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ABSTRACT

Wireless Resource Allocation among Cooperative Relays and

Non-cooperative Agents

Junjik Bae

This thesis focuses on resource allocation in wireless communication and networking.
Resource allocation has been studied widely, for example, to maximize the system-wide
throughput or to minimize the average delay per user. Moreover, the utility-based frame-
work is becoming an important tool for addressing fairness and Quality-of-Service (QoS)
for individual users. With this framework, therefore, we study wireless resource allo-
cation for relay extensions in a cellular network and dynamic spectrum sharing among
non-cooperative agents.

In the first part of the thesis, we study the centralized resource allocation problems
among cooperative agents. Especially, the relay extension in a cellular network is fo-
cused on, including in-band relays in IEEE 802.16j and out-of-band relays with Wi-Fi

access points. Here, the base station optimizes the time or power allocation such that



total throughput for data traffic or total number of active users for voice traffic is maxi-
mized. For the cases considered, a significant gain for both data traffic and voice traffic
is obtained.

In the second part of the thesis, dynamic spectrum sharing with distributed resource
allocation is considered with an emphasis on the development of mechanisms and their
performance. First, we consider an “AP deployment” game in the commons model and
show that there exists a Nash equilibrium which is efficient. In addition, we address the
limitations of the commons model when interference is severe. Second, we study two
auction mechanisms for resource allocation in a peer-to-peer network: The sequential
second-price auction and the “Fallback” auction. For the sequential auction, the resource
is divided into n units and each unit is auctioned off sequentially according to a second-
price auction. The worst-case efficiency of the sequential auction is shown to be lower
bounded by 1 — ¢! for a bandwidth allocation and upper bounded by 1/n for a power
allocation. Because of the low worst-case efficiency for power allocation and the imprac-
ticality of the complete information assumption in the sequential auction, we discuss a
Fallback auction, which modifies Ausubel’s ascending auction. With an increasing con-
vex utility of one agent due to interference, we show that the Fallback auction for power

allocation achieves a stable outcome with minimum revenue to the seller in the core.
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CHAPTER 1

Introduction

Resource allocation is an important research topic in wireless communication and
networking, due to the intrinsic scarcity of wireless resources and increasing demands for
them. User devices have become increasingly sophisticated and support various multi-
media applications, which require high quality-of-service (QoS). In addition, due to the
prevalence of mobile devices and the popularity of Wi-Fi, more users than ever have to
share the wireless spectrum. This necessitates highly efficient and robust schemes for
wireless resource allocation.

There are many different wireless resources, such as frequency bands, time slots, or-
thogonal codes and transmit power. One or more dimensions associated with different
resources can be allocated simultaneously depending on the technology and demand.
Example technologies include time-division multiple access (TDMA), frequency-division
multiple access (FDMA), and code-division multiple access (CDMA). In addition, or-
thogonal frequency division multiple access (OFDMA) is becoming increasingly impor-
tant since it has been adopted for various standards such as WiMax, IFFE 802.11n, and
next generation cellular systems such as IEEE 802.16m and 3GPP long term evolution
(LTE) [7, 1, 5, [9]. Contention-based random access, as in Wi-Fi, is another spectrum

sharing technology for distributed resource allocation.
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Unlike wired networks, wireless networks use a common medium. This imposes chal-
lenges on designing a wireless network and allocating resources among users in the net-
work. The common medium or spectrum is in principle open to every device, which
would like to use it. Therefore, as the number of devices increases, the usability of spec-
trum is degraded due to interference. This is called the “tragedy of the commons” [45].
To avoid the tragedy of the commons, the exclusive model for allocating spectrum with
a careful geographical spectrum plan has been adopted [32), B5]. Recently, however, a
variety of studies have demonstrated that this exclusive model imposed by the Federal
Communication Commission (FCC) in the U.S.A. has resulted in a great deal of spec-
trum lying idle [105]. To overcome the underutilization problem, two approaches for
dynamic spectrum sharing have been studied, which will be discussed later: the commons
model [116, 97, [64] and secondary spectrum markets [22, [88], [112]. Due to increasing
demand on wireless resources, and efficiencies offered by dynamic spectrum sharing, the
resource allocation problems become more important than ever.

Various resource allocation mechanisms in wireless networks can be applied depending
on the network configuration and degree of cooperation among network entities. We can
consider two classifications for resource allocation mechanisms: centralized vs. distributed
and cooperative vs. non-cooperative. In centralized resource allocation, a resource man-
ager (or “social planner”) collects all related information from users and makes a decision
on how to allocate resources among users. In distributed resource allocation, each user
in the network allocates wireless resources based on her local information. Furthermore,
users in a cooperative network work together to achieve the network’s overall objective

such as the sum of users’ throughput or minimum blocking probability. Non-cooperative
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users in a network are, on the other hand, assumed to be selfish and try to maximize
their own objectiveEL which might not be aligned with the system objective. An inter-
esting problem for distributed resource allocation is to determine the efficiency loss when
compared with a centralized allocation (See, for example, [95]).

In this thesis, we consider centralized resource allocation among cooperative base and
relay stations in a cellular network (Part [1), and distributed resource allocation among
non-cooperative selfish agents in the commons model, assuming a peer-to-peer network
(Part[2). The resource allocation problems considered here are solved using the framework

of utility functions.

1.1. Utility-Based Resource Allocation

Resource allocation and system optimization problems based on user utility functions
have been widely studied in communications and networks [57, (74, 63, 104]. The utility
function indicates the degree of satisfaction that an individual user derives from the
allocated resources. The user’s utility function is not necessarily aligned with system-
centric “efficiency”. For example, in a cellular network, to maximize total throughput,
the base station (BS) might allocate all of its resources to the cellular users who have good
channel gains. This, however, limits the resources available to the users with bad channel
gains. By using the utility function, a balance between system efficiency and fairness can
be obtained [58].

The utility function maps resource use (bandwidth, power, etc.) or performance cri-
teria (data rate, delay, etc.) to private values. Different utility functions can be used in

a wide range of communication models. For traditional data traffic such as file transfer

IThis objective will be defined by a utility function.
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and e-mail, increasing concave utilities as a function of data rate represent the elas-
ticity of these services [63, [51]. Real-time traffic, such as Voice-over-IP (VoIP) and
multi-media video streaming, has been modeled by a step function of signal-to-noise ratio
(SNR) or signal-to-interference plus noise ratio (SINR), reflecting the assumption that
excessive delayed data does not have any value [67]. In addition, a decreasing concave
function of delay for delay-tolerant data traffic, and sigmoidal functions for a real-time
rate adaptive application, or a frame success rate with binary phase-shift keying have
been used [66, 102], 96].

The standard resource allocation problem using the utility framework can be described

by
max U _
g Z k(*rk(kaq k))7
kel
(1.1)
wusa
kel
where ¢ = (qx, ¢_x) is the resource to be allocated among a set of users = {1,2,--- , K},

g, denotes the resource allocated to user k, and g_; denotes the set of resources allocated
to all users except for user k. In addition, ) is the total amount of resources (e.g.,
bandwidth or power) available in the network. Each user £ € K has her own utility
function Uy (zk(qk, ¢—r)), which represents her satisfaction with the allocated resources
(qr,q—x). Here zx(qx, q_x) can represent the QoS measurement of user k, which could be
a quantity such as the queue length, queuing delay, data rate, or SINR. For example,
consider allocating a total bandwidth of W among K users with elastic data traffic. If xy

represents data rate that user k has with allocated bandwidth wy, then Uy (x(wy, w_g)) is
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typically an increasing concave function, which represents the user’s growing satisfaction
with increasing data rate. In an FDMA network, the data rate can be represented by the
Shannon capacity zx(wy, w_g) = rp(wg) = wy log (1 + SNR(wy)).

Problem can be solved either in a centralized way or in a distributed manner.
The solution to the problem is called the efficient or socially optimal allocation in the
economics literature [75]. Here we assume that the radio environment does not change for
some period of time 7" and the optimization problem can be solved within 7". (Otherwise,

we could instead consider a long-term time-average optimization problem.)

1.2. Resource Allocation in Relay-Assisted Network

In the first part of this thesis, we consider centralized utility-based resource allocation
in a relay-assisted network. Adding relays to a cellular network can potentially increase
the network capacity, extend network coverage, and reduce congestion (e.g., see [98, 17
81, 20, 125, 86, 30}, [41], 80, 118]). In [81], the authors consider a uniform placement of
in-band relays within a cell and give an upper bound on the gain for downlink throughput.
In that paper, either direct transmission from the BS to each mobile station (MS), or
transmission through the relay station (RS) is chosen depending on the transmission time
duration, assuming each MS is required to have the same throughput. In [17], cell splitting
using RSs in an interference-limited deployment is considered. The authors show that
simple in-band RSs increase system capacity and the total cost can be reduced significantly
due to the elimination of the wired backhaul. Coverage extension through multi-hop RSs
is considered in [34}, 119, B0, 46]. In addition, various cooperative schemes such as

decode-and-forward, amplify-and-forward, and compress-and-forward schemes using RSs
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are studied in [62], 103, 59]. Associated advantages have motivated the introduction of
relays in emerging standards such as IEEE 802.16j [6] and 4G mobile systems [91], (5], [98].

Various relay deployment scenarios have been considered in the literature. For ex-
ample, using mobile handsets as relays in a cellular system in an ad hoc manner has
been considered. In that case, the incentive for each mobile to relay others’ data traffic
can be provided by a credit or market price [69), 23], [73]. Even though this kind of ad
hoc extension is quite flexible and does not require additional hardware investment, it is
difficult to guarantee an end-to-end QoS. In addition, it might add significant complexity
to the BS for transmission scheduling.

Instead of deploying relays in an ad hoc manner, a systematic relay deployment plan
might be more feasible in cellular networks [69), 83], 114]. One of those efforts is the
fixed relay extension of WiMax. A WiMax network uses OFDM, where the base station
controls the rate, power, and subchannel allocations to each mobile user. In addition,
time division duplex (TDD) has been adopted for downlink and uplink transmission. The
relay extension of WiMax based on the IEEFFE 802.16j standard assumes in-band relays,
which use the same frequency as that of the BS within a cell [2]. The resource that is
allocated between the BS and the RS is the time duration of the relay zone within a
frame. That can be optimized centrally at the BS.

Rather than deploying new cellular relays, in some cases it may be possible for a cellular
service provider to use an existing wireless LAN (WLAN) access point (AP) as a relay for
cellular traffic [114]. In that case, although the AP potentially brings additional resources
to the cellular network, those resources must be allocated across both WLAN and cellular

users. If the AP service provider is different from the cellular service provider, then for
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the latter to use the AP as a relay, a bargaining process between those two providers
can be used to find a mutually beneficial operating point with an appropriate resource
allocation | On the other hand, if both the cellular and the WLAN network belong to one
service provider, or are cooperative, then the optimal operating point can be computed
in a centralized manner. Depending on the operating objective, which is reflected by the
utility functions, total throughput or the total number of users served in the system can

be maximized. Both of these problems are discussed in Chapters [2] and [3]

1.3. Dynamic Resource Allocation among Non-Cooperative Agents

In the second part of this thesis, we focus on dynamic spectrum resource allocation
among non-cooperative agents. Dynamic spectrum sharing is another important issue
for future wireless networks. Until now, wireless spectrum has been divided into many
different bands and most bands have been allocated exclusively to a licensee by the Federal
Communications Commission (FCC). Exceptions include the unlicensed bands, such as
the ISM and UNII bands [3], 8]. It is, however, widely recognized that this “command
and control” model for allocating wireless spectrum results in poor utilization of spectrum
even if it might guarantee some level of QoS [87]. Outdoor spectrum measurements in
various urban areas reveal that the use of spectrum is in general very low even during the
peak time periods [70, 115]. Dynamic spectrum sharing approaches are alternatives to
this exclusive use model, which can achieve the goal of higher utilization.

Encouraged by the success of 802.11 (Wi-Fi) and the advance of cognitive radio tech-

nology, the commons model for spectrum sharing has been studied intensively [27), [56), [64].

2For example, with the complete information assumption, the Nash bargaining solution is an efficient
operating point in which the sum utility of the two service providers is maximized. Furthermore, it can
be achieved distributively [82].
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In this model, as long as certain technical requirements such as peak transmit power and
a common medium access control (MAC) protocol are satisfied, users can have access to
the common spectrum without a license. Sharing TV “white space” with low transmis-
sion power devices is an active area motivated by this direction [101), [28]. In addition,
the working group on Wireless Regional Area Networks (“WRANSs”) is to develop an
IEEE 802.22 standard for a cognitive radio-based PHY/MAC/air interface for use by
license-exempt devices on a non-interfering basis in spectrum that is allocated to the TV
broadcast service [4].

In the commons model, interference management is a key issue that has to be solved.ﬂ
At a basic level this is accomplished by appropriately defining the spectrum power mask.
However, this may be inadequate depending on the configuration of the network, propa-
gation characteristics, and demand for spectrum. In [52], instead, the authors consider
a distributed power control scheme for wireless ad hoc networks and show the conver-
gence of the interference-price announcement algorithm using supermodular game the-
ory. This algorithm, however, requires truthful announcement of the interference prices
among nodes (users) in the ad hoc network. Moreover, cooperation or bargaining among
adjacent agents in a peer-to-peer network may be a viable solution to the interference
problem [40]. For example, adjacent BS owners may negotiate cross-rental agreements
for the same spectrum, or alternatively, agree to pay “interference charges” to each other,
which reflect the externality they are causing to neighboring owners. This interference
payment might induce BS owners to reduce transmission power or to use neighboring BSs

via routing, which lowers overall interference in the area.

3In fact, the main argument by opponents of the “white space” concept is the lack of interference-free
technologies.
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Another example of dynamic spectrum sharing is via secondary markets for spectrum,
as considered by the FCC [37, 138, [39]. A spectrum owner, or licensee may wish to lease
spectrum to secondary users depending on how their demand varies over the time of day,
duration of use, number of available channels, etc. This leads to the problem of designing
an efficient mechanism for allocating available wireless resources (e.g., bandwidth and/or
power) among non-cooperative agents. One way to achieve this is to allow for spectrum
to be allocated on a finer scale both in time and space, e.g., by a “real-time spectrum
market” [88], 24, [35], [60] (similar to electricity markets in [10] 53]).

Auctions are well known techniques in economics and so are a natural approach for
allocating constrained resources. An auction mechanism can be implemented through a
spectrum manager, or broker. The spectrum manager can mitigate the effects of external-
ities (e.g., interference in wireless communication) and increase the overall efficiency by
soliciting information about user utilities and channel conditions. Examples of this sce-
nario are also presented in [92), (54, 51]. Other distributed spectrum sharing mechanisms,
which do not rely on the presence of a spectrum manager, are considered in [36, [52], 111].

There are many auction mechanisms for resource allocation in the literature. The
Vickrey-Clark-Groves (VCG) mechanism is especially well known because of its incentive
compatibility among agents and the efficiency of the resulting resource allocation [109),
44, 124]. It is, however, not popular in practice because the agents are asked to submit
their utility functions to the seller and, therefore, the agents reveal too much private
information. The revenue of the seller through the VCG auction can be potentially very

low and the seller might nullify unfavorable outcomes. In addition, it cannot block a
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coalition of agents which leads to an inefficient outcome even though within the auction
mechanism each agent has a dominant strategy that leads to an efficient outcomeﬁ

Due to these shortcomings and impracticalities of the VCG auction, we consider two
alternative auction mechanisms for wireless resource allocation. First, a sequential sec-
ond price auction is considered in which each resource unit is auctioned off sequentially
according to a second-price auction.E] Sequential auctions have been used in many appli-
cations (e.g., see [21, 126, 107, [77, [113]), since they require relatively little computation
and information exchange among the agents and the broker, compared with many other
mechanisms. In addition, sequential auctions easily accommodate scenarios in which the
agents enter and leave the market at arbitrary times, and allow the broker to allocate
resources incrementally. However, it is well known that sequential auctions do not always
achieve an efficient allocation [77] [

There is an extensive literature that investigates the properties of sequential auc-
tions [84), 47, 77, 113, 19], 49], 90, [61], 50] assuming that utilities are private informa-
tion. Since the assumption of private information complicates the analysis, those papers
restrict attention to the case of bidders with unit demands and in some cases to just
two bidders. On the other hand, abstracting away from private information allows us to
focus on the strategic implications of bidding in sequential auctions. Indeed, in work such
as [113], the efficiency loss is due to the information asymmetries and not the mechanism.
If agents in that model have full information (each with unit demand), then it can be

shown that the auction achieves an efficient outcome.

4See [13] for a more detailed discussion of these shortcoming of the VCG mechanism.

®Namely, each unit is allocated to the highest bidder, who pays the second highest bid.

6Under this mechanism, the bidders can be viewed as playing a game, in which their actions are their
bids. The auction is efficient if the equilibrium of this game maximizes the total utility of the agents.
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As a step toward the sequential auction with multiple-unit demands and private in-
formation, it is valuable to study the efficiency loss of the sequential auction due to the
mechanism itself, ignoring possible information structures. The efficiency loss of the se-
quential second price auction when used to allocate bandwidth and power among selfish
agents is the main topic in Chapter [5] Here we allow bidders to have multi-unit demands,
but for tractability we assume full information. We also note that assuming full informa-
tion is consistent with prior work, such as [55] [95], which also study the efficiency loss of
different mechanisms.

Second, we discuss the “Fallback” auction proposed in [14]. In 2004, Ausubel pro-
posed an ascending auction for multiple units of a homogeneous good and showed that
the auction yields efficient outcomes with private information [12]. In the auction, the
auctioneer announces a price and bidders respond with quantities. Each bidder “clinches”
items at the current price and the price increases until the market clears. This auction,
however, assumes that each bidder has a concave increasing utility function (or decreasing
marginal utilities) with the number of units she receives. There are wireless resource allo-
cation scenarios, however, for which the concavity of the utility function does not hold.|Z|
One example is allocating power between two peer-to-peer interfering agents with rate
utility functions.

The Fallback auction, which modifies Ausubel’s ascending auction, is applied to the
case where one of the agents has a convex utility function due to the interference. In the
auction, the market price set by the seller can be lowered by the agent with a convex

utility function exactly once. The auction ends either when the market clears or when

"To the author’s knowledge, [42] is the only paper in which a multi-unit auction is considered with
increasing marginal utilities.
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the agent falls back to a price lower than the current price. This auction assumes private
information among all agents, and finds a stable outcome in the core. If the outcome of
the auction, namely, a set of payoffs of all agents including the seller, is in the core, then
there is no payoff improvement if a coalition of the agents deviates. This implies that the
allocation is efficient, the bidders cannot benefit from shill bids or collusion, and the seller
cannot benefit from excluding bidders [31]. Therefore this auction avoids the instability
of the VCG and Ausubel’s ascending auctions when there is an agent with an increasing

convex utility function.

1.4. Overview

This thesis discusses resource allocation in wireless networks. Chapters [2] and [3] focus
on cooperative relay networks. Due to the cooperative nature of the network, resources
such as time or bandwidth can be allocated in a centralized way to maximize the utility
of the network.

In Chapter [2] the relay extension of WiMax, or IEEE 802.16j is considered to increase
uplink capacity (network utility). A time-division duplex (TDD) frame structure for
802.16j is discussed where the resources to be allocated are time and frequency slots in
the frame. Each slot is a minimum resource allocation unit defined in the standard. To
obtain an initial assessment of capacity gains, we study a one-dimensional model of a relay-
enhanced cellular system. Time allocation within a frame is optimized to maximize the
number of voice-over-IP (VoIP) users who require a fixed transmission rate. Furthermore,
we develop a detailed system simulator based on the 802.16j standard and show that the

uplink capacity for both data and VoIP traffic increases significantly when relay stations



29

are deployed in the system. Specifically, our system simulation results show that the
number of VoIP users increases from 140 per cell to 360 per cell when two RSs per sector
are deployed.

Due to the popularity of 802.11 (Wi-Fi), we consider an existing Wi-Fi AP as a relay
for cellular traffic in Chapter ] A one-dimensional model of a cellular network with
two out-of-band APs is introduced. Assuming each user has a utility function, which
corresponds to either the Shannon rate function for data traffic or a step function for
voice traffic, the BS optimizes power allocations across both cellular and AP users to
maximize the sum of utilities over active users. Furthermore, an upper bound on the gain
from using APs as relays is obtained. Our analysis suggests that a modest gain in total
sum throughput or total number of voice users can be obtained in the scenario considered.
In addition, the coverage of the BS can be extended by using the AP.

Non-cooperative wireless networks are considered in Chapters[d] 5, and [6] The agents
in the network are assumed to be selfish and maximize their own utilities. Resources such
as a frequency band or transmit power are allocated in a distributed way among non-
cooperative agents through best response updates (Chapter [4)), or by using an auction
mechanism (Chapters [5| and [6]).

In Chapter [, we consider a commons model in which a user may install an AP to serve
her own, as well as other users’ traffic. To avoid a “tragedy of the commons”, an AP owner
can provide payments to neighboring users to encourage them not to set up interfering
APs. In the resulting AP deployment game, each user decides whether or not to set up an
AP, depending on the interference level and the payments from other neighboring APs. We

show that this game is a potential game and that best response updates converge to a Nash
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equilibrium [79]. According to our analysis as well as simulation results, the density of
APs in this game at the Nash equilibrium decreases as interference becomes severe, which
leads to a large loss in efficiency. Hence, as the density of APs increases, implementing
such a commons approach becomes more difficult and other forms of spectrum sharing
may be more appropriate.

An alternative approach to dynamic spectrum sharing among non-cooperative agents
is to apply auction mechanisms. In Chapter [f] a sequential second price auction is consid-
ered for bandwidth or power allocation in a peer-to-peer network. The resource is divided
into n units of the good and each unit is auctioned off sequentially. For the bandwidth
auction, the utility function of each agent is assumed to be an increasing concave function
for the number of received bands. For the power auction, an increasing convez utility
function for a single agent is assumed due to the interference. The auction is represented
by an extended form game and the subgame perfect equilibrium is studied using back-
ward induction with the complete information assumption. In addition, the worst-case
efficiency, namely, the ratio of the sum utilities of agents in a subgame perfect equilib-
rium to the maximum sum utility, is bounded. Our analysis shows that the worst-case
efficiency among two agents is lower bounded by 1 — 1/e for the bandwidth auction and
decreases as 1/n for the power auction, which n is the number of (discrete) power units
being allocated.

Motivated by the low worst-case efficiency of the power auction and the impracticality
of the complete information assumption in the sequential second-price auction, we study
the Fallback auction in Chapter [0 It is assumed that one agent has an increasing convex

utility function and the others have increasing concave utility functions, similar to the



31

power auction in Chapter Bl In the Fallback auction, which is a modified version of
Ausubel’s ascending auction, the agent with a convex utility is allowed to “fall back” to
a lower price than the current auction price set by the seller. We show that this Fallback
auction selects a core outcome with the minimum revenue to the seller and, therefore, it
achieves a full information equilibrium. In addition, for the case where the VCG outcome
is in the core, this mechanism finds the VCG outcome, which is efficient and incentive
compatible.

Finally, we summarize our results and propose possible directions for future work in

Chapter [7]
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CHAPTER 2

Uplink Capacity and Coverage Extension for Relay-Enhanced
OFDMA Cellular System (802.16j)

Multihop Cellular Networks (MCN) have become the subject of a considerable re-
search effort in both academia and industry. Multihop communication techniques have
traditionally been applied in the field of ad-hoc networks, where radio nodes engage in
peer-to-peer communication with other nodes by means of multihop routing. In such a
network, any node can perform packet forwarding on behalf of another node, thereby
greatly extending range and increasing robustness of the ad-hoc network. Recently, it
has been recognized that by introducing multihop communication techniques into tradi-
tional single-hop cellular networks, significant performance benefits may be also obtained.
For example, with the introduction of relay stations (RSs) into a cellular system, it be-
comes possible to break-up a long single-hop link between a base station (BS) and a
distant mobile station (MS) into a series of shorter hops. As the shorter hops are more
spectrally efficient, the overall system capacity of the MCN may increase relative to the
legacy cellular system. RSs may also provide an opportunity for connection to a shad-
owed MS, thereby improving cellular coverage, or they may also serve as an attachment
point for an MS out of communication range with the BS, thereby improving cellular

range [110), 81, [46], 26|, 68].
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Recently, the IEFFE 802.16j standard draft has been completed, partly encouraged by
the reported benefits of relay deployments in cellular settings, as well as the successful
and wide-spread application of multihop technologies in WLANs [2]. 802.16j is a relay-
extension of the IFEE 802.16e standard, widely known as WiMax. To estimate the
benefit associated with 802.16j, in this chapter we study the capacity and range extension
of a relay-enhanced 802.16e uplink through a first-order analysis and detailed system
simulations. Here, we define the capacity as the maximum cumulative throughput per cell
(for data traffic) or the maximum number of users with a given QoS requirement (for voice
traffic) supported by the system, under system-specific transmit power and scheduling
constraints. Hence, the system capacity determined is necessarily less than the bound
on the system capacity that may be obtained through an information-theoretic analysis.
The results are encouraging, as fairly substantial capacity gain and range extension are
observed from both analysis and simulations.

We first review the frame structure of 802.16j in Section to understand how it
affects the uplink capacity of the system. System analysis with a one-dimensional model is
presented in Section 2.2} assuming symmetric AP deployment around the BS and uniform
user density. After we estimate the capacity gain of the relays with one-dimensional model,
the detailed system simulation setup and resource allocation schemes are presented in

Section 2.3 and .41 Our simulation results on voice traffic and data traffic follow.

2.1. Frame Structure of 802.16j

The IEEE 802.16j standard has extended the IEEE 802.16e frame structure to support

in-band BS-to-RS communication. A high level diagram of the 802.16j frame structure in
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TDD OFDMA PHY mode is shown in Fig. 2.1 (taken from [117]). The frame structure
supports a typical two-hop relay-enhanced communication, where some MSs are attached
to an RS and communicate with a BS via the RS, and some MSs connect directly to
the BS. Even though extensions of the frame structure to support more than two hops
have been defined by the Task Group (TG), we only consider the two-hop scenario in this
paper.

In Fig. [2.1] the horizontal dimension denotes time and the vertical dimension denotes
frequency. Frame sections in gray denote receive operation, whereas sections in white de-
note transmit operation. The multihop-relay-BS (MR-BS) and RS frames are subdivided
into Downlink (DL) and Uplink (UL) subframes to support TDD operation. Both DL
and UL subframes are further subdivided into MS and RS zones. In addition, Relay-Gap
(R-Gap) is placed between MS-zone and RS-zone, which allows RSs to switch from re-
ceive mode to transmit mode or from transmit mode to receive mode. The MS zones,
supported at both the BS and RS, are backwards compatible with the 802.16e standard.
Detailed structure of the RS zones is currently under consideration in the IEEE 802.16j
TG. The RS transmits to MSs within its coverage area in the DL MS zone and receives
control and data from the BS in the adjacent DL RS zone.

Here, we focus on UL capacity of the relay-enhanced system. A more detailed view of
the UL subframe, as modeled in the system simulator, is shown in Fig.[2.2] In the figure, a
5ms frame length, 50/50 TDD split and 10 MHz BW are assumed. With these parameters,
there are 7 time slots and 35 frequency slots in the UL subframe, and therefore a total
of 245 OFDMA slots are available for UL scheduling. A slot is the minimum resource

allocation unit as defined in the 802.16 standard. The UL RS zone is one time slot wide
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Figure 2.1. 802.16j Frame Structure in TDD OFDMA PHY mode.

in this figure. In general, the width of this zone can vary and should be optimized with

respect to a given topology and user load.
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Figure 2.2. Detailed view of the UL subframe.

Within the UL MS zones at the BS and RS, bursts transmitted to the BS or RS are
assigned to different time/frequency slots orthogonally by a centralized scheduler at the
BS. Similar to the 802.16e UL slot allocation scheme, bursts are mapped to slots time-
wise first, before wrapping to the next frequency slot if the zone boundary is reached.
Furthermore, the 802.16e specification defines a randomized UL frequency-hopping scheme
for interference randomization. In order to capture this effect in the simulator, all burst-to-

slot assignments in the MS zone are randomly permuted prior to calculating interference.
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Note in Fig. [2.2] that the overhead associated with UL control signaling is not modeled.
In addition, it is assumed that the BS and the RS are synchronized, and bursts destined
to the BS and RS are properly time-advanced to their respective receivers. However, since
the BS and the RS are not colocated, a burst destined to the RS is not properly time-
advanced to the BS, potentially resulting in interference. For simplicity, in the current
simulation results the effects of mismatched time advances at the BS and the RS are

assumed negligible and the resulting inter-burst interference is not modeled.

2.2. System Analysis with 1-D Model

To obtain an initial assessment of capacity gains attainable with a relay-enhanced
system, we investigate the following one-dimensional model of a cellular system (See
Fig. 2.3). The RS is placed at distance d from the BS. As in [127, 15}, [16], we assume
a set of static MSs, which are uniformly and continuously distributed along the line with
density p. In addition, we consider a Voice-over-IP (VoIP) traffic model, in which all
active MSs transmit a voice packet of equal size within the UL subframe. A similar model
can be developed for data traffic. In the system simulation in Section [2.5] results for both
data and voice traffic are presented.

First, we consider a legacy 802.16e system with no RS deployment. Due to symmetry,
it is sufficient to consider the set of MSs on one side of the BS. Under a VoIP traffic model,
maximizing system capacity is equivalent to maximizing the number of active MSs for a
given UL subframe duration. Assuming a path-loss of 1/r* where a is the path-loss

exponent, the bandwidth w(r) needed for a MS at distance r to transmit a voice packet
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Figure 2.3. One-dimensional model of a cell with relay stations (RSs).

of size L bits during the UL subframe duration Ty, satisfies

L =w(r) -log, (1 + QW) -Tow, (2.1)
where Ny is the noise density and « is the SNR degradation factor due to various channel
and receiver impairments. We assume that each MS spreads its transmission power P,
over the bandwidth w(r) uniformly. Here we abstract the 802.16e resource allocation
described in Section by assuming that all bursts take up the entire subframe duration
Tyr,. Furthermore, the bursts can be allocated arbitrarily small bandwidth, instead of
restricting allocations in frequency to the granularity of an OFDMA slot as in Section [2.1]
Since w(r) increases monotonically as r increases, the maximum number of MSs that the
BS can support within the UL subframe duration is given by p - |Cy|, where |Cy| is the
length of the interval containing the active MSs and satisfies foco p-w(r)dr =W, where
W is the total bandwidth of the system.

