the sets of model constants in Table 1. Figure 

6.5a, 6.5c, 6.5e display increasing particle strength with aspect ratio (markers) under constant 

[a] [b] 
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equivalent diameter (lines with same color and style). All models predict that more elongated 

grains break at lower stress than round sand under point load compression. Such dependence of 

the particle strength on the aspect ratio is consistent with that reported in experimental studies 

(Tuitz et al., 2012; Karataza et al. 2019). In log scale, the trend lines display a constant slope of 

2/3 and 1/4 for centre crack and Weibull’s models, respectively, while for the contact crack model 

the slope of the predicted trend curve increases with AR, displaying an average value of 1.13 

between AR=0.3 and 0.8. The resulting ranges of particle strength depend on the specific model. 

For example, between AR=0.3 and 0.8, the contact crack model provides the sharpest increase in 

particle strength with a reduction of elongation (i.e., step-like variations in AR of 0.1).  

The strength was found to vary between 20% and 29% for every 10% variation in aspect ratio. By 

contrast, the Weibull model displays the weakest shape effects, with strength variations for equal 

increments in AR fluctuating between about 3% and 7%. The centre crack model shows 

intermediate trends, with a strength variation for each increment of AR by 0.1 from about 9% and 

21%. Those degrees of strength variation in particle strength depend on particle size: smaller grains 

are more susceptible to particle shape variation in the predicted strength. Figure 6.5b, 6.5d, 6.5f  

show the particle size effect predicted by the three models. It is apparent that the particle strength 

decreases with an increase of the nominal particle diameter, Dp, thus being in agreement with 

existing evidence. Also in this case, the contact crack model shows the highest susceptibility to 

changes in particle geometry (predicted strength varying up to more than 28% for an increase in 

Dp of 0.1mm), while the centre crack model provides the most moderate levels of size sensitivity 

(up to about 10% strength for a similar size variation) and the Weibull’s model displays 

intermediate trends.  
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Figure 6.5. Effect of aspect ratio (a,e,c) and equivalent particle diameter (b,d,f) for the three proposed 

models: centre model (top), contact mode (mid) and Weibull’s statistic (bottom) 

To facilitate the comparisons between the shape and size effects predicted by each model, the 

functional relations providing the value of stress at failure, 𝜎 = 𝑓(AR, 𝐷𝑝), were normalized by 

the strength of particles characterized by reference values of the two variables. This enables the 



123 

 

derivation of simple power law expressions for most of the reference models, with the intensity of 

the size and shape effects quantified by the power law exponent, as follows:  

Centre crack model: 
𝜎AR

𝜎AR0
= (

AR

AR0
)

2

3
 (6.23) 

  

Contact crack model: 
𝜎AR

𝜎AR0
=

𝑓(AR)

𝑓(AR0)
= (

ℱ(AR
−

4
3)

ℱ(AR0
−

4
3)

)

3

(
ℰ(AR

−
4
3)

ℰ(AR0
−

4
3)

)

−1

(
AR+

1

AR

AR0+
1

AR0

) (
AR

AR0
)

10

3
 (6.24) 

  

Weakest link model:  
𝜎AR

𝜎AR0
= (

AR

AR0
)

1

𝑤
 (6.25) 

 

where w is equal to 4, the details of determining parameters will be discussed in Table. 1.  

These relationships are plotted in Figure 6.6. Figure. 6.6a shows that the contact crack model is 

the most sensitive to the aspect ratio, while the weakest link model is the least sensitive. The high 

sensitivity of the contact crack model derives from a high effect of the aspect ratio on the contact 

geometry in the vicinity of the point of loading (Tang et al., 2001), and thus on the maximum 

tensile stress at the surface (Eq. (6.13)). In the centre crack model, intermediate trends of particle 

shape sensitivity are predicted, the particle elongation reduces the shortest principal length and 

thus the maximum tensile stress (Eq. (6.7)). Figure 6.6b reports the normalized particle strength 

predicted by the three models as a function of Dp. Also in this case, the contact crack model is the 

most susceptible to changes in geometry, while the centre crack model is the least susceptible to 

size and the weakest link model provides intermediate trends. This result is consistent with 

previous findings by Zhang et al. (2016) and it is here shown to be independent of the particle 

elongation, here embedded in the aspect ratio, AR.  
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Figure 6.6. (a) Normalized shape-dependent stress excluding particle size (AR0 = 0.64) (b) Normalized 

size-dependent stress excluding particle aspect ratio (Dp = 0.65) 

In this study, the key benefit of the proposed models is applicability of two critical factors (i.e., 

shape and size) in single format. As an example of three-dimensional plot of this comprehensive 

model, Figure 6.7 displays the centre crack model with the colormap highlighting the particle 

strength. 

 
Figure 6.7. Three-dimensional plot showing the trends in particle strength predicted by the centre crack 

model as a function of size and shape  
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6.4.2 Experimental Data Interpretations 

Figure 6.8a shows the correlation of AR and diameter of 100 tested particle ranging in both AR 

and Dp to explore the effects of both factors. The shape of the tested particles was assessed by 

dividing them into two populations, depending on whether individual grains were larger or smaller 

than the modal value of Dp (Dp,mode = 0.640 mm). Note that Dp,mode is here used only to distribute 

the data evenly into each batch, while the value of Dp used in the following analyses is the average 

value for the tested particles. Fig. 8b shows a normalized frequency curve in terms of AR for each 

population, from which it follows that the average AR considering all particles is ARavg=0.64 with 

small differences between the groups (i.e., ARavg=0.625 for smaller particles and ARavg=0.642 for 

larger particles, respectively). The histograms in Figure 6.8b also show similar aspect ratio 

distributions for the two groups (i.e., small and large Dp), thus supporting the appropriateness of 

analyzing the four selected subgroups of AR in each group of Dp. The average characteristic 

properties of the four AR batches will be the reference points to analyze the tendency of shape and 

size effect in the following sections.  

  
Figure 6.8. (b) Distribution of the tested particle properties on the plot of AR to Dp highlighting two 

equally sized subclasses around the modal value (b) probability distribution of the aspect ratios for all 

grains as well as for the two grain size populations individually 
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Diametrical compression tests were conducted to allow a direct comparison between maximum 

load and particle shape. The initial (i.e., prior to apply the loading) scans were performed in groups 

comprising multiple particles to reduce the overall scanning time. The particles were compressed 

at a constant displacement rate of 0.05 mm/min until a major drop in axial force, as exemplified in 

the force-displacement plot in Figure 6.9a. The sudden stress drop corresponds to the brittle failure 

of the particle and was used to determine the strength of each tested particle (pink shaded curves 

in Figure 6.9a). The peak stresses vary both in terms of failure point because of the scatter of AR 

and Dp in the tested particle, and because of the inherent statistical variability in particle strength. 

As observed before, smaller particles were observed to fail at lower loads than large particle of 

spherical shape. Regarding shape, Figure 6.9b shows an example of shape effect in force-

displacement. Under similar equivalent diameter, it was found that the more elongated particles 

(AR = 0.398) breaks early than relatively spherical particles (AR = 0.775). The next sections study 

the effect of the geometry on the failure strength and interpret such effect through the proposed 

fracture models for non-spherical particles. 

  
Figure 6.9. (a) Single-particle compression test results of all tested particles with a representative force-

displacement showing major drop (AR: 0.666, Dp: 0.635 mm) (b) Force-displacement response for 

elliptical (AR: 0.398, Dp: 0.639 mm) and spherical (AR: 0.775, Dp: 0.641 mm) particles having similar 

diameter        
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6.4.3 Verification of Theoretical models 

To assess the performance of the proposed analytical models, each of them was independently 

calibrated using the presented experimental dataset, as summarized in Table 1. The Young’s 

modulus E, the Poisson ratio 𝜈  and the critical energy release rate for mode I fracture were 

calibrated based on existing datasets (Zhang et al. 1990, Nakata et al., 2001, McDowell, 2002). 

The reference particle diameter 𝐷𝑝0, aspect ratio, AR0, and particle strength 𝜎𝑝𝑐,0 were based on 

the data discussed in the previous section. The geometric indexes a’ and b’ in the deterministic 

models were defined to match the strength of particles with average size and shape, in accordance 

with the strategy previously used by Zhang et al. (2016). Finally, the Weibull’s modulus 𝑤 was 

also selected to fit the measured strength values and is consistent with the reported range from 

previous studies (Nakata et al., 2001, Yashima et al., 1987).  

