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ABSTRACT

Mathematical Modeling of the Formation of Surface Nanostructures in Thin Solid Films

Margo S. Levine

The self-assembly of quantum dots (QDs) in thin solid films is an important area of
nanotechnology with many relevant applications. In the present thesis, three problems
related to the growth and self-assembly of QDs are investigated.

In Chapter 1, a new instability mechanism for the formation of QDs associated with
strong surface energy anisotropy coupled with wetting interactions between the film and
the substrate is proposed. A nonlinear anisotropic evolution equation describing the shape
of a thin solid film deposited on a solid substrate is derived and the stability analysis of
a planar film is performed. The wetting interactions are found to change the instability
spectrum from long-wave to short-wave, leading to the possibility of the formation of
stable regular arrays of QDs. Near the short-wave instability threshold, it is found that
the formation of stable hexagonal arrays of QDs is possible.

In Chapter 2, the effects of wetting interactions on another mechanism of QD formation
are investigated. This mechanism is associated with the Asaro-Tiller-Grinfeld instability

that releases epitaxial stress caused by the lattice mismatch between the film and the



substrate. The elasticity problem in the long-wave approximation is solved and a nonlocal
integro-differential equation governing the evolution of the film surface is derived. It
is shown that wetting interactions can change instability spectrum from the spinodal
decomposition type to the Turing type leading to the possibility of pattern formation.
For typical semiconductor systems, hexagonal arrays of QDs are found to be unstable as
a result of a subcritical bifurcation. It is shown that the QDs coarsen after formation and
the coarsening dynamics are studied by numerical simulations.

In Chapter 3, the formation of an epitaxial film by molecular beam epitaxy (MBE),
which precedes the formation of QDs, is investigated. The Burton-Cabrera-Frank the-
ory for the growth of a stepped crystal surface is studied when the adatom diffusion
is anomalous (Lévy flights). The step-flow velocity is obtained as an eigenvalue of the
corresponding superdiffusion problem described by a fractional partial differential equa-
tion. The crystal surface growth rate is found as a function of the terrace length and the

anomalous diffusion exponent.
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CHAPTER 1

Introduction

The formation of quantum dots has received significant attention in recent years due to
their potential applications in a wide range of industrial processes from the fabrication of
biological dyes to the development of new solid-state lasers. One feature of quantum dots
is that they can form spontaneously, or self-assemble, as the result of an instability when a
thin film of one solid material is deposited onto a substrate of another solid material. The
main physical effects that govern this instability are elastic interactions, surface energy,
and wetting interactions between the film and the substrate. In this thesis, we investigate
two distinct instability mechanisms that may lead to the self-assembly of quantum dots.
In Chapter B we discuss a stress-free mechanism that is driven by strong surface-energy
anisotropy and wetting interactions between the film and the substrate. In Chapter B, we
study the coupling of wetting interactions with epitaxial stress that occurs as a result of
lattice mismatch between the film and the substrate.

The self-assembly of quantum dots studied in Chapters Bl and B occurs in an initially
planar crystalline film. Chapter Hlis devoted to the investigation of the deposition process
itself, namely, to the growth of an epitaxial film. We study the step-flow growth of
a crystalline surface by molecular beam epitaxy (MBE) in the case when the surface
diffusion of adatoms is anomalously fast and described by Lévy flights. As a result, we
formulate a Lévy flight analog of the Burton, Cabrera, and Frank theory for step-flow

growth.
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CHAPTER 2

Faceting Instability in the Presence of Wetting Interactions: A

Mechanism for the Formation of Quantum Dots
2.1. Introduction

The formation of quantum dots in epitaxially grown thin solid films has been attracting
attention as a very promising area of nanotechnology that can lead to a new generation of
electronic devices. It is generally understood that the main mechanism of the formation
of quantum dots in thin solid films on solid substrates is the Asaro-Tiller-Grinfeld (ATG)
instability [1,2] that releases epitaxial elastic stresses in the film caused by the crystal
lattice mismatch between the film and the substrate [3-8]. At the same time, other
mechanisms can also play an important role in the formation of surface structures during
epitaxial growth; two such mechanisms are faceting instability of a thermodynamically
unstable surface caused by strong surface-energy anisotropy and slope-dependent surface
currents caused by the Schwobel effect [9-12].

The characteristic feature of these mechanisms is that they produce long-wave insta-
bilities of the film surface leading to the formation of mounds that usually coarsen in
time, with larger islands growing at the expense of smaller ones [13]. At the same time,
the formation of a system of islands with almost uniform size has been observed [14].

Several mechanisms have been identified that can terminate the coarsening process. One
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mechanism is a balance between the surface and elastic energies that can lead to the for-
mation of uniform-size islands as a preferred configuration having minimal energy [4,15].
Another dynamic mechanism is associated with the normal growth of the interface, e.g.,
by evaporation-condensation or due to the presence of a diffusion boundary layer typical
of chemical vapor deposition. The normal growth introduces convective effects in the
evolution of the interface that compete with the coarsening process by sustaining ridges
and corners of the faceted mounds [16-18|. However, when the growth stops, further
annealing will cause coarsening of the surface structures. Recently, an additional mech-
anism that can terminate coarsening of the surface structures has been identified. This
mechanism is based on wetting interactions between the film and the substrate [19,20].
It has been shown that wetting interactions can change the spectrum of the ATG insta-
bility [20-23], or surface instability cased by the Schwobel effect [24], and lead to the
selection of a finite wavelength near the instability threshold and therefore to the possi-
bility of the formation of permanent spatially regular patterns [20]. In this case, spatially
regular arrays of dots (or pits) are formed as the result of the nonlinear dynamics near
the instability threshold, and the corresponding steady state can be considered as having
a local energy minimum. The formation of spatially regular arrays of dots has been inves-
tigated for the case of the ATG instability accompanied by wetting interactions between
the film and the substrate [19,20]. The interplay between the film-substrate wetting
interactions and the faceting instability caused by anisotropic surface energy has not yet
been studied. In this chapter, we investigate this coupling and show that, even in the

absence of epitaxial stresses, wetting interactions can terminate coarsening and lead to
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the formation of permanent regular arrays of quantum dots, as well as spatially localized

dots, thus providing a new route for quantum-dot fabrication.