Next consider a relay-enhanced system. We assume that a MS transmits a packet to
either the BS or the RS. Simultaneous transmission to both are not considered. If the

RS receives a packet from the MS, it relays to the BS within the UL RS zone, as shown
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in Fig. [2.2] To satisfy the flow conservation constraint, the RS-to-BS link capacity should
be high enough to accommodate all the voice traffic received by the RS in the UL MS
zone. Given uniform MS density p, the maximization of the total number of active MSs

is equivalent to finding the region of the active MSs, C, namely,
maxp - IC], (2.2)

subject to the total bandwidth and flow conservation constraints. Here, | - | denotes
the length of the corresponding region, where the region may consist of a set of disjoint
intervals. With the RS, the coverage set C can consist of two or more disjoint intervals Cy4
and C,, where C; = U,;Cq; is the union of non-overlapping intervals corresponding to the
MSs served directly by the BS and similarly, C, corresponds to the MSs relayed by the
RS [16].

To solve the optimization problem ([2.2]), we first assume that the BS allocates time
~Tyy, for the RS zone, and subsequently optimize over v € [0,1]. With this assumption

the constraints of the preceding optimization problem become

Je,p-wn(r)dr + Jo_p-wa(z)de <W, (2.3)

p-|C| < vTurRre/L, (2.4)

where wp(r) (wgr(x)) is the bandwidth needed for a MS at distance r (x) from the BS (RS)

to transmit during the UL MS zone duration (1—-)-Tyr, and Rgg = W-log, (1 + aNJf;jV%)

is the capacity of the link between the RS and the BS. It is assumed that the path-loss
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exponent b < a, as it is likely that the propagation conditions on the RS-to-BS link are
less severe than that on the MS-to-RS link.

Instead of giving detailed proof of the optimization problem with constraints
and , we present a graphical explanation, especially when ~ is relatively small.
It can be shown that wp(r) and wg(z) are increasing functions in r and z (See in Fig. [2.4)).
For given horizontal bar X in Fig. 2.4] we assume that MSs who require the bandwidth
for a voice packet of size L less than A are served either by the BS or the RS. The idea
for the solution of is to serve MSs who need less bandwidth with higher priority. As
A increases from 0 to X', MSs of the interval [0,7()\’)] are included in C; and MSs in the

interval [—Z(X\'),Z(\)] in C,. Here, X' is obtained from the constraint (2.4]) or
2p : 'UJR<)\/) = ’YTULRRB/La (25)

since we assume 7 is small. As A increases further from ), the RS cannot support
additional MSs and only the BS adds more MSs in Cy until the constraint becomes
tight. For example, suppose that the constraint is tight with \” as shown in Fig. m
Then, the interval for MSs served by the BS is given by Cq = [0, d—Z(X)]U[d+Z(X'), 7(\")].
A" can be calculated from the constraint . Similarly, we can obtain the intervals of
active users for all v € [0, 1].

We give some numerical results to illustrate the capacity gains attainable with a relay-
enhanced system. Fig. shows the ratio of the total number of users with relaying to
that without relaying as a function of 7. The UL subframe duration is Ty, = 2.2 x 1073
s, and the path-loss exponents are a = 5.0 and b = 4.2 (corresponding to Type A and

Type C models in Section . In addition, the RS is located at 0.7 x |Cy|. The remaining
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Figure 2.4. Graphical explanation of the optimization problem ({2.2)) assum-
ing ~ is small. In this example, the intervals of active MSs are given by
Cr=[—z(N),z(N)] and Cy = [0,d — Z(N)| U [d + Z(N), F(N\")].

parameters are indicated in the caption. The maximum gain with the RS is approximately

60% to 66% at v =~ 0.17 to 0.3 depending on MS density. These gains are relatively

insensitive to variations of p over a wide range (from 40 users per km to 70 users per km).

2.3. System Simulation Setup

The preceding analysis provides a first indication of the potential capacity gains to be
achieved with a relay deployment. The analysis only considers a single-cell linear model
of a cellular system. In practice, cellular systems are deployed in two-dimensional uneven
terrain exhibiting various propagation impediments and giving rise to shadow loss and

fast fading phenomena. A system analysis, taking into account these propagation effects
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Figure 2.5. Ratio of the total number of users served with and without the
RS as a function of 7. The voice packet length is L = 544 bits including
overhead, Ny = —174dBm/Hz and a = 0.3981, P, = 23dBm, and Pgrs =
33dBm. The antenna gain for the MS-BS and MS-RS links is assumed to

be +10dB, and that for RS-BS link is +25 dB.
is largely intractable, and we resort to system simulations to characterize performance of

the RS deployment in such a setting.

A custom multihop cellular system simulator capable of modeling various aspects of
the relay deployment has been developed. More specifically, the simulator includes the
following features:

(1) Correlated shadow loss model,

(2) Resource allocation procedure with the granularity of an OFDMA slot,

(3) Multi-sector per-slot interference calculations,
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(4) Power control and scheduling procedures as detailed below,

(5) Models for both VoIP and data traffic.

The simulator models a service area covered by a grid of hexagonal cells. A BS is placed
at the center of every cell with sectorized antennas, and a certain number of the RSs per
sector are placed uniformly at the same distance from the BS. The RS is assumed to be
less complex than the BS, but capable of performing decode-and-forward operations.
Fig. shows a typical cell layout that we consider with our system simulator. In this
example, a 3-sector deployment with two RSs per sector is depicted. Each RS is deployed
at fraction a of the cell radius away from the BS. Note that identical positioning of RSs in
all cells creates a regular topology with colinear RSs and BSs. If a narrow-beam, high-gain
directional antenna is installed at a RS pointing toward its serving BS, transmissions from
this RS may create significant interference at other RSs and BSs that are colinear with
it. To mitigate this situation and to better reflect a realistic deployment scenario, RSs in
each cell, after being uniformly placed on a circle around the serving BS, are rotated by
a random angle drawn from a uniform distribution with finite support [~7, 7], where &

is the number of relays per cell.

2.3.1. Path-loss and Shadow loss

The simulator separately models path-loss on the MS-to-BS, MS-to-RS, and RS-to-BS
links. The particular path-loss models used in this paper are defined by the IEEE 802.16;j
TG in document [99]. The document defines three terrain types for suburban macro-cell:
Hilly with moderate to heavy tree densities (Type A), intermediate path-loss condition

(Type B), and flat terrain with light tree densities (Type C). For the results reported
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Figure 2.6. Example of a cell layout in the simulator.

here, Type A terrain profile is used for the MS-to-BS and MS-to-RS links and Type C
terrain profile for the RS-to-BS links. For details of the path-loss calculations, refer to
[99].

In addition, the system simulator creates a system-wide grid, which is used to evaluate
shadow loss for a particular path. A decorrelation distance and log-normal standard
deviation are specified as input parameters. When shadow loss calculations are performed
during a simulation run, the resulting values are spatially correlated and repeatable. The

technique used for shadow loss calculations is described in [89)].

2.3.2. Spectrum Reuse

A number of different spectrum reuse strategies can be supported in IEEE 802.16e/j
deployments. A single spectrum reuse plan is selected for this study. It is assumed that
all cells are deployed on a single carrier (10 MHz BW) and every sector of every cell of

the system utilizes the available BW. For a three-sector system this is usually denoted
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as a 1/3/1 reuse plan. Therefore, each sector has 245 OFDMA slots available for UL as

explained in section [2.1]

2.3.3. Antenna Configuration

A 3-sector antenna configuration is considered at the BS. Sector antennas are assumed to
be ideal in the sense that antenna gain as a function of azimuth angle has a “brick wall”
characteristic with a front lobe width of the antenna pattern of 120°. An MS is presumed
to have an omni-directional antenna. An RS is equipped with both an omni-directional
antenna used for the MS-to-RS communication and a directional antenna used for the
RS-to-BS communication with 20° front lobe width. A front-to-back ratio of +25 dB is

used for all antenna patterns.

2.4. Resource Allocation for Relay-Enhanced Uplink
2.4.1. MS Link Models

The MS-to-BS and MS-to-RS link models for the data traffic are obtained in the form of
link spectral efficiency (information bits per subcarrier) as a function of the receiver SINR.
A link simulator is constructed to obtain an estimate of the attainable spectral efficiency
on the MS-to-BS and MS-to-RS links in fading channel conditions. The simulator assumes
an infinitely backlogged data source and an N-channel stop-and-wait HARQ protocol at
the link-layer, thus closely modeling the 802.16e UL specifications.

For VoIP, a certain maximum packet error rate requirement is assumed (1% for the
results in this paper). Given this requirement, SINR thresholds are determined, based

on link-level simulations, for a discrete set of modulation and coding schemes (MCSs)
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supported by link adaptation procedures on the 802.16e UL MS link. Specifically, a
set of MCSs with the following spectral efficiencies is considered: 1/4, 1/2, 1, 2, and 3

information bits per subcarrier. These SINR thresholds are used in the VoIP scheduler.

2.4.2. RS Link Model

The RS-BS link is not modeled in detail in the simulator. As in Section the spec-
tral efficiency achievable on that link, as a function of average SINR per subcarrier, is

computed by

Rgp = log,(1 4+ a x SINR), (2.6)

where Rrp denotes the number of information bits per subcarrier and « is a factor less than
one accounting for the rate degradation. For the results in this paper, « = 0.3981 (—4dB)

is used.

2.4.3. VolIP Scheduler

The VoIP scheduler attempts to maximize the number of VoIP users served in the system.
In particular, the scheduler iteratively searches for a resource allocation solution, where
each user is assigned the most spectrally efficient MCS so that the required number of
slots for the user’s voice packet is minimized.

The scheduling procedure is initialized by assigning all users the MCS with maximum
spectral efficiency (3 bits per subcarrier), and assigning the maximum transmit power. In
each iteration of the scheduler, a user’s link SINR is updated based on the desired and
interferers’ power settings from the previous iteration subject to the MS power constraint.

Based on the updated SINR, the user is assigned the highest possible MCS such that
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the user’s link SINR is greater than or equal to the SINR threshold of the assigned
MSC. A user is considered blocked if no MCS can be found satisfying the updated SINR
condition or if the number of slots required for the assigned MCS is less than the number
of unoccupied slots in the sector.

The VoIP scheduler enforces a flow conservation constraint at each RS, as discussed
in Section Namely, at a given RS, the number of VoIP users attached to that RS
times the VoIP packet size must be less than the per-frame throughput of that RS’s link
to the BS. If this condition is violated, a number of users assigned to the RS are blocked

until it is satisfied.

2.4.4. Data Scheduler

In the UL MS zone, the data scheduler allocates a fized number of OFDMA slots to every
user. The slots are allocated time-wise first, as in the example of Fig. 2.2 and then their
positions are randomized throughout the UL MS zone. Following user slot assignment
and randomization, interference calculations and iterative power control procedures are
performed on the MS-to-RS and MS-to-BS links to attain target link SINRs, subject to
the transmit power constraint at the MS. Note that due to randomization, each slot of
a user allocation sees a different interference level and therefore different SINR. The link
SINR is defined as the average of the per-slot SINRs.

Upon convergence of the iterative power control procedure, the attained link SINRs
are mapped to the link spectral efficiencies obtained for the data traffic model. The per-
user link throughput (per frame) is then simply computed as the size of slots allocated

to the user times the link spectral efficiency. Similar calculations are performed to obtain
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throughput on the RS-to-BS links. Again, the flow conservation constraint at all RSs
should be satisfied. The scheduler checks at each RS whether this constraint is violated
and if so reduces the throughput on all MS-to-RS links by a faction, so that the constraint

is met with equality.

2.5. Simulation Results in Uplink Capacity

2.5.1. VoIP Capacity Results

An 8 kbps voice coder, a 20 ms voice frame duration, and a 40 Byte IP/RTP/UDP header
are assumed, resulting in a VolP packet size of 544 bits including MAC header. Voice
activity detection is not considered. The VoIP capacity results are shown in Fig. 2.7 In
this case, the UL sub-frame is split into 4 time slots devoted to the MS zone and 3 time
slots to the RS zone. This UL subframe split is consistent with the split value analytically
predicted in Section The curves in Fig. display VoIP call blocking probability as
a function of user load per cell. For example, 802.16e system supports about 140 VoIP
users at 5% blocking probability. On the other hand, about 190 (360) users are supported
with one RS (two RSs) per sector. Therefore, a significantly higher user load can be
accommodated by the relay-enhanced system. The system capacity is expected to grow
with increasing number of RSs deployed per sector.

It is interesting to compare these results with capacity gains analytically predicted in
section for a one-dimensional system. The capacity gain 65% from 1-D analysis is in
the range shown in Fig. (between 35% gain with one RS and 100% gain with two
RS). The higher capacity gain in the simulation could be partially due to the fact that

with uniformly distributed users over the cell area, more users are concentrated around



50

10

R dB log=normal std, dey
| | Full PUSE 1/311 :

-
[=]

VolP blocking prabability

=y
=8
]

107 I I I I I 1 I
0 50 100 150 200 250 300 350 400
WolP users per cell (1 km cell radius)

Figure 2.7. Blocking probability vs. the number of users per cell for voice traffic.

each RS in two dimensions than in one dimension. In addition, relay deployment is more
beneficial in a system exhibiting shadow loss effects. Recall that the analysis in Section

does not take shadow losses into account.

2.5.2. Data Capacity Results

The data capacity results are displayed in Fig. 2.8 The plot displays sum throughput
per base site as a function of the number of MSs randomly dropped in a cell. The cell
radius of 1km is used. Throughput is displayed with no RS, 1 RS, 2 RSs deployed per
sector. The 'No RS’ curve corresponds to the performance of the 802.16e UL, with all

245 OFDMA slots available for scheduling MS-to-BS bursts. The remaining two curves
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Figure 2.8. Per-cell throughput vs. the number of users per cell for data traffic.

characterize the performance of the 802.16j uplink, with 5 slots in the time dimension
devoted to the UL MS zone and 2 slots to the UL RS zone. This particular split of
the UL subframe is determined via simulations to result in the highest cell throughput.
The data scheduler assigns 7 OFDMA slots per user in the UL MS zone. Power control
thresholds of 19 dB for the MS-to-BS and MS-to-RS link and 24 dB for the RS-to-BS link
are empirically determined for the highest cell throughput and used in the simulations.
As seen in Fig. [2.8] RS deployment with 2 RSs per sector provides a significant capacity
gain at higher user loads. For example, when there are 70 users per cell, the per-cell
throughput increases about 40 % from 6.1 Mbps with no RS to more than 8.5 Mbps with

two RSs.
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2.6. Parametric Cost Analysis of Relay Deployment

For conciseness, cost-benefit analysis of the relay deployment is performed for VoIP
capacity results only. To capture the trade-off of increased network capacity with the RS
deployment versus costs of RS installation and maintenance, the following metric of the

network cost per user is proposed:

cy + ke,
=27 2.7

where ¢, denotes a BS cost, including backhaul, installation, maintenance and hardware;
¢, denotes an RS cost, including installation, maintenance and hardware, but no backhaul
cost; k denotes the number of RS deployed per cell; finally, N, denotes the number of VoIP
users at capacity accommodated with k£ RS per cell. Note that Cy denotes the normalized
cost per user of the 802.16e system.

To gauge cost-effectiveness of the RS solution, the following ratio is of interest:

peCo_Ni 1
_Ck_NOka;—;'

(2.8)

Clearly, the RS deployment is cost-effective if the ratio R is greater than unity. Specific
to the simulation results in this paper, with Ny ~ 144 and Ng =~ 360 (corresponding to
5% blocking probability in Fig. [2.7)), it readily follows that R > 1 implies the normalized

cost of the RS relative to that of the BS needs to satisfy i—z < 0.25.

2.7. Chapter Summary

We have investigated through both analysis and simulations the capacity gains attain-

able with a relay-enhanced wideband cellular system. Our results show that UL capacity
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for both data and VolIP traffic increases significantly when RSs are deployed in the sys-
tem (more than 40% gain for data and 100% gain for voice with two RSs). However,
these gains are realized at the cost of relay deployment in the system. Our cost analysis
attempts to capture this trade-off and indicates that the relay-enhanced cellular system
is economically viable only when the cost of the RS is relatively small (less than 25%)
compared to that of the BS. As the hardware and installation costs of the RS and BS are
expected to be similar, the cost of backhaul emerges as the primary factor driving the

cost effectiveness of 802.16j deployments, and relay-enhanced cellular systems in general.
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CHAPTER 3

Power Allocation for Relay-Assisted Downlink Transmission

Relay extensions for cellular networks were studied in the previous chapter along with
a simple cost analysis. Due to the success and the popularity of Wi-Fi WLANSs, we turn
our attention to the relay extension of cellular networks using Wi-Fi access points (APs)
as the relays. There are many possible network scenarios depending on the relationship
between the base stations (BSTs) and APs. For example, if the BST and AP are non-
cooperative, bargaining can be used to share the AP resources for relaying traffic to and
from the BST. In this chapter, however, we assume that APs cooperative with the BST,
and willingly share their resources to maximize the social welfare (sum utilities of both
BST and AP users).

Specifically, we focus on power allocation across the BST and AP for downlink trans-
missions in a relay-assisted cellular network. We consider a single cell with two relays
(AP nodes), and a static user population, and optimize the allocation of power across
cellular and AP users, in addition to the BST-AP link. We then study the corresponding
increase in rate and coverage provided by sharing AP resources. In contrast to previous
work (e.g., [80, 125], 118]) in which all AP resources are available to the BST, here we
assume that the APs are serving a separate group of (non-cellular) users. Hence serving
as a relay for cellular users requires the AP to reduce the amount of power allocated to

serving its own users.



95

To obtain insight into the effect of the relay on power and rate allocations, we consider
a one-dimensional model in which cellular users are uniformly distributed along a line.
Two relay nodes are placed symmetrically on either side of BST, and serve a separate set
of users, which are uniformly distributed around the relay. This corresponds to the large
system model presented in the last chapter and in [127]. All users (both cellular and
AP) are assumed to be orthogonal in time, frequency, and/or signature space, and do not
interfere. Furthermore, the AP is assumed to use a different band from the cellular band,
so that cellular users do not interfere with non-cellular users. Also, here we consider only
the power allocation problem subject to a total power constraint. We assume that each
user receives a single unit of bandwidth (i.e., channel, time slot, or signature), and that
the total number of users does not exceed a bandwidth constraint. Finally, in the model
considered path loss is determined only by distance. Random propagation effects, such as
shadowing, are not explicitly modeled, but can be incorporated in the model by changing
the distance metric[]

For the one-cell model, we wish to allocate available BST and AP power across both
cellular and AP users, and from the BST to the AP, to maximize the total sum rate over
all users for data traffic, or to maximize the total number of active users for voice traffic.
We solve this problem for the following two scenarios: (i) the information flows to the
cellular users served by the relay are jointly encoded and transmitted from the BST to
the AP; and (ii) the preceding information flows are transmitted in parallel (separately
encoded) from the BST to the AP. Joint encoding requires less power to transmit the data

destined for relayed users from the BST to the AP, but requires that the received data at

IThis change in distance metric effectively amounts to changing the distribution of users along the line.
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the AP be demultiplexed. We also give an upper bound on the increase in total sum rate
(data traffic) or in total number of users (voice traffic) provided by the AP, based on the
scenario in which the AP and BST have a wireline connection, so that the BST does not

expend any power to communicate with the AP.

3.1. System Model

The one-dimensional cellular model is illustrated in Fig. [3.1 We assume a symmetric
cell in which two APs are placed at the same distance d from the BST. As in [127], we
assume a static set of users, which are uniformly and continuously distributed along the
line. The density of the cellular users, served by the BST, is pp, and the density of the
AP users is p4. This corresponds to a large system limit in which the number of users
in the system tends to infinity in proportion with the available bandwidth (i.e., fixed
users per Hz). Given a finite total power constraint, the BST and AP each serve a finite
number of users. In what follows, we assume that each active user receives a fixed unit of
bandwidth, and that the corresponding number of available channels (and/or time slots
and/or signatures) exceeds the total number of active users.

We consider two different types of traffic for downlink transmission: data and voice.
For data traffic, the BST and the AP allocate the transmission power to maximize the
total sum rate over all users (both cellular and AP users) ignoring fairness considerations.
For voice traffic, on the other hand, each user requires a certain fixed data rate, and the
BST and AP allocate the transmission power to maximize the total number of active

users.
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Py (x) for Individual Flow Conservation
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Figure 3.1. One-dimensional model of a cell with relay nodes (APs) placed
at the same distance from the BST. Depending on the flow conservation
between the BST and the AP, the power allocations at the BST are different.

3.1.1. Data Traffic

We first consider the situation in which the BST does not use the AP as a relay. From
symmetry, we only need to consider the power allocation and set of active users on one side
of the BST. Suppose that the BST transmits to a cellular user at distance r with power
Pg(r). Assuming a path loss of 1/r% where a is the path-loss exponent, the received
Signal-to-Noise Ratio (SNR) is JV?B‘T(;B”G’ where N is the noise density, and Wp is the

cellular bandwidth /user. We further assume optimal coding, so that the corresponding

rate is Wplog (1 + Nfﬁ,(gna). Similarly, the AP transmits to an AP user at distance x

with power P4(z), and the corresponding received rate is Wy log (1 + Nfa,(j; ,1), where

Wy is the AP bandwidth/user.
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We wish to select Pg(r) and Ps(x) to maximize the total transmission rate summed

over all users, i.e.,

Wil (1 PB“"L)d
{PB(IS%(@}/ peiVploe (1T N ) 4

(3.1)
+ /pAWA log (1 + Nfﬁg;) dz,
subject to total power constraints
/pBPB(r) dr < PRét, (3.2)
/ paPA(x) da < PJS. (3.3)

Note that the total number of active users served by the BST and AP, and hence the
total bandwidth, depends on the total powers Pg¢r and PITF‘?‘”H
The optimal power allocations for the preceding problem are determined by water-

filling, i.e.,

Pp(r) = NoWg(rgy —r*)™, r € [0, 7rpo], (3.4)

Pa(x) = NoWa(2%y — )", = € [—2 a0, T 0], (3.5)

where rpo = (2L FBSE)ai is the BST coverage radius, 749 = (L —AE)a+1 is the AP
B0 — a NoWpgpp o) ) LA0 T 2a NoWapa
coverage radius, and (z)* = max(z,0). Here, we assume x40 < d. The coverages of the

BST and AP obtained by water-filling are shown in Fig. 3.2l The total rates supported

by the BST and the AP summed over their own users (first and second terms in (3.1))

2The total BST power for users on both sides of the BST is then 2 - Ppig®.
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Figure 3.2. Coverage of the BST and AP by water-filling. One-sided cov-
erage of the BST is [0, 7] and coverage of the AP is [—x 40, Z 0]

are

RB() = apBWBrBO, (36)

Rao = 2apaWa a0, (3.7)

and the sum rate over all users on one side of BST is, therefore, Ry = Rpg + Ro.

Now we consider the case where the BST uses the AP to relay data. We assume that a
cellular user can receive data simultaneously from the BST and the APH The relay poses
an additional flow constraint, namely, the total rate that the AP provides to the cellular
(relayed) users must be the same as the total rate it receives from the BST. The channel
between the BST and the AP is also assumed to be orthogonal to those used by the BST
3Although splitting data streams in this manner is more complicated than receiving data from either the

BST or the AP, this assumption simplifies the power allocation problem, and gives an upper bound on
the performance when data streams are not split.
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and the AP. The power allocation problem then becomes

max /pBWB log (1 N W w) dr

{PB(T)7P,/4(CC)7PA($)}

+ /pBWA log (1 No WA$Q> dx (3.8)

/ paW 4 log <1 + 5 WAIE) dx

subject to the power and flow conservation constraints, where P/ (z) is the power allocated
by the AP to a cellular user at distance x from the AP. That is, a cellular user at distance
r from the BST (x = r —d from the AP) may receive positive power allocations Pg(r) > 0
and P (z) > 0, corresponding to splitting the data stream between the direct path from

the BST and the relay path.

3.1.2. Voice Traffic

Because each active user receives a certain target rate for voice service, our objective is to
maximize the number of active users for a given power constraint. As in section |3.1.1}, we
first study the case where the BST does not use the AP as a relay. The power needed to
transmit at rate Rp to a cellular user at distance r is Pg(r) = NoWp (e% — 1)7"“ = Br®.
maz

The maximum number of cellular users that the BST can support with power Pp§* is

then pp|Co|, where Cp is the one-sided interval containing the active users and satisfies

1
a+1 ai
Co=|——=PRs" . 3.9
0 (pBB BS ) ( )

Here, | - | denotes the size (i.e. Lebesgue measure) of the corresponding region.

fO BPB d’l” = g@g:p’ i.e.,
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Similarly, assuming non-cellular and cellular users have the same path-loss exponents,
the minimum power needed by the AP to transmit at rate R4 to a user at distance z is
Py(x) = NgWy (e‘% —1)z® = Az“. The maximum number of non-cellular users that the
AP can support with power P}5% is therefore 2p4|Dy|, where Dy = (ﬁ@)#l is the
one-sided AP coverage (i.e., for users at distance d + z, with x > 0)E| Therefore, without
relaying, the total number of active cellular and non-cellular users (on one side of the
BST) is pg|Co| + 2p4| Dy

Now we consider the case where the BST uses the AP to relay voice traffic to cellular
users. We assume that a cellular user receives data either from the BST directly or
through AP, but not simultaneously.ﬂ With target rates Rg and R4 for BST and AP

users, respectively, the power allocation problem is then to maximize the total number of

BST and AP users served, namely,
max pg|C| + 2p4|D 3.10
D} B| | A| |; ( )

subject to the power and flow conservation constraints. Here, C and D are the regions of
active cellular and non-cellular users, respectively. It can be easily shown that D is always
a single connected interval. However, since each cellular user can receive data from either
the BST or the AP, the cellular coverage set C can consist of two or more disjoint intervals
Cq and C,, where C; = U;Cy; is the union of non-overlapping intervals corresponding to

the direct (non-relayed) cellular users and similarly, C, corresponds to the relayed users.

4Note we are assuming that the AP coverage region is symmetric about the AP location. This will only
be the case if |Dy| < d, which implies Pgr < 2%(1‘”‘1. Otherwise the coverage would be bounded on
the left at zero (since the other users would be covered by the AP to the left of the BST).

5This is in contrast to the model for data service considered in section [3.1.1] where the BST and AP can
simultaneously transmit to a cellular user.
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We assume that C, is one (connected) segment for simplicity even though it might not be

optimal.

3.1.3. Joint Coding vs. Individual Coding

We investigate two different techniques for coding the streams transmitted from the BST
to the AP for the relayed users. Joint coding assumes that the BST jointly encodes all
of the data destined for relayed users, and transmits the resulting stream to the AP. The
AP then decodes and demultiplexes the individual data flows. In that case, the total rate
from the BST to the AP is equal to the sum rate of the flows from the AP to relayed
users. In the second technique, individual coding, data flows, which are to be relayed by
the AP, are transmitted in parallel from the BST to the AP. The AP then decodes the
packets for each data flow separately. Hence the code rate used by the BST to transfer the
data to the AP is the same as that used by the AP to transmit to the relayed user. Joint
coding generally requires less power for the BST-AP link than individual coding, but is
more complex, since the relayed users must be multiplexed at the BST and demultiplexed

at the AP.
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3.2. Data Traffic

3.2.1. Joint Coding

The BST aggregates and jointly encodes the data destined for relayed users, and transmits

this to the AP. The rate optimization problem is then to maximize (3.8]) subject to

/ pPy(r) dr + PR < PR, (3.11)

/pAPA(x) dr + /pBPA(.Q:) dr < PJ8*, (3.12)

Pmaz
Wialog (1+ iy )

(3.13)
P (z
= /pB Walog (1 + Noév(Ala) dz,

where Wp 4 is the bandwidth between the BST and the AP, and yPg§F, where v € [0, 1],
is the BST power allocated to the relay channel. Also, the path-loss exponent between
the BST and the AP is b, which can differ from the direct path-loss exponent a. That is,
through proper placement of the AP, it may be the case that b < a. The first and second
constraints are the total power constraints for the BST and the AP, respectively. The last
constraint is for the aggregate flow rate conservation.

To solve this optimization problem, we decompose it into two separate optimization

problems. Namely, we first assume that the AP allocates power a P}

¥ to relayed users,
where a € [0, 1], and subsequently optimize over a. With this assumption the problem
decomposes into two independent power allocation problems for the BST and AP. Namely,

the AP problem is

. Pa(x)
AP: {Jr%z(mg}/pAWA log (1 + Noa/Axa> dx (3.14)
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subject to
/pAPA(x) dr < (1 — a)Pyp° (3.15)

and the BST problem is

BST: max / Wglo <1~|— a)dr
(Patpry ] PEETO8 NoWar

/pBWAlog <1+ NW( g)ca) dx

subject to @), (BT3), and
/pBPA(x) dr < aPJs". (3.17)

The optimum power allocation for the AP problem is water-filling and the total rate
is Ra(a) = 2a paWaza(a), where x4(a) = (%%)#1 is the AP coverage radius
for its own users. If the portion of the BST power allocated to the relay, v, is fixed, then
for the BST problem the optimal Pg(r) and P)(z) at the BST and the AP, respectively,
are also water-filling distributions. Therefore, the BST problem reduces to finding the

v*(«), which maximizes the total rate from the BST, i.e.,

mjtx Rg(a,vy) = apgWpre(y)

(3.18)
-+ min {WBA 1Og <1 + NOVP;/Bi%db) ) 2a pBWA CCR(OC)} )
_1
where rp(y) = (%W—B’iﬁ) “*1 is the coverage radius of the BST for direct trans-
max L
missions, and zgr(a) = (“2—?%) a1 is the coverage radius for relayed users mea-

sured from the AP. Since the total rate for relayed users from the BST to the AP,

Wpalog (1 + %), increases monotonically with ~, and is zero for v = 0, the BST
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rate simplifies to

Prnaac
Vg[l(;cg(.] Rp =apgWgrg(y) + Wgalog <1 + NZVVBBSZdb>’ (3.19)
where v* satisfies
Wpalog (1 + %) = 2a ppWazpg(a) (3.20)

if the solution is in [0, 1]. Otherwise, v* = 1. Since Rp is a concave function of -, it is
straightforward to solve for the optimal value, v*(«), given «. Finally, joint optimization
of the AP and BST power allocations is achieved by searching for the optimal « € [0, 1],
ie.,

max R = Rs(a) + Rp(v" (). (3.21)

A relatively simple upper bound on the total transmission rate with the relay can be
obtained by assuming that the BST does not require any power to transmit data flows to
the AP, which are destined for relayed users. This might correspond to the situation in
which the BST and AP are co-located, or are connected by a wired line. In that case, the
BST serves cellular users with density pg, and the AP serves both its users and cellular

users together with density pg + pa. The total transmission rate is therefore

a+1 Ppe >ail

RYE = appWi
OB\ d NoWaps

. . . (3.22)
at i e
+ 2a + pa WA( ) ’
(pB P ) %2, NOWA([)B +/0A)
and the relative rate increase is
o Wy 2% PAET L
RWL 1+2(1+P_A)a 1 )al( maac)aJrl
_ P5 Tol _HSE (3.23)

Ro 1 2(2)fn (e (HE) o



66

If pa = pp, Wi = W, and P7e® = Pmaz then this becomes RVE/Ry = (1 + 2%%1)/3,
and for a = 5 this evaluates to a 52.1% gain from using the relay. If the AP does not have

its own users to serve (ps = 0), then this ratio becomes

WL

Ry

_1+2(ZVV;‘) <1]jzng%)a+l' (3.24)

Hence if Wy = Wpg, PJp® = Pgér, then the relay can at most triple the total rate,

independent of the path loss exponents and the density of cellular users.