Table 1. Calibrated parameters based on particle strength datasets 

Material properties 

E: GPa 95.6 

𝜈 0.077 

GIC: J/m2 0.95 

Geometric parameters 

a’ 10 

b’ 3.34 

Materials properties 

𝜎𝑝𝑐,0: 𝑀𝑃𝑎 140 

𝐷𝑝0:mm 0.65 

𝐴𝑅0 0.64 

Weibull statistic 

𝑤 4 

 

To compare the performance of the different models, their ability to capture size effects was 

initially assessed independently from the particle shape. This procedure also allowed 

determination of multiple model constants used in the following stages of model verification. To 
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isolate the performance of the three models in capturing particle size effects, the particle shape 

was suppressed by referring to a spherical geometry (i.e., AR was set to 1 in all models). Figure 

6.10 presents measurements of particle strength for the size batches defined previously. The 

variability of the measurements is depicted via 95 % confidence intervals, with possible factors 

for such strength variations related to flaws and shape irregularity at the contact points. The 

analysis indicates that the centre crack model shows the best performance, with the weakest link 

theory also providing a reasonable match. Furthermore, the model prediction results coincide with 

the size-dependent crack models by Zhang et al (2016), thus confirming that the grain fracture 

models can be used to augment existing size-dependent particle strength criteria as a function of 

shape descriptors. This confirms that the grain fracture models proposed in this study can replace 

the previous version of single particle failure strength models which considers particle size while 

the fitting variables belonging to each model were adjusted differently.  

 
Figure 6.10. Size-dependency predicted by the three models. The error bars represent the 95% confidence 

interval of the characteristic particle strength 

Figure 6.11a reports the measured strength of single particles as a function of the aspect ratio and 

the corresponding prediction of the three models. The experimental data is classified into the four 

AR batches (i.e., AR1 < 0.51, 0.51 ≤ AR2 < 0.64, 0.64 ≤ AR3 < 0.77, 0.77 ≤ AR4 < 1.0) from two 
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diameter groups respectively. Note that AR batches were determined to reasonably distribute the 

number of data in each batch. Overall, experimental data shows that the nominal strength of 

particles displays significant shape dependence, 53.68 % of particle strength increased within the 

range of increasing AR at the average Dp. Based on the three particle strength models with the 

parameters in Table 1, it was possible to predict such variations in strength related to AR effects. 

The resulting increasing strength in AR presents 58.74 % for the centre crack mode, 82.37 % for 

the contact crack mode, and 18.92 % for the weakest link model at the average Dp. This comparison 

shows that centre crack model can predict the shape dependence of failure strength. Despite well 

prediction of contact crack model for large Dp (plotted in triangle in Figure 6.11a), the centre crack 

model still performs well there while also having a more accurate prediction for small Dp (marked 

in circle in Figure 6.11a).  

 

  
Figure 6.11. Predicted variation of failure stress as a function of particle (a) aspect ratio and (b) size 

 

Figure 6.11b plots the results in terms of Dp for the four classes of AR. At the average AR (marked 

in rhombus), all groups predict a decrease in strength at larger diameters with the average 16.29 % 

of decreasing strength. The model predicts strength variations of 13.40 % for the centre crack, 

35.05 % for the contact crack and 19.41 % for the Weibull’s crack model. Once again, the centre 
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crack model delivers the most proper prediction to have both shape and size dependency. It is 

worth noting that strength fluctuations induced by shape variations are larger than those that can 

be attributed to changes in size, which indicates that in the tested group of particles the shape is 

the most significant geometric parameter controlling the strength variability.  

Figure 6.12 plots the error, 휀𝑝, to display a straightforward graphical comparison of the predictive 

performance. 휀𝑝 was calculated based on Eq. (6.26) where 𝜎𝑡𝑒𝑠𝑡 is the average strength belonging 

to each batch of tested materials and 𝜎𝑚𝑜𝑑𝑒𝑙 is the strength predicted with each model with the 

average AR and Dp from measured values of each batch. As shown in Figure 6.12, the centre crack 

model exhibits the best performance by having the minimum error overall (lined in red) in the 

prediction of single particle strength. Specifically, for small Dp groups in Figure 6.12a, the error 

embedded into the results obtained from centre crack model decreases with AR, becoming 

maximal at AR values close to 0. While this study did not attempt a visual observation of the 

developing fracture patterns, these findings suggest that centre crack may become prevalent in 

grains with highly spherical geometry.   

      

  
Figure 6.12. Prediction error 휀𝑝 of the models as a function of AR groups for (a) small Dp and (b) large 

Dp. 
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휀𝑝 = |
𝜎𝑡𝑒𝑠𝑡 − 𝜎𝑚𝑜𝑑𝑒𝑙

𝜎𝑡𝑒𝑠𝑡
| (6.26) 

 

Figure 6.13 plots the normalized strength based on the strategy described with reference to Figure 

6.6. This enables us to isolate size and shape effects regardless the particle grouping into small 

(𝐷𝑝 ≤ 0.65, circle marker) and large diameters (𝐷𝑝 > 0.65, triangle marker). To eliminate the size 

effect on the experimental data in Figure. 6.13a, each strength measurement (or computation) was 

divided with the average particle strength of the 𝐷𝑝 group (i.e., 𝜎𝐴𝑅0 from data in 𝐷𝑝 group). In 

case of shape effects, the normalized value for the experimental data was 𝜎𝑑0 from each AR group 

(Figure 6.13b). This visualization further highlights the ability of each of the proposed models to 

capture the data trend, pointing out how the centre crack model returns the most accurate overall 

predictions, the contact crack model is largely inaccurate, especially with reference to the 

quantification of size effects, and the weakest link model provides an intermediate, yet largely 

acceptable, performance both in terms of shape and size effects.  

 

  
Figure 6.13. Normalized stress to (a) ratio of AR (b) diameter ratio  
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6.5 Concluding Remarks 

This study proposes three single particle failure models accounting for both size and shape effects. 

Closed forms were derived as analytical expressions, were derived with reference to two 

deterministic modes of tensile fracture (centre crack growth, and contact fracture at edge cracks) 

and a statistical weakest link model based on the widely adopted Weibull distribution. Each failure 

model is enriched with 3D particle geometric features based on the ellipsoidal fitting and 

independently accounts for particle shape and size effects. The proposed derivations were tested 

by conducting diametrical compression experiments on individual grains of Ottawa sand. To 

enable high-resolution shape quantification, each grain was previously characterized through 3D 

x-ray tomography scans.  

1. The experimental study was conducted for varying grain geometries and the aspect ratio of the 

tested grains was quantified through ellipsoidal approximation fitting. Experimentally, it was 

found that elongated grains are weaker than spherical particles of equal size and that their 

strength depends more on their shape than their size. 

2. All proposed models display consistent behaviors to the experimental analysis of increasing 

strength with aspect ratio (i.e., elongated particles tend to have higher resistance) and 

decreasing strength with size (i.e., larger grains break at lower compression).  

3. While all the models display varying performance depending on the combination of particle 

size and shape, a centre crack law for non-spherical grains is found to provide the best overall 

performance. Specifically, the centre crack model returned qualitatively similar but 

quantitatively more accurate trends and the overall best performance. Notably, given its fully 

deterministic nature and use of a minimal number of parameters, each with clear physical 
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meaning, the centre crack model can be regarded as the approach with the most economical 

calibration process and highest potential to inform the underlying particle failure mechanisms. 

4. By contrast, the contact crack model was found to be the most sensitive to both size and shape, 

as well as the least accurate in capturing the size effect of the tested sand particles. However, 

at the same time, shape dependence was well predicted for large particles. This discrepancy 

may be attributed to local shape irregularities (e.g., asperities) that may cause stress 

concentration at contacts, here not fully captured by the proposed models, and which would 

warrant a finer-scale characterization of the contact curvatures.  

These results offer an experimental and analytical foundation for upscaling laws to rationalize the 

effect of shape on the bulk crushability of granular materials. 