2.2. Problem Statement

Consider a thin solid film grown on a solid substrate where the lattice mismatch
between two materials is negligible, the surface energy ~ is strongly anisotropic, the film
wets the substrate, and the film is thin enough for the wetting interaction energy to affect
the chemical potential of the film. Let us also assume that the substrate determines the
initial crystallographic orientation of the free surface of the growing film. We assume that
in the absence of the substrate, or when the film is thick enough so that it does not “feel”
the substrate, this orientation would be in the range of “forbidden orientations.” We
consider only high-symmetry orientations such as [001] and [111]. For these orientations,
the forbidden orientation of the growing surface implies that the surface stiffness tensor

25,26,

02

96,005

(21) :Yaﬁ = 7504[3 +

is diagonal and has two equal negative components,

(22) ’5/11 = ’5/22 = -0 < O,

where 0,3 are the surface angular coordinates and d,s3 is the Kroneker delta. In the
absence of wetting interactions between the film and the substrate, such a surface is
thermodynamically unstable and exhibits spontaneous formation of pyramidal “faceted”

structures that coarsen in time [16,18]. The film would decompose into faceted islands
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and exhibit the Volmer-Weber growth, rather than the Stranski-Krastanov one. However,
as we will show, the presence of wetting interactions can suppress this instability, or
qualitatively change it, so that it would lead to the Stranski-Krastanov growth in the
form of spatially regular arrays of islands connected by a thin wetting layer.

The continuum evolution of the film free surface can be described by the classical

surface-diffusion equation
(2.3) v, = DV?y,

where v, is the normal surface velocity, D = DgSo2Vo/(RT) (Dg is the surface diffusivity,
Sp is the number of atoms per unit area on the surface ) is the atomic volume, Vj is the
molar volume of lattice cites in the film, R is the universal gas constant, 7" is the absolute
temperature) [27] and

_OF

(2.4) H= Sh

is the chemical potential, the variational derivative of the free energy, F, with respect to

the shape of the film surface, h(z,y,t). The surface Laplace operator, V2, is given by

1

S
(1+h2 + h2)?

(L4 h2)haw — 2hahyhey + (1 + B2 )hes] (haOy + hydy),

where 0, , indicates partial differentiation with respect to z,y, and h,, = 0, ,h.

)
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In the absence of elastic stresses and wetting interactions between the film and the

substrate, we have
1
(2.6) Fe / {Moh (s, hy) + (AR dardy,

where 119 is the volume part of the free energy (pg is the constant chemical potential of
a planar film), I = y(hy, h,)y/1 + (Vh)? is the weighted anisotropic surface energy that
depends on the local surface slope, and v is the regularization coefficient that measures
the energy of edges and corners [16, 28, 29| (for simplicity, we write this term in the
small-slope approximation that will be further employed in this chapter). The free energy

&) gives the chemical potential
(2.7) = o + fy = fo + VapCap + VA*R,

where C,p is the surface curvature tensor.

In the presence of wetting interactions between the film and the substrate, the film
chemical potential p strongly depends on the film thickness h for h ~ d,,, where 9,, is the
characteristic wetting length, and pu — po for h > d,,. In this case, the film free energy

can be written as

(2.8) F :/ [f (h, hy, hy) + %I/(Ah)2 dxdy
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where f(h, hy, h,) — poh + I(hy, hy) for h > §,,. The wetting part of the free energy can
then be defined as

(2.9) Fo = / [f (h ha, hy) — pioh — I(hy, hy)] dzdy.

We will consider the following two models for wetting interactions between the film
and the substrate. The first, a two-layer wetting model, where the wetting interactions
between the film and the substrate are described as a thickness-dependent surface energy

of the film, (k). This dependence is usually taken to be [30]

(2.10) v(h) = v + (7 — v1) exp(—h/dw),

where v, = const is the surface energy of the substrate in the absence of the film, ~; is
the surface energy of the film free surface far from the substrate, and ¢, is the charac-
teristic wetting length. This model is consistent with ab initio calculations [31,32]. For

anisotropic film surface energy,

(2.11) Vs =511 +e(ha, hy)],

where 7? = const and e(hy, hy) is the anisotropy function that depends on the orientation
of the film surface. Thus, in this model, the free energy density in &) is f(h, hy, hy) =
v(h, hy, hy)m, and the chemical potential is computed as 1 = j, + W, where
ft is defined by (1) and

0 92 92
% — [s2he + g hy| (14 [VAP2)

V1+|Vh|?

(2.12) W=
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Note that in this case Y44 in i, depends on h. The second wetting model, a glued wetting-
layer model, considers isotropic wetting free energy, additive to the anisotropic surface
energy, yielding p = p, + W, with p, defined by () and W being an exponentially
decaying function of h that has a singularity as h — 0:

(2.13) W= —uw (%) Y exp(—h/6y).

Here, 0, is the characteristic wetting length, w > 0 characterizes the “strength” of the
wetting interactions, and a,, > 0 characterizes the singularity of the wetting potential as
h — 0. This singularity is a simple continuum phenomenological model of a very large
potential barrier for removal of an ultra-thin (possibly monolayer) wetting layer that
persists between surface mounds during Stranski-Krastanov growth process [24,33, 34].
We are not aware of experimental studies in which the wetting interaction potential has
been measured, and the glued wetting-layer model is a reasonable approximation for the
purpose of our analysis.

Thus, in the small-slope approximation and for high-symmetry orientations, the sur-

face chemical potential in both of these wetting models have the same form
(2.14) = ,uf)y +W,

where ) = p1,(ho) is defined by (7)) and evaluated at the initial film thickness ho, and

the part of the chemical potential due to wetting can be expanded as

(2.15) W = Wy(h) + Wa(h)(VR)? + Ws(h)VZh 4+ ...,
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where Wy 2 3(h) are smooth functions, rapidly (exponentially) decaying with increasing h,
Ws3(ho) = 0, and 2Wy = dW3/dh (due to Eq. (Z4))). In the small slope approximation,
and in the particular cases of high-symmetry orientations ([001] or [111]) of a crystal with
cubic symmetry, the evolution equation (Z3]) for the film thickness can be written in the

following form:

(2.16) % — DA [0Ah + vA%h — Ty H] + Woh) + Wa(h)(Vh)? + Wi(h)AR]

where the functions Wy, 3(h) are determined by the type of wetting interactions model.
In Eq. (I4), I';jx[h] is a nonlinear differential operator that depends on the orientation
of the film surface. To determine I';;;[h] for a particular surface, we write the general free

energy density
(2.17) Gije = bih2 + byh2h, + bghxhz + b4h§ + crhi 4+ cah3h, + @hihi + C4hxh2 + c5h§,

and apply the appropriate lattice symmetry conditions. For the [001] surface, Eq. ZI1)
must be invariant with respect to rotations by 7/2, as well the transformations from

r— —x,y — —y, and x — y, from which we obtain
(218) gloo = thihZ + Cl(hi + h;)
The resulting chemical potential, after letting 2b, — b and 12¢; — a, is

(2.19) Loor = (ahZ + bh2)hey + (bhZ + ahl)hy, + 4bhyhyhg,.
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In a similar manner, I';;;[h] must be invariant with respect to rotations by 27/3 as well

as the transformations y — —y,b — —b. Thus, we have

(220) Tun = a(Bhes + Wby, + 2aliyhoy) + 5 (2hes + h2hy, = 2hhyhoy)

+ b[(hm - hyy)hy + thyhx]-

Note that Eq. (2I0) with the nonlinear operators I';j; defined by ZIJ) and E20)

can be written in the variational form

oh o (OF
(2.21) N =DV (E)’

where F = [ Fdx dy, and
1
(222)  F= (VY + L(AR + G+ / Wo(h)dh — S Wa(h)(Vh)*

is the free energy density with

(2.23) Goot = — (hi+h§)+éh§h§,
12 2
_a 4 é 2, 12
(2.24) Gun = (VA + = (3h2h, — B2).