3.2.2. Individual Coding

The BST individually encodes all data destined to the relayed users and transmits these
individual streams in parallel to the AP. Assuming the AP allocates power aP}5* to the

relayed users, we can again decompose the optimization problem (3.8]) into two separate

problems. The AP problem is still given by (3.14) and (3.15). The BST problem now

becomes
BST: max /pBWB log (1 + NPVBV(r)a> dr
Pp(r),Pg(z),P,(x BT
{P5(r),Pp(z).P)(2)} (3.25)
+ /pBWB log (1 + Nﬁﬁgzib> dx
subject to (3.17)),
/pBPB<T) dr+/pBPB(x) dx < Pggr, (3.26)

and

Wglog (1 + NP%%) W4 log <1 + % W(A;a> , (3.27)
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where Pg(x) is the BST power allocated for relayed data to a cellular user at distance «
from the AP. Hence, when a cellular user at distance r from the BST (z = r — d from the
AP) receives data from both the direct and relay path, we have Pg(r) > 0, Pg(x) > 0,
and P)(z) > 0.

To simplify our discussion of this case, we will assume in the rest of this section

that Wy = W = W, i.e. the AP and the BST have the same bandwidth/user. With this

Pp(x) _ Pi(@)

db 9

assumption, the individual flow conservation constraint (3.27)) is reduced to

We first consider the solution when b = a, i.e. the path loss exponent between the BST
and the AP is the same as the direct path loss exponent. We then consider the general
case where b < a.

3.2.2.1. Equal path-loss exponents. For any fixed rate R, the power required for the
BST to transmit at that rate over the direct path to a user at distance r is proportional to
r®. With equal path loss exponents, the power required for the BST to transmit at that
rate over the relay path to the same user is proportional to d*, with the same constant
of proportionality. Hence, it is clear that under the optimal power allocation, the BST
will not send any relayed data to a cellular user at distance r < d (but it may send direct
data). On the other hand, for the users at distance r > d, using the relay channel is
beneficial to the BST because it can save the power. Recall that rpy was defined to be
the BST coverage radius without relaying. For a given «, the solution to BST problem
can be classified into two cases depending on if rgog < d or rgg > d.

Case 1: rgg < d. In this case, the coverage radius of BST without relaying does not
extend beyond the AP location, and so even when the AP can be used for relaying, it

will not benefit the BST. It follows that the solution to the BST problem will be to only
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use direct channels, i.e. to set Pg(xz) = 0 for all 2 and Pp(r) is again given by the water-
filling allocation in (3.4). For any «, the maximum total rate achieved by the BST is
Rp(a) = Rpo, where Rp is given in . Since this does not depend on «, clearly it is
optimal to set @ = 0, when optimizing the total rate. Therefore, the AP solution is also
the same as in the no-relay case.

Note that the condition rpy < d is equivalent to Pgér < ﬁNOpBWd““, and this
case will arise when the BST power is small enough, or equivalently when the user density
pp is large enough.

Case 2: rgg > d. When the coverage radius of the BST extends beyond the AP, the
BST can increase its throughput by using the relay path. Note that for a given data
rate, the BST requires the same power to transmit at that rate to any user via the relay
path. Hence, the power allocation to the relayed users is determined by the AP power

constraint (3.17)) and the individual flow constraint (3.27)). To characterize the resulting

power allocation, we consider the following Lagrangian for the BST problem:

L(Pg(r), Pg(z)) = /pBWIOg <1 + PB—(r)> dr

N()WTa
P
+ /pBWIOg (1 + ﬂ) dx

NoW de
0 (3.28)

_)\1</pBPB(7“) dr—l—/pBPB(x) dr — g”g;)
xa max
—)\2</pBPB(x)%dx—aPAP ),

where A\; and A\, are Lagrange multipliers corresponding to the constraints in (3.26]) and

(3.17)), respectively. Note that we have used the individual flow constraint (3.27)) to
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express P (z) in terms of Pg(z). The corresponding first order optimality conditions are

oL 1174

OPg(r) NoWre+ Py(r) ' 0, (3.29)
oL W x

OPg(x) NoWde + Pg(z) A=Az =0, (3:30)

Clearly, under the optimal solution, the BST power constraint will be tight. Suppose
that the AP power constraint (3.17)) is not tight. Then Ay = 0 and the resulting power

allocations are

Pg(r) = NoW (r%, — %)™, (3.31)
NoW (re, —d*) ", 2 >0,

Pp(x) = oWrh =) (3.32)
0, x <0,

1

m)l/  is the coverage radius of the direct channel. To satisfy the BST

where rg = (
power constraint (3.26)), it must be that rp < d, but in this case, since by assumption
rpo > d, this will result in the BST not using all of its power. Hence, Ay > 0 and the AP

power constraint must be tight. Therefore, the optimal power allocations at the BST are

Po(r) = NoW (v = )", (3:33)
B +
NOWd“<#T% . 1) x>0,
Pglz) = 122 No ¢ 2 (3.34)
0, x <0,

where 75 (A1) and Ay are chosen so that the power constraints are tight. The resulting

. 1/a
coverage of relayed users measured from the AP is xp = ( ,\211\70 (1 — f—a)> , and the
B
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solution to the BST problem is

RB(Oé) =appWprp
(3.35)

+ /m ppWplog (—d_B Ta >dl‘-
0 14+ XNy Hae

As in Section [3.2.1], the rates of the BST and AP can then be jointly optimized by searching
for the optimal o* € [0, 1].
3.2.2.2. Unequal path-loss exponents. Now we consider the case where b < a, i.e.
the channel between the BST and AP has a lower path-loss exponent than the direct
channel. This case can be solved using the same approach as in the previous section.
Therefore, we omit the arguments except for pointing out the main differences.

First note that the power required by the BST to send at any fixed rate R to a user at
distance r over the direct channel is still proportional to r*. However, if the BST sends at
rate R to this user over the relay path, the power is now proportional to d°. Hence, the
BST would like to use the relay channel to send data to users at distance greater than
d; = d”* < d. In other words, when rgg > dj, the solution to the BST problem uses
the relay. Second, note that to efficiently utilize the AP power, the users nearest the AP
will receive relay traffic. A result of this is that when the AP power for relaying is small
enough, the cellular users which are served may be divided into two disjoint intervals.
Specifically, the BST may transmit directly to all users in [0, d;], then there may be a gap

in service, and the AP may then continue serving users in a small radius around it.
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3.3. Voice Traffic

3.3.1. Joint Coding

The optimization problem in this case is to maximize (3.10]) subject to

| paPatryar +pge < P (3.36)
Caq
2/ paPa(x) dac+/ ppP)(x)dr < PJS*, (3.37)
D Cr
VP
log 14+ —25_ | = ‘
WBA og ( + NOWBAdb> RBPB|CT|> (3 38)
C= Cd UCT, Cd ﬂCT = @, v e [0, 1] (339)

where v is a variable to be optimized, which indicates the fraction of BST power allocated

to the relay channel. The AP power allocation for a relayed cellular user at distance x

R
from the AP is P)j(z) = NoWa (eVi —1)|z|* = A’|z|*. Constraints (3.36) and (3.37) are

the total power constraints for the BST and AP, respectively, and is the total flow
rate conservation.

Similar to Section [3.2] we first assume that the AP allocates power aPy” for relayed
cellular users, where a € [0, 1], and subsequently optimizes over «. Then the problem
decomposes into two independent optimization problems for the BST users and the AP
users. Given «, the AP optimization problem is to maximize the number of active non-
cellular users. The solution is 2p4|D(«)|, where |D(«)| = (%%)#1. The BST

optimization problem is to maximize the coverage of the cellular users |C(«)| for given

density pg.
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To solve the BST optimization problem, we first write constraints on the interval
containing relayed users, which follow from the AP power allocation aPy'8* and the BST
power allocation yPjé*. Denote the interval of relayed users by [d + z,d + Z], where

z > —d. Given z, from (3.37) 7 < Z4(z), where Z4(x) is the value of Z that satisfies

/ ppPy(x)dr = aPy5". (3.40)

Likewise, from (3.38)), we have z < Z(z), where

_ Wga Y PEs*
= 1 14+ —>—. 3.41
ale) = 2+ 2 log ( . (3.41)
Combining these, we must have that
T < Z(x) = min{Za(x),Zp(x)}. (3.42)

Given « and 7, to maximize the total coverage this bound will be met with equality.
The BST allocates (1 — v)Pgg*” for the direct-path cellular users. Consider the two

possible inequalities
dtz
| pupatrydr 2 (1 - P (3.43)
0

The left side of the inequality is the BST power required to activate users in the interval

[0,d + z]. This can be rewritten as

1
1 T+
rzi=(Cha-org) " (3.44)

where [0,d + 7| is the largest interval of users which can be served directly by the BST

given the available power. For a given interval of relayed users [d + z,d + 7|, if x > 7,
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then there is a gap between the cellular users served directly by the BST and the cellular

users served by the AP. The total cellular user coverage is then
Clv,a,z) =d+2+7—z. (3.45)

If x < 2, then there is no gap in the coverage of cellular users. That is, the BST power
needed to activate users in [0, d+z] is less than (1 —~)Pg§”. Hence, there will be a second

interval of cellular users served directly by the BST given by [d + Z,C(7, a, )], where
Clv,a,2) = [(d+3)™ + (d+ 7)™ — (d+ )] 7 (3.46)

is the total cellular coverage.
Given «, the BST optimization problem reduces to optimizing z, which determines
the interval of relayed users, and 7, i.e.,

C(a) = max maxC(a,7,z). (3.47)

0<y<lz>-d

Finally, the maximum total number of users served by both the BST and AP is given by

max pg|C(a)|+ 2pa|D(a)|. (3.48)

0<a<l

Although we are unable to obtain a closed-form solution to the preceding optimization
problem, we can follow the approach in Section to derive a closed-form upper bound
on the total number of users served by the BST and the AP. Namely, we assume that the

connection between the BST and the AP is “free”, i.e., does not require any expenditure
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of power. In that case, the intervals of users served by the BST and the AP have lengths

1 1
00 a+1 mazx ort a+1 mazx ot
|CVVL7 | = (—pBB PBS > + 2 < 5 PAP )

1 (3.49)
( PB I PA )—m PB
Al/a Al/a A/a’
WL,co| __ a+ 1 mazx %H PB PA 7%+1 1
|D | = ( 2 Pip ) (A,l/a + Al/a> e (3.50)

provided that the distance d between the BST and the AP is large enough so that there is
no coverage overlap between the users directly served by the BST and the relayed users.

The relative increase in the total number of users due to the addition of the relay is then

IOB|CWL,OO| + 2[0A’DWL,00’
pBCo + 2paDy

1_|_2<P11n}gz 1 )“Jlrl(Bl/“ p_ABl/‘l>“i1 (351)

2 P]gnéw: All/a + B Al/a
_a_ 1
+1 (g P"8* 1 a+1

1+2(2a)" (B=4e
+ PB A 2 Pglgz

If the AP does not have a separate set of non-cellular users to serve (ps = 0), then this

ratio becomes

1
pB‘CWL’OO’ —|—2,0A"DWL’°°’ . ) (EPAnIf’w 1 )a+1'

pBCo + 2paDy

52
A2 Ppe (3:52)

Even with a wired connection between the BST and the AP, the preceding bound is not
tight unless the distance d between the BST and AP is large enough so that the intervals
covered by BST and AP do not overlap. With small d this bound can be improved by

optimizing the total number of users served over x and « as before, assuming that the



75

BST-AP link requires no power consumption (since the BST-AP link requires no power,

we no longer have to optimize over ).

3.3.2. Individual Coding

Assuming the AP allocates power aP}5

¥ to the relayed users, we can again decompose
the optimization problem (3.10)) into two separate problems. The AP problem is still the
same as the one for total flow rate conservation. The BST problem for given user density

pp now becomes maximizing the cellular user coverage |C| = |Cy4| + |C,| subject to

/ pBPB(T) dr +/ pBPB(d) dz S ngm) (353)
Cy Cr
/ ppP)(x) dr < aPys*. (3.54)

r

Note in this case, combines the BST power constraint and the individual flow
constraint; namely, Pg(d) = Bd® is the power required from the BST to deliver each
relayed flow to the AP. As before, Cy and C, are also constrained to be disjoint sets.

3.3.2.1. Equal path-loss exponents. We consider the case where b = a. Then for a
cellular user at distance r < d, the BST will not receive any power savings by using the

relay. Therefore, if the BST power Pz¢” is less than %d““, the BST will not use the

relay even when o > 0. In this case, the total coverage is C(a) = Cy = (Z;ré ng‘vw)#l <d.

max

However, if P5¢* > %d"“, using the relay reduces the power needed by the BST. Again,
denote the interval of relayed users by [d+xz,d+Z|. Given z and «, T is again constrained
by Z < Za(x), where T 4(x) is the value of Z that satisfies (3.40]). The following proposition

shows that when the relay is used, the optimal relay user interval starts at x = 0.
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Proposition 1. Given AP power aPy8* and b = a, if Pg§* > %]fd““, then the

optimal relay user interval is given by [d,d + T|, where T < T4(0).

Proof. See Section 3.6l O

3.3.2.2. Unequal path-loss exponents. Now we consider the case where b < a. Then
the power required by the BST to transmit directly to a user at distance r at rate Rp
is Pp(r) = Br® and the power required by the BST to transmit a relayed packet to the
AP for this user is Pg(d) = Bd®. Hence, the BST can save power by using the relay if
r > dy = d*. When the BST power is small enough so that it can only serve users at
distance less than dy, it will not use the relay. As its power increases, it will begin to serve
the relayed users. Initially, the set of relayed users will lie in a symmetric interval around
the AP. Given AP power aPJ8*, let [d — A,d + A] be the largest symmetric interval of

relayed users that can be supported around the AP, where A = ('ﬁapfgﬂz)ﬁ, As the

BST power further increases, the resulting coverage will follow two possible evolutions,
depending on whether or not d — A > d;, and they are shown in Figure On the left is
the case where d — A > d;. In this case the relay always serves a symmetric set of cellular
users, and as the BST power increases, it will eventually serve some users to the right
of the relayed set. On the right is the case where d — A < d;. In this case, when there
is sufficient relayed traffic, the relayed set is not symmetric, but extends further in the
positive direction. This is because the users to the left are served directly by the BST.
For the former case (d — A > d;), the coverage as a function of the BST power is given

in Table and for the latter case (d — A < d;) in Table
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P> increase

[__1 Cellular users served by BST directly

I Cecllular users served by BST directly after relayed users
B Relayed cellular users served by AP

Figure 3.3. Cellular user coverage as a function of P5§“. On the left is the
case where d — A > d; and on the right is the case where d — A < d;.

Table 3.1. Cellular coverage as a function of Pg¢” when b < a and d — A > d;.

BST Power Ppé* BST coverage |C(a)]
a a maz | *+1
A 0 < Pgg* < %dlﬂ [Ca)| = [Co| = <p;113PBs > :
mazx pB ja+1 b o Pénézlizi?d(f+l
Pps* < Gixdi +ppBd’- 24 Cle)| = dh + =55
PR§T < PRS®(critical) ) , -
_ Ja+t mar __ . a+l
°l= 288 (d — A)*t + ppBd’ - 2A Cle)l = {PBB (PEs” — ppBd ZA)} +2A
D Prar > PReT(critical) |C(cr)] — See (3.55) and (3.56))

In Table Ppig®(critical) represents the minimum power such that when Ppié® >

PR§* (critical), the BST serves users to the right of the relayed interval. In this case, the
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Table 3.2. Cellular coverage as a function of P5§* when b < a and —A <

dy —d
BST Power Pjg* BST coverage |C(«)|
_1
A 0 < Py < )] = i6ol = (e Pps)
B oo PR§® < PRS™(critical) Clo)] = dy + pmas_ ’;ﬁgd““
_ 0B B {7a(dy — d) — (dy — d)} S
D PRar > Pror(critical) |C(a)| — See (3.55)) and (3.56))

cellular coverage as a function of z becomes

a—+1

Cla,z)| =
I

— P + (d+Ta(2)""
N (3.55)
— (a+ D)d'(@alz) — ) — (d+ 2|

where z is constrained to be no smaller than max{—A,d; — d}. Therefore, the optimal

cellular coverage for a given « is
IC(c)] = |C(c, min{z™, & })], (3.56)

where z* and & are obtained by solving Mh ~ = 0 and |Cla, )| = d + Ta(d),
respectively. The optimal number of cellular and AP users can then be found by searching

for the optimal o* € [0, 1].

3.4. Numerical Results
3.4.1. Data Traffic

We give some numerical results to illustrate the gains from relaying under the two
flow conservation constraints. First, we consider the total flow constraint. Fig.

shows the ratio of the total rate with relaying to that without relaying as a function
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of the distance between the BST and the AP. The simulation parameters are Pp§* =
36 dBm, P} = 20dBm, Wy = W, = 30Khz, Wpa = 1 MHz, pg = pa = 50users/Km
and Ny = 1072 Watt/Hz. Without using the AP as a relay, the (one-sided) radius and
(one-sided) throughput for the BST are respectively given by rgg = 758.9m and Rpy =
9.49 x 10° nats/sec when the pathloss exponent between BST and users is a = 5. Similarly,
the radius and throughput for the AP are z49 = 365.9m and R4 = 9.15 x 10°® nats/sec.
By using the AP as a relay, the total throughput of the system increases by ~ 11% when
the pathloss exponents a = b = 5 and by ~ 40% when a = 5 and b = 4, as shown in
Fig. 3.4 As expected, the better channel between the BST and the AP improves the
total throughput significantly. In this case, the wire-line upperbound from (|3.23)) is 1.406,
which is approached when the AP is moved towards to the BST.

Overall, however, the total transmission rate is not much improved with relaying,
especially when the AP is relatively far from the BST. This is due to our objective of
maximizing the total rate. Users closest to the BST, who do not use the relay, contribute
the most to the total rate, and, due to the water-filling power allocation, receive most
of the power. However, using a relay in this setting can improve the coverage and the
rate allocation of cellular users farther away from the BST. This is illustrated in Fig. |3.5]
which shows the rate distribution of cellular users with and without relaying under the
total flow constraint when the distance between the BST and AP is 0.7 X rpo. It can be
seen that the relay improves the rate of the users near the AP while the rates of users
near the BST are only slightly reduced.

Figures and show the corresponding plots under individual flow constraints.

The same trends can be observed. Comparing these with the total flow constraint, it can
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Figure 3.4. Ratio of total data rate with and without relaying as a function
of distance between the BST and AP under total flow conservation.
be seen that the gain in total rate is less under this constraint. However, from Fig. [3.7]

the increase in coverage is greater in this case (~ 30%).

3.4.2. Voice Traffic

The required rates for the voice application are assumed to be Rg = R4 = 30 Kbps.
The other parameters are the same as those used for data traffic. Without relaying, the
coverage of the BS and the AP are |Cy| = 365.2m and |Dy| = 176.1 m with a = 5.

First, we consider total flow rate conservation. Fig. shows the ratio of the total
number of users (BST+AP) with relaying to that without relaying as a function of distance

d between the BST and the AP. Two different path-loss scenarios are considered: a =
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Figure 3.5. Rate distribution of cellular data users with and without relay-

ing as a function of distance from the BST under total flow conservation
(a="5and b=4).

5,b =4 and a = b = 5. For each case the ratio of the total number of cellular users is also
shown (BST only). Note there is clearly an optimal location of the relay for maximizing
each of these ratios. When the path-loss exponent b between the BST and the AP is
the same as the path-loss exponent a between the BST and each user, the increase in
the total number of active users with the relay is relatively moderate (less than ~ 21.5%
when a = b = 5). As the path-loss between the BST and the AP improves, however, the
ratio of the total number of users with/without relaying increases more significantly. The
relay achieves more than a 37.9% increase in total number of users served when a = 5 and

b = 4. In this case the cellular users served increase by more than 95.6%. (This is offset
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Figure 3.6. Ratio of total data rate with and without relaying as a function
of distance between the BST and AP under individual flow conservation.

by a decrease in the number of AP users.) It follows that the increase in the total number
of cellular users is larger than 95.6% when the AP only serves as a relay (i.e., pa = 0).
The upper bound we obtained by assuming the wired connection between the BST and
the AP (equation (3.51))) is 1.384, which is very close to the gain shown with a = 5 and
b = 4. The loss due to the power consumption on the link between the BST and the AP
is small in this example (38.4 % vs. 38.9%). This is partially because we only consider
one AP. In a two dimensional model that has more APs, the loss due to the BST-AP link
should be larger.

Results for the individual flow conservation constraint are shown in Fig. 3.9 This
figure is very similar to that with total flow conservation. In this case, the gains are lower

due to the increasing power needed for the BST-AP link. For example, in the case of
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Figure 3.7. Rate distribution of cellular data users with and without relay-

ing as a function of distance from the BST under individual flow conserva-

tion (¢ =5 and b = 4).
a = 5, b = 5, the maximum percentage increase in the total number of users served is
about 7.4% (vs.~ 21.5% in the total flow case). On the other hand, with a = 5, b = 4, the
maximum percentage increase is about the same (37.8% with the individual flow constraint
vs. 37.9% with the total flow constraint). In these examples the gain from joint encoding
is, in general, very small and may not warrant the additional implementation complexity

required.

3.5. Chapter Summary

We have considered a one-dimensional cellular model with two APs placed symmetri-

cally at a fixed distance from the BST and have studied the gain from using the APs as
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Figure 3.8. Ratio of the total number of voice users served under total flow
conservation as a function of distance between the BST and AP.

relays. In addition to relayed traffic, we have assumed that each AP has its own customers
to serve. We considered two different flow conservation models depending on whether or
not the relay traffic is multiplexed when sent to the AP.

For data traffic, we have studied the maximum total rate for the downlink without
considering fairness. Our results show that under both flow constraints, the total trans-
mission rate increases by at most 40%, where the most significant gains are with the
total flow conservation model and small traffic density for the relay. Moreover, each relay
scheme alters the cellular user rate distribution by slightly reducing the rate of users near
the BST and increasing the rate of users near the relay. In addition, the BST coverage

can be extended by using the relay.
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Figure 3.9. Ratio of the total number of voice users served under individual
flow conservation as a function of distance between the BST and AP.

For voice traffic, the gain in total number of active users has been studied. When the
sets of active users are optimized, the total number of cellular users increases significantly
under both flow rate conservation schemes, but at the cost of reducing the AP users. This
corresponds to a coverage extension of the cellular network. Our numerical results show
that the total number of active users increases by ~ 38% when the distance between the

BST and the AP is optimized.
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3.6. Supplement: Proof of Proposition

First consider the case when

B T4 (0) B
PB a+1 max pBB a+1 4 PB a+1 o
- < = = — . .
a+1d <PBS _a+1d + . pBPB<I>d£L’ a+1d +,OBBd xA(O) (357)

Then the direct channel user coverage is |Cq(cr)| = d (or interval [0,d]), and the relayed

mazx __ PBBda+1
BS a+1

ppBd®

user coverage is |C.(«)| = The interval for the relayed cellular users

is, therefore, [d + z,d + z + C,(«)], where x € [0,2]. The upper bound Z can be
calculated from T4(2) — & = C,(«). As Pg§* increases from %da“, % decreases. When

ppar — %]fd““ + ppBd®T 4(0), 2 = 0 and the relayed interval becomes [d,d + T 4(0)].

Therefore, the optimal relay user interval is [d, d + T, where T < T 4(0), and the cellular

user coverage is

(Pper — Lefqett)

C(0)| = [Calen)] + 1Cr()] = d + -2t

(3.58)

Next consider the case where P¢* > %da“%— ppBd®T 4(0). The relayed user interval

becomes [d+ z,d + 7] = [d + x,d + Ta(z)], where z € [0, z]. Here, we obtain & from
d+i Z (L)
/ ppPg(r)dr + / ppPp(z)dr = PLS*. (3.59)
0 &
The total cellular user coverage including the relayed users is, then, calculated by

dtz Ta(z) |
/ ppPp(r)dr + / pePp(x)dr + / ppPgp(r)dr = PRg”, (3.60)
0 x d

+T 4 (z)
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or
+1
Cla,2)|"*! = S PRe + (d+ Ta )™
PB (3.61)
—(a+1)d*(Ta(z) —z) — (d+2)*.
It can be shown easily that %ﬁ”m < 0 for all z € [0, %] as long as a > 1. Therefore,

the optimal relayed user interval for given « is [d, d+74(0)] and the cellular user coverage
is given by

1
1 a1
C(a)| = %ngw (A +Ta(0) ! = (a+ 1) d*T4(0) — d™H| . (3.62)
B



38

Part 2

Resource Allocation among Non-cooperative

Agents
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CHAPTER 4

Incentives and Resource Sharing in Spectrum Commons

So far we have considered wireless resource allocation in cellular networks with co-
operative relays and studied the maximization of the social welfare. Now we shift our
focus and consider resource allocation among non-cooperative agents. In that case, there
arise important issues such as developing efficient distributed mechanisms for resource
allocation and estimating the efficiency loss if the allocation mechanism is not efficient.

Here we consider a commons model for spectrum sharing in which users may install
access points (APs) to serve their own as well as other users’ trafﬁc.E] In the latter case, the
AP owner may receive a payment for this [72]. One concern with such a model is that as
the density of APs increases, the users may eventually suffer a “tragedy of the commons,”
because of increasing interference [45]. It has been suggested that it is enough to lightly
regulate the commons to mitigate the tragedy. Schemes such as etiquette protocols,
restricted design of devices and bargaining amongst users have been proposed [97), [64].
In this paper we model the effect of regulation in reduced form through a shared rate.
Namely, an AP owner can provide payments to neighboring users to encourage them not
to set up interfering APs. This payment may take the form of providing discounted service

and/or providing a share of revenue to potential interferers.

LAlthough this work is motivated by 802.11 systems, here “Access Point” could refer to other types of
systems sharing a common band.
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Given such a scheme, we study a game theoretic model, which reflects user behavior.
In this game, each user decides whether or not to set up an AP, which operates on a
particular (single) band. If a user sets up an AP, she provides payments to each neighbor
who does not and suffers a disutility depending on the number of interfering APs. On the
other hand, if a user does not set up an AP, she receives payments from each neighbor
that does. Clearly, if the payments are large enough, the user may decide not to set up
an AP and thereby reduce interference. For a given model of the agents’ payoffs, we show
that the resulting game is a potential game and that best response updates converge to a
Nash equilibrium of the game.

A game is called a potential game if all players in the game change their strategy
as if they jointly optimize a common objective function, i.e., a potential function [79].
Potential games have been used to model various network resource allocation problems,
including distributed power control [122), 48, [120], non-cooperative routing in wired
networks [I1], and multihoming of users to APs in WLANSs [100] [}

Using the potential function of the AP deployment game, we analyze the Nash equi-
librium under various assumptions. First, we assume that users are located on a two-
dimensional lattice and that interference only comes from the nearest APs. This models
a situation where either the density of APs or transmission power of each AP is relatively
low. In this case, we show that Nash equilibria exist in both pure and mixed strategies
and that at least one Nash equilibrium achieves the socially optimal density of APs with
the appropriate payment. We then account for interference from outside of the nearest

neighbors. Our results suggest that as the transmission power increases relative to the

20ther related work, in which a game theoretic approach is used to analyze the performance of ad hoc
networks (including IEEE 802.11), is presented in [106], 121, 25, [108, [36].
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node density, implementing such a commons approach becomes more difficult and other

forms of spectrum sharing (e.g. a secondary market) may be more appropriate.

4.1. The Model

Consider a two-dimensional L X Ly lattice. Every lattice point has a selfish agent who
decides whether she sets up an AP or not. Namely, agent [;; at lattice point (¢, j) chooses
a strategy y;; € Y;;, based on interference and the shared data rate from the nearest APs.
This shared data rate among nearest neighbors is the regulatory measure we introduce
and is discussed later in detail. The strategy space Y;; of agent [;; is Y;; = {0, 1}, where
y;; = 1 if agent [;; decides to set up an AP and y;; = 0 if she decides not to set up an
AP. If both agents l;; and [;; set up their own APs, the inference from lj; to [;; is given
by Ii—;j. On the other hand, if agent [;; decides not to set up the AP, then she shares
rate Yy —i; from agent l;;’s AP, assuming agent [j; sets up the APH This rate sharing can
be justified by the fact that agent [;; is more likely to set up an AP if there is no rate
sharing resulting in increased interference to agent li;. If the rate degradation from this
interference is severe enough, then agent [;; has an incentive to share her rate with agent
l;j. For tractability we assume that the nodes are placed at lattice points in the plane,
and that rate sharing occurs only between nearest neighbors in the latticeﬁ Therefore,
Yei—i; = 0 if i is not in the set of agent [;;’s nearest neighbors, H;; ﬂ
3We assume payoff functions that are linear in rate and so this rate sharing can be equally viewed as a
transfer payment.
4We can relax this assumption and allow rate sharing between non-neighboring agents. This relaxation,
however, increases the total amount of information that an agent should know before she makes a decision,
and may not be practical.
5Depending on the boundary condition, the set of nearest neighbors, H;; can be different. For a periodic
boundary condition in a two-dimensional (torus) lattice, considered in Section the set of nearest

neighbors of agent l1; is given by Hy1 = {(1,2),(1, L1),(2,1), (L2, 1)}. Without the periodic boundary
condition Hq, = {(1,2),(2,1)}.
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The payoff function of agent /;; depends on her own strategy as well as those of other
agents. Here, we restrict attention to the following payoft function. If agent [;; decides to
set up her own AP given the other agents’ decisions, her payoff becomes

ﬂf}(yij =1,y)=R-C-— Z Yut - Lri—i

le{Ll XLQ}

— > (=) Yijons

kleH;;

(4.1)

where R is the total rate generated from her own AP and C is the fixed cost for setting
up the AP. y_;; denotes the set of decisions of all agents except agent [;;. This payoff
function can be motivated by viewing R as the total rate an agent can achieve over a
coverage area if there are no interferers, and Ij;_,;; as the reduction in coverage caused
by each interfering AP. Of course, assuming this linear relation is a simplification, but it
provides a tractable model that captures the key interaction among agents. On the other
hand, if agent /;; decides not to set up her own AP, then she shares the rate from the APs

in her nearest neighborhood H;; and her payoft becomes
Wg(yz‘j =0,y-5) = Z Ykt * Vel—ij- (4.2)
kleH;

Note that we can write the payoff function of agent /;; as the following:
i (Yigs Y—ig) = Yij - i + (1 = i) - 7). (4.3)

For the preceding payoff functions, we consider a non-cooperative game I' (711, - -+ , 71, 1,)
among agents in the lattice. In this game, given fixed actions for all other agents, a ra-

tional agent decides whether or not to set up an AP as follows. If 7T£» > Wf}[ , then agent
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l;; sets up the AP at her lattice point. Otherwise, she chooses to share the rate from
the APs in the nearest neighborhood instead of setting up her own AP. We show later
that this game I' is a potential game under certain conditions. This allows us to assert
the existence of a Nash equilibrium and characterize the efficiency of Nash equilibria as a
function of the amount of rate sharing.