 

  



134 

 

Chapter 7. LS-DEM MODELING OF SHAPE-DEPENDENT SOIL CRUSHING 

 

7.1 Introduction 

Experimental data combined with sequential scans are critical in providing quantitative input for 

the characterization of mechanical processes. However, access to this data is limited in by the 

image resolution, thus leading to inevitable approximation of the characterized response metrics 

(e.g., deformation, particle rotation, breakage). To complement experimental data, this chapter 

performs computational analyses focusing on the determination of contact forces, i.e., variables of 

interest for mechanical analyses but not accessible through pure visual observation. In fact, DEM 

techniques nowadays enable the conduction of virtual experiments, which can fill the gap of 

physical quantities that not yet accessible via standard characterization protocols. However, due 

to the complex geometry of real grains, many studies are often restricted by the use of overly 

simplified shape models (e.g., sphere, ellipsoid, polygon, or block) (Ting et al., 1993; Ng., 2009; 

Liu and Zhao, 2020; Xia et al., 2022). This thesis argues that an accurate representation of the 

shape of the grains is essential to resolve the microscopic forces responsible for particle fracture.  

For the above-mentioned reasons, this chapter discusses numerical analyses conducted by means 

of the so-called level-set DEM approach (LS-DEM). As described in Chapter 2, LS-DEM uses 

particle avatars reflecting the actual morphological features of particles, generated with level-set 

values. In specific, the level-set values reflect the morphological features by setting the surface 

points with zero level isosurface of a level set function set to negative values inside the particle 

(thus, marking the solid phase) and positive values outside the particle (thus, marking the void 

space (see Figure 2.8 in Chapter 2). In this study, breakage will be implemented by splitting a 
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particle into two at a single time step (in Chapter 2), with the goal to replicate and complement the 

experimental observations discussed in Chapter 5. This task will offer the possibility to quantify 

processes (e.g., force chain evolution) which were unavailable from traditional x-ray adsorption 

maps.  

In this chapter, the first step will be the validation of LS-DEM with experimental measurements 

collected for Ottawa sand. The goal is to match both the macroscopic deformation response and 

the evolution of particle breakage (e.g., changes in GSD and shape parameters). The second step 

will be a comparative study examining the influence of different particle shape approximations on 

the predictive capabilities of the selected computational approach. Specifically, different particle 

models (e.g., spheres, ellipsoids, exact replicas) will be used to replicate the dataset, with the goal 

to identify the optimal level of particle geometry representation able to capture the key trends, 

while reducing the computational cost. Finally, the calibrated LS-DEM framework will be used to 

explore the evolution of the particle shape at ultimate conditions, by extending the loading process 

at pressure levels higher than those applicable through the testing setup used in Chapter 5. This 

step will be meant to infer the possible emergence of ultimate attractors for the shape of heavily 

crushed granular systems.  

 

7.2 Validation of LS-DEM against breakage measurements 

This part aims to validate the LS-DEM splitting technique for crushable grains with assembly- and 

individual particle-scale measurements. Then the model will compute contact forces linked to such 

breakage mechanisms, typically not accessible from conventional 3D X-ray scans. First, LS-DEM 

based on exact replica of the tested particles will be used to simulate oedometric compression. In 
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this stage, LS-DEM will be optimized based on the deformation response measured at the 

assembly-scale, as well as through measurements of evolving grain size distribution obtained from 

digital image analysis. This validated LS-DEM will then provide the evolving contact forces for 

comminution under uniaxial compression.    

7.2.1 Oedometric compression simulation 

After generating particle avatars with the level sets from 3D X-ray image as explained in Chapter 

2, the virtual specimen was prepared by setting particle positions and orientations compatible with 

the measurements. Although the X-ray images possess a resolution of 4.28 μm/vox, to prevent 

potential memory issues in the simulations, the level-set resolution was reduced to 8.6 μm/vox. To 

alleviate instability due to the initial overlap between particles, the avatars were slightly shrunk to 

prevent contact at the initial stage.  

Table 2: Summary of parameters in LS-DEM 

Parameter Value 

𝑘𝑛 (𝑀𝑁/𝑚) 1.5 

𝑘𝑠/𝑘𝑛 0.9 

𝜇 0.4 

𝜌 (𝑔/𝑐𝑚3) 2.65 

𝜎𝑐0 (𝑀𝑃𝑎) 10,000  

𝑑0 (𝑚𝑚) 0.6 

𝑚 3.3 

𝑃𝑓 U[0,1] 

Level Set Resolution (𝜇𝑚/𝑣𝑜𝑥) 8.6 
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Table 2 shows the parameters used for the analyses. Friction, 𝜇 and density, 𝜌 were set based on 

typical values of reported for Ottawa sand (Ghoraiby et al., 2020). In terms of particle properties, 

the failure strength, 𝜎𝑐0 and its corresponding diameter, 𝑑0 were set based on measurements from 

single-particle breakage experiments on Ottawa sand grains conducted by Nakata et al. (2001), 

while the value of Weibull’s modulus, 𝑚 was chosen in agreement with data reported for similar 

quartz sands (Zhang et al., 2016). In this modeling, only stiffness was calibrated based on the 

constitutive response of experimental results. 

Figure 7.1a shows both the measured and the simulation deformation response corresponding to 

oedometric compression, with the model providing a satisfactory match. At selected axial strain 

levels (0 %, 3 %, 5 %, 6.4 %, 9.8 % and 13 %), the tested specimen was scanned to quantify the 

degree of particle breakage and its effect on the system. Such strain levels were chosen with the 

goal to cover both pre- and post- yielding regime (5 % strain corresponds to the compression 

yielding of Ottawa sand). The comparison between measured and computed GSD is shown at these 

selected strain levels, resulting in a satisfactory match between model and data (Figure 7.1a).  

Figure 7.1b plots the evolution of Grain Size Distribution (GSD) quantified at each of the strain 

levels marked in Figure 65a. The GSD was calculated based on the percentage mass smaller than 

the equivalent diameter of spherical grain to have the constant volume of original particle. The 

initial two GSDs located in pre-yielding regime show constant curve due to few particle breakages. 

From 5 % strain, the GSD starts evolving clearly. The computed GSDs match reasonably the 

measured grading evolution, indicating that LS-DEM can capture the particle-scale response 

induced by breakage despite the assumption of planar fracture surface between the two highest 

contact forces. Due to the accuracy limits of digital images, the final GSD reported in this thesis 
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was determined at 13 % axial strain, which may not correspond to the idealized ultimate GSD at 

full comminution. 

(a) (b) 

  

Figure 7.1. Comparison of between measurements and simulations in terms of (a) stress-strain curve and 

(b) evolution of the grain size distribution at selected strains (marked points in (a))   

 

Figure 7.1b shows that the GSD evolves toward finer particles in both LS-DEM and experiment 

as broken particles tend to experience breakage again, as shown in Figure 7.2. At 13 % axial strain, 

a significant increase in the number of fragments predicted to result from more than 5 successive 

breakage events (colored in magenta) is shown. While breakage concentrated near the loading area 

due to boundary effects (Karatza 2017, Karatza et al., 2019), there was no clear pattern in the 

distribution of breakage occurrence in computational models. While this may be a result of missing 

factors in the DEM analyses (e.g., lack of consideration of friction at loading platens and container 

walls), the results here obtained through LS-DEM can be regarded as satisfactory and reflective of 

the overall mechanics of compression in the tested sand.  
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Figure 7.2. LS-DEM results reporting the number of successive breakage events suffered by each particle 

in the assembly. Colored particles represent broken grains which suffered a varying number of breakage 

events. Opaque shading indicates intact particles 

 

 

7.2.2 Shape evolution simulation 

As previously mentioned, LS-DEM enables the use of particle avatars in computational analyses, 

thus ensuring that all the simulated particles initially possess the same morphology of the tested 

sand grains. However, the possibility to preserve satisfactory agreement between measured and 

computed particle shape after the onset of breakage depends primarily on the accuracy at which 

local rupture mechanisms are simulated. Verification of such a capability can be therefore regarded 

as a crucial step to corroborate the reliability of the selected simulation protocol. In this respect, 

the distribution of individual particle shapes has been investigated by comparing data and 

simulations at multiple stages of the reference experiment. Hence, three shape metrics (i.e., 

sphericity, flatness, and elongation) often used in the literature were calculated (Blott & Pye, 2008; 

Ghoraiby et al., 2020). Specifically, sphericity, S, describes the similarity of an object to a sphere 

by measuring the ratio of the surface area of the sphere having the equivalent volume of the grain 

to its actual surface area from 0 (i.e., angular) to 1 (i.e., sphere) (Eq. (7.1)).  