In the following sections, we investigate the stability and nonlinear dynamics of the solid-

film surface governed by Eq. (ZI4).

2.3. Faceting Instability in the Presence of Wetting Interactions

ik-x+wt
)

We consider infinitesimal perturbations of a planar film surface, h = hy+he and

linearize Eq. ([ZI0) to obtain the following dispersion relation between the perturbation
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growth rate w and the wave vector k:
(2.25) w=D(=Wy k? + ok* — VE®),

where k = |k| and

oW,y
(2.26) Wy = <_) )
T )

One can see that if the film wets the substrate, i.e., when Wy; > 0, the wetting interactions
suppress the long-wave faceting instability caused by the surface-energy anisotropy. The
instability occurs only for

7 1

2.27
(2.27) v b

i.e., if either the wetting interaction is less than the threshold value, Wy < W, =
0?/(4v), or the surface stiffness is larger than the threshold value, o > o, = 2/Wpy,v.
At the instability threshold, the wavelength of the unstable perturbations \ is finite,
A = Ao = 27 /k., where

g
(2.28) be=1/5

Typical dispersion curves defined by Eq. (Z2H) are schematically shown in Fig. X1l Note
that the critical wave number at the threshold does not depend on the wetting potential
and is determined only by the surface stiffness and the energy of edges and corners. For
the parameter values typical of semiconductors like Si or Ge, with the surface energy

v ~ 2.0 J m2, surface stiffness o ~ 0.2 J m~2, the lattice spacing ag ~ 0.5 nm and the
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Kk
Figure 2.1. Sketch of dispersion curves defined by Eq. (E2Z3) for (a)
o?/(4vWy) > 1, (b) 0?/(4vWo1) = 1, and (c¢) o%/(4vWp) < 1.
regularization parameter v ~ ya3 ~ 5.0 - 107 J, the wavelength of the structure at the
onset of instability is 14 nm.

Thus, in the presence of wetting interactions between the film and the substrate, the
faceting instability becomes short-wave. This is qualitatively different from the case of
faceting instability in the absence of wetting interactions. In the latter, the instability is
long-wave, i.e., all perturbations whose wavelengths are larger than a certain threshold
are unstable. In other words, wetting interactions with the substrate change the faceting
instability from the spinodal decomposition type [29,35] to the Turing type [36], thus
leading to the possibility of changing the system evolution from Ostwald ripening (coars-
ening) to the formation of spatially regular patterns. The latter is studied in the next

sections.
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2.4. Formation of Surface Structures: 14+1 Case

In this section, we investigate the nonlinear evolution of surface structures resulting
from the faceting instability in the presence of wetting interactions with the substrate
in the 1+1 case of a two-dimensional film with a one-dimensional surface. In this case,
the evolution equation (I6]) for the shape of the film surface, after the rescaling z —

(v/o) 2z, t — [V?/(Do®)]t, h — (v/a)'/?h, becomes

oh
(2.29) i [Paw + Paawe — hphag + wo(h) + wa(R)RE + ws(h)hay)
where wg23(h) are the rescaled functions Wy 3(h), respectively (ws(ho) = 0, 2wy =

dws/dh). In this scaling, the instability occurs for (Qwg/0h)p—p, = wn < i at the wave
number k. = v/2/2. We now investigate the evolution of structures near the instability
threshold by means of weakly nonlinear analysis.

Let us consider wg; = i — 262, € < 1, introduce the long-scale coordinate X = ex and

the slow time 7" = €*t, and expand

(2.30) h = h—hy=e[AX,T)e*" + cc]

+ € [A(X,T)e*™ ™ + B(X,T) 4+ c.e.] + -+,
(2.31) wo(h) = woo + worh + woah? + wozh® + -+ -
(2.32) wy(h) = Wy + worh + -+,

(2.33) wi(h) = wyh+wph®+- -
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where w3 = 2wgy and wss = wqy. We substitute (Z3)- ([Z33) into Eq. [Z29) to obtain
the corresponding problems in successive orders of €. From the problem at second order,

one finds
2 2
(234) A2 = 5(311}20 - 2’LU02)A .

From the solvability condition at the third order, we obtain the evolution equation for
the complex amplitude of the unstable, spatially periodic mode, A(X,T'). The problem
at the fourth order yields the evolution equation for the real amplitude B(X,T') of the
zero mode associated with conservation of mass. Together, the two equations form the

following system of coupled equations:

(2.35) Ar = A+ Axx — Mo|A]PA + sAB,
By = EBXX — 25 (JAP) 4 »
where
(2.36) Ao = % — %(31020 — 2wp)” — %wm + gwo&
(2.37) s = %wgo — Woe.

We now analyze the stability of the periodic stationary solution of system (E3H),

Ay = )\51/2, B =0, in the form of rolls. We let

(2.38) AX,T) = Ao+ A(X, T)em % + Ay(X, T)e” 1710,

(2.39) B(X,T) = B(X, T)eUT-i—in + Bi(X, T)ecr*T—in7



25

where Bf(X,T) and ¢* denote the complex conjugates of Bi(X,T) and o, respectively,
and linearize system ([Z3H) in A(X,7) and B(X,T). The linearization results in the

homogeneous system of equations for A;(X,T), A3(X,T), and B;(X,T),

o+ q2 +1 1 —SAO A1 0
(2.40) 1 o+ +1  —sA Ay =1 o |,
SA(] SAO —0 — iq2 Bl 0

with the solvability condition
(2.41) (04 ¢*) [40® + (8 4+ 5¢°)0 + ¢* + 2¢*> — 8AJs*] = 0.

The greatest disturbances occur when ¢ — 0. Thus, the system of amplitude equations
[EZ30) has a stable, stationary solution, Ay = A\, Y 2, B = 0, corresponding to a spatially

periodic pattern (array of dots) if [20,37]
(2.42) Ao > 85 = 2(wq — 2wpy)>.