No coordination or no regulatory measure among agents can be represented by v—i; =
0. Without rate sharing, agent [;;’s payoff if she decides not to set up the AP becomes
mi;(0,y_;;) = 0 from . Therefore, an agent is encouraged to set up her own AP unless
interference from other APs is so large that her payoff with the AP is negative. This
can lead to a situation where a large number of agents in the lattice set up the APs and
experience severe interference. As we see later in Section [4.5] the payoffs of all agents can
become very low, especially when the density of agents is high. This is an example of the

“tragedy of the commons” [45].

4.1.1. Model Limitations

Here we briefly discuss the limitations associated with the preceding model, which is
analyzed in subsequent sections. First, we assume that the wireless nodes are placed
in a lattice, whereas in practice the agents are likely to be randomly distributed over
the geographic area of interest. The regular spacing of nodes in a lattice implies that
the interference externality imposed by each active node on its nearest neighbor is the
same. This enables us to characterize properties of the AP deployment game, such as
the existence of equilibria along with the associated efficiency, with a single shared rate.ﬁ

6Also, in Section we show that the AP deployment game on a lattice is a potential game with different
shared rates across the network.
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Of course, the shared rate (or equivalently, a transfer payment) scheme can be applied
to more general configurations of AP nodes, but then it is likely that different payments
would be needed to prove similar results. Such an analysis would be significantly more
complicated than that presented here.

The second simplifying assumption is that each AP in the lattice uses the same set
of frequencies. Namely, if an agent decides to set up an AP, then she transmits over the
entire band. Our model therefore does not directly account for the possibility of using
dynamic channel assignment schemes to avoid interference, such as those proposed for
IEEE 802.11 in [65, [78), [71, 94]. (An alternative interpretation of our model is that
the particular band considered has already been assigned to each AP by such a channel
assignment algorithm, and that the transfer payment scheme is subsequently being used
to mitigate interference within that band.)

Finally, as discussed earlier, the payoff depends linearly on the interference. A more
accurate model might account for the degradation due to interference by computing the
received SINR at each node. The linear payoff assumed here facilitates tractability while
providing insight into the benefits of using transfer payments for more realistic scenar-
ios. We also point out that although we initially consider rate sharing between nearest
neighbors in the lattice, we relax this assumption in Section [4.2] and show that the AP
deployment game is a potential game if rates are shared between non-neighboring agents.
However, that increases the total amount of information that an agent needs to make a

decision.
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4.2. Potential Games

We begin by giving some background on potential games. These are a class of games
with several desirable properties, which we will exploit. First, pure Nash equilibrium
strategies exist (assuming finite strategy sets) and are relatively easy to compute using a
potential function. Second, in these games, a Nash equilibrium can be justified as being
the outcome of a boundedly rational learning process such as best response updates.

Let I'(my, m, ..., m,) be a game with a finite number of players. The set of players is
N ={1,2,...,n}, the set of strategies of player i is Y;, and the payoff function of player
1ism Y — R, where Y =Y]; x Y, x --- x Y], is the set of strategy profiles. A function

P : Y — R is a potential function for I' if for every : € N and for every y_; € Y_;

mi(@,y-i) — mi(2,y-i) = P(2,y-) — P(z,y-) (4.4)

for every x, 2z € Y;, where Y_; is the Cartesian product of the strategy space of all players

except player i.

Definition A game I is called a potential game if it admits a potential function.

Namely, a game is considered a potential game if the improvement of the player’s payoft
by changing her strategy can be expressed in terms of the potential function, which is the

same for all players. This definition leads to the following Lemma.

Lemma 2 ([79]). Let P be a potential function for I'(my,ma,...,m,). Then the equi-

librium set of U'(my, 7o, ..., m,) coincides with the equilibrium set of I'(P, P,..., P). That
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18, y € Y is an equilibrium point for ' if and only if for everyi € N

P(y) > P(x,y_;) for every x €Y. (4.5)

Corollary 3 ([7T9]). Every finite potential game possesses a pure-strategy equilibrium.

Lemma[2]and Corollary [3|show the existence of a Nash equilibrium and how to compute
it using the potential function.

In the potential game with a finite set of strategies, the Nash equilibrium can be
reached by best response updates [79]. Best response updates of the game I'(7y1, - -+ , 71, 1,)
are described by the following. At time ¢4 1, an agent [;; is randomly selected among all
agents in the lattice L; X Ly and she chooses her strategy, which maximizes her payoff for
given strategies of the other agents at time ¢. Namely, agent [;; chooses the best response
y;;(t + 1) according to

yij(t + 1) = arg max m;(yij, Y—i; (1)). (4.6)

Yij €Yij

Initial strategies v;;(0) for all agents are randomly chosen. This best response at time
t + 1 is repeated for ¢ = 0,1,2,... with a randomly selected agent. Note that agent [;;’s
best response y;;(t) at time ¢ might be different from her best response y;;(t') at time
t' #t. For the AP deployment game, changing actions in this way is reasonable when the

fixed cost C' is small enough.

Lemma 4. In every finite potential game, a Nash equilibrium can be reached by best

response updates.
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The following Lemma will be useful when we discuss the mixed Nash equilibrium in

the potential game considered later.

Lemma 5 ([79]). Let T be a finite game. Then T is a potential game if and only if

the mized extension of I' is a potential game.

4.3. Periodic Boundary Condition with Nearest Neighbor Interference

Initially we study the game discussed in Section {4.1] assuming a periodic boundary
condition for the lattice L; x LQEI, namely, Ly +1 = 1 and Ly +1 = 1. Then the set
of the nearest neighbors of (1,1), for example, is Hy; = {(1,2),(1, L2), (2,1), (L1, 1)}.
This assumption simplifies our analysis by removing boundary effects. (In Section we
consider a game without this periodic boundary condition.) Furthermore, we assume that
interference comes only from the nearest neighbor APs. This nearest neighbor interference
models a situation where either the density of APs or transmission power of each AP is

relatively low. Therefore,

I, (k)€ Hy,
Ly = ’ (4.7)
0, (k,0)¢ Hi.

"The resulting lattice is also called a torus-lattice.
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where [ is a constant, which represents the interference level between two neighboring

APs. The payoff function (4.3)) for agent [;;, then, is given by
i (Yij» Y—ij)

=y [R=C= D> - T— > (1—yu)7

k‘lEHij k:lEHij

+ (1 —yy) - Z Ykt =Y (4.8)

kleH;;
_yz] R_C_ Zykl I_Z’Y
kleHij klEHij

For the time being, we assume that the shared rate from the AP of each agent l;; € H;;
to each agent [;; is yi—;; = 7. Namely, it is the same for all agents in the lattice.

Let I'ppyn denote the resulting game under these assumptions.

Lemma 6.

P<y117y127 . 7yL1L2)

=(R-C) (iiw) —Zliyij > (4.9)

i=1 j=1 im1 j—1 KlEH,;
| L L
5 E E Yij E Y - I
=1 j5=1 leHij

1s a potential function for I'ppnn.
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The proof of this follows by noting that for given y_;;,

Tij (ygw yfij) — Tj (yij> ?/ﬂ'j)
(4.10)

= P(y;py—z’j) — P(Yij, y—i5),

for all y;;,y;; € Yi; and all agents in the Lattice Ly X Ly. Therefore, according to Definition
M, I'ppnw is a potential game with the potential function P given by .

On the other hand, the social welfare is the sum of the payoffs of all agents and is
not affected by the shared rate v since it is an exchange between two agents. The social

welfare of all agents in the Ly x Ly lattice is, therefore, given by

SW(ylla Y12, - - - 7yL1L2)

L1 Lo L1 Lo (411)
:<R—c>(zzyﬁ)—zzyﬁ S per)

i=1 j=1 i=1 j=1 kleH,;

We next compare a Nash equilibrium strategy with a strategy, which maximizes the social

welfare and discuss the efficiency loss at the Nash equilibrium.

4.3.1. Pure Nash Equilibrium

The first-order derivative of the potential function (4.9)) is given by

R G T DR s (4.12)

O
Yij kleH;; kleH;;

Note that E?TI; does not depend on y;;. If the strategy space is restricted to {0,1} for

all agents, the best response of agent [;; for 5971;_ > 0 (6871; <0)isy; =1 (y; =0).

By Lemma [ best response updates of randomly selected agents converge to a Nash
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OSW

5y > 0 (W < (), then y;; = 1 (y;; = 0) to maximize

equilibrium. In a similar way, if e
)

the social welfare given by (4.11)).

Let H{? be the set of nearest neighbors of agent [;; which set up an AP. Then from

(4.12)) it can be seen that agent [;;’s action in a Nash equilibrium is to set up an AP if

R - C - Zk‘leHij ,y

7 > |H (4.13)
and not to set up an AP when
R_C_IZMGHN < |H|. (4.14)
The agent is indifferent when equality holds. For I'pgyy, Zkle V= 4 for all [;;, and
so the preceding threshold on the number of neighbors is
H,, w. (4.15)

There are 5 cases of interest for this quantity.
4.3.1.1. 0 < Hy, < 1. In this case, an agent will set up an AP in a Nash equilibrium
only if none of her neighbors does. For fixed R — C, this is true if v and [ satisfy
R-C—-4y—-1-0 > 0,
(4.16)
R-C—-4y—-1-1 < 0.
In addition, we assume v < I. Otherwise, an agent would always prefer having a neigh-
boring AP over sharing the rate. Similarly, the following conditions must hold if an

agent sets up an AP to maximize social welfare, assuming there is no AP in the nearest
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neighborhood:

R-—C-2I-0 > 0,
(4.17)
R-C-2I-1 < 0.
4.3.1.2. 1 < Hy, < 2. In this case, an agent will set up an AP in a Nash equilibrium

only if no more than one of her neighbors sets up an AP. v and I must satisfy

R—C—4y—T1-1 > 0,

(4.18)
R-C—-4y—-1-2 < 0.
The analogous conditions for maximizing social welfare must hold:
R—-C-2I-1 > 0,
(4.19)

R-C-27-2 < 0.

4.3.1.3. 2 < Hy, < 3. An agent will set up an AP in a Nash equilibrium only if no more

than two neighbors set up APs. For this case, v and I must satisfy

R-—C—-4y—-1-2 > 0,
(4.20)

R—C—4y—1-3 < 0,

and to maximize social welfare,

R-C—-2I-2 > 0,
(4.21)

R-C-21-3 < 0.
For the remaining two cases (3 < Hy, < 4 and Hy, > 4), similar conditions for the
potential function P and the social welfare SW can be obtained easily and we omit them

here.
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:No AP in the nearest neighborhood

: up to one AP in the nearest neighborhood

: up to two APs in the nearest neighborhood

: up to three APs in the nearest neighborhood
: up to four APs in the nearest neighborhood

B W N e O

Figure 4.1. Maximum number of APs allowed in the nearest neighbors for
pure Nash equilibrium and the feasible region for Interference I and shared
rate .

Figures 4.1) and [4.2] summarize these cases. Figure 4.1|shows the values of I and ~y for
pure strategy Nash equilibria to exist in each case. These values lie in one of five regions;
each region is labeled with the maximum number of neighboring APs for which an agent’s
best response will be to set up an AP (e.g., region 0 corresponds to case 0 < Hy, < 1).
Figure [4.2| shows the values of I and v for the socially optimum solution to have the same

structure.

Proposition 7. Consider the game I ppnn with the set of strategies Y;; = {0,1}. For
given interference level I, there exist a set of v such that a Nash equilibrium achieves the

optimal social welfare.

For example, if I > R%C, a set of v, which satisfies the conditions of the potential
function for the case 0 < Hy, < 1 induces a Nash equilibrium which might correspond
to the optimal strategy. On the other hand, if [ € [RZ—C, BC1 a set of y, which satisfies

2

the conditions of the potential function in case 2 < Hy, < 3, might generate a Nash
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: No AP in the nearest neighborhood

: up to one AP in the nearest neighborhood

: up to two APs in the nearest neighborhood

: up to three APs in the nearest neighborhood
: up to four APs in the nearest neighborhood

B W N e O

Figure 4.2. Maximum number of APs allowed in the nearest neighbors for
the optimal social welfare and the feasible region for interference I and
shared rate 7.

equilibrium in which there exists an AP with two APs in the nearest neighborhood. This
Nash equilibrium cannot be socially optimal.

The AP deployment game may not have a unique Nash equilibrium. Consider a 3 x 3
lattice with the periodic boundary condition as an example. If v and I are such that no AP
in the nearest neighborhood H;; is allowed when agent [;; sets up an AP (0 < Hy, < 1),
then there exists only one Nash equilibrium with three APs in the lattice. Namely, three
among nine agents decide to set up APs at the Nash equilibrium. On the other hand, if
up to two APs are allowed in the nearest neighborhood (2 < Hy, < 3), then there exist

two Nash equilibria with either 5 or 6 APs in the lattice.
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4.3.2. Mixed Nash Equilibrium

We next consider the mixed extension of the potential game I'pgyyn. In this game, each
agent [;; can be viewed as having strategy space Y;; = [0, 1], where an action y;; € Y;; can
be viewed as the probability that [;; sets up an AP. An agent’s payoff is then the expected
value of with respect to the actions chosen by every other agent. Since the payoff is
linear in the action, it can be seen that the first-order derivative of the potential function
is given by and the second-order derivative is given by

2P _]a k7l EHZ7
0 _ (k1) j (4.92)

3%;‘3%1 0, (k, l) ¢ Hij-

Since the Hessian of the potential function P is negative semi-definite, P is a concave

function with a unique global maximum. In addition, 68712 = % for all agents [;; €
Ly X Lo. Therefore, the best response updates of agents in the potential game reach this
global maximum of the potential function, which corresponds to the unique mixed Nash

equilibrium. This gives the following proposition.

Proposition 8. I'ppyy has a unique mized strategy Nash equilibrium, which is sym-

metric.

The mixed extension of I'pgny can be interpreted as a game in which all agents install
an AP, but only use it a fraction of the time, indicated by ;;. Individual agents do not

coordinate their usage.
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Assume each agent chooses the same strategy, namely, y11 = y12 = -+ = yr,0, = ¥

We can then rewrite the potential function as

P(y) = (Ly - Lo){(R — C — 47)y — 21y}, (4.23)
and so
81;—5’) — (L~ La){(R — C — 4) — 4ly}. (4.24)

It follows that the mixed Nash equilibrium strategies are given by ygE = yNE for all

agents, where

0, By <,

y =< R_ff” > 1, (4.25)
R—C—4 :
=L, otherwise.

Similarly, assuming symmetric strategies, the social Welfareﬁ and its first-order deriv-

ative are given by

SW(y) = (Ly - La){(R — C)y — 4Ly}, (4.26)
and
“aiy(y) — (Li- L){(R — C) — 8Iy}. (4.27)

8The social welfare function is also concave since its Hessian is given by
0?2SW _ { —2I, (k1) e Hy;
090y 0, (k1) ¢ Hyj

and is negative semi-definite.
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(a) Mixed Nash Equilibrium (b) Optimal Sacial Welfare

Figure 4.3. Interference I and shared rate v for mixed Nash equilibrium
and social optimum.

It follows that the social welfare is maximized if y;; = y* for all /;;, where

0, A< <0,
y'=4q 1L EC>1 (4.28)
%, otherwise.

Figure[4.3|shows the values of I and v corresponding to different mixed Nash equilibria
and the optimal social welfare. In the overlapped region where yN* = 1 and y* = 1, the
mixed Nash equilibrium achieves the optimal social welfare. In general, however, the
social welfare at the Nash equilibrium does not correspond to the optimal social welfare.
We consider the efficiency of the Nash equilibrium for three possible ranges of I next.
4.3.2.1. I € [0, &5 B-C1 As we can see from Figure for given interference I € |0, R%C],
the mixed strategy Nash equilibrium is y™® = 1 and the probability for setting up an
AP to achieve the optimal social welfare is y* = 1. Therefore, the efficiency at the Nash
equilibrium, defined by the ratio of the social welfare at yNF vs. at y* is given by

_ sw< —1)

( — =1, (4.29)
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regardless of v € [0, I].

4.3.2.2. | € [%Y, %]. In this case, there are two possible regions depending on the

shared rate 7. If 0 <y < £=¢=4L 'then the Nash equilibrium strategy is y"® = 1, whereas

the optimal probability is y* = RS;IC. The efficiency is then given by

_SwW@Nt=1) 161 6417
TSy =& R-0) (R-OF (0

81

and, therefore, the efficiency does not depend on the shared rate ~. If W <~y<I,

e . . a1 NE _ R-C-4
then the Nash equilibrium strategy and the optimal probability are y™* = =71 and
Y= R8;IC, respectively, and the efficiency is

_ SW(yNE _ R—Z’I—Zl“/)
SW(y* = £5)

_,B-C-1 R—C —4v\?
N R-C R-C '
Since # < v < I, the range of the efficiency for given I is e, < € < 1, where e,

is given by (|4.30]).

4.3.2.3. [ € [R%C, oo|. Similarly, there are two possible regions depending on the shared

(4.31)

rate v. If 0 <y < %, the efficiency is given by (4.31]) and the range is 0 < e < 1. On

the other hand, if £5€ <y < I, the efficiency is & = 0 because y™* = 0.

Proposition 9. For any R, C, and I, there exists a v so that the unique mized

strateqy Nash equilibrium of I'ppnn is efficient.
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If the interference level is I € [0, pr], then the mixed strategy Nash equilibrium is
efficient for any v < 1. If I > %, then the rate sharing should be v = % to have an

efficient Nash equilibrium.

4.4. Generalization

In this section, we generalize the previous results. First, we relax the constraint on
the same shared rate v among all agents in the lattice and allow this rate to be different.
The shared rate from the AP of agent l;; to agent [;; is denoted by 7. Assuming

Vii—ij = %j_,klﬂ we can show that the potential function is now given by

P(yn,ylz,---,yLle)

=(R-C) (Z Z yij) - Z Z Yij Z Vhi—ij (4.32)

i=1 j=1 i=1 j=1 k‘lEHij
| Lo L
—§E E Yij g Yk - L
im1 j—1 klEH;

Second, we can remove the periodic boundary condition and consider edge effects in
the lattice. We can still show that the game is a potential game with the potential function
in (4.32)). Note that H;; does not always contain 4 nearest neighbors as with the periodic

boundary condition. In addition, if mixed strategy Nash equilibria are considered (as in

91f this condition does not hold, (4.32) is no longer a potential function.
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Section |4.3.2)), the potential function (4.32)) can be simplified to
P(z,y,z)

=(R—CO)L* —4(L — 2)*yx — 12(L — 2)yy — 87z
(4.33)
_ 2(L2 — 5L+ 6)[:1:'2 —4(L —2)Ixy

— 4(L — 3)Iy* — 8Iyz,

where = € [0, 1] is the strategy of an agent who has 4 nearest neighbors, y € [0, 1] is
that of an agent who has 3 nearest neighbors, and z € [0, 1] is that of an agent who has
2 nearest neighbors. Here, we assume L; = Ly = L for simplicity. Since the potential
function (4.33) is a concave function, the mixed Nash equilibrium can again be found
easily.

Finally, we can include interference from APs beyond the nearest neighbors. This
might be relevant when the density of APs increases or the transmission power of each
AP increases relative to the node density. Assuming interference only depends on the
distance between two APs, interference from the AP of agent [;; to the AP of agent [;; is

given by
I
I —i] — .. 9
T kD) = (3 )]

(4.34)
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where a is the path-loss exponent. Note that I;_.;; = I;j_i. The potential function of

the game is then given by

P(yi1,y12, - YLi1,)

~ (R=0) (Z > y”’) “2 2 v | D e (435)

i=1 j=1 i=1 j=1 kleH;;
1 L1 Lo
- 5 E E Yij E Ykl * Ikl%ij
=1 j=1 k‘lE{L1><L2}

Here, we are still assuming that rate sharing is only between nearest neighbors. As
discussed in Section [4.1}, we can relax this constraint. The social welfare function is the
same as in except that the interference from the APs beyond the nearest neighbors
is included. As we will see in Section if interference is severe, then an agent is less
likely to set up her own AP at a Nash equilibrium even when v > 0 and this reduces the
sum of the agents’ payoffs in the lattice. This suggests that as interference becomes severe
due to an increase in AP density, implementing such a commons approach becomes more
difficult and other forms of spectrum sharing (e.g., a secondary market) may be more

appropriate.

4.5. Simulation Results

We now present Matlab-simulation results to illustrate properties of the AP deploy-
ment game. We begin with a game with periodic boundary conditions and nearest neigh-
bor interference, as in Figure . The strategy space of an agent in the gameis Y;; = {0, 1}
for all agents [;;. Figure shows one realization of the convergence of best response up-

dates to a pure Nash equilibrium with parameters L; = Ly, =100, R=10,C =3, 1 =1.6
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Figure 4.4. Agents in the lattice decide whether or not to set up their own
APs. Here we only consider interference from the nearest neighbor APs.

and v = 0.7. Initial decisions of agents in the lattice are randomly chosen. At each it-
eration, all agents in the lattice are randomly ordered and sequentially choose their best
response. Therefore, during one iteration in Figure , 100 x 100 = 10* agents make their
decisions.

The above parameters allow up to two nearest APs at a pure Nash equilibrium, which
corresponds to the case 2 < Hy, < 3 in Section [1.3.1.3] As we can see easily, the optimal
configuration with these parameters is to have a chess board-like deployment of APs in the
lattice, so that there is no AP in the nearest neighborhood when a user sets up her own
AP. Therefore, the average number of APs per agent (per lattice point) at the optimal
configuration is 0.5 with the average payoff per agent % = 3.5. On the other hand, in
the commons model without shared rate (7 = 0), every selfish agent in the lattice sets

up her own AP. This reduces the average payoff per agent to 10 — 3 — 4 x 1.6 = 0.6,
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Figure 4.5. Game in the lattice with a periodic boundary condition. L; =
Ly =100,R=10,C = 3,1 = 1.6 and v = 0.7. (a) Average number of APs
per agent (b) Average payoff per agent for different decisions.

which is substantially lower than the payoff at the optimal configuration. As discussed in
Section this outcome can be viewed as an example of the “tragedy of the commons”.

Now we consider the shared rate v = 0.7. From Section [4.3] this allows up to two
APs in the nearest neighborhood at a Nash equilibrium. The Best response updates of
agents in the game converge to a Nash equilibrium with a more desirable average payoff
per agent. After a transition period, Figure [4.5| shows that the average number of APs
per agent converges to ~ 0.527 and the average payoff per agent to ~ 3.1, which are closer
to the socially optimal configuration of APs. In addition, it shows the average payoff per
agent with and without an AP. We achieve this near optimality simply by introducing
rate sharing among agents.

Note that the Nash equilibrium is not unique as we discussed before and the final

results (average number of APs and average payoff per agent) may be different at each
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Figure 4.6. Histogram of average number of APs and average payoff per

agent at Nash equilibrium. Total number of simulation runs is 1000. L, =

L, =100, R=10,C =3, =1.6 and v =0.7.
simulation run. With a large lattice size, however, these differences are relatively small.
We simulated 1000 times with the same parameters and our results (See Figure show
that average of the average number of APs and the average payoff per agent over 1000
realizations are 0.5287 (standard deviation 0.0011) and 3.1254 (standard deviation 0.0116)
respectively. However, this does not mean we sampled all possible Nash equilibria in the
simulation. In fact, we did not realize the optimal density of 0.5 even though it is possible
with the chosen parameters.

Figure shows one realization of the average number of APs and the average payoff
per agent as a function of the shared rate . If we consider many realizations of the
simulation, each point in the figure should be replaced by a distribution such as Figure |4.6|
The overall trend of the figure with mean values, however, will be the same. From the
figure, we can see that over a wide range of ~, the average payoff per agent is close to the

optimal value.
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Figure 4.7. Average number of APs and average payoff per agent at a Nash
equilibrium as a function of the shared rate v. Every point in the Figure
is one particular realization. Other parameters are the same (L; = Ly =

100, R = 10,C = 3,1 = 1.6).

Now we remove the periodic boundary condition from the game. Agents at the edge of
the lattice have fewer nearest neighbors and this encourages them to set up the APs. One
realization shows that the average APs per agent increases to ~ 0.546. The average payoff
per agent does not change much. We further generalize this game and include interference
from the APs beyond the nearest neighbors. As we expect, fewer agents decide to set up
their own APs due to excessive interference. If the path-loss exponent in (4.34) is assumed
to be a = 4, then the average number of APs per agent is ~ 0.475 (average payoff per
agent ~ 2.15). With the path-loss exponent a = 3, the average number of APs per agent
becomes ~ 0.357 (average payoff per agent ~ 1.30).

As interference increases, more agents decide not to set up an AP even though there are
no APs available with which she can share the rate. This configuration with relatively low

density of APs in the lattice is close to the optimal configuration with severe interference.
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Our calculations in Section [4.7/show that the optimal density of APs per agent is ~ 0.424
when a = 4 and ~ 0.330 when a = 3. However, even if the shared rate scheme achieves the
near optimal configuration, the overall average payoff per agent becomes small because
of the commons model itself. When interference becomes severe, a frequency-division
scheme with some frequency reuse factor might increase the average payoff substantially

compared to the commons model.

4.6. Chapter Summary

We have considered a game theoretic model of a spectrum commons where non-
cooperative users in a lattice decide whether or not to set up their own APs. A simple
regulatory measure, rate sharing, is proposed to mitigate the tragedy of the commons. We
have shown that the AP deployment game on a lattice is a potential game and that there
exist pure and mixed Nash equilibrium. Moreover, by choosing the shared rate appropri-
ately, we achieve a Nash equilibrium in the game, which is efficient. However, with pure
strategies other inefficient equilibria may also exist. The potential game was also extended
to the case where interference comes from the APs beyond the nearest neighbors. The
density of APs in the lattice decreases at the Nash equilibrium as interference becomes
severe. This result suggests that as interference becomes severe due to the increase in AP
density, implementing such a commons approach becomes more difficult and other forms

of spectrum sharing (e.g., a secondary market) may be more appropriate.

4.7. Supplement: Optimal Density of APs in 2-D lattice

We would like to compute the optimal density of APs in two-dimensional lattice even

when there exists interference from APs beyond the nearest neighbors. This is, however,
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difficult because of the integer optimization nature of the problem. Here we solve the
problem approximately by applying mean-field theory, which was originally introduced in
the context of statistical physics [93] [T

We consider infinite two-dimensional lattice, namely L; and Ly — oo to apply mean-
field theory. This implies that the approximation can be used only when the lattice size
is relatively large. Assuming interference only depends on the distance between two APs,
interference from the AP of a lattice site (k,1) to the AP of a lattice site (i, ) is given
by 1/r® as in (4.34), where r = |(k,l) — (¢,7)]| is the distance between two APs. Since
interference decreases as 1/r®, we ignore interference from the APs at distance r > D,,,
where D,, is called an effective interference radius and defined later.

A contribution of a particular lattice site (7, j) to the social welfare is given by

SWij = (R=C)yij — i > wuIp,

|kl—ij|=D1
(4.36)
+ Z Yoo - Ip, + -+ Z Y - Ip,, |
|kl—ij|=D2 |kl—ij|=Dm,
where D,, is the distance of n-th nearest neighbors from the site (i,7) and Ip, = | Di @

is interference from the n-th nearest neighbor AP. Here interference from the nearest
neighbor AP is given by I. The social welfare of the entire lattice is obtained by SW =

2.2 SWij. As an approximation we replace sum of interference from all the APs at

OWe can obtain the exact solution for the optimal density of APs for a one-dimensional lattice.
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distance r < D,, in the second term of (4.36)) by its mean value, or

HmE< S ywIp o+ > ykl'[Dm>

|kl—j|=D1 |kl—ij|=Dm,
m
=< Yy > - <ZND" [Dn> ,
n=1

where < - > represents an ensemble average and Np_ is the number of nearest neighbor

(4.37)

APs at distance D,,. H,, should be determined in such a way that it leads to a self-

consistent solution of the statistical problem. Then, (4.36|) is represented by
SWij = (H — Hyp) - yij» (4.38)

where H = R — C. Since y;; € {0,1}, the ensemble average of the strategy is given by

<y>=1xProb(SW;; = H — H,,)

+ 0 x Prob(SW;; = 0) (4.39)

B —Hom)

1+ efH—Hm)

from statistical physics, where (3 is a temperature parameter and it is inversely propor-
tional to temperature [93]. From and , we can compute H,, and < y >.
The parameter 3 — oo to obtain an average number of APs per user < y >, when the
optimal social welfare is achieved. The parameter § — oo means that temperature of the

physical system goes to absolute zero. Then the system reaches the ground state, which
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is the optimal social welfare in the case considered here. The solution is given by

17 Z::L: NDn : IDn S H7
<Y >opt= ! (440)
H m
>ome1Np,,Ipy,’ anl Np, - Ip, > H.

We consider the same example as in Section [£.5] If we assume a = 4 and m = 10,
then the total interference within the effective interference radius Dy is 27110:1 Np, -Ip, =
16.530. The average density of APs per user with the optimal social welfare is, then, given
by < y >opt= 7/16.5307 = 0.424. This is close to ~ 0.475, which is obtained by simulation
in Section . With a = 3, the average density of APs per user is < y >qp= 0.330
(~ 0.357 from simulation). The total interferences with m = 10 and m = 30 are not
much different (16.530 vs. 16.565), and therefore this justifies the assumption of the

effective interference radius D,,.
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CHAPTER 5

Sequential Second Price Auction as a resource allocation

mechanism

One dynamic spectrum sharing method among non-cooperative agents based on a
commons model was studied in the previous chapter. In this chapter, we consider an
auction mechanism, the sequential second price auction, for dynamic spectrum sharing
and examine its efficiency when each user has full information about the other users’
utilitiesﬂ In the sequential second price auction, the resource is divided into n identical
units, and each unit is auctioned off sequentially. Assuming full information, the auc-
tion can be viewed as an extended form game, and we investigate the subgame perfect
equilibrium through backward induction and lower bound its efficiency. Although having
full information may not be true in practice, it makes the corresponding game relatively
tractable. In addition, it provides substantial insight into advantages and shortcomings
of the mechanism.