140 

 

𝑆 =
√36𝜋𝑉23

𝑆𝐴
 (7.1) 

  

Figure 7.3 shows frequency plots for the sphericity of the particles within the specimen. Intact 

particles were found to have a very narrow distribution of sphericity, with values concentrating 

between 0.90 to 0.95 (Figure 7.3a). After breakage, during which finer fragments are produced, a 

larger fraction of irregular grains begins to appear (values of sphericity between 0.45 and 0.80) 

and is readily apparent from Figure 7.3b. Along with this trend, under continuous uniaxial 

compression, the lower range of sphericity values continues to become dominant, indicating that 

the generated fragments tend to be irregular in shape. Furthermore, at the final stage, the dominant 

(a) (b) 

  
(c) (d) 

  
Figure 7.3. Sphericity distribution of the entire particle population at strain levels (a) 0 % (b) 5% (c) 

6.4% (d) 13%. Blue indicates data, orange simulations 
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group of sphericities moved to lower range by having wider distribution of sphericity. Despite the 

presence of quantitative mismatches, likely resulting from the use of flat fractures representative 

of simple splitting events, the main trends were captured qualitatively by LS-DEM.  

A similar strategy was also used for other shape metrics, namely the Flatness, i.e., a non-

dimensional index providing a measure of how flat the object is (i.e., closeness to oblate) and 

expressed as the ratio of shortest length (S) to intermediate length (I) (Eq. (7.2)), and the Elongation 

quantifies the form of an object elongated along the pole (e.g., rod and prolate) through the ratio 

between intermediate length (I) over the longest length (L) (Eq. (7.3)) (Blot and Pye., 2008).  

𝐹𝑙𝑎𝑡𝑛𝑒𝑠𝑠 =  𝑆/𝐼 (7.2) 

  

𝐸𝑙𝑜𝑛𝑔𝑎𝑡𝑖𝑜𝑛 =  𝐼/𝐿 (7.3) 

  

In this study, the principal lengths were obtained by fitting individual particles to a circumscribing 

ellipsoid set to have minimum volume. The average values of flatness and elongation calculated 

for individual particles are plotted for both data and simulations in Figure 7.4. In agreement with 

previous studies, these shape metrics move towards to lower range, indicating gradual convergence 

of more irregular shapes, with reduction of flatness from 0.80 to 0.61 in both approaches. 

Specifically, by comparing data and simulations, LS-DEM results have average errors of 1.08 % 

and 0.87 % from the measured flatness and elongation, respectively. This result indicates that the 

virtual test run through LS-DEM can reasonably simulate not only the macroscopic deformation 

response, but also evolution of particle-scale characteristics (i.e., size and shape of the crushed 

particles).  
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Figure 7.4. Evolution of average Flatness and Elongation for experimental results and LS-DEM data 

 

 

7.2.3 Contact forces 

As an outcome of LS-DEM analyses, the simulations discussed above provide the contact forces 

shown schematically in Figure 7.5, with reference to the scans reported in Figure 7.5a. Black lines 

present inter-particle contact forces with thickness proportional to the magnitude. As the stress in 

the specimen increases from left to right, there is a clear increase in higher magnitude contact 

forces. This is despite an increase in the total number of contacts from the increase in particle 

number indicating the effect of spreading out the stress over a larger number of contacts does not 

limit the increase in contact force with increasing compression.   

Higher forces do not tend to exist in regions with high levels of breakage which we can observe 

by noticing a lack of thick black lines in the regions of particles that have experienced 5+ breaks.  

Another observation of the model is that if a particle is to break many times, it does so rapidly 

because one break is not often enough to alleviate the stress in the region. In the experiment it was 

shown that both “comminution” events where one particle breaks into many particles exist as well 

as “splitting” events where one particle breaks into only two particles.  Despite the model only 
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allowing splitting events, there are many times where there are multiple subsequent splitting events 

that culminate to what could be described as a comminution event. After these comminution events 

the forces in that region significantly decrease and cause a cushioning effect on the surrounding 

particles. So, while most forces in the specimen increase with increasing stress, when particles 

experience many breakages the forces in that local region seem to decrease.   

 
Figure 7.5. Same as Figure 7.2 but with interparticle contact forces added and opacity reduced for all 

particles to better visualize the contact forces. The thickness of the black lines is proportional to the force 

magnitude 

 

In Figure 7.6a-d, the histogram of particle strength shows the evolution of the resistance of both 

unbroken and broken particle at selected strain levels corresponding to the scans. While unbroken 

particles that are generally larger do have lower average strength, there are many broken particles 

that have the same strength or are weaker meaning that large unbroken particles are not necessarily 

the weakest. In addition, large particles tend to have higher coordination and such condition allows 

them to benefit from cushioning effects without increasing the maximum principal stress. Figure 

7.6e shows the variation in particle strength over successive scans for the broken particle group. 

The figure clearly shows that new breakage events tend to occur in units possessing the lowest 

range of particle strength.  
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Figure 7.6. (a)-(d) Histograms of breakage stress for both broken and unbroken particles at strain 5%, 

6.4%, 9.8% and 13% respectively. (e) Histograms of only unbroken particles for multiple strain levels 

indicating that breakage largely involves the weakest particles in the assembly 

 

There is strong correlation between contact force and their volume in Figure 7.7a. It is worth 

pointing out that the volume in this figure is an average value of two contacting particles. To 

understand the proportion of the particles regarding their volume and strength, Figure 7.7b shows 

that the small particles (<50 % of the average particle volume) tend to carry low-magnitude contact 

force (<3 – 4 N) and rarely appear in the stress larger than 10 N. In large force range (> 15 N), the 

particles having twice volume than the average are shown. The directional distribution of contact 

forces in the granular system has been explored through a polar plot (Figure 7.7c) with reference 

to the final scan. By using the same strategy in Figure 7.7e, four groups of average paired-particle 

volume were classified in the polar plot. Bins near 90 or 270 degrees are the sum total of force 

magnitude in the vertical z direction, while bins near 0 or 180 degrees are the sum total of force 

magnitude in the radial, r, direction. Large amounts of force were seen in the vertical direction, 

and significantly less so in the radial direction. It was observed that the larger particles experience 

disproportionally more vertical force than radial force. The smaller particles on the other hand, 
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while still experiencing more force in the vertical direction, have a larger relative contribution to 

the total force in the radial direction than the vertical direction. The small particles then serve as 

lateral support so that the larger particles can maintain enough confinement to keep the stronger 

force chains from buckling. The smaller particles still hold significant force near the vertical 

direction as well however and must be the forces that are providing the bulk of the cushioning the 

larger particles experience. 

(a) (b) (c) 

  
 

Figure 7.7. (a) Average contact force as a function of the particle volume fraction (b) Histogram of 

contact force magnitudes by particle volume (c) Polar plot of total force magnitude in each direction. 

Vertical forces on the plot indicate forces in the z-direction and horizontal indicate forces in the r-

direction 

 

 

7.3 3D Virtual Assessment of Shape Dependency in Crushable Soils 

In this section, LS-DEM is used to perform virtual oedometric tests exploring one of the challenges 

that DEM modelers face today, i.e., how to accurately account for the complex morphological 

features of sand particles. As discussed in the previous section, LS-DEM can solve such problems 

by applying particles from 3D images, however few DEM programs support the function to 

generate particle domains with complicated morphologies exported from 3D images. Most 

notably, even when such images are available, it is not clear if a one-to-one replica of all the 

geometric attributes is strictly necessary, or if approximated, but computationally less expensive 
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simplifications of the real geometry provide a viable alternative. In this context, many DEM 

studies have assessed their results by comparing the features of specimens such as density and the 

peak shear strength to initial conditions at particle-scale and the deformation response at the 

assembly-scale due to the complication of considering individual particle attributes. In this section, 

to increase the accessibility of considering shape in general DEM simulations, the compression 

response of virtual sand specimens characterized by different particle morphology are explored, 

spanning from simple spherical approximations preserving only the volume of the original 

particles, to ellipsoidal approximations preserving also the aspect ratio and the principal axes 

orientation, to finally exact replica possessing the same fine-scale geometric attributes of their 

physical counterparts.  

7.3.1 Generation of virtual sand samples 

Figure 7.8 shows the generated particle avatars (i.e., sand, ellipsoid, and sphere) extracted from 

the same set of digital images relative to the initial condition of the tested specimen in Figure 7.1b. 