Condition (ZZ42) defines a region in the parameter space in which one can observe the
formation of stable periodic arrays of dots. First, consider a glued-layer wetting potential
defined by ([ZI3)). From condition (Z27), one finds that the planar film surface becomes

unstable with respect to periodic structures for

28,

(2.43) -

> 4oy + ()¢ e,
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where ( = ho/d,. Since, for the glued-layer wetting potential, wy(h) = ws(h) = 0, one

obtains from (Z42) and (43) that a near-threshold periodic surface structure is stable if

2
ao;

(2.44) - > f(Gaw),
where
(2.45) f(Caw) = [18C3(¢ + a)’] 711067 + 40a,,¢”

4+ (11 4 6001 )% 4 200, (2002, 4 11 — 9)C
+ a2 (1 —a? + 1la, +1)].

Conditions (ZZ3) and (ZZ4) are shown in Fig. A

Now consider a two-layer wetting potential defined by (ZI0) with
(2.46) V5 = Y71 + € cos4(f + 0)],

where ¢ = arctan(h,) and 6, corresponds to the orientation of the planar surface of the
film, parallel to the substrate; for the high-symmetry orientations [01] and [10], 6y =

0, /4, respectively. It is convenient to introduce the following dimensionless parameters:

Yo ho . e+1 95 —1
2.47 I'=—“"(15e—-1 = — = — = .
( ) Vs ( € )? C 511;’ €1 158_17 €9 152 — 1

The film wets the substrate if I' < &' or v,/970 > € + 1. In this case, the nonlinear

anisotropy coefficient a in Eq. ([I0) is always positive. The faceting instability requires
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a) b)
254 | . a=6
J,B \‘\ % 20 b
) ' - 15 stable
&; 5 unstable film < seriodic
10 structures
1 5
S5 1 152 é.é}]o,5 0% 3 74},&[5

Figure 2.2. (a) Parameter regions where a planar film surface is unstable
(above the corresponding curves) for a,, = 3.0 (solid line) and a,, = 1.0
(dashed-dotted line). (b) Parameter regions where weakly nonlinear peri-
odic surface structures are stable (above corresponding curves) for different
values of ay,.

a negative surface stiffness that can achieved if 15¢ — 1 > 0, and
(2.48) ¢>In(1+071).

This instability threshold condition ([ZZ17) gives

Y502, - 4e¢(1 —Tg)
v~ [D(e¢ —1)—1]%

(2.49)

The analysis of conditions (Z48) and (ZZ9) shows that the short-wave instability of the
film surface that can lead to pattern formation can occur only if the film thickness is above

a threshold value determined by the surface-energy anisotropy and the wetting length,
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namely, for

16¢
(2.50) ho > 0, In {155 — 1} )

Using (2222), one can show that the weakly nonlinear periodic structure is stable if
502
(2.51) T > (¢, Te),
v

where

(2.52) g 2TH5CX + e +35) + LAT(eC +5) + 35
: 27T e S[D(ef — 1) — 1]2[&I (e — 1) — 1]

The conditions (Z28)-([E]) allow one to determine regions in the (I, () parameter plane
where spatially regular surface structures can occur as a result of the thermodynamic
instability of the film surface caused by strongly anisotropic surface tension in the pres-
ence of wetting interactions described by (I0). Examples of these regions for different
values of the anisotropy parameter ¢ are shown in Fig. Z3 The solid curves correspond
to condition (ZZ9), and the dashed curves correspond to condition (ZXI). The film is
unstable in the regions above the solid curves, and stable periodic structures can form
in the region near the solid curve which lies above the dashed curve. One can see that
for given values of the surface-energy anisotropy, ¢, and ~d,,/v, the formation of stable
periodic structures occurs if the ratio of the initial film thickness to the wetting length is
within a certain interval.

Numerical simulations of Eq. (Z2Z9) were performed in [38] for the two types of

wetting potential. For both wetting potentials, the numerical solutions exhibited the
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formation of stable periodic structures near the instability threshold in the parameter

regime where these structures are stable. Outside of these regimes, or further from the

instability threshold, the periodic structures become unstable and exhibit behavior that

depends on the type of wetting interactions. For the glued-layer potential, Fig B2 shows

the stationary solution of Eq. ([ZZJ) as one moves away from the short-wave instability

threshold, and Fig shows different stages of the coarsening process and the formation

of localized islands.
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Figure 2.4. Stationary numerical solutions of Eq. [Z2Z9) with the wetting
potential (ZI3) showing stationary surface structures for hy = 3.0 nm,
(C=20),a=017J m2 and (a) w = 6.8 -10% J m™3 (wp, = 0.24), (b)
w=2.8" 108 J I'Il_3 (wOI = 01), (C) w=2.8" 107 J I'Il_3 (wOI = 001)

2.5. Formation of Surface Structures: 241 Case

In this section, we investigate the nonlinear evolution of surface structures resulting
from the faceting instability of a three-dimensional film with a two-dimensional surface
(2 + 1 case) in the presence of wetting interactions with the substrate. We consider
high-symmetry orientations only, [001] and [111], described by Eq. (ZIG).

After the appropriate rescaling, Eq. (I0) can be written as

(2.53) %%:ApMHﬁvh—ﬂM+de+wﬂMW%f+wﬁ@Aﬂ,
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Figure 2.5. Different stages of coarsening of the initial periodic structure,
yielding the formation of localized dots divided by a thin wetting layer—the
numerical solution of Eq. (Z29) with the wetting potential I3) hy = 1,5
nm, w=2382-10J m3 (¢ = 1.0, wp; =0.1), a = 0.22 J m 2.

where the nonlinear differential operator g[h] for the [001] orientation is
(2.54) goor = (B2 + phi)hes + (B2 + ph)hyy + 4phehyhay,,
and for the [111] orientation

1 1 1
(2.55) g1y = <h§ + §h§> Do+ <h§ + §h§> Pyt ghatty oy +alla =y )y +2heyhs).

Equation (Z53)) has a special structure in that the linear operator is isotropic, while the
nonlinear operator is anisotropic. The linear growth rate near the instability threshold,
thus, does not depend on the wave vector orientation and the resulting dispersion relation

is the same as in the 1+1 case, w = —wg k*+k*—k®, with the instability threshold wo; = §
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at k= k.= /2 /2. It is the nonlinear interaction between the modes that will determine
the symmetry of the emerging pattern. This situation is similar to the one considered
in Ref. [39] where the effect of surface-energy anisotropy on the formation of cellular
patterns with different symmetries at a crystal-melt interface caused by morphological
instability during directional solidification was studied. Below, we consider the weakly
nonlinear analysis near the instability threshold.