For two users and an arbitrary number of resource units, our results show that the
sequential second price auction has a unique allocation among two users in a subgame
perfect equilibriumE] We characterize the worst-case efficiency loss of this equilibrium for

the case where each agent has a concave utility for the spectrum resource, and the case

IThis is in contrast to previous work in which the utilities are assumed to be private, and bidders have
unit demand [77, [113].
2See Section for a precise definition of the equilibrium concept we use.
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where one agent has a concave utility and the other agent has a convex utility. The former
case models the bandwidth auction, while the latter can arise in the power auction, when
a user bids to reduce interference.

We also present simulation results for the efficiency loss when the two users’ channel
gains are randomly generated. The utility function for each user is the maximum achiev-
able (Shannon) rate, where interference is treated as background noise. The results show
that except for a small fraction of realizations, the equilibrium allocation is efficient. Fur-
thermore, we show that lower bound of the worst-case efficiency for the bandwidth auction
increases due to constraints on the marginal utilities imposed by logarithmic properties
of the Shannon rate function.

For more than two users, each with a concave utility function, we show that the auction
has at least one pure strategy equilibrium. Furthermore, the equilibrium allocation may
not be unique. Hence, some coordination of the users may be required to decide on a
particular outcome. This makes characterizing the efficiency loss more difficult. Numerical
results show that the empirical distribution of the efficiency for the bandwidth auction
with three users is stochastically better than that with two users. This suggests that the

worst-case efficiency loss is attained with two users.

5.1. Spectrum Sharing Model

We consider a model for spectrum sharing among k users, where each user consists of
a distinct transmitter-receiver pair. As in [36], 52], we model this as a k-user Gaussian
interference channel with frequency flat fading. The channel gain between user i’s trans-

mitter and user j’s receiver is denoted by h;;. Each transmitter has an average power
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constraint P, and the total available bandwidth is W Hz. We further assume that each
transmitter uses an optimal (capacity achieving) code, where the received interference is
treated as background noise (i.e., no interference cancellation is used).

We focus on two spectrum sharing techniques: frequency division multiplexing (FDM)
and spread-spectrum signaling with frequency-flat power allocations across the entire
band.ﬂ With FDM, each user i receives bandwidth W;, where ) i W; =W, and achieves

rate

ri(W;) = W;log(1 + Nho‘;), (5.1)

where Ny is the power spectral density of the additive noise. With full spreading, user ¢

receives power P; € [0, P] and achieves rate

ri( P, Pg) = Wlog(1 + w75, (5.2)

where P_; is the vector of powers of all users except 7. Each agent is endowed with a
utility function, U;(r;), which is increasing and concave.

Assume that agent 1 is initially using the spectrum with a given bandwidth or power
allocation, and agents 2,...,k want to share this spectrum. The spectrum manager
divides the appropriate resource into n units and re-allocates these units among the k&
agents. In the FDM case, each resource unit represents a frequency band of W/n Hz.
The manager either re-allocates a unit to some agent 7 or lets agent 1 continue to use

i

that unit. Let u’ be agent i’s marginal utility for receiving her s-th unit, ie., u} =

3More generally, the users could each pick a power allocation over frequency; our choices represent two
specific classes of power allocations. Restricting ourselves to these classes simplifies resource allocation.
Furthermore, for many choices of channel gains, the optimal power allocation is in this set [36].
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Ui(ri(sW/n)) — Ui(r:i((s — 1)W/n)). From (B.1)), it follows that the marginal utilities of
each agent are decreasing, i.e. uf > ... > u'.

In the full-spread case, the manager allows each agent ¢ # 1 to continue transmitting at
its current power, P;, and only allocates the power of agent 1 (P, = P) among all agents.
Each allotted unit represents a power increment of P/n. A unit allocated to agent 1 allows
her to increase her transmission power, whereas a unit allocated to agent ¢ # 1 decreases
the power assigned to agent 1, thereby reducing agent i’s interference. Agent 1’s marginal
utility for the s-th unit is u! = Uy(ri(sP/n, P_1)) — Ui(r1((s — 1)P/n, P_y)), which is
again decreasing in s. On the other hand, the marginal utility for agent ¢ # 1 depends on
how many units she receives as well as how many units agent 1 receives (which increases
her interference).ﬁ For two agents, given that agent 2 receives s units at the end of the
auction, agent 1 must receive n — s units. Therefore, agent 2’s marginal utilities are given
by u? = Us(ra(Py, (n — s)P/n)) — Us(ro(Py, (n — s + 1)P/n)), which is not necessarily
decreasing in s. For example, if Uy(ry) is linear, then u? is increasing in SH Here, we
focus on the case of two agents, which corresponds to the case where a node has only one
dominant interferer. For more than two agents, agent 7 # 1’s marginal utilities can not

be written in terms of only her allocation, which complicates the analysisﬁ

4Note in the bandwidth allocation, the marginal utilities of one agent do not depend on how many units
any other agent receives.

Indeed user 2’s marginal utilities may be neither increasing nor decreasing for all s. In general this
depends on the utility, the choice of channel gains and the power levels. A necessary condition for the
marginal utilities to be increasing or decreasing can be given in terms of the utility’s coefficient of relative
risk aversion, as in [52].

SIn particular for more than two agents whenever an agent i # 1 is allocated a unit, it decreases the
interference for all agents j # 1 thus providing agents an incentive to “free-ride” on each other.
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5.2. Sequential Second-Price Auction

For a given spectrum sharing technique, we consider the case where each of the n
resource units is allocated among k agents via a sequential second-price auction. In this
auction, the units are allocated sequentially in n rounds. In round m < n, each agent
submits a bid for the m-th unit. The auctioneer allocates this unit to the agent with the
largest bid and charges that agent the second largest bid. We refer to this as a bandwidth
(power) auction in the FDM (full-spread) case.

This mechanism can be viewed as an extended form game with a balanced k-ary game
tree. Each decision node in the game tree designates a state of the world, where a certain
quantity of goods (resource units) are allocated to agents 1,...,k. Let s = (s1,..., k)
denote such an allocation. Since the goods are homogeneous, the decision nodes with the
same allocation are indistinguishable and the game tree can be replaced with a directed
graph G = (V, E), where V.= {s € [1,...,n]*| 32F_, s; <n} (see Fig.[5.1). A nodes €V
represents the outcome of the (Zle s;)-th round, in which agent ¢ has been allocated
s;. For Zle s; < m, each node s has directed edges to k children (sy,...,s; +1,...,5k),
1 =1,...,k; the i-th edge corresponds to agent ¢ winning the current round. The auction
begins at the root node (0,...,0).

Let u; denote the marginal utility of agent ¢ for the j-th unit. Agent ¢’s total utility
for receiving s; units is ijl u; Let H designate the set of observable bidding histories.
A strateqy o; : V x H — R is a function mapping states of the allocation and observable
histories to bids. The strategy set of an agent is the set of all such functions. The outcome
path of a strategy profile {01, ...,0} is a directed path § = {s',...,s"} in G such that if

st = st + 1 and si"" = st for j # i then oy(s', I'y) > 0;(s',T}), for all j # i, where T is
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the bidding history of the first ¢ units.m The total payment of agent ¢ along the path 9 is
Pi(8) = >1, pi(st), where for each s! € 4, p;(s!) = max{o;(s',[;) : j £ i} if sl = st +1
and p;(s’) = 0, otherwise.

We consider two types of bidding strategies: myopic and sophisticated. A myopic
bidding strategy maximizes the immediate payoff during each round. Hence, myopic
agents bid their marginal utilities in each round, i.e., o;(s, T';) = u’;; +1- When all agents
have decreasing marginal utilities, myopic bidding results in an efficient outcomeﬁ This
strategy may be an equilibrium depending on the information structure of the extended
form game (i.e., the strategy may be rationalized [85]). For example, if the agents do not
know the number of units on the market or the marginal utilities of the other agents, it
may be rational to myopically bid every round under the belief that the current round is
the terminal roundﬂ We will see, however, that under full information myopic bidding is
generally not a dominant strategy.

A sophisticated bidding strategy maximizes an agent’s payoff over final or expected
final outcomes. The ability to make inferences about the final outcome requires that the
agent be sufficiently informed about the preferences and strategies of the other agent.
Here, we assume full information, i.e., each agent knows the number of units being sold,

bidding histories, and the marginal utilities of the other agents.

"In the case of ties, any tie-breaking rule that allocates the good to one of the agents can be used.
8This is not always the case if at least one agent has increasing marginal utilities.

91f there are no restrictions on the agent’s beliefs then virtually any bidding strategy can be rational-
ized [85].
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5.3. Analysis for Two Agents

We consider the sequential second price auction with & = 2 agents and an arbitrary
number of resource units. First we characterize the outcome of this auction with sophisti-
cated bidding and full information. As we discussed in Section [5.2] this auction is viewed
as a 2-ary game tree. Since all agents know when the last unit is being sold, regardless of
the bidding history, the last round of the auction is a standard second-price auction for
the n-th good. (The valuations for this good will, of course, depend on the outcomes of
the previous rounds). Hence it is a weakly dominant strategy for the agents to bid their
marginal utilities on the last round.ﬂ Since those valuations are common knowledge, all
agents know beforehand the allocation and payments in the last round. Depending on
who wins the unit in the penultimate round, however, the last round auction in which
both agents participate is different. There are two possible auctions in the last round:
one when agent 1 wins and the other when agent 2 wins in the penultimate round. Thus,
we can think of the penultimate round as an auction over the right to participate in one
of those two auctions in the last round. Since the payoffs of each one of those auctions is
common knowledge, we can think of the penultimate round as a second-price auction with
valuation equal to payoft difference between those two auctions. It is therefore a weakly
dominant strategy in the penultimate round to bid the payoff difference associated with
the outcomes of the two auctions in the last round.

We can proceed in this way inductively until we reach the root. This shows that

sophisticated bidding is the only strategy that survives iterative elimination of weakly

10A strategy is weakly dominant for an agent if no other strategy gives that agent a larger pay-off, for
any choice of strategies for the other agents.
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dominated strategies.H This does not rule out other equilibria and in fact there may
exist other Nash equilibria with higher payoffs for both agents (if, for example, they
conspire against the seller). However, those equilibria must rely on unreliable threats and
commitments. We eliminate those equilibria from consideration by focusing on subgame
perfect equilibria that survive the iterative elimination of weakly dominated strategiesm

This discussion is summarized in the following theorem.

Theorem 10. With two fully informed agents, the sophisticated bidding equilibrium
1s the only subgame perfect equilibrium that survives iterative elimination of weakly dom-

inated strategies.

We define the equilibrium path to be the outcome path when both agents use a so-
phisticated bidding strategy, and the sequential allocation to be the allocation at the
terminal node of the equilibrium path. From the previous discussion if all agents apply
a sophisticated bidding strategy, all equilibria have the same equilibrium path, and the
same (unique) sequential allocation.

Ezample: Consider a sequential auction with n = 2 units. Figure 1 (c¢) shows the
directed graph G with each node labeled by the allocation (s1,s3). Assume that u; =
uy =5, u? =4 and u3 = 1. Since agent 1 values each unit more than agent 2 values any
unit, the efficient allocation is to give both units to agent 1.

Now let us derive the outcome under sophisticated bidding in this example. Assume
the game reaches node v = (1,0), so that the agents bid for the one remaining unit, given

that the first unit has gone to agent 1. (See Fig. 1 (a).) In this stage it is weakly dominant

Hn other words all strategies which are weakly dominated are removed from consideration [85].
125 subgame perfect equilibrium is a refinement of the concept of Nash equilibrium with the restriction
that agents cannot make non-credible threats [85].



(a) a (b) [42]
[6,0] N [44]
\/ \O / S ‘o
(c) (0,0)
Loy (0,1)
A X
O/ ~ \‘O
(2,0) (LD (0,2)

Figure 5.1. Example of the sequential auction with k£ = 2 agents and n = 2
resource units. (a) and (b) show the values of each node and (c) shows the
equilibrium path.

1

In what follows, we characterize the efficiency loss of this equilibrium.
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for the agents to bid their valuations, i.e., agent 1 bids u3 = 5 and agent 2 bids u? = 4.
The auctioneer then allocates the unit to agent 1 and charges her a price of 4. Hence
the value of node v = (1,0) to agent 1 is ui + (uj — u?) = 6, where u} is the value from
winning the first unit and u} — u? is the surplus for winning the second unit. The value
of v = (1,0) to agent 2 is 0. Similarly, the value of v = (0,1) is 4 to either agent. Given
these values, the agents can optimize their bids for the first unit. In particular, agent 1
bids her valuation, which is 6 —4 = 2, and agent 2 bids 4 — 0 = 4. It follows that agent 2
wins the first unit and pays 2. Therefore the equilibrium path is 6 = {(0,0), (0,1), (1,1)},

i.e., each user receives one unit. Note that ¢ does not terminate in an efficient allocation.
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5.3.1. Efficiency Bound With Decreasing Marginal Utilities

Given n resource units and two agents, let ({,n — [) denote the efficient allocation, and

(I',n — ") denote the sequential allocation. The worst-case efficiency is defined by

4 n—1’
Zi:l “zl + Zi:l uf (5.3)

n(n) = min iy R
() fulbiu?} 30t + S

That is, the worst-case is with respect to the marginal utilities. We refer to 1 —n(n) as
the worst-case efficiency loss. The next theorem characterizes n(n) when each agent has

decreasing marginal utilities, as in the bandwidth auction from Section [5.1]

Theorem 11. In a two-agent sequential second-price auction with decreasing marginal

utilities n(n) > 1 —e™ L.

1

In other words, the worst case efficiency loss is bounded by e~". Moreover, it can

be shown that n(n) decreases with n, and the bound 1 — e™!

is asymptotically tight as
n — oQ.

5.3.1.1. Worst-Case Utility Profiles. To prove Theorem [I1] we first show the worst-
case efficiency assuming the marginal utilities of the agents have a particular form. Sub-
sequently, we show that this is also the worst-case efficiency over all possible marginal

utilities.

>u? > >l

Definition Agent 1’s marginal utilities are dominant if uj > ... > u} > u?.
We will also refer to this as a dominant utility profile. Agent 1’s marginal utilities are flat
dominant if ut = ... =ul >u? > ... >u2.

The efficient allocation for a dominant utility profile is to assign all units to agent

1. In the sequential allocation, however, agent 2 may receive up to n — 1 units and this
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induces the efficiency loss. We denote by 7/(n) the worst-case efficiency in an auction with
n goods when the agents are constrained to having a flat dominant utility profile.

To get some insight, we examine first an example with n = 2 goods and k = 2 agents
with a flat dominant utility profile. Without loss of generality, we assume u} = ul =1
for agent 1 and u? = by,us = by for agent 2. Note that 1 > b > by. Using backward
induction as discussed in the previous example, the value of node v = (1,0) is [2 — by, 0].
Similarly, the value of node v = (0,1) is [1 — bq, b1]. Given these values, agent 1’s bid for
the first unit is (2 —b1) — (1 —by) = 1 — by + by and agent 2’s bid for the first unit is by. If
1 — by 4+ by > by, then agent 1 wins the first unit and pays b;. In this case, the sequential
allocation is (2,0) and there is no efficiency loss. On the other hand, if 1 — by + by < by,
the sequential auction reaches the terminal node (1,1) and the efficiency of the auction
becomes & This is shown in Figure . Here, for § = {(0,0),(0,1),(1,1)} to be

141 -

equilibrium path we require that

1>b1>b2, (54)

1—b1 4+ by < by.

It is easy to see that the lower limit of % subject to (5.4)) is approached when b; = 1/2+¢

1461 _
ot =

and by = 0, and so 7/(2) = lim._ 3/4. Note that when the worst-case efficiency
occurs, both 6; = {(0,0), (0,1), (1,1)} and > = {(0,0), (1,0), (2,0)} are equilibrium paths
with final values of [1, 0] at the root node v = (0,0).

We now define a class of subgame perfect equilibrium paths along which agent 2

consumes the first n — 7 units and agent 1 consumes the remaining j units in that order.
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[1-b,b,-(1-b+b,)]

[2,0] [1,b] (0,6, +b,]

Figure 5.2. The subgame perfect equilibrium path which leads to efficiency
loss in the sequential auction with n = 2 goods and the following flat
dominant utility profile: u{ = ul = 1 for agent 1 and u? = by, u3 = by for
agent 2. The set of constraints required are 1 > by > by and 1 —b; +by < by.

Later, we show that this type of equilibrium path gives the worst-case efficiency for a flat

dominant utility profile.

Definition A node on an equilibrium path is a “kink” if immediately prior to that node

(on the equilibrium path) one agent wins and immediately following the other agent wins.

Definition A profile of marginal utilities is said to have the subgame kink property if (1)
each path that corresponds to a subgame perfect equilibrium of the entire game has at
most one kink, and (2) each path that corresponds to an equilibrium path for a subgame

starting at any node not on a path in (1) has zero kinks.

Definition The subgame perfect equilibrium is called a subgame kink when the profile

of marginal utilities has the subgame kink property.

The following lemma shows that we can find a flat dominant utility profile such that

the subgame perfect equilibrium with n units is a subgame kink.
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Figure 5.3. An example of a subgame kink equilibrium path resulting in
the sequential allocation (j,n — 7). There, edges which are part of the
equilibrium path of a subgame kink are indicated by a directional solid
lines, and off-equilibrium edges are dashed.

(J.n=J)

Lemma 12. For any allocation (j,n —j) in a n-unit auction, there is a flat dominant

utility profile with the subgame kink property.

Proof. The following profile of marginal utilities has the subgame kink property with

the sequential allocation (j,n — j): u} =--- =wul =1 for agent 1 and

w=1-— 3 +¢ i=1---,n—7j
nf’L+1 (55)

u? = 0, i=n—j+1,--,n,

)

for agent 2. Note that ¢, — 07 for all 7. Backward induction verifies this results in a

subgame kink. 0

By studying the bids of the agents along the subgame perfect equilibrium path, we
come up with the marginal utilities. A detailed explanation is presented in Section [5.7.1].

Note that all the sequential allocations (i,n — i) for i = j,--- ,n are possible with the
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marginal utilities in (5.5). In addition, it can be shown that the following relations among

the marginal utilities of agent 2 hold:
n—n-b=m-1)—n-1)-bp=-=G+)=0G+1) bpj=j  (506)

Lemma 13. For n = 2, the worst-case efficiency among the flat dominant wutility

profiles is achieved by one with the subgame kink property.

Proof. We have shown that the worst-case efficiency with n = 2 is given by a flat
dominant utility profile with u{ = ul = 1, u? = 1/2 and u2 = 0 and this profile has the

subgame kink property as shown in Figure [5.2] O

For given b < 1, let h”(n,b) be the worst-case efficiency in a n-unit auction among all
flat dominant utility profiles with the subgame kink property and for which b; < b (i.e.
agent 2’s marginal utility for the first unit is no greater than b). For example, for n = 2,
if b < %, then h"(2,b) = 1, while for b > 3, h"(2,b) = 3/4. Note that the first case is
achieved when agent 2 has marginal utilities by = by = 0, which satisfy Lemma [12] with
7 = 2; the second case is achieved by the marginal utilities b; = % and by = 0 (Lemma

with 7 = 1).
Lemma 14. For alln, h"(n,b) is achieved by one of the marginal utilities in Lemma .

Proof. Proof is by induction on n. As shown above, Lemma [14] is true for n = 2.
Assume it is true for n — 1 and consider the worst-case efficiency of a subgame kink for
n units. If the first unit goes to agent 1, we are done since the only subgame kink is for
agent 1 to win everything, which corresponds to the marginal utilities in Lemma (12| for

7 =n.
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If the first unit goes to agent 2 with a marginal utility of b; < b, then the worst-
case efficiency on the subtree from the node (0,1) must be given by h”(n — 1,b,). By
the induction hypothesis this is achieved on the subtree by a set of marginal utilities
b, b3, ..., b, given by Lemma for some j. Furthermore, the worst-case efficiency is
b1+ (n—=1)-K"(n—1,b))/n.

If by, ..., b, satisfy Lemma for some j and n — 1 units, then, in particular, by =
1-— n% At the root node of the n-unit auction, for agent 2 to win the first unit in a

1

subgame kink, it must be that 1 — (n —1) - by + (n — 1) - by < by, or

n-(1—=0)<m—1)-(1-by). (5.7)
By combining this inequality with b, = 1 — n%l, it can be seen that in the worst-case
efficiency it should be that b; =1 — %, which corresponds to Lemma . 0

Lemma 15. For alln and b <1,

1+ (n— 1) (n — 1,b)

. > 1" (n, b). (5.8)

Proof. Suppose h”(n—1,b) is achieved when agent 1 receives j units. From Lemma ,
it follows that this is achieved by the marginal utilities in Lemma |12[and so 1 — ﬁ < b.
Consider the marginal utilities from Lemma [12|for n units where agent 1 receives j+ 1

units and note that
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so that this marginal utility will satisfy b < b. Let iz(n, b) denote the efficiency achieved

with this marginal utility. It can be seen that

n—(G+1) .
7 J+1
nonehnd) = ) T
i=1

(n=1)—j .
J
Efggm—n—w1
=(n-1)—(m-1)-1"(n—-10),

or
1+(n—1)-n"
n

> h(n,b) > K" (n,b).
The bound then follows from noting that 2”(n,b) must be no greater than h(n, b). O
Corollary 16. Amongst all the flat dominant utility profiles with the subgame kink

property, the worst-case efficiency is h”(n,1), where h"(n,1) can be obtained explicitly

from Lemma|12 and is given by

n"(n) =h"(n,1) = min {1 _J T , ! } : (5.9)

]e[la ,TL]

Now we are ready to prove the worst-case efficiency of the sequential auction with a
flat dominant utility profile. For given b < 1, let h'(n,b) be the worst-case efficiency in
a n-unit auction among all flat dominant marginal utilities for which b; < b. Note that

i'(n) = h'(n,1).

Theorem 17. For alln, k' (n,b) is achieved by one of the marginal utilities in Lemmal[13,

i.e., W' (n,b) = h"(n,b). Especially when b =1, then n/(n) =n"(n).
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Proof. We prove this by induction on n. From Lemma [13] it is true for n = 2.
Suppose it is true for n — 1 and consider a n-unit auction with a given constant b. Let
by < b be agent 2’s marginal utility in the worst-case. If the first unit goes to agent 1, then
by induction the equilibrium for the worst-case from (1,0) is a subgame kink with the
efficiency h”(n — 1,by). Suppose that agent 2 wins the second unit, then the worst-case

efficiency would be
I+ (n—1)-h"(n—1,b)
14+n—-1

> 1(n,by), (5.10)

from Lemma (15 If agent 1 wins the second unit, then by induction, the subgame starting
at (1,0) has no kinks, and so h'(n,b) = 1, which is trivially assumed by the marginal
utilities in Lemma [I2] for j = n.

On the other hand, if the first unit goes to agent 2, by induction we have a subgame
kink from the node (0, 1) for any marginal utility of b; due to Lemma . Now we have
to show that the subtree starting from the node (1,0) is a line with no kinks for the
worst-case efficiency with n units. Given agent 2 wins the first unit in the worst-case,
bs, ..., b, must satisfy Lemma and we have by = 1 — ﬁ for some j. Suppose that
the subtree starting from the node (1,0) in the worst-case is not a line. Then it must be
that by <1 — % Otherwise, we could lower b; to this value and get the subgame kink in
Lemma [12] with a lower efficiency. Furthermore, if this subtree is not a line, it must be
that for some m < n, at node (n —m,0), m- (1 —b;) < (m —1)- (1 — by). However, this
can only be true if by > 1 — %, which contradicts the above. Therefore, the subtree from

the node (1,0) is a line with no kinks for the worst-case efficiency. O
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n Marginals 35| nin)
2 11;1/2 41,0 1] 3/4
31 1,1,1;2/3+e1,1/2 1,0 | 1]13/18
AL L,1,1;1/21e;1/3+22,0,0] 2 [17/24
00 1- %

Table 5.1. Marginal utilities and corresponding worst-case efficiency
achieved by two user the sequential auction for given n.

From Corollary [16] and Theorem [17], the worst-case efficiency of the sequential auction
with the flat dominant utility profile 7'(n) is given by (5.9), which converges to 1 —e™*
as n — o0.

In Section we show that a flat dominant utility profile achieves the worst-case
efficiency, so that n(n) = n'(n). That completes the proof of Theorem

Table shows the marginal utilities that give the lowest efficiency n(n), which is also
shown. As can be seen, n(n) is decreasing with n. As n — oo, these quantities approach

the bound from Theorem [11]

5.3.2. Efficiency Bound With Increasing/Decreasing Marginal Utilities

We now assume that agent 1 has increasing marginal utilities, while agent 2’s marginal
utilities are decreasing. As noted previously, this may arise in the full-spread case due to

interference.

Theorem 18. If the marginal utilities of one agent are decreasing and the other’s

increasing, then n(n) < <.

1 1

Proof. Consider the following marginal utilities: u{ = a,u} = --- = u} = ¢ and

_, =0,u% = bwith b > a+ne and ¢ small. If the sequential auction reaches
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(0,n — 1), then agent 1 bids a for the last unit and agent 2 bids b. Hence, agent 2 wins

the unit and pays a. The value of (0,n — 1) to agent 2 is therefore b — a. By backward

_ % €, assuming agent 2 wins

induction, the value of (0, 1) to agent 2isb—(n—1)a
all n — 1 units after the first unit. Similarly, the value of (1,0) to agent 1is a+ (n—1)e.
The sequential outcome is inefficient if agent 2’s value of (0, 1) is less than agent 1’s value

of (1,0), ie.,if b < na+ @e. In that case, the efficiency of the sequential auction

outcome is given by
a+(n—1)e _ a+(n—1)e¢

b na -+ —(";l)n

.
Letting a — oo and/or € — 0, the efficiency approaches % O

This theorem shows that under Theorem |11/ when one agent has increasing marginal

utilities the worst-case efficiency can go to zero as the number of goods increases.

5.3.3. Efficiency with Constrained Marginal Utilities

As indicated in the preceding sections, the marginal utilities that achieve the worst-case
efficiency in each case are quite special. With additional constraints on the marginal
utilities, we expect the worst-case efficiency to increase. Here we illustrate this for n = 2
goods.

First, we consider decreasing marginal utilities for both agents, and assume that u} =
Aul and u3 = \u?, where A\; < 1 and Ay < 1. In this case, it can be shown that the
sequential allocation is not efficient if and only if u} > A\juj > u? > Au? or u? > \u? >
ui > A\jui. The worst-case efficiency with these constrained marginal utilities is given by

24N — Ao
T+ M) (2=XN)’
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where -+ < A\ < 1 and 0 < Ay < 1. Note that n(2; A1, \2) > 3/4, which is equal to the

28,

bound given in Table [5.1} i.e. restricting the marginal utilities in this way decreases the
efficiency loss. As Ay — 1 and Ay — 0, this bound holds with equality.

For the case in which one agent has decreasing marginal utilities and the other has
increasing marginal utilities, we let uj = A\juj, and u3 = Au?, where A\; < 1 and Ay > 1.
In this case, any ordering of marginal utilities can lead to an inefficient allocation. Hence
all orderings must be considered to compute the worst-case efficiency. As an example,
assume that A\yu? > u? > uj > A\juj. Then the worst-case efficiency is given by

2=+ Ao
(2—=X1) - (1+XN)’

7’](2;)\1,)\2) = (512)

where 0 < A\; < 1 and 1 < Ay < 2. Here we have n(2; A1, \2) > 2/3, and equality holds
as Ay — 0 and Ay — 2. Again, restricting the marginal utilities increases the worst-case

efficiency.

5.4. Simulation Results

In this section we present simulation results for two-user bandwidth and power auc-
tions. For these results we randomly place two transmitters and receivers within a given
region, as illustrated in Fig. Specifically, user 1’s transmitter is uniformly placed
within a circle of radius dy = 50 m centered at user 2’s receiver. This captures the sce-
nario in which a user experiences a single dominant interferer. User 1’s receiver is then
randomly placed within a circle of radius dy centered at user 1’s transmitter, and similarly,
user 2’s transmitter is randomly placed within a circle of radius dy centered at user 2’s

receiver. Given these locations, we set each channel gain h;; = lz-_j4 where [;; is the distance
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21

Figure 5.4. Simulation scenario in which the location of the transmitter
T1 is uniformly distributed within a circle centered at R2, and R1 and
T2 are placed at random locations within circles centered at T1 and R2,
respectively. (i1 < do, lae < do and Ly < dy)

between transmitter ¢ and receiver j. For a given allocation a user’s utility is assumed
to be the rate given by or (6.2), with W = 25 MHz, and Ny = —174 dBm/Hz. In
the bandwidth auction, W is divided into n units of W/n Hz and both users transmit
using power P; = Py, = 107% watts. In the power auction, we assume that Py = Py,
and P, = ny Py, /n, where again P, = 107% watts. Both users spread over the entire

bandwidth W.

5.4.1. Bandwidth Auction

We first show results for the bandwidth auction with n = 2 units. We define the worst
possible efficiency for a given realization as the ratio of minimum sum utility to maximum

sum utility over the three possible bandwidth allocations. Figure shows the empirical
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Figure 5.5. Empirical PDF of the worst possible efficiency of the sequential
bandwidth auction with two agents and n = 2 units.

probability distribution function (PDF) for the worst possible efficiency over 10? simula-
tion runs. This shows that without an appropriate resource allocation mechanism, the
efficiency can be very low.

Figure [5.6{shows the empirical cumulative distribution function (CDF') of the efficiency
of the sequential equilibrium. Curves are shown for different values of n. For n = 2
this figure shows a substantial improvement in efficiency relative to the worst possible
allocation in Figure[5.5 For n = 2, the lowest efficiency is 0.844, and the auction achieves
an efficient allocation for more than 80% of the realizations. The lowest efficiency is
significantly higher than the worst-case efficiency of 3/4 given in Section This is

due to the nature of the rate utility function, which constrains the possible marginal
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utilities as in Section Here, each agent i’s utility function has the form U;(s) =

), where 3; = % For the parameters used in the simulation it

S(W/2) logy(1 + 22
follows that 3; € [1.6,00). The resulting marginal utilities satisfy the constraints in
Sect. , with \; € [.45,1]. From , the worst-case efficiency occurs when A\; = 1
and Ay = 0.45, which gives 1(2; 1,0.45) = 0.82, only slightly less than the observed lowest
efficiency.