The sand avatars (Figure 7.8a, 7.8d) replicate the 3D surface features extracted from 3D 

tomography with the level set strategy discussed in Chapter 4. As a simpler representation of 

example grains, an ellipsoidal avatar was created by considering length ratios (flatness and 

elongation) reflecting the form of the example particles and by preserving their original volume 

(Figure 7.8b, 7.8e). By ignoring the shape but accounting only for the particle size, spheres can 

also be created with diameter guaranteeing an equivalent volume (Figure 7.8c, 7.8f).   
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Figure 7.8. Particle avatar: Exact replicas (a,d), ellipsoid with aspect ratio of sand (b,e) and sphere with 

equivalent volumetric diameter (c,f)  

 

The sample for computational analyses was prepared by mimicking the preparation procedure used 

in the experiments, i.e., by performing dry pluviation virtually. Specifically, dry pluviation is a 

method to pour dry grains into the specimen and was simulated by placing the particle avatars 

randomly into an empty virtual cylindrical container by preventing their overlap and having them 

to fall by gravity until satisfying a target void ratio (i.e., in this case 0.60). The specimens prepared 

with the three different particle sets illustrated in Figure 7.9 have identical GSD and initial void 

ratio, all based on measurements obtained from their physical counterpart. 

 
Figure 7.9. Sample preparation through X-ray image extraction and dry pluviation in LS-DEM with (a) 

exact replicas, (b) ellipsoids and (c) spheres 
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7.3.2 Oedometric compression simulation 

Figure 7.10 plots the simulation results. The stress-strain behavior is represented through solid 

lines, while breakage initiation is signaled by markers. The simulations are based on the set of 

constant model parameters in Table 2, which was calibrated based on the sand avatar. It was found 

that the specimen made by ellipsoidal particles led to a satisfactory simulation of the compression 

response both in the elastic regime and the post-yielding regime (i.e., once breakage starts), during 

which breakage was found to cause an increase in macroscopic compressibility. By contrast, use 

of spherical particles was found to cause poor match of the constitutive response by showing higher 

compliance prior to yielding and lower post-yielding compressibility. Attempts of improving the 

match with experiments by adjusting the contact parameters were not deemed successful, in that 

they led to a systematic mismatch, especially in the pre-yield region, which suggests that the loss 

of simulation accuracy is an outcome of the excessive approximation of the initial particle shape. 

Such results correspond to the finding with experiments done by Wiacek et al. (2012) that varying 

the particle shape to oblong results in increasing stiffness of the specimen. It is considered that the 

changes of particle shape to greater aspect ratio increase the coordination, adding the rotational 

degrees of freedom in the system (Donev et al. 2004), and the particles with high aspect ratios in 

the system therefore rotates less (Ng, 2009). It may produce the stiffer response shown in Figure 

7.10 with reference to the pre-yielding regime. Interestingly, all particles converged to a similar 

range of stress in the later stages of the post-yielding regime, indicating that the effect of the initial 

shape vanishes upon continuous breakage. These results indicate that the effective stiffness of the 

computational model to the granular system can vary significantly even in the presence of similar 

initial conditions (i.e., same initial GSD, porosity, and particle attributes). It follows that 

considering only the particle size distribution without explicit consideration of the shape 
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characteristics does not guarantee an accurate representation of the strain energy storage processes 

during compression, thus negatively impacting the overall simulation of the compression response.  

 
Figure 7.10. Compression behavior of Ottawa sand simulated through different geometric particle models 

(i.e., exact replicas, ellipsoids, spheres) 

 

Regardless of the morphological features, initiation of particle breakage was computed in all cases 

to occur at about 7-8 MPa, thus slightly earlier than the first detection of breakage in the scans (13 

MPa). It is worth pointing out that such a delayed initiation in the experiment may be an outcome 

of the scanning interval, in that it is likely that first breakage had occurred slightly earlier. The 

incremental breakage ratio was calculated as the ratio of newly generated fragments to the total 

number of particles in previous stage, the number of breakage event between two successive scans 

(Figure 7.11). As experimental analysis counts chipping, splitting and comminution as breakage, 

the breakage ratio is much higher than computational model simulating breakage through splitting. 

While the individual particle strength is constant, the assembly made by ellipsoids was found to 

have higher breakage ratio compared to the assembly made of spheres. This is a possible outcome 

of higher particle irregularity due to the aspect ratio, but reduced number of contact points due to 

the smooth surface of the ellipsoid, thus causing higher likelihood of force concentration in 
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general. By contrast, the assembly made of spherical grains displays the slowest breakage growth, 

thus reflecting the lower likelihood of stress concentration points in highly regular particles. 

Interestingly, Figure 7.11 shows that the assembly consisting of exact replicas of Ottawa sand 

grains displays an intermediate response between that of assemblies made by spheres and 

ellipsoids, indicating that particle irregularities do not significantly increase the likelihood of 

particle splitting. This mismatch with the measurements may therefore reflect the lack of chipping 

mechanisms in the computational models and indicates the possible need of further developing the 

breakage schemes in LS-DEM.  

 
Figure 7.11. Breakage ratio: Comparison between Ottawa sand and simulation results through different 

geometric particle models (i.e., exact replicas, ellipsoids, spheres) at strain points 

 

By comparing the computed trends of GSD evolution, the particle sizes were quantified in terms 

of equivalent diameter of a sphere having same volume of the original particle at each point (0 %, 

3 %, 5 %, 6.4 %, 9.8 % and 13.5 %) in Figure 7.12a, 7.12c, 7.12e. The assemblies made by sand 

avatars display the best match up to the start of the post-yielding regime (6.4 % of strain rate) and 

a satisfactory trend overall. The assemblies made of ellipsoids showed the best performance in 

replicating the evolution of GSD after yielding (9.8 % and 13.5 % of strain rate).  
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(a) (b) 

  
(c) (d) 

 
 

(e) (f) 

  

Figure 7.12. Evolution of the grain size distribution: Comparison between (a) assembly made of exact 

replicas (c) assembly made by ellipsoids and (e) assembly made by spheres, and evolution to ultimate 

grain size distribution (b) assembly made of exact replicas (d) assembly made by ellipsoids and (f) 

assembly made by spheres 
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On the other hand, the assembly made of spheres displayed the least satisfactory performance, 

especially in the post-yielding regime. This indicates that spheres models are overly approximated 

to simulate the high-pressure compression of granular materials. The GSD evolution was also 

simulated beyond the stress range examined in the experimental observation, i.e., beyond axial 

strain 13.5 % (Figure 7.12b, 7.12d and 7.12f). It was found that the rate of evolution reduces as 

the strain increases, indicating that the system approaches an ultimate GSD upon continuous 

breakage. This is well captured in Figure 7.12d, the large number of ellipsoids in the assembly 

experiencing early breakage as discussed in Figure 7.11 and such assembly may not undergo 

further changes in GSD between 17 % and 18 % of strain rates. 

7.3.3 Shape evolution simulation 

Figure 7.13 compares the average elongation and flatness of particles on the Zingg diagram by 

overlaying measurements and computational results. The length ratios were quantified with the 

principal lengths extracted from a fitting ellipsoid strategy. Since exact replicas and ellipsoidal 

avatars were generated based on digital images, the initial shape parameters are identical to 0.802 

and 0.805 for elongation and flatness, respectively. By contrast, spherical models are bound to 

start from the top right corner (i.e., elongation=flatness=1 at the start of the simulation). In return, 

fragments from both virtual specimens based on either exact replicas or ellipsoidal models show 

similar tendency in shape factor evolution, with a good overall match of the experimental 

measurements. Specifically, the overall flatness and elongation in LS-DEM with exact replicas 

had average error of 1.782 % and 1.160 %, while simulated specimens based on ellipsoids resulted 

into 1.934 % and 1.376 % average error. In summary, the incorporation of actual 3D morphological 

features of the tested grains not only improves the performance in simulating shape evolution, but 
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it also enables an accurate representation of the macroscopic compression response and the 

collective shift in grading during breakage. 