Since the linear operator in Eq. (Z53) is isotropic and the nonlinear operator in Eq.
@53 has a quadratic nonlinearity that breaks the h — —h symmetry, the preferred
pattern near the instability threshold will have a hexagonal symmetry. This hexagonal
symmetry is caused by the quadratic resonant interaction between three different modes
orientation at 120° with respect to one another and having the same linear growth rate.
The specific type of pattern in this case is determined by the phase locking of the three
resonant modes that depends on the quadratic resonant interaction coefficient. In order
to compute this coefficient, take wqg = i — 27€, € < 1, introduce the slow time 7 = et,

and use the expansions (EZ31)-(Z32), as well as the expansion

3
(256) €ZAn anl‘ +e ZB an-r

n=1

3
+ & Z o2knT | Bn,n_l(f)e"(k“_k“’l)'r] + c.c. + O(€%),

n=1
where A,,(7), Bn(7), Bnn(7) and B, ,,—1(7) are complex amplitudes (the spatially uniform
mode B,, _,(7) is missing due to conservation of mass), r is a vector in the (z,y) plane,

=/2/2 and k; + ks + ks = 0 (n = 0 and n = 3 correspond to the same mode with

the wave vector k3). Then, the solvability condition for the problem for B,, in the order
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€? yields the following three evolution equations for the amplitudes A; o 3:

HA
(2.57) 8—71 = yA; + aAAL,

where the other two equations are obtained by the cyclic permutation of the indices in

Eq. &X1). The resonant quadratic interaction coefficient is different for different surface

orientations:
3
(258) Oé001 = ngo—wog,
(2.59) = o i L Gin(30,),

42

where the angle ¢y characterizes the orientation of the resonant triad ki, ks, ks in the
surface plane, ky = (cos ¢, sin ¢p). Thus, in the case of the [001] surface, the quadratic
mode interaction is isotropic, while in the case of the [111] surface, it depends on the
pattern orientation within the [111] plane.

For equilateral patterns, A4, = pe®» and using o = |a|e®, one obtains from (Z57) the

following system of equations for p and © = 0, + 05 + 65:

9,
(2.60) a—i = p+|alp? cos(© — ),
(2.61) g—? = —3pla|sin(®© —9).

Eq. (ZE&I) has two critical points: stable, © = §, and unstable, © = 7 + §. Thus, the

system (Z260) and (ZZ61]) describes an unbounded growth of a pattern given by a function

(2.62) h = plcos(ky - x + 61) + cos(ke - x + 65) + cos(ks - x + 63)],
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in which the phases are locked: 61 + 05 + 63 = 0. If the resonant interaction coefficient
is real, then 0 = 0(a > 0) or 6 = (e < 0), and the function ([ZG2) describes a spatially
regular array of hexagons with A > 0(h < 0) in the centers of the hexagons for a > 0(a <

9015 real, one could observe the

0). Therefore, in the case of the [001] surface when «
growth of regular hexagonal arrays of dots for a® > 0 or pits for a’®! < 0. Note that for
the [001] orientation, the pattern type is determined purely by the details of the wetting
potential (the coefficients wgy and wsyg) since, in this case, the anisotropic surface energy
enters only through the quartic terms in the free energy functional yielding cubic nonlinear
terms in the evolution equation for the surface shape. For example, for a glued wetting
potential of type [ZI3), wyy = 0, a®!' = wy; > 0, and therefore only the formation of
hexagonal arrays of dots is possible; an array of pits cannot form.

The situation is different for the [111] orientation when the free-energy functional has
anisotropic cubic terms leading to anisotropic quadratic terms in the evolution equation
for the surface shape and the complex quadratic resonant interaction coefficient. In this
case, the imaginary part of the resonant interaction coefficient depends on the surface-
energy anisotropy coefficient, ¢, and the pattern orientation within the [111] plane (angle
¢o). As one can see from (EG0), the most rapidly growing pattern corresponds to the

maximum of |« that is achieved for ¢y = 7/6. In this case, one would observe the growth

of a pattern described by the function [ZG2) with the phases locked at

(2.63) © = arctan [%] :

4’LU02 — 3w20

Examples of patterns corresponding to different values of © are shown in Fig. Z0 (see also

Ref. [39]). One can see that for intermediate values of ©, the growing pattern consists
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Figure 2.6. Spatial patterns described by Eq. (E62) with different values
Of@:‘91+92+93.

of a regular hexagonal array of triangular pyramids. Notes that similar hexagonal arrays
of triangular pyramids were observed in experiments reported in Ref. [40]. Although the
physical mechanism of the formation of ordered arrays of triangular pyramids observed
in Ref. [40] was different (elastic interaction of multiple epitaxial layers), the nonlinear
mechanism based on the resonant quadratic interaction of unstable modes in the presence
of the anisotropy of the [111] is universal and may well be the same in the system studies
in Ref. [40].

The amplitude equations (Z27) cannot describe the nonlinear stabilization of a grow-

ing surface structure and cannot provide conditions for the formation of stable, spatially
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regular structures near the instability threshold. In order to obtain such conditions, higher
order cubic nonlinear terms in the amplitude equations need to be taken into account.
Letting wo1 = § — 27€%, € < 1, 7 = €°t, and using the previous expansions ([Z31)-[E32),

([Z50) yields the following evolution equations for the amplitudes A,, at order €3:

0A,
or

(2.64) = YA, + @ ATAY — M| AnPA, — MJAIP 4 |An]?) Ay,

with the resonant interaction coefficient o in Eqs. ([Z58) and Id). The other two
equations are obtained by the cyclic permutation of the indices in Eq. ([264)). The self-

interaction and cross-interaction Landau coefficients, A\g and A, in Eq. (ZG4) are

3(1 + p) 1 3wos3 W21 3]9 —1

9 001 _ _ - -9 2 — —

(2.65) Ay D 9(3w20 Wo2)” + 5 5 3 cos(4¢y),
3(1 3p—1

(2.66) A\ = % + Bwog — woy + p32 cos(4¢g) — \/§(?;)p2 ) sin(4¢y)

1
— §(4w02 — 5’LU20)2

and

1 ¢ 1 3w w
(2.67) At = < %(1 — cos(6¢p)) — §(3w20 — 2uwpy)? + 203 — %
(2.68) LR —3—‘121 660)) — (s — Busao)?
. = 3 03 — Wa1 32( + cos(6¢y)) 8( Wo2 wa)~,

for the respective [001] and [111] directions. In the presence of the resonant quadratic in-
teraction, the addition of these cubic terms in the amplitude equations near the instability
threshold is asymptotically rigorous only if the quadratic interaction coefficient is small,

|a| ~ €, which restricts the validity of the weakly nonlinear analysis to a narrow range
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of physical parameters. One can see that the Landau cubic interaction coefficients are
anisotropic and depend on the pattern orientation in the surface plane [39]. The system

(Z8)) can be written in terms of the Lyapunov function U as

0A, U B
(269) 8T - _0—14;’ n = ]-72a 37

where

3
A
(270)  U(An4) = ) (—7|An|2 + 7°|An|4) — (A Ap Ay + ATA3A)
n=1

+ A(JALP A + AL Al + | A2]? As]?).