As n increases, Figure [5.6] shows that the smallest observed efficiency increases from
0.844 when n = 2 to 0.914 when n = 20. This is in contrast to the results in Table 5.1},
which show that the worst-case efficiency decreases with n. The observed increase is due
to the fact that as n increases, the specific marginal utilities, which achieve the worst-case
efficiency, are much less likely to occur. However, the fraction of realizations for which
the full efficiency is achieved decreases as n increases. In part, this is simply due to the

increase in number of possible outcomes (allocations) with n.

5.4.2. Power Auction

Figure shows the PDF of the worst possible efficiency for the power auction with
n = 2 units. Figure [5.8 shows the CDF of the efficiency of the sequential allocation for
different values of n. Unlike the bandwidth auction, the smallest efficiencies observed in
the simulations are close to 1/n, as predicted by Theorem . (For example, with n = 2
the smallest observed efficiency is 0.575.) Because of the interference, the marginal utility
of the second unit for agent 2 can be very large relative to the marginal utility of the first

unit, which leads to the worst-case efficiency. For n = 2 the sequential power auction
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Figure 5.6. Empirical CDFs of the efficiency of the two-user sequential allo-
cation for the bandwidth auction with different n. The transmitted power
P =107° watts and dy = 50 m.

still achieves the efficient allocation for more than 85% of the realizations. This fraction
decreases as n increases.

Finally, we remark that our results for both the power and bandwidth auctions only
indicate efficiency loss relative to the maximum utility for that mechanism. Further
results comparing the efficiency across mechanisms show that in addition to having lower
efficiency loss, the bandwidth auction typically achieves a higher sum utility than the

power auction.
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Figure 5.7. Empirical PDF of the worst possible efficiency for the power
auction with two users and n = 2 units.

5.5. Sequential second price auction for three or more agents

Next we turn to the case where k£ > 2 agents are participating in the bandwidth auc-
tion[™ The main question we address is whether or not the auction has an equilibrium [
In a single unit second-price auction, existence of an equilibrium follows from the unique-
ness of dominant strategies for all agents. From Theorem [I0] a similar argument applies
for a two agent sequential auction, namely there is a unique dominant subgame perfect
strategy for each agent. However, with k > 2 agents, we will show by example that one or

more agents may not have a unique dominant strategy. Hence, it is plausible that there

I3As discussed in Section due to the interdependence of the utility functions, the power auction with
more than two agents is not considered.

MNote that this game has infinite strategy spaces and discontinuous pay-off functions, hence classical
equilibria existence theorems may not apply.
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Figure 5.8. Empirical CDF of the efficiency of the sequential equilibrium
for the two-user power auction with different values of n.

exist no equilibria (as in first price auctions with full information) or a multiplicity of
pure and mixed strategy equilibria. Our main result is to show the existence of at least
one pure strategy equilibrium.

Consider sophisticated bidding for £ > 2 agents in an n-unit auction. As in the two
agent case, the last round of the auction is identical to a standard second price auction for
the n-th good, and so it is a dominant strategy for all agents to bid their marginal utilities.
Given full information, all agents again know the allocations and payments on the last
round. Hence, we can think of the penultimate round as a second price auction over the
right to participate in one of k possible auctions in the last round whose valuations are

known.
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In the two agent auction at each node the choice is between two possible sub-auctions.
An agent’s valuation for one sub-auction over the other is captured by the difference in
payoffs between them. Since any sub-auction has a unique equilibrium path, the valuations
of the sub-auctions and hence the sophisticated bids are well defined. With k > 2 agents,
even in the penultimate auction, the choice may be between k alternative second price
auctions for which some or all of the agents have different payoffs. Each agent may then
have several non-dominated strategies, and as the next example shows, there may be
multiple sub-game perfect equilibria. If the equilibrium is not unique, the valuation of
the penultimate round may depend on the choice of equilibrium. The same applies, of
course, to any node further up the game tree. We therefore define a sophisticated bidding
strategy as a strategy that, for each node of the game tree, maximizes the agent’s payoff
over final outcomes for a given equilibrium strategy on each of the subtrees. In other
words, an agent chooses a sophisticated strategy that subsumes some choice of equilibria

on the subtrees and maximizes expected payoff for the corresponding valuations.

5.5.1. Example

Figure 5.9 shows an example of a sequential second price auction with three agents and
three units which has multiple inefficient equilibria. The marginal utilities of all three
units are 10 for agent 1 and 9, 1 and 0 for agents 2 and 3. Since the last round is a
second price auction, bidding marginal utility is a equilibrium on each of the final round
subtrees. Using these values, in the subtree of the penultimate round corresponding to

the allocation of the first unit to agent 1 we get the values [21,0,0], [11,9,0] and [11,0, 9]
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of the second unit being allocated to agents 1, 2 and 3, respectively.ﬁ This implies that
bidding 10 for agent 1 and 9 for agents 2 and 3 are dominant strategies. The value of this
subtree is therefore [12,0,0]. In the penultimate round corresponding to the allocation
of the first unit to agent 2 we get the values [11,9,0], [1,9,10] and [9,9,9]; hence, the
dominant bids are 2, 9, 1 (since agent 1 knows that agent 2 loses regardless of agent 1’s
bid) and the value is [9,9, 7]. By symmetry, the value of the third penultimate subtree is
9,7,9].

Turning to the first round, it follows that agent 1 has a dominant bid of 3 while the two
other agents have a choice between 2 and 9. In this case agents 2 and 3 must coordinate
to avoid simultaneously bidding high or low thus the pure strategy equilibria bids for this
round are 3, 2, 9 and 3, 9, 2. There also exists a mixed strategy where both agents 2 and

3 flip a fair coin and decide between 2 and 9.

5.5.2. Existence

To show that there exists at least one equilibrium with k£ > 2 agents, we define a second

price bidding mechanism which is a generalization of a second price auction.

Definition A k-second price bidding mechanism is a k-agent mechanism with action
profiles in % and a finite outcome set {A;,..., Ay} where the valuation of agent ¢ for
A is aé € R and aj: > af for any 7 # j. The outcome as a function of the actions
(by,...,by) is given by v(by, ..., b;) = A; when b; = max; b; and the payment in this case
is pi(by, ..., by) = max;, b; and p;j(by,...,by) = 0 for j # .

It is easy to see that this reduces to a second price auction if ag =0 for j #i.

I5Here each component denotes the corresponding value for that agent.
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Figure 5.9. Example of a directed graph G representing an auction with
k = 3 agents and n = 3 units. Each node on the graph is labeled with the
value of the subtree rooted at that node. The edges are labeled with the
valuation of the resource unit to the corresponding agent. The two solid
paths correspond to the two pure strategy equilibria.

Lemma 19. A second price bidding mechanism has at least one pure strateqy equilib-

rium that survives iterated elimination of dominant strategies.

Proof. For each agent i let B; = {aj —aj : j # i}, the set of valuation differences
between outcomes, 3; = min B;. Without loss of generality, b; = aj — a} = maxU;B;,
namely the largest valuation gap is between the valuations of agent 1 for the outcomes
Aq and As.

We show that if by = max By > max;~, (; then the bidding profile (b1, by, s, .. ., Gk)
is an equilibrium. With this profile the outcome is A; with py(by, ba, B3, ..., Bx) = by and
pi(b1,b2, B3, ..., 0,) =0 for i > 1. Agent 1’s payoff is then al — by. The only deviation of

agent 1 that would change the outcome is to bid below b, which, by the assumption on
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by, would give the outcome Ay. Agent 1’s payoff in this case is a} and the difference is
ay — ai + by = by — by < 0 from the maximality of b;. If agent 7 > 1 bids above by, then
her payoff is al — b, compared to ai at A, hence by deviating she would gain a! — b, — a}
which, again by the maximality of by, is negative. Thus, no agent can make a positive
gain from deviating.

If by = max By < max;~s (3; then w.l.o.g. 03 > by. By induction there exists a pure
strategy equilibrium for the £ —1 bidding mechanism derived from excluding agent 2. The
base of the induction follows since for two agents trivially it must be that by > max;~o ;.

Since we are removing one of the agents in the new game, the new sets of valuation
differences are subsets of the previous B;’s. This implies that their minimal elements
B satisfy ] > (;, and therefore agent 3 bids above by. If agent 3 is not the highest
bidder in the new game, or if at least two agents are bidding above by, then taking the
equilibria bids in the new game and letting agent 2 bid b, would give the same allocation
and payments as in the k-agent game. Since by is the maximal gain agent 2 could obtain
from changing the outcome, she has no incentive to bid above bs. Any profitable deviation
for the other agents would be a profitable deviation in the new game contradicting the
choice of bids as an equilibrium. If agent 3 is the highest bidder in the new game and the
second highest bid is below by then the same argument shows that adding agent 2 to the
equilibrium profile in the new game would not change the bidding incentives of the agents
apart from agent 3. Since a3 — a3 > 53 > by, it follows that agent 3 has no incentive
to deviate either. Thus we get a pure strategy equilibrium for the k& agent mechanism.

These strategies are not dominated hence this equilibrium survives iterated elimination

of dominant strategies.
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If max By = max;~s (3; then the outcome depends on the tie breaking rule used in the
auction. For any reasonable rule, such as random choice, a pure strategy equilibrium can

be constructed in a similar manner. O

Theorem 20. The multi-agent sequential second price auction has a pure strateqy

equilibrium.

Proof. An induction on the depth of the game tree of a sequential second price auction
shows that each round of the sequential auction is strategically equivalent to a second
price bidding mechanism where the valuations of the subtrees depend on the choice of

equilibrium outcome of the bidding mechanism on the subtree. 0

5.5.3. Efficiency loss

We conclude this section with a few comments about the worst-case efficiency for £ > 2
agents. First we note that the worst-case efficiency will not increase as the number of
users increase. This follows from the fact that we can always select the marginal utilities
of the additional users to be arbitrarily small. In fact for n = 2 goods and an arbitrary
number of users with decreasing marginal utilities it can be shown that the worst-case
efficiency is exactly the same as in the & = 2 case (i.e. it is 3/4). Figure shows
simulation results for the bandwidth auction with & = 3 agents and n = 2 and n = 5
goods. The parameters are the same as those in Section [5.4l For comparison the results
to k = 2 agents are also shown. It can be seen that the efficiency with k£ = 3 agents is
stochastically larger than that with & = 2 agents for both n = 2 and n = 5. A likely
explanation for this is that with randomly placed agents the probability of a “bad” choice

of marginal utilities arising decreases as the number of agents increase.
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Figure 5.10. Empirical CDFs of the efficiency of the sequential allocation
for the bandwidth auction with £k =2 and k =3 usersandn =2andn =5
goods.

5.6. Chapter Summary

We have considered a sequential second price auction for allocating n units of band-
width or power among non-cooperative wireless devices. This mechanism is relatively
simple and requires little information exchange among users, which may make it attrac-
tive for dynamic bandwidth or power allocation among secondary users who wish to share
spectrum with the primary user (spectrum owner or licensee). Our main analytical re-
sults characterize the worst-case efficiency of the subgame perfect equilibrium for two
users with full knowledge of bidding histories and user utilities. For a bandwidth auction

(decreasing marginal utilities), the worst-case efficiency decreases with n and converges
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to 1 —e~!. For the power auction, where one user has decreasing marginal utilities and
the other has increasing marginal utilities, the worst-case efficiency bound is no greater
than 1/n.

Although the worst-case efficiency loss due to sophisticated bidding can be significant,
simulation results with randomly placed users show that with the rate utility function,
the sequential auction typically gives the efficient allocation. Furthermore, when the
equilibrium is inefficient, the efficiency loss is typically less than the worst-case efficiency
loss. This is due to the rate utility function, which places constraints on the ratios of
marginal utilities for the successive units being auctioned.

For more than two users, we show that the sequential second price auction still has
a pure strategy equilibrium. In this case, however, the equilibrium may not be unique
and so some coordination of the users may be needed to decide on a particular outcome.
Assuming a particular equilibrium, simulation results show that for the bandwidth auction

the efficiency typically improves when the number of agents increases from 2 to 3.

5.7. Supplement: Proof of Lemma and Theorem

5.7.1. Marginal utilities of the agents in Lemma

Without loss of generality, we consider the following flat dominant utility profile: ul =

- =ul =1 for agent 1 and u? = b; for agent 2. Note that 1 > by > by > -+ > b,.
We find a set of constraints such that the marginal utilities above have the subgame
kink property with the sequential allocation (j,n — j) through the backward induction as
shown in Figure At node (0,n — 1), agent 1 bids 1 and agent 2 bids b,, for the last

unit. Agent 1 wins the last unit and pays b,. Therefore, the values of node (0,n — 1)
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[n.0] [n-1b]
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Figure 5.11. Subgame kink property of the marginal utilities considered
with sequential allocation (j,n — j)

become 1 — b,, for agent 1 and Z?;ll b; for agent 2, namely, [1 — b, E?;ll b;]. Similarly,

the values of node (1,n — 2) are [2 —b,_1, Y71 b;]. Given these values, now we calculate
the values of node (0,n —2). Agent 1 bids (2—0b,-1) — (1 —b,) =1 —b,,_1 + b, and agent
2 bids b,,_1 for the second last unit. Since we assume that the marginal utilities have the
subgame kink property, agent 1 wins the second last unit at this node. This implies that

1—b,1+0b, > bnfl, or
14 b,

bn—l < 9 ’

(5.13)

and the values of node (0,n — 2) become [2 — 2b,_5, 3277 by].

i=1
We apply this procedure repeatedly to the straight-line paths where agent 1 wins the

units. First, we consider the straight-line with the sequential allocation (i,n — i) where

i < j. We can show that the values of node (0,n — i) become [i — i - by_i11, S by]

s=1"$

for 1 = 1,---,j. Second, for the straight-line path with ¢ > j, the values of node (1,17)
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become [i — (i — 1) - bp_iy1, >t by fori=j+1,--- ,n—1and [n — (n — 1) - by, 0] for

1 = n. The following constraints are obtained similar to ([5.13]).

bn7i+1 < 1+(i_1)'.bn_i+27 L= 27 T 7j
! (5.14)
bn—i+1 < 1+(172‘23-fn_i+2a 1= ] + 17 e, N,

Now we consider the equilibrium path where agent 2 wins the units. At node (0,7 —
j—1),agent 1 bids {j+1—7-bp_j—(j—J - bp_jr1)} =1—7 bp_j+J-b,_ji1 and agent

2 bids b,,_; for the (n — j)-th unit. From the equilibrium path considered here,

Pnj =1=J buj+7 boji1 <bny, (5.15)
or
1 +j ) bn— j+1
by ;> — "I 5.16

Therefore, agent 2 wins the n — j-th unit and pays p,—; =1 —j - b,—j +J - b—;41. Note

that (5.15)) can be rearranged such that

n—

The values of node (0,7 — j — 1) becomes [j — j - by_ji1, > oo by — pn_,]. Similarly, at

S=

node (0,n — j — 2), the following inequality
Pr-j1=2=(+1) bnjr+7J - bnjpr <bn—jo1 +bnj — P (5.18)

holds and the values of the node (0, n—j—2) become [j—7-b,_j11, 2;:{ bs—Pn—j—1—Dn—jl-

The payment of agent 2 for (n — j — 1)-th unit is p,—;_;. (5.18) can be rearranged such



154

that

(] + 2) - (] + 2) ’ bn—j—l <j—7- bn—j-H + bn—j — Pn—j- (519)

We repeat this until the backward induction reaches the root node. The values of the
root node (0,0) is [j — j - by—j+1. Z:;f bs — ps), where the payment of agent 2 for the s-th
unit is given by

n—j

ps=n—j—s+1—(n—25) -bs+7 by_jy1 <bs+ Z{bk—pk}, (5.20)
k=s+1

where s =1,--- ;n — j — 1. The rearrangement of ([5.20)) is given by

n—j
(= s+ 1) = (=541 bo<j— byt 3 e-p)  (521)
k=s+1

The marginal utilities of the agents in Lemma |12] are obtained by setting b, = ps or

1+ (n—s) b

bs 5.22
n—s+1 ( )

fors=1,--- . n—jand by=0fors=n—j5+1,--- ,n.

5.7.2. Proof of Theorem [11]

Suppose that uj > ... > u) and w? > ...u2, and let (I,n — [) denote the efficient

allocation. After auctioning m (< n) units, the sequential game reaches a decision node
where either agent 1 or agent 2 obtains her efficient allocation (I for agent 1 or n — [ for
agent 2). For that agent the marginal utilities of the remaining units must be smaller
than that for the other agent. (See Figure [5.12}) Up to this decision node, there is no

loss in efficiency. Any efficiency loss in the final allocation procures in the subgame tree
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rooted at this decision node. Therefore, the efficiency loss of the full game tree cannot
be larger than the efficiency loss of this subgame tree. Since the utility profile associated
with the subgame tree is dominant, the worst-case efficiency must always correspond to
a dominant utility profile.

We now show that changing a dominant utility profile to a flat dominant profile can
only decrease efficiency. Given a dominant utility profile, if we replace the marginal
utilities of the first agent with 47 = ... = @}, = u),, then we must have the sequential

allocation (3,t) satisfies 5 < s. Hence this change in utility profile can only decrease

efficiency.



| agent1
R erenes agent?
% """" oo,
=]
] T
— (s, t) (1, n-1) -— F
Ny Ny

Figure 5.12. Marginal utilities of two agents. n; (n2) is the number of units
that agent 1 (2) obtains along the sequential auction. (I,n—1) is the optimal
allocation and (s, t) is the sequential allocation. The shadowed region shows
the efficiency loss.
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CHAPTER 6

An Efficient Dynamic Auction for Convex Utility

In the previous chapter, we considered a sequential second price auction for allocating
wireless resources and determined its worst-case efficiency. For the power auction, where
one of the agents has a convex utility function, the worst-case efficiency decreases to zero
as the number of units increases. In addition, we have assumed complete information
among the agents. The impracticality of the complete information assumption as well
as the low worst-case efficiency of the power auction leads us to design a new auction
mechanism. The main difficulty is the convexity of the agent’s utility function in the
power auction since most auctions in the literature assume that the utilities of the agents
are increasing concave.

Here, we study a new dynamic auction proposed in [14], which achieves the efficient
outcome for the case where one agent and only one agent has a convex utility function in
the scenario ConsideredH This dynamic auction, called a Fallback auction, is a modification
of Ausubel’s ascending auction for multiple units and assumes private information among
the agents. We show that the Fallback auction finds a core outcome with minimum
revenue to the seller or the auctioneer, which maximizes the “incentive” for the agents

to report truthfullyﬂ As discussed later, the core outcome is necessary for stability of

T As briefly discussed in Chapter the analysis becomes complicated if there is more than one agent with
a convex utility function due to the “free-rider” problem [29].
2As we show later, this does not mean that the Fallback auction is incentive compatible.
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Figure 6.1. Interference channel with two transmitter-receiver pairs

the auction. Moreover, the Fallback auction achieves efficient resource allocation with

truthful biddings, which implies that it has a full information equilibrium.

6.1. Spectrum Sharing Model

We consider a model with K agents, where each agent is represented by a distinct
transmitter-receiver pair. An example of two such agents is shown in Figure [6.1] Let
agent 1 be the primary agent so that agents 2,..., K are the secondary agents. As in
[51], we assume that the utility derived by each agent i is a function of that agent’s
received Signal-to-Interference and Noise Ratio (SINR) given by

qihii
0%+ ahy

vi(q) = (6.1)

where q = {¢;} is the vector of transmission powers across all agents, o2 is the noise power
and hj; is the channel gain from agent j’s transmitter to agent ¢’s receiver. The externality
that agent j causes agent 7 is due to the interference term g;hj; in this expression. Letting

U;(i) denote agent i’s utility, an efficient allocation of power q maximizes ), U;(;).
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We assume that the primary user transmits at a fixed power ¢; and is guaranteed
that the interference from the secondary users does not exceed a given level ¢"**. The
spectrum manager’s task is then to allocate this total received power at the primary
user’s receiver through the auction such that the total power of the secondary users is
constrained to satisfy Zfig gihin < ¢™*. We also allow the primary user to participate in
this auction. Each unit of power the primary user is allocated corresponds to a reduction
in the total interference it sees, i.e. if it receives ¢} units of power, its total interference

! . .
becomes ¢ — q;. Let x; = q,?}a,c and z; = g:,?;}c, represent the normalized resources

allocated to each agent, so that the resource constraint can be written as Zfil r; < 1.
The utility function U;(7;) is assumed to be a monotonic increasing concave function

of ~; for all 7. However, it is more useful to consider this as a function of x;. For each

agent ¢ > 2, we assume that the interference from the primary user is much larger than

the interference from any secondary user, so that

€T GmazNii

toha
i) =, 6.2
i) & gt 62)

in which case clearly U;(x;) is also a monotonically increasing concave function of x; E| On

the other hand, for agent 1, we have

q1hi

R s o9

31If there is more than one secondary user and the interference from the other secondary users is not
negligible, once again users may free ride.
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in which case U; () is an increasing function of z;. Moreover, U;(z1) is a convex function

of x; if the following relation holds:

d*U; (x h maz)2 d*U dU
1(2 D _ - nd (™) 3{ L ’yl—i—Z—I} > 0, (6.4)
dx? (02 + gmer(1 — xq1))3 | dvi dy,
or equivalently, if the coefficient of relative risk aversion, —7}][{{(/7(1’)1), is less than 2 for all
1

71-

6.2. Ausubel’s Ascending Auction

We describe an auction setting, which captures key features of power allocation de-
scribed in the previous section. A seller wishes to allocate one unit of a divisible good
among K agents. Agent ¢ obtains utility U;(z) from consuming x < 1 units of the good.
Utilities are assumed to be private and quasi-linear with derivative 8%455) = u;(x). When
all U;(z) are concave, Ausubel’s ascending auction can be used to allocate one unit of
good [12]. In this auction, truthful bidding is a dominant strategy that leads to an ex
post perfect equilibrium and the VCG outcome is obtained. On the other hand, if one of
the agents has a convex utility function, then Ausubel’s auction cannot be applied and
a ‘Fallback’ auction is proposed in the following section. Here, we describe Ausubel’s
ascending auction in detail. For convenience we initially assume all U;(x) to be strictly
concave.

If p is the per unit price of the good, strict concavity of U;(x) implies that

x;(p) = arg max U;(x) —p-x (6.5)

0<z<1
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is unique for any price p. Call z;(p) agent i’s demand at price p. Notice that z;(p) is
continuous and strictly decreasing. In addition, z;(0) = 1 and z;(p) — 0 as p — oo are
assumed.

Initially the price is set to 0 and increases continuously. At each price p, bidder 7 is
asked to report x;(p). We assume that each agent reports truthfully. We show later that
Ausubel’s auction encourages truthful reporting. Whenever the sum of demands from all
agents is larger than supply (one unit of good), namely, Y " | z;(p) > 1, the auctioneer
or the seller increases the price. The auction terminates when the market clearing price
p* is reached, which satisfies Y | z;(p*) = 1. Notice that the existence of such a price
follows from the the fact that z;(p) is continuous and decreasing.

As the price increases from p to p + Ap, each agent i clinches, i.e., is allocated the
additional quantity AC;(p) = Ci(p + Ap) — C;(p) with the payment p - AC;(p) to the
seller. Here, Ci(p) = max{0,1 — >, x;(p)} is the total clinched quantity of agent i at
price p. If p~% is the market clearing price when agent 7 is excluded, it is easy to see that
Ci(p) = 0 for p < p~*. Hence, the total payment of agent 7 for the clinched quantity C;(p)
is the following:

P . P d T
PiAA(p):/O pdC;;;/))dp:_/ip (Zﬁgpy(ﬂ))dﬁ (6.6)

Notice that p~* < p* and, therefore, z;(p~*) > x;(p*) for all j # i.

When Ausubel’s ascending auction ends with the market clearing price p*, the final
allocation of one unit of good among agents is socially optimal, namely, maximizes the
sum of all agents’ utilities. Now we show that the total payment P22 (p*) of agent i after

the auction ends is the same as the VCG payment. The VCG payment for agent i is given
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PYOS = {Ui(x;(p7") — Uj(z;(p*)) } - (6.7)
j#i

Using information revealed from the agents during the auction and the first-order condi-

tion w;(x;(p)) = p for all j, the VCG payment becomes

pYeG _ Z/J(p Z/ w5

J#i J#i

Pd(3 4 5)
:_Z/ ]dp——/,p%dp,
» p

J#i -
which is the same as the payment at price p*. Therefore, the ascending auction
with concave utilities generates the VCG outcome. Moreover, reporting x;(p) truthfully
at given price p is incentive compatible for all agents [43].

So far we have not considered the demand of an agent appropriately in . When
the auctioneer asks agent ¢ to report her demand at the current price, we assume that
each agent reports x;(p) that maximizes U;(x) — p-x. However, this ignores the fact that
agent 7 has already clinched C;(p) > 0 with the payment PA%(p) by the time the price in
the auction has reached p. Therefore, she only pays for the additional amount of demand

x, — C;(p) at the unit price p, where / is agent ¢’s demand that maximizes the following

payoff 7;(z, p):
iz, p) = Us(x) — p - max{z — Ci(p), 0} — /O ’ p%ﬁmd,& (6.9)

As we can see, z}(p) = z;(p). This is because the payment of an agent does not depend

on her bidding strategy (demand). This is the main reason why truthful reporting of
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demand is incentive compatible in the ascending auction. Note that concavity of the
utility function means that z;(p) > C;(p) throughout the auction. Algorithm [1| describes

the ascending auction.

Algorithm 1 Algl (p,x1, 2, ...,2k): Ausubel’s Ascending Auction

Initialization:

p—0;z,x; «—1lfori=1,..., K

Dynamic:

while >°% 2, > 1 do
p—p+Ap
Ask each agent her demand x; for given price p.
z; — max{z;, 1 — > ., x; },
Ci —max{0,1 -3, z;}, Cf < max{0,1 -3, 2},
x;, «—x;fori=1,...,K

end while

Return (zy,...,2x) and (Py,..., Pk)

6.3. Fallback Auction

We now present the Fallback auction. The Fallback auction modifies Ausubel’s as-
cending auction to adapt to the presence of a single agent with a non-concave utility
function, henceforth, called agent 1. All other agents have strictly concave utilities. In
this case there may be no price p such that Zfil z;(p) = 1. The difficulty arises because
x1(p), while non-increasing, may have discontinuities. Namely, there may be a price p'
such that limy, S zi(p) > 1 and K, #(p) < 1 for all p > pt. This means there is
an excess supply when the auction reaches the price p > p'. In addition, x;(p) = 0 for all
p > p' because of the non-concavity of her utility function. Hence, agent 1’s demand at a
price p > p' is less than what she has clinched. In Ausubel’s ascending auction an agent

is not allowed to relinquish her clinch. Therefore, if agent 1’s utility is convex, her surplus
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is forced to be zero or negative, creating an incentive to deviate from truthful reporting
of her demand.

The Fallback auction surmounts this difficulty by allowing only agent 1 to relinquish
some of the units she has clinched. If a fallback price (defined below) is reached and agent
1 has clinched some amount of the good, we allow agent 1 to choose a smaller quantity
clinched earlier and the auction terminates. The relinquished units from agent 1 must
then be reallocated to other agents. On the other hand, if Zfig z;(p) > 1 at the fallback
price, then agent 1 could not have clinched anything. She then falls back to a price p < p
with 7 = 0. All of the good may not be allocated when agent 1 falls back, in which case
the auction continues without agent 1 until it reaches the market clearing price.

Definition p' is called a fallback price if lim, ¢ Sh 2;(p) > 1 and 21 (p) = 0 for all

p >

To understand what occurs at the fallback price, suppose that agent 1 decides to fall
back at some price p'. At this price agent 1 is free to choose any quantity clinched
earlier, i.e., Ci(p') where p’ < p'. Agent 1’s payoff from choosing C;(p’) would be
Ur(Ch(p')) — f;,ll p%p(p)dp. Clearly, she would choose the price p’ that maximizes her

payoff. Depending on whether C(p") > 0 or C;(p') = 0, the auction follows one of two

different paths after agent 1 falls.

6.3.1. Case I: p' > p~!

If the fallback price p’ is higher than the market clearing price p~! without agent 1, then
Ci(p') > 0. Therefore, agent 1 chooses a price p < p', which maximizes her payoff and

the auction ends. This motivates the following definition.
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Definition The price

p* = arg_max mmzwa@ijﬂﬁ@@

pt>p>p~1 p—1 dp

(6.10)

is called the security price.

The security price is the price, which maximizes agent 1’s payoff m; when she falls

back. Therefore, the following equality holds at the fallback price:

m1(p') = m(p"), (6.11)

where 71 is the payoff that agent 1 would receive if she were allocated her entire demand
xl(pt).ﬁ Note that in the definition of the security price, the payoff maximization could
be taken over the interval [p~!, p']. If the Fallback auction terminates at a fallback price,
namely p* = p’, then the auctioneer allocates the quantity x;(p*) to each agent i > 2 and
the amount 1 — ., x;(p*) to agent 1.

Once the auction ends, the payment that agent 1 makes for the allocation C(p*) is

Pt
PlFB:/ p C:ll(p)dp, (6.12)
pt P

and the payment that agent ¢ > 2 makes is

t

PFB =p' - lim x4(p) — /p pdmidp
p/p* o dp

(6.13)

= ot lim i) + Uiair) — Uil

Yf p > pt, T1(p) < m1(p*). Otherwise, agent 1 would not fall back because she expects better payoff at
price p > p'. See an example in Section for further explanation.
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The payment consists of two terms. The first term is her demand multiplied by the
fallback price p' and the second term is the increase in agent 4’s utility for the quantity
re-allocated to her when agent 1 falls back. Since the gain from reallocation is the same as
the payment, agent ¢ > 0 is indifferent to whether she gets additional quantity relinquished

from agent 1.

6.3.2. Case II: p'! < p!

Since the sum demand of all agents except agent 1 is Zf; z;(p) > 1 at the fallback price,
agent 1 could not have clinched any quantity, namely, C;(p) = 0. Therefore, agent 1
falls back to any price p < p' with no allocation. Since Zf; x;(p) > 1 after agent 1’s
fallback, the auction continues without agent 1 from the fallback price p’ until it reaches
the market clearing price p~!. The market clearing price exists because all agents in the
auction have concave utility functions.