 
Figure 7.13. Zingg diagram: Comparison between experimental data and simulation results through 

different geometric particle models (i.e., exact replicas, ellipsoids, spheres)  

 

Figure 7.14 reports in the Zingg plane the evolution of the shape indices relative to higher values 

of axial strain (i.e., ≥ 15 % of strain in Figure 7.14b, 7.14d, 7.14f). As discussed in Figure 7.12, 

the granular system may approach an ultimate state in terms of GSD. It is thus interesting to explore 

whether a similar ultimate condition exists in terms of particle shape. The numerical results 

indicate that the shape ratios tend to converge towards a narrow range (approximately, 0.55 of 

flatness and elongation). This result corroborates the idea of gradual approach of ultimate shape 

attractors recently discussed by Domokos et al. (2019) and incorporated in constitutive analyses 

by Buscarnera and Einav (2021). However, these values are lower than reported values of shape 

indices found in heavily crushed systems such as planetary impact sites and laboratory experiments 

(with 0.716 and 0.739 for average flatness and elongation), which indicates that further 

experimental and modeling studies are needed to define in greater detail the shape of particles at 

extreme levels of fragmentation.  
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Figure 7.14. Evolution of the shape parameters computed for different virtual specimens subjected to 

high levels of compressive deformation and comparison with data from previous studies 

 

7.4 Concluding Remarks 

LS-DEM was used to examine the effect of the particle shape on the crushing response of sand by 

replicating an oedometer test conducted in situ with simultaneous X-ray tomography imaging. The 

goal of the study was to explore particle-scale processes, in addition to the macroscopic 

compression response, as well as to enrich the dataset with information not directly accessible 

from image analysis (e.g., contact forces). LS-DEM with three-dimensional level set splitting was 

calibrated based on measurements of compression response and the main findings of the study are 

as follows: 

1. The comparison against the experimental data shows that LS-DEM accurately calibrated with 

digital images is able to satisfactorily predict both deformation response at assembly-scale and 

individual particle shape evolution. Even though the model replicates breakage through simple 

splitting mechanisms, the most significant metrics of crushing response have been accurately 

captured. This strengthens the perspective of using this strategy for future analyses involving 

high-pressure compression (e.g., impacts, penetration, blast).  
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2. A correlation between particle volume and contact forces was found. In addition, by observing 

the evolution of the contact forces, it was found that large forces contribute to the most 

significant fraction of stress bearing along the loading direction, while fragments generated 

from breakage contribute to the system deformation by sustaining lower-intensity forces that 

exert cushioning along the vertical direction and prevent buckling along the lateral direction.  

3. Non-dimensional length ratios (i.e., elongation and flatness) quantifying deviations from a 

spherical geometry were shown to be useful metrics to quantify the ability of LS-DEM to track 

the evolution of particle shape attributes. It was shown that simplified ellipsoidal models 

accounting exclusively for the aspect ratio but losing detail in terms of fine-scale geometric 

features, were able to provide a satisfactory predictive performance at both grain and assembly 

scales. By contrast, spherical considering only the size distribution of the grains in assembly 

were found to yield a significant deterioration of the model performance at all length scales. 

This result suggests that considering one of the most easily accessible shape factors, i.e., the 

aspect ratio, can lead to substantial improvements of the performance of DEM models, without 

need to recur to computationally more expensive, and less accessible geometric 

representations.  

4. LS-DEM was used to examine the evolution of shape attributes beyond the range of stress 

levels tested in the experiments, with the goal to identify the possible tendency towards a shape 

attractor. While non-dimensional shape factors were found to converge to values of 0.55 in 

terms of flatness and elongation, the mismatch with respect to values reported in the literature 

indicates the need to further study the existence of ultimate shape attractors both 

experimentally and computationally.  
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Chapter 8. CONCLUSIONS 

 

8.1. Main Conclusions 

Particle morphology is one of the key factors influencing the mechanical behavior of granular 

materials. Despite its importance, the quantification of the particle shape and its use in modeling 

is a challenging task, especially for granular systems susceptible to changes in the morphology of 

individual particles due to breakage. In this context, the goal of this thesis was to enhance our 

understanding of the breakage of granular materials in light of particle shape effects. The 

objectives of the study were: (1) to quantify the sequential evolution of different morphological 

indicators of sand grains under uniaxial compression tests with the aid of 3D X-ray tomography; 

(2) develop energy-based, shape-dependent breakage models at both grain and continuum scales, 

and (3) explore the response of granular materials by complementing measured datasets with DEM 

analyses fed with digital images.  

To achieve these objectives, the research presented in this thesis used a diverse range of methods. 

First, recent advances in non-destructive testing based on 3D X-ray synchrotron tomography were 

used to capture the sequential response in granular media. High-pressure compression experiments 

with concurrent synchrotron X-ray tomography were conducted on packed sand samples. To 

measure the particle-scale attributes under continuous breakage, an algorithm was developed to 

track the sequence of breakage events stemming from compression, as well as the evolving 

morphology of the resulting fragments. Such method allowed the isolation of individual breakage 

events and the quantification of number and geometry of the fragments resulting from each grain 

rupture. Three modes of breakage (i.e., splitting, chipping, and comminution) were identified and 
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the breakage history of individual grains in the tested assembly was recorded into two types of 

failure events (i.e., incremental failure, accumulated failure). To quantify the evolving grain shape, 

three fitting protocols are proposed and used in conjunction with a tracking algorithm recording 

the breakage history of individual particles. This strategy enables detection of incremental 

breakage events, as well as quantification of correlations between the morphological properties 

before (parent particles) and after breakage (child particles). In addition, to extend the framework 

to assess the role of the particle shape on the macroscopic crushability of sand, the algorithm was 

used in combination with ellipsoidal fitting strategies able to track the evolution of three principal 

lengths and their associated aspect ratios in 3D both prior to and after crushing. The resulting non-

spherical shape descriptors were incorporated into different contact laws, fracture criteria, and 

statistical failure models providing closed-form expressions of particle strength as a function of 

their size and shape. To corroborate the accuracy of these models against a series of compression 

experiments on Ottawa sand grains, laboratory experiments on grains characterized by varying 

geometry were conducted. Finally, LS-DEM simulation was performed to explore the evolving 

statistics of contact forces between particles in granular media during comminution. By creating 

level-set one-to-one particle replicas of an Ottawa sand from 3D tomography images, a virtual 

experiment replicating the compression response measured during a physical experiment was 

conducted. Through this exercise, the capability of LS-DEM to replicate the measurements was 

verified. In addition, the evolution of contact forces, not accessible through standard digital image 

analysis, was obtained as an outcome of the numerical analyses and used to explain the spatial and 

sequential characteristics of breakage nucleation across the specimen. The calibrated model was 

also used to examine the role of geometric model for the simulated particles on DEM predictions, 

as well as to examine the crushing response at stress levels higher than those applicable through 
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the testing setup used in this work. In the former case, emphasis was given to the optimal level of 

particle geometry representation that enables satisfactory model performance. In the latter case, 

the focus was on the possibility to track shape evolution at extreme stress levels, thus examining 

the possibility of attaining ultimate size and shape attractors.  

The main conclusions deriving from these activities are summarized as follow: 

1. It was found that particle strength is influenced by morphological attributes and its effect 

manifest in macroscopic assembly-scale properties, such as compressive yielding strength and 

grading evolution. Specifically, both experiments and new analytical models showed that the 

strength of particles tends to decrease by passings from subround to irregular shape.    

2. At assembly-scale, the degree of grain shape evolution depends on the initial morphology of 

the particles, with subrounded particles exhibiting the most severe shape alterations. However, 

it was found that at high compressive stress all morphological indices approach similar values. 

Such a tendency is achieved when crushing involves primarily the finer grain fractions – that 

is, when cushioning hinders the rupture of larger particles.  

3. It was revealed that comminution (i.e., the pervasive fragmentation of individual particles) was 

not achieved abruptly but was rather attained by way of successive stages of splitting and 

chipping regardless of particle-scale features such as shape.  

4. The cushioning effect was verified quantitatively by examining the correlation between the 

size of parent particles and new incremental failure events. In particular, splitting and chipping 

mainly occurred into the finer, indicating cushioning effect for large grains from further 

breakage.  
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5. The shape distribution of fragments during continuous crushing of granular materials was 

explored and the shape of the fragments was quantified with different fitting methods. Even 

though the best fit principal length to particle diameter was found to depend on the selected 

fitting strategy, all methods show consistency in terms of evolution of the most significant 

shape features. It was also found that the principal lengths change sharply upon loading, but at 

a stress level which is higher than the macroscopic yield pressure, thus indicating that the 

conventional macroscopic response does not directly reflect the dynamics of particle shape 

evolution.  

6. Regardless of the fitting strategy, it was shown that the most frequent morphology of the child 

particles is correlated with that of their corresponding parents. This phenomenon, here defined 

shape heritability, indicates that the fracture patterns responsible for size reduction vary with 

the shape of the parent particles.  

7. Despite shape heritability, the measurements indicate non-symmetric shape dispersion curves 

skewed towards low aspect ratio values. This trend can be attributed to the prevalence of small 

fragments at high pressure, which under continuous breakage skew the distributions towards 

finer, more elongated shapes and cause evolution trends characterized by steady loss of particle 

regularity (i.e., morphological ratios departing from unity).  