For equilateral hexagonal patterns,

Cat a2+ 4y(N +2))

(2.71) 2(Ao +2X) '
and

2 3 3)‘0 4
(2.72) U(po) = —=3vp° — 2ap° + - 3\ ) P,

shown in Fig. 7 for [001] and [111] surfaces. Minimizing Eq. (ZZ2) with respect to ¢g
gives the preferred orientation in the plane as ¢y =~ 0.4629, 2.033 and ¢y = 0, 7/3, 27/3, 7
for the respective [001] and [111] surfaces. For each orientation, the angles ¢ are indepen-
dent of the wetting parameters and have equal minimum values of U. Since the resonant
interaction coefficient « is real for the [001] direction, the ¢y correspond to the pattern
orientation in the plane. However for the [111] direction, the resonant interaction co-

efficient is complex with the most rapidly growing pattern at ¢g = 7/6 leading to the
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Figure 2.7. Lyapunov functions defined by Eq. for (a) [001] and (b)
[111] surface orientations

previously discussed phase locking given by Eq. [Z53). Although the pattern will grow at
¢o = 7/6, the phase locking will change and the final state of the system will correspond
to the minima of U at ¢y = 0, /3, 2w /3, m. The resonant interaction coefficient will be
real at these angles and will correspond to hexagonal arrays of either dots or pits.
Numerical simulations of Eq. (Zh3) were performed in for the [001] and [111]
orientations of the film surface with I';j;[h] defined by (ZI9) and Z0), and for the
glued-layer potential defined by ([ZI3). For sufficiently large surface energy anisotropy,
the numerical solutions for the [001] surface exhibited the formation of stable periodic
structures as shown in (Fig.Z). In the case of the [111] orientation of the film surface, the
formation of regular arrays of dots were not observed, even near the instability threshold
and for large surface energy anisotropy. Instead, the numerical solutions exhibited the
formation of hexagonal arrays of triangular pyramids that coarsened and evolved toward

localized pyramidal structures as shown in Fig. 229



39

Figure 2.8. Formation of spatially regular arrays of dots: numerical solu-
tions of Eq. (I0) for [001] surface orientation. a) Stationary hexagonal
array of equal-size dots, hg=1.5 nm, w = 1.89-10" Jm™3, a = 6.6 J m™2
(wer = .23,¢ = 1.0). (b) Stationary square array of equal-size dots, hg=1.5
nm, w = 82-10° J m™3 a = 11.1 J m™? (we; = .01, = 1.0). Other
parameters are the same as in Figs. B4 and 23 with b = 0.

2.6. Conclusions

We have found that, besides the stress-driven instability, there can be another mech-
anism for the formation of quantum dots in epitaxially grown thin solid films. By this
mechanism, the substrate determines that the film surface initially grows in a specific
crystallographic orientation. In the case of a thick film that does not readily “feel” the
substrate, this orientation would be forbidden (i.e., thermodynamically unstable), leading
to the formation of faceted structures. Wetting interactions between the film and the
substrate suppress the long-wave modes of this instability and change its spectrum from
the spinodal decomposition type to the Turing type. This spectrum change yields the

possibility of the self-organization of stable, spatially regular hexagonal or square arrays
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Figure 2.9. Formation of localized dots: numerical solutions of Eq. (ZId)
for [111] surface orientation showing different stages of coarsening of initial
regular hexagonal array of triangular pyramids for hy = 1.5 nm, w = 8.2-10°

Jm™2 (wg; = 0.1,¢ = 1.0). Other parameters are the same as in Figs. 27
and I3 except that b= 0.44 J m~2.

of equal-sized dots. We have found the parameter regions in which, depending on the type
of wetting interactions, one can observe the formation of stable periodic arrays of dots.
Note that spatially regular stable arrays of dots caused by wetting interactions exist in

a rather narrow range of parameters, bounded by proximity to the instability threshold
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and by the stability interval determined by the interaction with the zero mode. There-
fore, experimental implementation of the conditions that may lead to the self-assembly of

spatially regular arrays of dots can be a challenge for experimentalists.
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CHAPTER 3

Self-Assembly of Quantum Dots in a Thin Epitaxial Film

Wetting an Elastic Substrate

3.1. Introduction

In the previous chapter, it was shown that, in the presence of a strong surface-energy
anisotropy, self-organization of regular QD arrays is possible without epitaxial stress,
solely as a result of coupling between wetting interactions and thermodynamic faceting
instability. However, as noted in Sec. EZIl the principle mechanism that leads to the
formation of QDs in epitaxial films is associated with epitaxial stress that occurs in the
film due to lattice mismatch between the film and the substrate. The elastic energy that
accumulates in the film can be lowered by reconstruction of the film surface through
surface undulations. This results in the Asaro-Tiller-Grinfeld (ATG) instability [1, 2]
leading to the formation of nano-scale surface structures (islands), or QDs [5,6,27].

The theoretical investigation of self-assembly and evolution of quantum dots in thin
epitaxial films due to the AT'G instability has received a great deal of attention. In [3,7,8],
the formation and coarsening of quantum dots caused by the ATG instability mechanism
was investigated by numerically solving a nonlinear evolution equation for the film surface
shape, and the resulting coarsening kinetics was in agreement with experimental observa-
tions [41]. Theoretical analysis of stability of a hexagonal array of cones on the surface of

an elastically-strained solid was performed in [42]. It was shown that elastic interaction
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between the cones can lead to array meta-stability. Elastic interactions can also stabilize
spatially-regular quantum dot arrays in multi-layer structures [43]; however, other sta-
bilization mechanisms are also possible [44]. Numerical simulations of self-assembly of
regular quantum dot arrays in multilayer structures were performed in [3].

Analysis of pattern formation in a thin epitaxial film caused by the interplay between
elastic and wetting interactions was performed in [20] for the case of a rigid substrate
in the long-wave limit; a possibility of the formation of stable, spatially-regular arrays of
quantum dots was demonstrated analytically and numerically. A combined effect of elastic
stress, surface-energy anisotropy and wetting interactions on the formation of quantum
dots in a thin epitaxial film was investigated in [19,45]. Numerical simulations performed
for 141 [45] and 2+1 interfaces [19] showed self-assembly of spatially-periodic arrays of
faceted pyramids.

Another important factor that affects the formation of quantum dots in epitaxial films
is elastic properties of the substrate. The substrate elasticity results in a non-analytic
spectrum of the ATG instability [5,27] and can substantially affect nonlinear dynamics
of quantum dot formation. The effect of the substrate elasticity on self-assembly of
quantum dots in the presence of wetting interactions was studied in [46]. A non-local,
integro-differential equation describing the evolution of the film surface was derived in
the long-wave limit, and the formation of a single localized island was investigated (see
also [47]). This analysis has recently been generalized in [48] to include certain nonlinear
elastic effects. It was claimed that the combined effect of nonlinear stress and wetting can
terminate the coarsening process and lead to the formation of irregular arrays of equal-

sized islands. Phase-field numerical simulations of island formation in the presence of



44

wetting effects and elastic interaction between the film and the substrate were performed
in [49,50].