The allocation of agent 1 is x; = 0 once the auction ends, and the payment of agent 1
is PI'B = 0. On the other hand, agent i # 1’s allocation is z;(p~'). For allocation x;(p~')
of agent i > 2, Ci(p') = max{0,1 = >_,, ;x;(p)} is obtained with the unit price p’ right
after agent 1 falls back. The corresponding payment is then

[ dCi(p)
PFB =yt Ci(ph) + lim -
i =p G+ lim, T

dp. (6.14)

A pseudo-code description of the complete Fallback auction is given in Algorithm [2]
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Algorithm 2 Fallback Auction

Initialization:

fallback flag down ; p «— 0 ; x;,z; <« 1fore=1,..., K

Dynamic:

while "% z; > 1 and fallback flag down do

p—p+Ap

ask each agent her demand x; for price p.

zi — max{z;, 1 =3 .,z

Ci — maX{Ov 1- Zj;ﬁi Ij}a Cii — maX{07 1- Zj;ﬁi I;},

P — P +p- (Cz _Cii)a
ask agent 1 if p is secure.
if 'yes’ then
xf —x;fori=2,..., K
Pl — P
end if

if z;,x; > 2} then

Py — Py +p-max{0,z; —z;} fori=2,..., K

end if

if agent 1 request fallback, then

Fallback flag up
if C; > 0 then

(29, ..., 2K, Py ..., Pg) = Algl(p,xs,...,2x) call Ausubel’s algorithm

P — Pf
P—p-z;i+Pypfori=2,....K
r;—axffori=2.... K
Ty 1 - Zf; Ty
end while;
else
x1=0; P, =0;
end while;
end if
end if
x;, —x;fori=1,...,K
end while
Return (zq,...,2x) and (P, ..

7PK)
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6.4. Examples

In this section, we illustrate the Fallback auction with examples. We consider a
divisible good with unit quantity, as assumed in Section [6.3] and extend this auction to

the case where there are multiple units of an indivisible good to be auctioned off.

6.4.1. Divisible Good

Example Consider the allocation of one unit of a divisible good among three agents with

the following utility functions:

1 11
U1<I'1) == gl’? + El’l, (615)
UQ(IQ) == 21’2 — l’g, (6].6)

VCG Outcome: The efficient allocation is the solution to the following maximization

problem:
1
max gx:{’ + 0% + 229 — 73 + 273 — T3 (6.18)
st. xi+Tot+az3=1; x1,29,23>0 (6.19)
Since agents 2 and 3 have identical concave utilities, the solution should be zo = x5 = 1_73'"

and x; = x. The maximization problem is then equivalent to

1, 11 -2, 11—z,
fax oz +1—O$+2{2( 5 ) —( 5 )}, (6.20)
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which gives the optimal allocation z; = 0.1127 and x5 = x3 = 0.44365. Moreover, the
VCG payments of all agents can be calculated easily and are given by PY°¢ = 0.1191 and

PYCG — pyC6 — 0.6184.

Fallback Outcome: Agent 1 has a convex utility function and her demand is z;(p) = 1
until she falls back to her security clinch. Agents 2 and 3 demand the quantities for which
their marginals exceed the price, i.e., 75(p) = 23(p) =1 —5. If 0 < p < 1, the sum of the
demands for any two agents exceeds the supply and therefore no agent clinches anything.
For 1 < p <2, the total demand of agents 2 and 3, xo(p) + x3(p) = 2 — p drops below 1,
and agent 1 clinches C(p) = p — 1. This continues until either agent 1 falls back or the
price reaches p = 2 at which point the demands of agents 2 and 3 drop to zero and the
market clears. The clinch rate in this interval is constant, namely, %p(p) =1

If agent 1’s demand (x1(p) = 1 due to convexity of utility function) is satisfied without

fallback, the expected payoff at price p < p' would therefore be

m) = Uiarp) — - )~ o)} — [ 921

43 P 1 29 (6.21)
I%—p-@—p)—/l pdp=§p2—2p+ﬁ-
On the other hand, the payoff of agent 1 with her actual clinch is given by
m(p) = Ui(Ci(p)) — /p pa%;;p)dp
1 111 71 (6.22)
=73 T Yoty
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The security price is then obtained by

p" = argmax{m(p) : s.t. 1 <p <2}

3 oE (6.23)
S AL

= 1.1127.

The Fallback auction, therefore, has the following dynamics. As the price rises above
p = 1, agent 1 begins to clinch. Her payoff increases until p = p*, at which 7 (p*) = 0.0054.
As the auction continues, however, the security price of agent 1 remains p* = 1.1127 since
the surplus decreases with p > p*. The price continues to increase until it reaches the

fallback price p'. At this price, 7 (p') = m1(p*), or

1 29
5 ()P =20+ o =m(p) = 00054, (6.24)
which gives the fallback price p' = 1.6202. Once agent 1 falls back to the allocation at

the security price, the auction terminates and the final allocations among the agents are

w(p") = pt—1=0.1127, (6.25)
wa(p?) = 1- % — 0.44365, (6.26)
z(p?) = 1- % — 0.44365. (6.27)
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Table 6.1. Marginal valuations of three agents A, B and C.

— N O N

= s O
SO W

A
B
C

t

At the fallback price, the demands of agent 2 and 3 are z5(p') = x3(p") = 1 — & = 0.1899
and the payments of the agents when the auction ends are then:
P9
PrB = / pca;(mdp —0.1191, (6.28)
1 P

PP = 2ma(p") — (22(p7)* — 222(p") + (22(p")* + ' - 22(p") = 0.6543, (6.29)

P{B = 0.6543. (6.30)

Note that the final allocation of the Fallback auction is same as that of the VCG auction.
Moreover, the payment of agent 1 is the same for both auctions. However, PFB # pVCG
for i = 2,..., K. Therefore, the Fallback auction is not incentive compatible. Later, in

Section we show that the Fallback auction is a core-selecting auction [31].

6.4.2. Indivisible Goods

Example (Case I in Section Suppose we wish to allocate Allocate three units of an

indivisible good among three agents with marginal valuations given in Table [6.1}

VCG outcome: The efficient allocation is x4 = 0,25 = 2,x¢ = 1 with the following

VCG payments: PYCC =0, PY°Y =3, PY°¢ =1.
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Table 6.2. Fallback Dynamics

rpa Tp I¢ Cl
0<p<1|3 2 210
I<p<2 |3 2 1|0
p=2 31 1|1
2<p<25|3 1 1|1
p=25 | F 1 1]«

Table 6.3. Marginal valuations of three agents A, B and C.

1 2 3
A0 0 9
Bl 5 34 1.1
Cl43 3.1 05

Fallback outcome: For 0 < p < 1, A bids for 3 units, B and C bid for 2 units. For
1 < p < 2, agent A bids for 3 units, B for two, and C for oneE] So far, no agent has
clinched unit. At p = 2, B reduces demand to one and A clinches to 3 — (1+ 1) = 1 with
p = 2. Since A pays 2 for one unit, she can pay up to 5 for the other two units. Therefore,
the demand of agent A remains 3 until p reaches 2.5. When the price becomes p = 2.5,
agent A decides to fall back to the security quantity 2% = 0 and relinquishes one unit to
agent B with the price she paid. Since agents B and C ask for one unit, respectively, at
the fallback price p = 2.5, the final allocation becomes rg =1+ 1 =2 and ¢ = 1. The
payments of agents with the Fallback auction are P2 =0, PE® =25 x 1 +2 = 4.5 and

PEB —25x1=25.

Example (Case II in Section Suppose we wish to allocate three units of an indivisible

good among three agents with marginal valuations given by Table [6.3]

"We assume that an agent does not ask for the unit when the marginal value of the unit is the same as
the current price.
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Table 6.4. Fallback Dynamics

Tpa Tp I¢ Cl CQ Cg

0<p<3 |3 2 2|0 0 O
p=3 F 2 2,0 1 1

3<p<3l 2 210 1 1
p=3.1 2 170 2 1

VCG outcome: The efficient allocation among all three agents is x4 = 0, xp = 2, and
rc = 1 with the following VCG payments: PY“¢ =0, PY¢¢ =4.7, PY“¢ = 1.1.

Fallback outcome: For 0 < p < 3, A bids for 3 units, B bids for 2 units, and C bids for
2 units. At p = 3, A falls back to a price p’ < 3 with no clinch. The auction continues
without agent A from the current price p = 3. Since B’s demand is 2 units, C clinches one
unit at price p = 3. Similarly, B clinches one unit at this price. When the price reaches
p = 3.1, the demand of C becomes 1 unit, B clinches an additional unit and the auction
ends. The final allocation of the Fallback auction is x4 = 0, zp = 2, and z¢ = 1, and the

payments of the agents are PEB =0, PEB =3+3.1=6.1, PgB = 3.

6.5. Fallback Auction as a Core-Selecting Auction

As shown in Section[6.4] the final allocation of the Fallback auction is the same as that
of the VCG auction, which maximizes the sum utilities of the agents. This is only possible
when agents reveal their demand truthfully. However, the payments of all agents except
agent 1 are not the VCG payments, and therefore sincere bidding (truthful reporting) is
not a dominant strategy [75]. Instead, we prove that the Fallback auction with truthful
bidding leads to a core allocation with minimum total payment of all agents to the seller.

This is stated on the following Theorem.
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Theorem 21. When all agents but one have concave utility functions, the Fallback

auction has a full information equilibrium in the core.

The proof relies on concepts from [31], which we repeat here. The seller is denoted as
player 0, and the bidders as agents i = 1, ..., K. The set of all players including the seller
is denoted by N. Agent 1 has an increasing convex utility U;(x;) > 0 and agent i # 1
has an increasing concave utility U;(z;) > 0. One unit of a divisible good is allocated
to the agents through the Fallback auction. In addition, we assume U;(0) = 0. For any
coalition S, an assignment {z;} is feasible for coalition S, written {z;} € F(S), if (1)
Y ics®i < land (2) for all4,if i ¢ S or 0 ¢ S, then 2; = 0. Namely, a bidder can have
a non-zero assignment when coalition S forms only if that bidder and the seller are both
in the coalition. The coalition value or characteristic function is defined by

w(S) = xrenkg()é) 4 Uj(z;). (6.31)
jES

If the payment of the auction P; is made to the seller by each agent j, then the associated
payoffs are given by Zszl P; for the seller and 7; = U;(x;) — P; for each bidder j. The
payoff profile is individually rational if m; > 0 for all j. An imputation is a feasible,

non-negative payoff profile. An imputation is in the core if it is efficient and unblocked:
Core(N,w) = {7T > 0] Z’/Tj = w(N)and (VS C N) Zﬂj > w(S)}. (6.32)
JEN jES
Now we consider the Fallback auction. If the Fallback auction terminates with the

fallback flag down, the final allocation among the agents is the same as that of Ausubel’s

ascending auction assuming that agent 1 does not exist. It is easy to prove that the
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Fallback auction in this case is the core-selecting auciton. We, therefore, assume the
algorithm terminates with the fallback flag up, and prove that we obtain an equilibrium
outcome in the core. The following proof is for the case when p! > p~!. We present the
proof for the case when p' < p~! in Section m This can be done in several steps. First,
we show that the resulting allocation of the Fallback auction is efficient under truthful
bidding. Second, for two agents, the VCG outcome is obtained, i.e., the payments of all
agents are the same as the VCG payments. From a standard argument (see for example
[13] or [33]), it follows that bidding truthfully is an ex-post perfect equilibrium. Finally,
we show that for K > 2, the truthful bidding outcome of the Fallback auction lies in the
core and minimizes the seller’s payoff. From [18], the bidding strategies of the agents

according to a truncation profile is a full information equilibrium.ﬁ

Lemma 22. Assuming truthful bidding among agents, the allocation of the Fallback

auction is efficient.

Proof. We show that z(p*),...,2x(p") and z1(p*) = 1 — > 5, :(p*) are solutions
to the following maximization problem II:

K

max Uy(z1) + »_ Ui(x;) (6.33)

=2

K
=1

6A report 4; is a truncation report if and only if there exists some a > 0 such that for all z; € X},
Uj(z;) = uj(z;) — a. A set of 4, is a truncation profile.
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For given @ € [0, 1], consider the following problem:
K
F(Q) = max Z Ui(x;) (6.34)
i=2

K
=2

2 >0Vie N\ {0,1}.

There is a Lagrange multiplier p that corresponds to the market clearing price such that
Q units are distributed among the agents N \ {0,1}. Therefore, F(Q) = S_r, Ui(z(p)).
For example, when ) = 1, the corresponding Lagrange multiplier is p~!. Now problem

IT can be reformulated as

max Ur(1 =Y zi(p)) + > Ui(xi(p)). (6.35)

>p—1
p=p i>2 i>2

The objective function can be expressed as

1= ) + Y [ o)™y

=2 =2 (6.36)
PdC(p
i) - [ oy,
p~t P
and this is maximized by the security price p* (See Definition [6.3.1)). U

Lemma 23. Suppose K = 2 and agent 1 has an increasing convezr utility function.
Then truthful bidding is an ex post perfect equilibrium of the Fallback auction that charges

the VCG payment to each agent.
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Proof. When the fallback flag is up, the payment of agent 1 is

p* D
PIFB _ / o dCl(P) dp = / o dCl(P) dp
0 P

dp - dp (6.37)

= Up(aa(p™)) — Unla(p).

which is by definition the VCG payment. Moreover, the payment of agent 2 is given by
(6.13)).

PyP = pt lim a5(p) + Uz(22(p*)) — Us(z2(p")). (6.38)

p/p*
From the definition of the fallback price, 71 (z1(p'), p*) = m1(21(p*), p*). Namely,

t

ORI W
0 6.39
N Y P dCi(p) ( )
—uiG - [ oy,
(1) = ) = U + [ % -
pr 6.40

= Uy (21(p")) + Uz(z2(p*)) — Uz(z2(p")).

Here, we use the following facts in the auction: z;(p") = 1 and Ci(p') = 1 — xa(p").

Therefore, the payment of agent 2 becomes

PP = Uy(1) = Up(z:1(p")) = Ur(z1(p~?)) — Ur(21(p")), (6.41)

which is exactly the VCG payment for agent 2. For K = 2, the Fallback auction with
truthful bidding achieves the efficient allocation with VCG payments. From [43], any

incentive compatible, individually rational and efficient mechanism must charge VCG
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payments. Therefore, for K = 2, truthful bidding is an ex post perfect equilibrium of the

Fallback auction that generates the VCG outcome. U

In [31], Day and Milgrom argue that core-selecting auctions that minimize the seller’s
payoff maximize incentives for truthful reporting and they produce the Vickrey outcome
when it lies in the core. Theorem 3 in [31], especially, shows that a truncation report
is a full information equilibrium. For a given o > 0, a truncation report for agent ¢
corresponds to an a-truncation of her true utility, i.e. U;(z;) — o. The following Lemma
states that the Fallback auction minimizes the seller’s payoff, and the payoffs of all agents,

including the seller, lies in the core.

Lemma 24. For K > 2, if all agents bid truthfully, the Fallback auction finds an

imputation in the core with minimum payoff to the seller.
Proof. See Section [6.7.1] O

Corollary 25. The bidding strategies of agents according to the profile of m; trun-
cations of Ui(x;) for i = 1,2,..., K are a full information equilibrium in the Fallback

auction.

Proof. The allocation of the Fallback auction with truthful bidding is a bidder op-
timal allocation according to [31]. Therefore, the bidding strategy of agent i according
to the profile of 7; truncations of Uj(xz;), or U(z;) = Ui(z;) — i, is a full information
equilibrium in the Fallback auction (See Theorem 3 in [31].) It only remains to prove
that the Fallback auction with U;(x;) gives the same allocation as with U;(x;). As the unit

price increases from 0, agent ¢ asks for the quantity x; = arg maxo<,,<1 l/]\,(aiz) —p-x; =
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arg maxXo<,,<1 U;(z;) —m; —p-x;. Therefore, each concave agent asks for the same quantity
as if it were responding with the true utility except for the fact that at a certain price p,
demand suddenly becomes zero. Hence we need to show that p > p' > p* for all concave

agents, which can be easily done since m; = U;(z;(p")) — p* - x:(p') for Vi € N\ {0,1}. O

The bidding strategies of agents according to the profile of 7; truncations of U;(x;) for
all ¢ is, therefore, a full information equilibrium in the Fallback auction and this leads to

the efficient outcome.

6.6. Chapter Summary

We studied an auction model motivated by spectrum sharing in which there is one
bidder with a non-concave valuation and K — 1 bidders with concave valuations. For this
setting we presented the Fallback auction, a dynamic ascending auction which has a full
information equilibrium in the core. For K = 2 agents, this produces the VCG outcome;
for K > 2 agents, the auction outcome is the core allocation with minimum revenue to
the seller. This auction dynamically elicits information from the agents to determine an
efficient outcome. It would be of interest to determine if this is a minimal amount of

information that must be elicited for obtaining such an outcome.

6.7. Supplement: Proof of Lemma and Additional Discussion

6.7.1. Proof of Lemma [24]

6.7.1.1. The payoff profile is in the core. We prove that the payoff profile of the

Fallback auction is in the core if each agent bids truthfully. In this case, the payment of
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each agent is shown by (6.12) or (6.13). For agent 1,

dp —1 dp
% X (6.42)
=Y Uwmp™") =D Ulm(p"),
1=2 1=2
and for agent ¢ > 2,
PP =pt - ai(p') + Uili(p")) — Uslai(p")). (6.43)

Note that the payment of agent 1 is the VCG payment. The payoffs of all players in the

Fallback auction are, therefore, given by

m = Ui(z1(p") — P°

K K (6.44)
= Ulm(p)) = > _ Ulzlp™))
=1 1=2
for agent 1,
m = Us(ai(p"™)) — PP = Uglwi(p')) — p" - 2:(p") (6.45)
for agent ¢ > 2, and
o =
(6.46)

i ]leB
D Ulmp™) + Y {p' - al') = Ula(p) }
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for the seller. In addition, from the Fallback price condition (6.11)), we have the following
equality:

> U(ai(p) = Un(1) + > {U(mi(p") —p' - m(p") } - (6.47)

Note that S, PF® = Uy (1) — Uy (1 (p*)).

From Lemma [22] the Fallback auction is efficient with truthful bidding, namely,
Y en ™ = w(N). Now we have to prove that >, ¢ m > w(S) for any coalition S C N.
To do this, a set &’ which has one agent ¢ # 1 and the seller is considered. Then, we

would like to prove

mo+m= > Ulm(p )+ > {200 = Uj(z;(0")} > w(8) (6.48)

J#1
or

D Umi(p™) = U(1) + Y {Us(;(0) —p' - 2;(0") } - (6.49)

J#Li

Here, w(S’) = U;(1). Since p~! is the market clearing price among all concave agents, it
maximizes sum utilities of all concave agents, or 3.1, Uj(z(p)). Agent 1 starts to clinch
when p > p~! in the Fallback auction and this implies p* > p~'. Hence, is evident.
For example, Figure [6.2] shows the case where K = 3 and ¢ = 2. In a similar way, for a
set 8" with any number of concave agents, we can prove that ), ., m > w(S").

Now we consider a set S, , which includes agent 1. If this set has only agent 1 with
the seller, then mo +m = Uy (1) = w(g) Therefore, we consider a set S with at least one

concave agent along with agent 1 and the seller. Then we have to prove

mtm+ Y. m=U0)+ Y AU@@)) - up)} > wS). (6.50)

1e8\{0,1} 1e8\{0,1}
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Pt

(a) (b)

Figure 6.2. Ilustration of (6.49) when K = 3 and i = 2. (a) Area of
> iz Unaa(p™)- (b) Area of Us(1) + Us(a}) — p' - z3(p).

At the fallback price p', the expected gain of agent 1 is the same as the total loss of
agent 1 from the security price p* up to the fallback price p’, and this is shown in Figure
6.3, The sum demand of all concave agents at price p in this Figure is obtained by
D(M\{0,1}) = 3K 2, where x; = argmax Uy(z;) — p - 2;. For the Fallback auction,
the sum demand of all concave agents in the coalition 8 is D(S\{0,1}) < D(M\{0,1}).
Figure 6.4/ shows the sum demand D(S\{0,1}) and optimal sum utilities when K = 4 and
S = {0,1,2}. In the figure, p is the fallback price of the auction with all agents K, and
hence, is the same as in Figure[6.3] This shows that the area of Uy (1)+Us(z2(p'))—p'-z2(p")
is larger than the area of w(S). In a similar way, we can prove for any coalition
with agent 1. Therefore, the payoff profile of the Fallback auction is in the core when
agents report their demands truthfully.

6.7.1.2. Minimum payoff for the seller. Next we prove that the payoff to the seller

is minimized over all payoff profiles in the core. This is easily shown. Since, PI'B =



Expected gain of agent

I=

Figure 6.3. Fallback price condition. The forward expected gain of agent 1
is the same as the total loss of agent 1 from the security price p* up to the
fallback price p'.

TN
P! 2
I
_’ZXI X1 — —>le Xl —
T @ )

Figure 6.4. Tllustration of (6.50) when K =4 and S = {0,1,2}. (a) Area
of Uy (1) 4+ Us(z2(p")) — p' - z2(p"). (b) Area of w(S).

183
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S, Uil (ph) — o5, Ui(wi(p*)) is the VCG payment of agent 1, and this is the min-
imum payment that agent 1 can have. In addition, S0, PFB = U;(1) — Uy (21 (p*)).
Namely, the sum payment of all concave agents is also the disutility that they impose on
agent 1, and this is also the minimum sum payment they all can make. Therefore, the

seller’s payoft 7y = Zfil PFB is the minimum in the core of the Fallback auction.

6.7.2. Fallback Auction when p! < p!

Lemma 26. Assuming truthful bidding among agents, the allocation of the Fallback

auction is efficient.

Proof. The final allocation of the Fallback auction is z; = 0 and z; = z;(p~!) for all
i # 1. (In addition, 31, ;(p~!) = 1.) By increasing agent 1’s allocation to z; = & and
decreasing x; = x;(p~!) — ¢ for any i # 1, we reduce the sum utility because U;(§) < p-§
and U;(z;(p™1)) — Ui(x;(p~) — &) > p'- 8. Therefore, the allocation of the Fallback auction

is efficient. 0

Lemma 27. Suppose K = 2 and agent 1 has an increasing convex utility function.
Then truthful bidding is an ex post equilibrium of the Fuallback auction that charges the

VCG payment to each agent.

Proof. Since agent 2 gets x5 = 1, we only need to prove that the payment of agent
2 is PyB = U(1). We have p' -1 = U;(1) from the fallback condition, and this is what
agent 2 pays with demand xo = 1. Therefore, for K = 2 truthful bidding is an ex-post

perfect equilibrium of the Fallback auction that generates the VCG outcome. 0J
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Lemma 28. For K > 2, if all agents bid truthfully, the Fallback auction finds an

imputation in the core with minimum payoff to the seller.

Proof. First, we prove that the payoff profile is in the core if each agent bids truthfully.
In the case where p! < p~!, the payment of agent 1 is PI'® = 0 and the payoff is m;, =
U;(0) — PfB = 0. The payment of agent i # 1 is given by and the payoff is
m; = U(xzi(p~1)) — PFB. In addition, the seller’s payoff is given by 7y = Zfil PFB. From
the fallback condition, Uy (1) = p* - 1.

We consider a coalition S ={0,1,---, K}. Then,

K
7T()+7T1:ZP1-FB
i=2
K
oS0 Y a) + o {le Clp 1>>}
=2 11, I#1,i (6.51)
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where 325, 2;(p~') = 1. Here, we assume that Cj(p') = max{0,1 — ()} =

1 =3, m(p') to make the analysis simple. Also,

K
m+m =Y P4 Us(aa(p™))
i#£1,2

=p' - {1 —22(p")} + Uz(22(p"))

(6.52)

Similarly, we can prove that 7o +m > Uj(1) for [ = 3,..., K. Next we consider the

following.

K
o + T + 73 = Z PFP 4+ Us(za(p™)) + Us(z3(p™ "))
i£1,2,3

=p' - [1—{x2(p") + 23(p")}] + Ua(a2(p")) + Us(as(p"))
(K =4S {0 ) - Ulmp™)} (6.53)
=2

> [1—A{22(p") + 23(0")}] + Ua(22(p")) 4 Us(zs(p"))

> max Ug(l'g) +U3<$3>.

T xatas<l
The last inequality is illustrated in Figure 6.5 Moreover, we can prove that the payoff
profile of a set S with any number of concave agents is in the core. Finally, we consider

the payoff profile of a set with agent 1 and any number of concave agents. For example,
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with agent 1 and agent 2,

K
0 + 1 + Tg = Z PiFB + Ug(l‘g(p_l))
i#1,2

=p' {1 —22(p") } + Uz(22(p"))
(K =3) S {Um) - Uap™) (6:54)

> pt - {1 = 22(p") } + Us(22(p"))

> max Uj(xy) + Us(xs).

z1+x2<1

The last inequality is illustrated in Figure [6.6]

Second, we show that the sum of the payments to the seller is the minimum over
all possible payoff profiles in the core. The minimum unit price at which the seller is
willing to sell the good is p’ since agent 1 will buy the entire unit with this price (fallback
condition). Therefore, the payoff of the seller should satisfy 7o > p'-1. With this, we can

rewrite the core condition without agent 1:
b Y w2 w(S) - (6.59)
jeS\{0,1}

for any S C N. The seller’s payoff is redefined as 7, = mp — p*. The ascending auction
with only concave agents generates the minimum revenue to the seller. Therefore, the

seller’s payoff is minimized among all payoff profiles in the core.
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Agent 2’'s marginal at price p

Pl

(a) (b)

Figure 6.5. Ilustration of last inequality in (6.53). (a) Area of Us(z2(p")).
(b) Area of Us(x2(p)) + Us(zs(p')) — p' - {(22(p") + @s(p’) — 1} —
MaXy, +a,<1{U2(22) + Us(xs)}.



Agent 1’s marginal at price p Agent 1's marginal at price p

N A 3 r N

Pt

() (b)

Figure 6.6. Tllustration of last inequality in (6.54). (a) Area of Us(z2(p")) +

pt- {1 —z2(p")}. (b) Area of max,, 14,<1 Ur(z1) + Ua(as).
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CHAPTER 7

Conclusions

In this thesis, we have studied resource allocation in wireless communication networks
using a utility function framework. A utility function can reflect the degree of satisfaction
of individual users in the network, and makes it possible to allocate the constrained
resources such that appropriate trade-offs among system efficiency, fairness and QoS,
are obtained. Depending on the degree of cooperation among users in the network, two
methods for the resource allocation problem are investigated: centralized vs. distributed.
In Chapters[2and [3, we studied centralized time and power allocation in a cellular network
with a relay extension and showed that the relay offers significant gains in capacity.
Chapters [4 5, and [6] focused on distributed resource allocation mechanisms for dynamic
spectrum sharing, and their associated efficiencies. In the commons model considered
in Chapter [} interference management using rate sharing among users was formulated
as a potential game and the efficiency of the game at a Nash equilibrium was studied.
In Chapter [5 a sequential second-price auction was applied to bandwidth and power
allocation, and the worst-case efficiency was obtained using backward induction in the
extended form game of the sequential auction. In Chapter [0, the modified ascending
auction, i.e., the Fallback auction, which can be applied to the case where one of the
agents has an increasing convex utility function, was analyzed.

In Chapter [2, we analyzed the uplink capacity gain in a cellular network with dedicated

fixed relays such as in the IEEFFE 802.16j standard. The relays are assumed to use the
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same frequency as the base station and the optimized resource is time within the frame
allocated to the relay. Our first-order analysis, as well as detailed system simulations,
show that with two relays deployed in the system, uplink capacity increases more than
40% for data and more than 100% for voice. These gains are, however, realized at the
cost of relay deployment in the system, such as associated hardware and its installation.

Relay extension using Wi-Fi access points was considered in Chapter |3| as an attempt
to exploit existing Wi-Fi nodes. In that scenario, the relays use a different frequency band
from the base station (out-of-band relay). Assuming one unit of bandwidth is assigned
to each user, we have studied the power allocation at the base station, which maximizes
total throughput for data traffic or the total number of active users for voice traffic.
We assumed a linear model of a single cell site with two access points (relays) located
symmetrically around a base station. In addition to relay traffic, we assumed that the
access point has its own customers to serve, which means that if the access point relays
data for cellular users, it must reduce the resources available for its own users. We studied
two different flow conservation constraints, which correspond to whether or not the relay
traffic from the base station is jointly encoded.

Our results show that under both flow constraints, the total transmission rate of data
traffic increases by around 40% for the case considered. Moreover, each relay scheme
alters the cellular user rate distribution by slightly reducing the rates of users near the
base station and increasing the rates of users near the relay. Similarly, for voice traffic,
when the sets of active users are optimized, the total number of cellular users increases
significantly under both flow rate conservation schemes, but at the cost of reducing the

access point users. This corresponds to extending the coverage of the cellular network.



192

Even though the relay increases the throughput and the coverage of the base station
as shown in Chapters 2] and [3] a key assumption is that the relay is cooperative. Namely,
it should be willing to share resources with the base station. If the base station and
the relay do not belong to the same service provider, relay cooperation can be achieved
with an agreement on usage of relay resources, for example, through a bargaining process.
Recently, the Nash bargaining solution concept has received some attention in wireless
applications [123, [76]. We can apply this solution concept for bargaining with an ap-
propriate relay model. If both the base station and the relay have complete information
about each other’s utility function, then it can be shown that the Nash bargaining solution
maximizes the social welfare. An interesting research topic may be to analyze bargaining
protocols between the base station and the relay with incomplete information.

Switching from centralized resource allocation among cooperative agents to decen-
tralized methods, we focused on the development of allocation mechanisms and their
efficiency. For dynamic spectrum allocation among non-cooperative agents, the commons
model and secondary spectrum market have been considered. In Chapter [4] access point
deployment was considered in a commons model framework. Interference is managed
through a rate sharing scheme among users, which is formulated as a potential game.
With various boundary conditions, we showed that there exist pure and mixed Nash equi-
libria, and by choosing the shared rate appropriately, an efficient Nash equilibrium can
be achieved. However, as the density of users increases, local rate sharing is insufficient
for adequately managing interference among users. Hence, spectrum markets become

attractive for dynamic spectrum sharing.
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Auction mechanisms have been considered for a secondary spectrum market. In Chap-
ter 5] we studied a sequential second-price auction for allocating n units of bandwidth or
power among non-cooperative wireless devices. This mechanism is relatively simple and
requires little information exchange among users, which may make it attractive for dy-
namic bandwidth or power allocation among secondary users who wish to share spectrum
with the primary user (spectrum owner or licensee). Our main analytical results charac-
terize the worst-case efficiency of the subgame perfect equilibrium for two users with full
knowledge of bidding histories and user utilities. For a bandwidth auction (decreasing
marginal utilities), the worst-case efficiency decreases with n and converges to 1 — e™'.
For the power auction, where one user has decreasing marginal utilities and the other has
increasing marginal utilities, the worst-case efficiency is upper bounded by 1/n.

Although the worst-case efficiency loss due to sophisticated bidding can be significant,
simulation results with randomly placed users show that with the rate utility function, the
sequential auction typically achieves the efficient allocation. Furthermore, even when the
equilibrium is inefficient, the efficiency loss is typically less than the worst-case efficiency
loss. This is due to the rate utility function, which places constraints on the ratios of
marginal utilities for the successive units being auctioned.