8. Analytical models incorporating both contact deformation and particle failure were proposed 

by using readily quantifiable principal lengths and their corresponding nondimensional ratios 

to incorporate elements of their non-spherical geometry. While all models displayed varying 

performance depending on the combination of particle size and shape, they also showed 

consistent trends of increasing strength with the aspect ratio (i.e., moderate elongation favor 

higher resistance) and decreasing strength with size (i.e., larger particles tend to be weaker).  
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9. It was shown through single particle compression tests that elongated grains tend to break at 

lower stress than spherical particles of equal size and that their strength depends more on their 

shape than their size. These results offer an experimental and analytical foundation to 

rationalize the effect of shape on the bulk crushability of granular materials. 

10. LS-DEM was used to perform virtual oedometric experiments and quantify the evolution of 

inter-particle contact forces during simulated crushing events. It was found that large particles 

are more likely to carry contact forces of higher magnitude which tend to align along the 

vertical direction. This indicates that the specimen yielding resistance is determined primarily 

by the large forces acting along the loading direction. By contrast, the smaller fragments were 

found to carry forces of lower intensity and to support laterally the large particles by 

contributing to stabilize the strong force chains.  

11. LS-DEM simulations were conducted to examine the performance of virtual specimens 

characterized by different levels of accuracy in the representation of sand grains scanned with 

X-ray tomography. It was shown that the use of ellipsoidal particles initialized with the goal 

to preserve the volume, aspect ratio, orientation, and gradation measured in the real sand 

specimen were able to replicate the compression response of the tested crushable sand in light 

of multiple metrics at both grain-scale and assembly-scale. This performance was comparable 

to that obtained through exact replicas of each sand grains, while being noticeably superior to 

that resulting from standard spherical models. These results suggests that the use of a limited 

range of shape indicators is a viable alternative to the exact rendering of the actual particle 

geometry, thus offering promising perspectives in terms of reducing the computational cost of 

DEM analyses.  
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8.2 Future Research Directions 

Multiple future directions can be suggested as follow:  

1. The experimental and numerical analyses explored in this thesis can be further expanded to 

encompass multi-physical forcing, such in case of fluid-saturated systems. While this study 

considers that dry granular materials under uniaxial compression, triaxial testing can also be 

used to measure shearing response accompanied by significant particle rotation and volume 

change, thus developing improved frameworks able to reconcile the effect of the pore fluid 

pressure evolution with the pore-scale kinematics. 

2. This study focused on the comminution events tracked within small assemblies for which high-

resolution synchrotron tomography was applicable. A future direction is to examine these 

processes through larger specimens able to increase the number of multi-particle interactions 

leading to collective emerging effects, at the cost of lower image resolution. Such perspective 

may enable an even broader examination of macroscopic response and comminution, which is 

ubiquitous in nature and technology. From a geophysical standpoint, it influences strain 

localization in granular rocks, the friction of fault gouge and sediment compaction. From a 

technological perspective, it is fundamental to a number of industries, ranging from mining to 

infrastructure development. Therefore, this work can be further extended to multi-scale 

experiments to elucidate the link between stress state, compaction, and comminution.  

3. This study has mainly delved into shape distribution and shape heritability. These results can 

support the analysis of evolving shape characteristics in sand and of the role of particle-scale 

fractures in determining the ultimate morphology of particles in highly comminuted particle 

systems. Such results can be expanded in the future to examine more systematically the 
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underlying fracture mechanisms that promote shape heritability and the influence of multi-

particle interactions in their manifestation. 

4. Future applications of the proposed single particle failure models may involve the connection 

with continuum breakage frameworks based on the analytical determination of the strain 

energy associated with particle failure (an activity which involves the connection of each 

failure criterion with an underlying contact model, as already inherent for some of the 

derivations proposed here). This has the potential to bridge the macroscopic yielding stress of 

sand packing to grain scale processes and properties, including particle shape effects. 

5. Along with the application of the proposed models, another perspective is to use the proposed 

analytical expressions in conjunction with discrete element modeling frameworks able to 

resolve the geometry of individual particles, thus feeding contact models (including particle 

failure criteria) with particle-specific geometric variables (e.g., aspect ratio, local curvature). 

Of course, while this study focused on the isolation of particle shape and size effects by 

employing grains from the same sand, it was recognized that this procedure led to inevitable 

restrictions in the range of global and local shape features used in the model verification 

process. As a result, a natural extension of this work will involve an expansion of the testing 

program to a broader set of particle geometries assessing the model performance in more 

diverse scenarios and possibly augment the models with further shape descriptors not 

considered in this study (e.g., local curvature, particle angularity). 

6. DEM modeling techniques based on an extended set of particle shape descriptors, such as the 

LS-DEM platform used in this work, can be used in the future to complement experimental 

datasets either by providing quantities not accessible from direct measurements (e.g., contact 

forces) or by enabling virtual testing at stress levels currently not accessible through testing 
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apparatuses. These virtual measurements can be a springboard for the development of new 

constitutive laws for geomaterials rooted on the heterogeneity of sand microstructure, thus 

benefiting the geotechnical community at large. Such research outcome can provide guidance 

for engineering design, as well as new tools to reduce risks related with ground subsidence, 

fault seismicity, and long-term reservoir management.  
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APPENDIX A: OEDOMETRIC TEST FOR SAMPLE-SIZE EFFECTS 

Image analysis is one of powerful non-destructive tools to observe the sequential response of 

materials. The challenge here is to explore the microscopic features in the system, high resolution 

is required while limiting the sample size. In granular materials, Masson & Martinez (2000) 

concluded that a sample size 7-8 times the largest particle size can show the macroscopic features 

such as porosity and coordination number. However, it is still insufficient to address the 

considerations in comparison to different size samples and mechanical system quantitatively. In 

this section, the preliminary results of comparison between two different size sample are discussed.  

 

A.1 Oedometric test of the two different size sample 

Oedometric tests were performed with two different size sample having 0.65 of void ratio, 𝑒0, 

small specimen with 4.2 mm of diameter (409 particles) and large specimen with 15 mm of 

diameter (14,984 particles) (Figure A.1), large specimen has approximately 36 times larger system 

than the tested small sample. scan those sample, the tests were conducted in conjunction with 

tomography at two facilities, Argonne National Laboratory, Illinois, USA and Laboratorie 3SR, 

Grenoble, France, respectively (details in Chapter 2). Both samples were prepared in PEEK 

cylindrical cells to minimize the boundary effects and the test condition was same to 0.05 mm/min 

by strain control. To The small sample was scanned with 4.28 μm/pixel and the image resolution 

for larger one was 13.5 μm/pixel. Both samples were scanned at the specific stress points (0, 10, 

20, 30, 40 and 50 MPa). 
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(a) (b) 

  

Figure A.1. (a) Small specimen (with 4.2 mm of sample diameter) (b) Large specimen (with 15 mm of 

sample diameter) 

 

Figure A.2a shows the GSD for the tested sample having very close distributions regardless the 

sample size. Despite the identical GSD in the sample, the constitutive responses were different 

depending on the sample size. Figure A.2b plots the stress-strain curve under uniaxial compression 

test and small specimen display lightly stiffer response in pre-yielding regime. In addition, the 

yielding appears slightly early in small sample. In small specimen, it was observed that the particle 

breakage concentrated near the top of the specimen inducing the higher stiffness in that the stress 

near the loading plate tends to propagate strongly toward horizontal direction and results in the 

higher stiffness by interacting the side walls (Zhu & Zhao., 2021). While the constitutive response 

under continuous loading is still reasonably matched, the significant gap caused by size differences 

was the response for unloading. The permanent deformation after unloading was much higher in 

small sample than large sample.  
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(a) (b) 

  

Figure A. 2. GSD of the tested particle at initial condition 

 

 

A.2 Image analysis for sample-size effect 

Figure A.3a shows the distribution of probability for coordination quantified through image 

analysis. The coordination shows similar distribution, but the large sample has higher coordination 

number (the average of coordination number is 7.15 with 18 of the highest coordination) than that 

of small sample (the average of coordination number is 6.94 with 13 of the highest coordination 

number). It is assumed that in case of the small sample the relatively more particles contacting to 

the cylindrical walls, inducing the less coordination number in the average. Therefore, such 

difference can be considered one of the boundary effects caused by the sample size. In both cases, 

the breakage initiates at 10 MPa and the ratio of breakage was 0.22 % and 0.24 % in the large and 

the small sample, respectively. Those breakage were concentrated near the loading plate in the 

sample while it was distributed to the overall specimen in the large sample. This boundary effect 

to the sample interrupts finding some phenomena. For example, Figure A.3b shows the comparison 

of coordination between the entire particles and the original particles which experiences breakage 

in the next step in case of only large sample. It was clear that breakage tends to initiate when the 

particles have less coordination than the other particles in the assembly. Note that the small sample 
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was not analyzed due to the breakage concentrating the particles contacting the loading plates. In 

conclusion, such preliminary results indicate that sample-size effect is mainly induced by the 

boundary effect, however further research in the sample-size effect in the granular system is 

required to elucidate the geomechanical response of granular system. 