Despite the large number of theoretical investigations of self-assembly of quantum
dots in thin solid films, the question as to the conditions under which the quantum dot
coarsening ceases and a spatially-regular array of quantum dots can form still remains
open. Specifically, the fact that ordered quantum dot arrays have not been observed in
experiments on instability of thin epitaxial films needs to be understood. This problem
can be approached by means of weakly nonlinear stability analysis near the ATG insta-
bility threshold that would allow one to understand the nature of the bifurcation of a
regular pattern from a homogeneous state. Also, it can be shown that wetting interac-
tions between the film and the substrate yield an additional normal stress at the film free
surface that can be called a wetting stress. This stress originates from the dependence of
the wetting potential on the film thickness.

In this chapter, we investigate the formation of quantum dots driven by the ATG
instability and wetting interactions between the film and the substrate, accounting for the
substrate elasticity and wetting stress. We perform linear and weakly nonlinear analyses
to determine the possibility of the formation of spatially-regular quantum dot arrays. We
show that, in the case of two-layer and glued-layer wetting potentials, such arrays result
from a subcritical bifurcation and are therefore unstable. We also perform numerical
simulations of a nonlocal integro-differential equation describing the surface evolution in

the long-wave approximation and determine the coarsening kinetics.
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3.2. Problem Statement

Consider an epitaxially strained thin solid film that wets a solid, semi-infinite elastic

substrate. The film surface, z = h(x, t), evolves due to surface diffusion, described by [27]

(3.1) % = D(1 + |Vh))V2V2[E(R) — 29K + W(R)],
where z is the coordinate normal to the substrate and x = (z,y) are the coordinates
in the plane parallel to the planar substrate-film interface, V2 is the surface Laplace
operator defined by Eq. (ZH), £(h) is part of the surface chemical potential related to
the elastic energy in the film which is determined by the solution of the corresponding
elastic problem (see below), W(h) is part of the surface chemical potential due to wetting
interactions with the substrate (wetting potential), 7 is the surface free energy, assumed
to be isotropic, i.e. independent of the surface orientation, 2K = [(1 + h2)hy,, + (1 +
h2)hae — 2hahyhey] /(1 + |Vh|?)%/2 is the mean surface curvature, and D = DgS,QV; / kgl
(defined in the previous chapter).

As in Chapter Bl we consider two models for the wetting interactions: two-layer and
glued-layer. In the two-layer model, the surface energy is an exponentially decaying

function of the film thickness described by Eq. (I0). Since the film surface energy, vy,

is now assumed to be isotropic, the corresponding wetting potential (ZI2) reduces to

(3.2) W(h) = (dv/dh)/\/T + [Vh].

For the glued-layer wetting model, the wetting potential is given by Eq. [(ZI3) as in the

Chapter
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In order to find the elastic energy £(h), we need to solve the elasticity problem in the
film and in the substrate. We choose a coordinate system such that z = 0 corresponds
to the planar film/substrate interface, z < 0 corresponds to the semi-infinite substrate,
and 0 < z < h(x,t) corresponds to the film; x = (z,y) is a position vector in the film
plane. We assume that mechanical equilibrium exists in the system at all times; therefore,
8]-0'2-];78 = 0, where o;; is the stress tensor expressed in terms of the strain tensor £j;, 0;
denotes partial differentiation with respect to the coordinate j = 1, 2, 3, corresponding to
the coordinates x, y, z, respectively, and the superscripts f and s refer to the film and the
substrate, respectively. The stress and strain tensors are related by the Hooke’s law [51],

v 1
(3.3) Oy =21 [(H—l/> 0ij B + Eij:| , By = §(ajui + Oiuy),

where u; is the ith Cartesian coordinate of the displacement vector, : = 1,2,3, u is the
elastic shear modulus, v is the Poisson’s ratio, d;; is the Kronecker’s delta, and usual sum-
mation over repeated indices is assumed. Thus, the condition of mechanical equilibrium

is described by the Navier equation in the film and in the substrate [51],
(3.4) (1 = 205)2ul* + 0,0,ul® = 0.

The elastic energy in Eq. @) is £(h) = 104 Eij|.—p.

In the presence of wetting interactions, the boundary conditions that describe the
stress balance at the film free surface and at the film-substrate interface require special
consideration. In both wetting models, we assume that the wetting potential depends
on the film thickness. The latter can change by two mechanisms: (i) accumulation (or

redistribution) of material at the free surface and (ii) deformation of the film. If, as a
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result of the film deformation, the local displacements of the film free surface and the film-
substrate interface in the z-direction are dhy and dhs, respectively, then the film thickness
changes by dh = 0hy — dhy, causing the film surface energy to change by (dv/dh)éh. This
means that additional stresses in the z-direction, Fdvy/dh, act on the film free surface
and the film-substrate interface, respectively. The work of these stresses causes this
energy change. Similarly, if wetting interactions between the film and the substrate are
described by the glued-layer wetting potential given by Eq. (ZI3), then the additional
stresses acting on the film free surface and the film-substrate interface are FhdW/dh,
respectively. Thus, in the presence of wetting interactions, characterized by an additional
wetting energy that depends on the local film thickness, one should include a wetting
stress acting on the film free surface and on the film-substrate interface. This wetting
stress accounts for the change of the film energy due to the variation of the film thickness
caused by the film deformation, while the term W(h) in the surface diffusion equation
BI) accounts for the change of the film energy when the film thickness changes due to
the material redistribution. Note that this consideration is valid only in the long-wave
approximation, when wetting interactions can be described by a function that depends
on the local film thickness only.

In the following analysis, unless specified otherwise, we consider the two-layer wetting
model. Thus, the stress balance boundary conditions at the film free surface and at the

film/substrate interface read:

0
(3.5) ol + 530 =0 onz=h(z,y.b),
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0
(3.6) alfjn]— —opn; + —Z(Sig =0 onz=0,

where n; is the unit normal to the film surface and 0v/0h is the wetting stress.
At the film/substrate interface, continuity of displacement taking into account the

lattice mismatch between the film and the substrate holds,

(3.7) ul = ud +e y

Here, € is the misfit strain in the film, defined by

o s —ar
(3.8) €= PP

where ay and a4 are the lattice spacings of the film and the substrate, respectively; e > 0
corresponds to tensile strain and € < 0 to the compressive strain. Finally, we require the

strains in the substrate far away from the film to decay to zero,

(3.9) B —0 asz— —o0.