For more than two users, we showed that the sequential second-price auction still has
a pure strategy equilibrium. In that case, however, the equilibrium may not be unique
and some coordination of the users may be needed to decide on a particular outcome.
Assuming a particular equilibrium, simulation results show that for the bandwidth auction
the efficiency typically improves when the number of agents increases from 2 to 3. We

suspect that this conclusion can be generalized, namely, the worst-case efficiency for any
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number of agents might be bounded by that for k = 2 agents. In fact, an exhaustive search
for the worst-case efficiency with k& = 3 agents and n = 3 units of good has shown that
the worst-case efficiency is the same as that for k£ = 2 agents. Completely characterizing
the efficiency with an arbitrary number of goods and agents is an open problem.

We applied the sequential second-price auction to the scenario where the total number
of agents in the auction is fixed. It might be interesting to extend it to the scenario where
agents enter and leave the system at arbitrary times. That more accurately reflects
spectrum sharing in a wireless communications network. Moreover, in the absence of full
information about other users’ utilities, each user may attempt to strategize bidding by
assuming a distribution over those utilities. Computing equilibria and efficiency loss in
that case is another open problem, although in general less information seems more likely
to encourage bidding according to marginal utilities, which leads to an efficient allocation
in the bandwidth auction. Extensions to joint power and bandwidth auctions are also
interesting possibilities for future work.

In Chapter [6] we studied the Fallback auction motivated by spectrum sharing in which
the resource is a potential user’s power, so that there is one bidder with a convex utility
function, and n — 1 bidders with a concave utility function. We showed that the Fallback
auction is a core-selecting auction, which minimizes the seller’s revenue. Those charac-
teristics minimize the incentive for bidders to misreport bids and collude. At the same
time, the seller cannot benefit from excluding bidders. In the case with k = 2 agents, the
VCG outcome is in the core and the Fallback auction achieves the VCG outcome, which
makes the auction incentive compatible even when there is an agent with a convex utility

function. On the other hand, for k£ > 2 agents, the VCG might not be in the core, so
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that the Fallback auction is not incentive compatible. From [31], however, the auction
provides “optimal” incentives for truthful reporting and this leads to a full information
equilibrium.

The Fallback auction dynamically elicits information from agents to determine an
efficient outcome. It would be of interest to determine if this is the minimal information
that must be elicited for obtaining such an outcome. In the spectrum sharing model we
presented there was only one agent with a convex utility function. It would also be of
interest (for spectrum sharing and other applications) to extend these ideas to scenarios
in which multiple users have convex utility functions.

Another interesting related challenge is the free rider problem. The free rider problem
occurs when there is an externality such as interference. For example, when agent A buys
agent B’s power to reduce her own interference, it would also benefit agent C (the free
rider) who happens to be close to agent B. This may induce agents to buy less power even
when the interference is severe. It may be useful to investigate the free rider problem in

the context of spectrum sharing and explore possible options to reduce its effect.



[1]

2]

[12]

196

References

IEEE P802.11n/D3.00, Wireless LAN Medium Access Control (MAC) and Physical
Layer (PHY) specifications: Amendment 4: Enhancements for Higher Throughput.

IEEE Std 802.16j Draft Amendment to IEEE Standard for Local and Metropolitan
Area Networks - Part 16: Air Interface for Fixed and Mobile Broadband Wireless
Access Systems - Multihop Relay Specification.

Title 47 of the Code of Federal Requlation (CFR). It regulates everything from
spurious emissions to unlicensed low-power broadcasting.

IEEE 802.22 draft standard, "IEEE P802.22/D0.3 Draft Standard for Wireless Re-
gional Area Networks,” http://www.ieee802.0rg/22/, doc. no. 22-07-0086-01-0000,
May 2007.

http://wirelessman.org/tgm/. IEEE 802.16 Task Group m (TGm).
http://www.ieee802.0rq/16/relay/. IEEE 802.16’s Relay Task Group.

http: / /www.wimazforum.orq/.

http://www.zytrax.com/tech/wireless/free.htm. Unlicensed Frequencies in US.

Long term evolution of the Sqgpp radio technology.
http://www.3gpp.org/Highlights/LTE/LTE.htm.

www.wesm.ph. Philippine Wholesale Electricity Spot Market.

E. ArrMAN, Y. HAYEL, AND H. KAMEDA, FEvolutionary dynamics and poten-
tial games in mon-cooperative routing, Modeling and Optimization in Mobile, Ad
Hoc and Wireless Networks and Workshops, 2007. WiOpt 2007. 5th International
Symposium on, (2007), pp. 1-5.

L. M. AUSUBEL, An efficient ascending bid auction for multiple objects, American
Economic Review, 94 (2004), pp. 1452-1475.



[13]

[14]

[18]

[19]

[20]

[22]

[23]

[24]

197

L. M. AUsUBEL AND P. R. MILGROM, Ascending auctions with package bidding,
Frontiers of Theoretical Economics, 1 (2002), p. Article 1.

J. BAag, E. BEiGMAN, R. BERRY, M. L. HoNiG, AND R. VOHRA, An efficient
ascending auction for mon-concave valuation, in Annual Allerton Conference on
Communication, Network games and algorithms, Monticello, IL, USA, 2007. invited

paper.

J. BAE, R. BERRY, AND M. HONIG, Power allocation, rate, and coverage for
relay-assisted downlink data transmission, in Communications, 2006. ICC '06. IEEE
International Conference on, vol. 10, 2006, pp. 4451-4456.

J. BAE, R. BERRY, AND M. L. HONIG, Power allocation and coverage for a relay-
assisted downlink with voice users, in Global Telecommunications Conference, 2006.

GLOBECOM *06. IEEE, 2006, pp. 1-6.

K. BALACHANDRAN, J. KANG, K. KARAKAYALI, AND J. SINGH, Capacity benefits

of relays with in-band backhauling in cellular networks, Communications, 2008. ICC
'08. IEEE International Conference on, (2008), pp. 3736-3742.

B. D. BERNHEIM AND M. D. WHINSTON, Menu auctions, resource allocation, and
economic influence, The Quarterly Journal of Economics, 101 (1986), pp. 1-32.

S. BIKHCHANDANI, Reputation in repeated second-price auctions, Journal of Eco-
nomic Theory, 46 (1988), pp. 97-119.

H. BoLukBASI, H. YANIKOMEROGLU, D. FALCONER, AND S. PERIYALWAR, On

the capacity of cellular fized relay networks, Electrical and Computer Engineering,
2004. Canadian Conference on, 4 (2004), pp. 2217-2220.

C. BOUTILIER, M. GOLDSZMIDTS, AND B. SABATA, Sequential auctions for the

allocation of resources with complementarities, in Proceedings of 16th International
Joint Conference on Artificial Intelligence (IJCAI-99), 1999, pp. 527-534.

M. BYKOWSKY, A secondary market for the trading of spectrum: promoting market
liquidity, Telecommunications Policy, 27 (2003), pp. 533-541.

B. CARBUNAR, B. LINDSLEY, M. PEARCE, AND V. VASUDEVAN, Verifiable credit

based transfers in wireless ad hoc networks, Parallel and Distributed Processing
Symposium, 2007. IPDPS 2007. IEEE International, (2007), pp. 1-10.

J. CHAPIN AND W. LEHR, The path to market success for dynamic spectrum access
technology, Communications Magazine, IEEE, 45 (2007), pp. 96-103.



[25]

[26]

[27]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

198

L. CHEN AND J. LENEUTRE, On the power and rate control in ieece 802.11 wlans - a
game theoretical approach, Computer Communications and Networks, 2007. ICCCN
2007. Proceedings of 16th International Conference on, (2007), pp. 450-456.

J. CHO AND Z. HAAs, On the throughput enhancement of the downstream channel

in cellular radio networks through multihop relaying, Selected Areas in Communi-
cations, IEEE Journal on, 22 (2004), pp. 1206-1219.

M. COOPER, The economics of collaborative production in the spectrum commons,
New Frontiers in Dynamic Spectrum Access Networks, 2005. DySPAN 2005. 2005
First IEEE International Symposium on, (2005), pp. 379-400.

C. CORDEIRO, M. GHOSH, D. CAVALCANTI, AND K. CHALLAPALI, Spectrum
sensing for dynamic spectrum access of tv bands, in Second International Conference
on Cognitive Radio Oriented Wireless Networks and Communications, 2007.

R. CORNES AND T. SANDLER, The Theory of Externalities, Cambridge University
Press, 1986.

Z. Dawy, S. Davipovic, AND I. OIKONOMIDISZ, Coverage and capacily en-
hancement of cdma cellular systems via multithop transmission, in Global Telecom-
munications Conference, 2003. GLOBECOM ’03. IEEE, vol. 2, December 2003,
pp. 1147-1151.

R. DAY AND P. MILGROM, Core-selecting package auctions, International Journal
of Game Theory, 36 (2008), pp. 393-407.

A. S. bE VANY, R. D. Eckerr, C. J. MEYERS, D. J. O’'HARA, AND R. C.
ScorT, A property system for market allocation of the electromagnetic spectrum: A
legal-economic-engineering study, Stanford Law Review, 21 (1969), pp. 1499-1561.

S. DE VRIES, J. SCHUMMER, AND R. V. VOHRA, On ascending vickrey auctions
for heterogeneous objects, Journal of Economic Theory, 132 (2007), pp. 95-118.

K. DoprPLER, C. WILITING, AND K. VALKEALAHTI, On the benefits of relays in

a metropolitan area network, Vehicular Technology Conference, 2008. VTC Spring
2008. IEEE, (2008), pp. 2301-2305.

L. DoyLE AND T. FORDE, Towards a fluid spectrum market for exclusive usage
rights, New Frontiers in Dynamic Spectrum Access Networks, 2007. DySPAN 2007.
2nd IEEE International Symposium on, (2007), pp. 620-632.



[36]

[37]

199

R. ETKIN, A. PAREKH, AND D. TSE, Spectrum sharing for unlicensed bands,
Selected Areas in Communications, IEEE Journal on, 25 (2007), pp. 517-528.

FCC, The development of secondary markets - report and order and further notice
of proposed rule making. Federal Communications Commission Report 03-113, 2003.

[38] ——, Second report and order: Promoting efficient use of spectrum through elimina-

tion of barriers to the development of secondary markets. Federal Communications
Commission Report 04-167, Sept. 2004.

[39] ——, Promoting efficient use of spectrum through elimination of barriers to the

[40]

development of secondary markets - third report and order. Federal Communications
Commission Report 07-52, 2007.

T. FORDE AND L. DOYLE, Fzxclusivity, externalities € easements: Dynamic spec-
trum access and coasean bargaining, New Frontiers in Dynamic Spectrum Access
Networks, 2007. DySPAN 2007. 2nd IEEE International Symposium on, (2007),
pp. 303-315.

A. FuiiwarA, S. TAKEDA, H. YOSHINO, AND T. OTSu, Area coverage and

capacity enhancement by multihop connection of cdma cellular network, in Vehicular
Technology Conference, 2002. Proceedings. VT C 2002-Fall. 2002 IEEE 56th, vol. 4,
2002, pp. 2371-2374 vol 4.

D. GHOSH, An efficient multi-unit auction with increasing marginal values. working
paper, Octorber 2006.

J. GREEN AND J.-J. LAFrONT, Characterization of satisfactory mechanisms for
the revelation of preferences for public goods, Econometrica, 45 (1977), pp. 427-438.

T. GROVES, Incentives in teams, Econometrica, 41 (1973), pp. 617-631.
G. HARDIN, The tragedy of the commons, Science, 162 (1968), pp. 1243 — 1248.

T. HARROLD AND A. NiX, Performance analysis of intelligent relaying in utra tdd,
in Vehicular Technology Conference, 2002. Proceedings. VTC 2002-Fall. 2002 TEEE
56th, vol. 3, 2002, pp. 1374-1378 vol.3.

D. B. HAuscH, Multi-object auctions: Sequential vs. simultaneous sales, Manage-
ment Science, 32 (1986), pp. 1599-1610.

T. HEIKKINEN, A potential game approach to distributed power control and sched-
uling, Computer Networks, 50 (2006), pp. 2295-2311.



[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[59]

[60]

200

S. HON-SNIR, D. MONDERER, AND A. SELA, A learning approach to auctions,
Journal of Economic Theory, 82 (1998), pp. 65-88.

J. HORNER AND J. JAMISON, Private information in repeated auctions, The Review
of Economic Studies, (2008).

J. HuanG, R. BERRY, AND M. L. HoNIG, Auction-based spectrum sharing,
ACM/Springer Mobile Networks and Applications Journal (MONET), 11 (2006),
pp- 405-418.

J. HuaNG, R. A. BERRY, AND M. L. HONIG, Distributed interference compensa-

tion for wireless networks, IEEE Journal on Selected Areas in Communications, 24
(2006), pp. 1074-1084.

S. HUNT AND G. SHUTTLEWORTH, Competition and Choice in FElectricity, John
Wiley & Sons, May 1996.

O. ILERI, D. SAMARDZI1JA, T. SIZER, AND N. MANDAYAM, Demand responsive
pricing and competitive spectrum allocation via a spectrum server, in First IEEE

International Symposium on New Frontiers in Dynamic Spectrum Access Networks
(DySPAN), 2005, pp. 194-202.

R. JoHARI AND J. N. TSITSIKLIS, Efficiency loss in a network resource allocation
game, Mathematics of Operations Research, 29 (2004), pp. 407-435.

H. R. Karmvi, L. T. W. Ho, H. CLAUSSEN, AND L. G. SAMUEL, FEvolu-
tion towards dynamic spectrum sharing in mobile communications, Personal, Indoor
and Mobile Radio Communications, 2006 IEEE 17th International Symposium on,
(2006), pp. 1-5.

F. P. KELLY, Charging and rate control for elastic traffic, European Transactions
on Telecommunications, 8 (1997), pp. 33-37.

F. P. KeELry, A. K. MAuLLOO, AND D. K. H. TAN, Rate control for communi-

cation networks: shadow prices, proportional fairness and stability, Journal of the
Operational Research Society, 49 (1998), pp. 237-252.

G. KRAMER, M. GASTPAR, AND P. GuprTA, Cooperative strategies and capacity
theorems for relay networks, Information Theory, IEEE Transactions on, 51 (2005),

pp. 3037-3063.

E. R. KWEREL AND J. R. WILLIAMS, Moving toward a market for spectrum,
Regulation: The Review of Business and Government, (1993).



[61]

[62]

[63]

[68]

[69]

[70]

[71]

201

M. KWIEK, Reputation and cooperation in the repeated second-price auctions. Dis-
cussion Paper Series In Economics And Econometrics from University of Southamp-
ton, Economics Division, School of Social Sciences.

J. LANEMAN, D. TSE, AND G. WORNELL, Cooperative diversity in wireless net-
works: Efficient protocols and outage behavior, Information Theory, IEEE Transac-

tions on, 50 (2004), pp. 3062-3080.

J.-W. LEE, R. MAZUMDAR, AND N. SHROFF, Non-convexr optimization and rate
control for multi-class services in the internet, Networking, IEEE/ACM Transac-

tions on, 13 (2005), pp. 827-840.

W. LEHR AND J. CROWCROFT, Managing shared access to a spectrum commons,
New Frontiers in Dynamic Spectrum Access Networks, 2005. DySPAN 2005. 2005
First IEEE International Symposium on, (2005), pp. 420-444.

K. LEUNG AND B.-J. KiM, Frequency assignment for ieee 802.11 wireless networks,
Vehicular Technology Conference, 2003. VT'C 2003-Fall. 2003 IEEE 58th, 3 (2003),
pp. 1422-1426.

P. Liu, R. BERRY, AND M. HONIG, A fluid analysis of utility-based wireless
scheduling policies, in Decision and Control, 2004. CDC. 43rd IEEE Conference on,
vol. 3, 2004, pp. 3283-3288 Vol.3.

P. Liu, M. HONIG, AND S. JORDAN, Forward-link cdma resource allocation based

on pricing, in Wireless Communications and Networking Conference, 2000. WCNC.
2000 IEEE, vol. 3, 2000, pp. 1410-1414 vol.3.

Y. Liu, R. HosHYAR, X. YANG, AND R. TAFAZOLLI, Integrated radio resource

allocation for multihop cellular networks with fized relay stations, Selected Areas in
Communications, IEEE Journal on, 24 (2006), pp. 2137-2146.

H. Luo, X. MENG, R. RAMJEE, P. SINHA, AND L. L1, The design and evaluation
of unified cellular and ad-hoc networks, Mobile Computing, IEEE Transactions on,

6 (2007), pp. 1060-1074.

J. MACDONALD AND D. ROBERSON, Spectrum occupancy estimation in wireless
channels with asymmetric transmitter powers, in Second International Conference
on Cognitive Radio Oriented Wireless Networks and Communications, 2007.

P. MAHONEN, J. RIIHIJARVI, AND M. PETROVA, Automatic channel allocation
for small wireless local area networks using graph colouring algorithm approach,



[72]

[73]

[74]

[75]

[76]

202

Personal, Indoor and Mobile Radio Communications, 2004. PIMRC 2004. 15th IEEE
International Symposium on, 1 (2004), pp. 536-539.

M. H. MANSHAEI, J. FREUDIGER, M. FELEGYHAZI, P. M. ADN, AND J.-P.
HuBAUX, On wireless social community networks, in INFOCOM, 2008.

P. MARBACH AND Y. Qiu, Cooperation in wireless ad hoc networks: A market-
based approach, IEEE/ACM Transactions on Networking, 13 (2005), pp. 1325-1338.

R. MARBACH, P.; BERRY, Downlink resource allocation and pricing for wireless
networks, INFOCOM 2002. Twenty-First Annual Joint Conference of the IEEE
Computer and Communications Societies. Proceedings. IEEE, 3 (2002), pp. 1470
1479 vol.3.

A. MAs-CoLELL, M. D. WHINSTON, AND J. R. GREEN, Microeconomic Theory,
Oxford University Press, 1995.

S. MATHUR, L. SANKARANARAYANAN, AND N. B. MANDAYAM, Coalitional games

in gaussian interference channels, Information Theory, 2006 IEEE International
Symposium on, (2006), pp. 2210-2214.

P. R. MILGROM AND R. J. WEBER, A theory of auctions and competitive bidding,
Econometrica, 50 (1982), pp. 1089-1122.

D. MisHrA AND D. C. PARKES, Ascending price vickrey auctions for general
valuations. CORE Discussion Paper No. 2005/52, August 2005.

D. MONDERER AND L. S. SHAPLEY, Potential games, Games and Economic Be-
havior, 14 (1996), pp. 124-143.

S. MUKHERJEE AND H. VISWANATHAN, Resource allocation strategies for linear
symmetric wireless networks with relays, in Communications, 2002. ICC 2002. IEEE
International Conference on, vol. 1, 2002, pp. 366-370.

[81] ——, Analysis of throughput gains from relays in cellular networks, in Global

[82]

[33]

Telecommunications Conference, 2005. GLOBECOM ’05. IEEE, vol. 6, 2005,
pp. 3471-3476.

J. F. NasH, The bargaining problem, Econometrica, 18 (1950), pp. 155-162.

D. NivyaATo AND E. HOSSAIN, Integration of ieee 802.11 wlans with ieee 802.16-
based multihop infrastructure mesh/relay networks: A game-theoretic approach to
radio resource management, Network, IEEE, 21 (2007), pp. 6-14.



[84]

[85]

[80]

[90]
[91]

[92]

[93]

[94]

[95]

[96]

203

A. ORTECO-REICHERT, Models for Competitive Bidding under Uncertainty, Stan-
ford University, 1968.

M. OSBORNE AND A. RUBINSTEIN, A course in Game Theory, MIT Press, 1994.

R. PaBst, B. WALKE, D. ScHuLTZ, P. HERHOLD, H. YANIKOMEROGLU,
S. MUKHERJEE, H. VISWANATHAN, M. LorT, W. ZIRwAs, M. DOHLER,
H. AcHvaMI, D. FALCONER, AND G. FETTWEIS, Relay-based deployment con-
cepts for wireless and mobile broadband radio, Communications Magazine, IEEE,
42 (2004), pp. 80-89.

J. M. PEHA, Developing equipment and services for shared spectrum: is it a good
gamble?, in Proceedings of the fifth international conference on electronic commerce,
1997, pp. 955-958.

J. M. PEHA AND S. PANICHPAPIBOON, Real-time secondary markets for spectrum,
Telecommunications Policy, 28 (2004), pp. 603-618.

R. PeETERSON, K. Cutrts, AND J. HAUG, System performance prediction for

personal communication systems, in Vehicular Technology Conference, IEEE 45th,
vol. 2, 1995, pp. 749-753.

M. R. PRESTON AND V. DANIEL, The declining price anomaly, Journal of Eco-
nomic Theory, 60 (1993), pp. 191-212.

W. PROJECT, Wireless world initiative new radio. http://www.ist-winner.org/.

C. RAmAN, R. D. YATES, AND N. B. MANDAYAM, Scheduling variable rate links

via a spectrum server, in New Frontiers in Dynamic Spectrum Access Networks
(DySPAN), 2005, pp. 110-118.

F. REIF, Fundamentals of Statistical and Thermal Physics, McGraw-Hill, 1985.

J. RIIHIJARVI, M. PETROVA, AND P. MAHONEN, Frequency allocation for wlans

using graph colouring techniques, Wireless On-demand Network Systems and Ser-
vices, 2005. WONS 2005. Second Annual Conference on, (2005), pp. 216-222.

T. ROUGHGARDEN AND E. TARDOS, How bad is selfish routing?, Journal of the
ACM, 49 (2002), pp. 236-259.

C. SARAYDAR, N. MANDAYAM, AND D. GOODMAN, Efficient power control via

pricing in wireless data networks, Communications, IEEE Transactions on, 50 (Feb
2002), pp. 291-303.



[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

107]

204

D. SATAPATHY AND J. PEHA, Etiquette modification for unlicensed spectrum: ap-
proach and tmpact, Vehicular Technology Conference, 1998. VTC 98. 48th IEEE, 1
(1998), pp. 272-276.

R. ScHOENEN, R. HALFMANN, AND B. WALKE, Mac performance of a 3gpp-
Ilte multihop cellular network, Communications, 2008. ICC ’08. IEEE International
Conference on, (2008), pp. 4819-4824.

G. SENARATH AND ET AL., Multi-hop relay system evaluation methodology (chan-
nel model and performance metric). IEEE 802.16j Task Group, November 2006.
(C802.16j-06,/013r1.

S. SHAKKOTTAI, E. ALTMAN, AND A. KUMAR, Multthoming of users to access

points in wlans: A population game perspective, Selected Areas in Communications,
[EEE Journal on, 25 (2007), pp. 1207-1215.

N. SHANKAR, C. CORDEIRO, AND K. CHALLAPALI, Spectrum agile radios: uti-
lization and sensing architectures, in New Frontiers in Dynamic Spectrum Access
Networks, 2005. DySPAN 2005. 2005 First IEEE International Symposium on, 2005,
pp- 160-169.

S. SHENKER, Fundamental design issues for the future internet, Selected Areas in
Communications, IEEE Journal on, 13 (1995), pp. 1176-1188.

S. SIMOENS, O. MUNOZ, AND J. VIDAL, Achievable rates of compress-and-forward

cooperative relaying on gaussian vector channels, Communications, 2007. ICC ’07.
IEEE International Conference on, (2007), pp. 4225-4231.

G. SONG AND Y. L1, Cross-layer optimization for ofdm wireless networks-part i:
theoretical framework, Wireless Communications, IEEE Transactions on, 4 (2005),
pp. 614-624.

[. SPECTRUM BRIDGE, Spectrum licensing and secondary markets primer. White
paper, available at www.spectrumbridge.com, March 2008.

V. SRIvASTAVA, J. NEEL, A. MACKENZIE, R. MENON, L. DASILvA, J. HICKS,
J. REED, AND R. GILLES, Using game theory to analyze wireless ad hoc networks,

Communications Surveys & Tutorials, IEEE, 7 (2005), pp. 46-56.

K. STteEIGLITZ, Snipers, Shills, and Sharks: eBay and Human Behavior, Princeton
University Press, March 2007.



[108]

109]

110]

[111]

[112]

[113]

114]

[115]

[116]

[117]

18]

205

J. SUN, E. MODIANO, AND L. ZHENG, Wireless channel allocation using an auc-
tion algorithm, Selected Areas in Communications, IEEE Journal on, 24 (2006),
pp. 1085-1096.

W. VICKREY, Counterspeculation, auctions, and competitive sealed tenders, Journal
of Finance, 16 (1961), pp. 8-37.

H. VISWANATHAN AND S. MUKHERJEE, Performance of cellular networks with

relays and centralized scheduling, Wireless Communications, IEEE Transactions on,
4 (2005), pp. 2318-2328.

F. WaNnG, M. KrRuNz, AND S. Cul, Price-based spectrum management in cognitive
radio networks, Selected Topics in Signal Processing, IEEE Journal of, 2 (2008),
pp. 74-87.

J. M. WARD, Secondary markets in spectrum: Making spectrum policy as flexible
as the spectrum market it must foster, CommLaw Conspectus: Journal of Commu-
nication Law and Policy, 10 (2001), pp. 103-132.

R. J. WEBER, Multiple-object auctions. Discussion Papers 496, Northwestern Uni-
versity, Center for Mathematical Studies in Economics and Management Science,
1983.

H.-y. WEI AND R. GITLIN, Wwan/wlan two-hop-relay architecture for capacity en-

hancement, in Wireless Communications and Networking Conference, 2004. WCNC.
2004 IEEE, vol. 1, 2004, pp. 225-230 Vol.1.

M. WELLENS, J. WU, AND P. MAHONEN, Fvaluation of spectrum occupancy in in-
door and outdoor scenario in the cognitive wireless networks, in Second International

Conference on Cognitive Radio Oriented Wireless Networks and Communications,
2007.

K. WERBACH, Open spectrum: The new wireless paradigm. New America Founda-
tion, Spectrum Policy Program, Spectrum Series Working Paper #6 October 2002.

W. C. Wong, J. Sypir, H. H. LEE, K. JOHNSON, R. PETERSON, E. VISOTSKY,
M. AsA, AND F.-C. REN, Frame structure to support multi-hop relay operation,

January 2007. C80216j-07/109r1.

H. Wu, C. Qiao, S. DE, AND O. TONGUZ, Integrated cellular and ad hoc relaying
systems: icar, Selected Areas in Communications, IEEE Journal on, 19 (2001),
pp- 2105-2115.



[119]

[120]

[121]

[122]

[123]

124]

[125]

[126]

[127]

206

L. X1a0, T. E. FuiA, AnxD D. J. COSTELLO, An analysis of mobile relaying
for coverage extension, Information Theory, 2008. ISIT 2008. IEEE International
Symposium on, (2008), pp. 2262-2266.

M. Xi1a0, N. SHROFF, AND E. CHONG, A utility-based power-control scheme
in wireless cellular systems, Networking, IEEE/ACM Transactions on, 11 (2003),
pp. 210-221.

Y. X1A0, X. SHAN, AND Y. REN, Game theory models for ieee 802.11 dcf in
wireless ad hoc networks, Communications Magazine, IEEE, 43 (2005), pp. S22—
S26.

F. Xu, L. ZHANG, Z. ZHOU, AND Q. LIANG, Adaptive power control for co-

operative uwb network using potential game theory, Wireless Communications and
Networking Conference, 2007.WCNC 2007. IEEE, (2007), pp. 1620-1624.

H. YAICHE, R. MAZUMDAR, AND C. ROSENBERG, A game theoretic framework for
bandwidth allocation and pricing in broadband networks, Networking, IEEE/ACM
Transactions on, 8 (2000), pp. 667-678.

S. YANG AND B. HAJEK, Veg-kelly mechanisms for allocation of divisible goods:

Adapting veg mechanisms to one-dimensional signals, Selected Areas in Communi-
cations, IEEE Journal on, 25 (2007), pp. 1237-1243.

E. YANMAZ AND O. ToNGUZ, Dynamic load balancing and sharing performance

of integrated wireless networks, Selected Areas in Communications, IEEE Journal
on, 22 (2004), pp. 862-872.

J. T. YI WANG, The ebay market as sequential second price auctions: Theory and
experiments. unpulbished manuscript, November 2006.

C. Zuou, P. ZuAnG, M. HoNiG, AND S. JORDAN, Two-cell power allocation

for downlink cdma, Wireless Communications, IEEE Transactions on, 3 (2004),
pp. 2256-2266.



	ABSTRACT
	Acknowledgements
	List of Tables
	List of Figures
	Chapter 1. Introduction
	1.1. Utility-Based Resource Allocation
	1.2. Resource Allocation in Relay-Assisted Network
	1.3. Dynamic Resource Allocation among Non-Cooperative Agents
	1.4. Overview

	Part 1.  Resource Allocation among Cooperative Relays
	Chapter 2. Uplink Capacity and Coverage Extension for Relay-Enhanced OFDMA Cellular System (802.16j)
	2.1. Frame Structure of 802.16j
	2.2. System Analysis with 1-D Model
	2.3. System Simulation Setup
	2.4. Resource Allocation for Relay-Enhanced Uplink
	2.5. Simulation Results in Uplink Capacity
	2.6. Parametric Cost Analysis of Relay Deployment
	2.7. Chapter Summary

	Chapter 3. Power Allocation for Relay-Assisted Downlink Transmission
	3.1. System Model
	3.2. Data Traffic
	3.3. Voice Traffic
	3.4. Numerical Results
	3.5. Chapter Summary
	3.6. Supplement: Proof of Proposition 1


	Part 2.  Resource Allocation among Non-cooperative Agents
	Chapter 4. Incentives and Resource Sharing in Spectrum Commons
	4.1. The Model
	4.2. Potential Games
	4.3. Periodic Boundary Condition with Nearest Neighbor Interference
	4.4. Generalization
	4.5. Simulation Results
	4.6. Chapter Summary
	4.7. Supplement: Optimal Density of APs in 2-D lattice

	Chapter 5. Sequential Second Price Auction as a resource allocation mechanism
	5.1. Spectrum Sharing Model
	5.2. Sequential Second-Price Auction
	5.3. Analysis for Two Agents
	5.4. Simulation Results
	5.5. Sequential second price auction for three or more agents
	5.6. Chapter Summary
	5.7. Supplement: Proof of Lemma 12 and Theorem 11

	Chapter 6. An Efficient Dynamic Auction for Convex Utility
	6.1. Spectrum Sharing Model
	6.2. Ausubel's Ascending Auction
	6.3. Fallback Auction
	6.4. Examples
	6.5. Fallback Auction as a Core-Selecting Auction
	6.6. Chapter Summary
	6.7. Supplement: Proof of Lemma 24 and Additional Discussion

	Chapter 7. Conclusions
	References