(a) (b) 

  
Figure A.3. Probability for coordination of (a) the entire particles in two different size sample and (b) 

comparison with the broken particles in the large sample 
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APPENDIX B: NETWORK MODEL 

Network model is a statistical tool allowing characterizing the critical factors affecting the 

response in the system. This model describes a complex system through nodes (i.e., particles) and 

edges (i.e., contacts between particles). In this study, the particle-based networks were explored as 

preliminary research aiming to provide the fingerprint at microscale in granular system with the 

experimental results of oedometric test with Ottawa sand. For this purpose, the unweighted 

network model was assessed, which is a simple method to express the existence of binary 

interaction between nodes in the system. 

Two oedometer tests were conducted under strain control (0.05 mm/min of displacement rate) in 

the sample with 4.2 mm of diameter and 8 mm of height. Figure B.1 shows the stress-strain curve 

of both tests having 29 MPa of yield stress and the markers indicate the scan points with 7 % of 

strain interval. To correlate the response between assembly-scale (i.e., stress-strain) and particle-

scale (i.e., breakage, degree (coordination)), image analysis was conducted for the sequentially 

obtained scans.  

 
Figure B.1. Stress-strain curve with scans 
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Figure B.2a presents the evolution of connectivity where ε is strain, 휀𝑑 is strain at initiation of 

breakage, 𝑧0  is an initial value of mean connectivity and z is mean degree. The connectivity 

developed until the initiation of breakage (at 휀𝑑 − 휀𝑑 = 0) and tended to decrease after reaching 

the yield point (휀𝑑 − 휀𝑑 > 0). It is seemed that the degree decreases as damage proceeds in that 

the increasing number of small fragments under successive breakage contributes to reduction of 

the degree on average. The mean shortest-path distance l of a pair of nodes is an average value of 

the summing edges on the shortest distance between two nodes. Figure B.2b plots the normalized 

mean shortest-path distance with the initial mean value, 𝑙0. It shows the reduction until the yield 

point and presents the sharp increase. This means that l between nodes decreases as the granular 

system is compacted under the load and then fragments which are significantly generated in the 

post-yielding regime lengthened L.  

(a) (b) 

  

Figure B.2. Experimental results for (a) normalized degree, 𝒛/𝒛𝟎 and (b) normalized mean shortest-path 

distance, 𝒍/𝒍𝟎 

 

One of the network properties, betweenness centrality (BC) was calculated to quantify the 

contribution in the shortest paths across pair particles, presenting the importance of particular 

nodes, edges or other structures in a network. As an example, the heterogeneity of force patterns 
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in granular networks can be shown through distribution of betweenness centrality. With the 

calculated BC, particle volume and degree, the correlation was explored with spearman coefficient 

(Figure B.3). Spearman coefficient is a statistical measure of the strength of a monotonic 

relationship between paired values having strong correlation towards +1. As shown in Figure B.3, 

overall tendency of both cases displays increasing coefficient after the yield, having stronger 

correlation in volume-BC and volume-degree. Such results can contribute to setting the order of 

the contribution of the key variables to the onset of breakage to conduct the following step. 

(a) (b) 

  
Figure B.3. Correlation between (a) volume and BC and (b) volume and degree 
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APPENDIX C: COMPUTERZIED-TOMOGRAPHY TO FINITE-ELEMENT (CT-FE) 

This section discusses the application of scanned images of granular materials to continuum-scale 

computational model conducted in Xue et al., 2021 considering evolving microscale attributes 

under continuous breakage. To consider the initial field heterogeneities and boundary conditions 

of crushable granular materials in continuum-scale model, the computerized-tomography to finite-

element (CT-FE) was performed based on the concept of representative elementary volume (REV). 

By confirming the performance of linking two different features of domains, it shows the 

possibility of future study to link microscopic mechanics to macroscopic continuum.  

 

C.1 Porosity-dependent Continuum Breakage Mechanics 

To predict the response of granular materials in continuum scale, continuum breakage mechanics 

is adapted by introducing breakage index, B to yield function, 𝑦𝐵  (discussed in Chapter 2). 

However, to explore the post-yielding region, the continuum breakage was extended to involve 

breakage and plastic strain corresponding to breakage. The extended flow rules for those 

viscoplastic responses as follows: 

𝑑𝐵 = Φ
2(1 − 𝐵)2𝑐𝑜𝑠2𝜔

𝐸𝑐
 (C.1) 

  

𝑑휀𝑖𝑗
𝑣𝑝 = Φ [−2

(1 − 𝐵)2𝐸𝐵𝑠𝑖𝑛2𝜔

𝑝𝐸𝑐

𝛿𝑖𝑗

3
+

3𝑠𝑖𝑗

𝑀2𝑝2
] (C.2) 

  

where 𝑑휀𝑖𝑗
𝑣𝑝

 is the rate of viscoplastic strain tensor and 𝜔 is the breakage-friction coupling angle. 
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With those parameters, the rate of energy dissipation of the system, Φ can be obtained with yield 

function 𝑦𝐵 in the McCauley brackets and breakage growth rate �̇�,    

Φ =
𝐸𝑐�̇�0

2(1 − 𝐵)2
〈𝑦𝐵

𝑛
2〉 (C.3) 

  

where n is the stress corrosion value and 𝐵0  is the reference breakage index. The details of 

derivations and the engineering meaning can be found in Xue et al., 2021.  

 

C.2 Mapping of X-ray Image to Finite Element 

To perform the breakage response of granular materials under odometric compression through CT-

FE, the initial spatial heterogeneities of granular system was replicated with the obtained X-ray 

tomography in Chapter 5. The important feature in this activity is the concept of REV to transfer 

the measured attributes from experiments into Gauss integration points in FE simulations (Figure 

C.1a). The average experimental measurements are assigned to each Gauss integration point in 

their corresponding REVs. Note that REV size can be determined as the minimum size of window 

box enabling allocated REVs in the overall sample domain to result consistent value (detailed in 

Shahin et al., 2020). Through REV using tomography images, the realistic description of the initial 

spatial heterogeneities in granular materials can be preserved in CT-FE. The general FE simulation 

conditions were designed by considering the experimental features. In experiments, it was found 

that the boundary condition influence significantly to breakage in granular system (Karatza et al, 

2019) and this was reflected in the CT-FE as shown in Figure C.1b. In specific, the floating ring 

used in experiment was considered in that this strategy prevent deformation to the radial direction 

while minimizing the friction effect between wall and particles.  
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(a) (b) 

  

Figure C.1. (a) Schematic of CT-FE mapping to assign each Gauss integration point with the corresponding 

REV from X-ray CT images (b) computational domain with boundary conditions and discretized FE meshes  

 

 

C.3 CT-FE Mapping Scheme Oedometric Compression 

The constitutive response is well predicted by CT-FE as shown in Figure C.2. Next, the 

performance of computational model incorporating initial spatial heterogeneities was assessed by 

qualitatively comparing the spatial heterogeneities at the same point of scanning points associated 

with experiments over time (Figure C.2). 

 
Figure C.2. Mechanical response compared to experiment and FEM simulation 

 

Figure C.3 shows the one of the representative results showing the correspondence between 

experimental and computational results. The porosity field, 𝜙 and the breakage index, B were 
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explored, and evolution of both fields mapped in Figure C.3 presents a satisfactory match in the 

spatial distribution of heterogeneities over time. This indicates that particle breakage propagation 

can be captured reasonably by CT-FE based on continuum mechanics.  

 
Figure C.3. Comparisons in porosity field, 𝝓  between (a) experimental data and (b) numerical 

simulations, and breakage field, B between (c) experimental data and (d) numerical simulations. 

 