3.3. Steady State Solution

The governing equations in Section describe the stress state and surface evolution
of an epitaxially strained film. They have a basic state solution corresponding to a

completely relaxed, stress-free substrate,

(3.10) =0, o = 0, for ij=123,
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and a planar film with spatially uniform stress and strain,

_ _ ~ 1 1—2vp 0y
B e wd=a =t ey
o 5 1 I _ oy
(312) 0'{1 = 0'52 = 1= yf [2e,uf(1 + Vf) — Vf%] , 0'53 — _%'

Note that even in the absence of epitaxial strain, wetting interactions with the sub-

strate produce wetting strain and wetting stress in the film:

_ﬂ@_’y o w _ vr 81 ov — _8_7
2,uf(1 - Vf) 8h’ 1 1-— Vf 8}1,’ 33 8}1,

(3.13) B =

In the presence of epitaxial strain, wetting interactions modify the strain in the film
as well as all components of the stress. It is interesting to note that the presence of
wetting stress breaks the symmetry between compressive and tensile epitaxial strains.
Indeed, as follows from Eq. (BII), when the epitaxial strain is compressive (e < 0), the
corresponding vertical strain has the same sign as the wetting strain, and the two strains
add to increase the total vertical strain. Alternatively, when the epitaxial strain is tensile
(e > 0), the signs of the epitaxial and wetting strains in the vertical direction are opposite
which decreases the total vertical strain. The total elastic energy stored in the film due

to epitaxial and wetting stresses, however, is independent of the sign of € and 9y/0h:

1_ - 1+v 1 1—2up (Oy 2
3.14 E = —ol B =22 f f .
(314) 0= %t T 2T T T, \an

In the next section, we perform the linear stability analysis of this basic state of an

epitaxial film in the presence of epitaxial and wetting stresses.
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3.4. Linear Stability Analysis

In this section, we study the stability of a planar film in the basic state described

by Egs. (BI0)-@TZ). The film dynamics is governed by equations (BII), B3)-EBd). We

consider infinitesimal perturbations of the planar film, h = hg + ﬁe“’t”k'x, and the dis-

placement vectors
(315) uf’s — U.Of’s _i_}‘\f,s(z)ewt-i-ik'x,

and linearize the problem (BIl)-[B3). The solvability condition for the linear problem
gives the dispersion relation between the perturbation growth rate w and the wave vector

k. In the long-wave approximation, i.e. for 27 /k > h, this dispersion relation reads
(3.16) D 'w = —Ak* + BEK® — CK*,

where k = |k| and

B
ppacs

(318) B = 4j—§uo<1+vf>{262<1+vf>us—evf [/ (R) + ko ()]}

(3.17) A = [1 - 7’(71)} " (h),

2¢eh, - v

—a30 (14 vy) (4vp9' (h)Cy + hoy" (h)Cs)
f

16€2ho i

— T(l +vp)*(Ch — ay),
f

(3.19) ¢ = v+
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(3.20) ars = 2(1—vyy), Brs=1—2vps, po=fif/ps,

Cy = ay+apBuo—a2ug, Co=day + 3ayBsug — 4aus.

The dispersion relation (BI0) is the generalization of the dispersion relation obtained
n [27], for the case when wetting interactions between the film and the substrate are
present. It is valid only if the long-wave approximation holds, 27 /k, > hg, where k, is
the wave number corresponding to the most rapidly growing mode. In the absence of
wetting, for 7/(ho) = 7"(ho) = 0, A = 0 and Eq. ([BIG) reduces to the long-wave limit of
the dispersion relation obtained in [27]. (Note that for 7/(hg) = v"(ho) = 0 the long-wave
expansion ([BI0) is valid for house? < 7. For typical values of hy = Inm, p, = 10"
erg/cm?®, v = 2-10% erg/cm? and € = 0.03 one obtains house?/y = 0.05 < 1.)

When wetting interactions between the film and the substrate are present, +'(hgy) <
0, v"(hg) > 0, and the dispersion relation contains an additional term, —Ak? which
becomes dominant for small wave-numbers. Had the wetting stress not been accounted for,
one would have obtained A = ~"(hy) > 0 which would mean that the wetting interactions
always damp long-wave modes. However, this is not always so if the wetting stress is
taken into account. In this case, the long-wave modes are damped (A > 0) only if
1V (ho)| < pray/By = 2puys; otherwise, the long-wave modes are destabilized by wetting
stress. This de-stabilization is even stronger than that produced by the epitaxial stress;
indeed, in this case the growth rate is proportional to k2, rather than to &% in the absence

of wetting due to elastic energy accumulated in the film because of the wetting stress.
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Figure 3.1. (a) Sketch of dispersion curves defined by Eq. (BI4) for (1)
B?/(4AC) < 1, (2) B*/(4AC) = 1, (3) B®*/(4AC) > 1 and (4) A = 0.
(b) Critical wave number k. as a function of the epitaxial strain for the
two-layer wetting potential with parameters typical of a Ge on Si system
(cgs umits): py = 102, po = 0.8, vy = 2-10°, Ay = 2-10%, v; =
0.198, v, = 0.217.

This effect, however, is probably not relevant to common semiconductor materials,
such as Ge or Si. Indeed, taking p; = 102 erg/cm?®, 75 — v = Ay = 2- 102 erg/cm?,
dp = 1 nm and hy = 1 nm, one obtains v'(hg) ~ 10° erg/cm?® (which is in accordance
with ab-initio calculations performed in [31]) and 7'(hg) < py. Thus, in this case A > 0,
and the long-wave modes are always damped by the wetting interactions. However, for a
film made of a material much less stiff than a common semiconductor, this effect may be
important.

Typical dispersion curves for the case when wetting interactions damp the long-wave
modes are schematically shown in Fig. Bl(a). The film becomes unstable for B> —4AC >
0. One can see that this damping changes the instability spectrum from the long-wave
(spinodal decomposition) type to short-wave (Turing) type, thus leading to the possibility
of changing the system evolution from Ostwald ripening to the formation of stable spatially

periodic patterns. Fig. BJl(b) shows the wave number k. = B/2C', corresponding to the
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most rapidly growing mode, as a function of the lattice mismatch e for typical values of
the parameters: py = 0.8, vy =2- 103, Ay =210 vy = 0.198, vy = 0.217. One can
see that the long wave approximation is valid.

Another interesting effect of wetting stress is associated with the sign of the coefficient
B in the dispersion relation (BI6). In the absence of wetting interactions, or if the wetting
stress is not taken into account, B ~ use? > 0 which describes the destabilization effect of
the epitaxial stress. The presence of wetting stress can change the sign of this coefficient.
Indeed, +'(ho) + hoy"(ho) = (Av/8y)e /% (hy /6, — 1) = 7'(ho) > 0 for hy > 6, and
7' (hg) < 0 for hg < d,,. In the case of a compressive epitaxial strain, e < 0, the coefficient
B is positive for 7' (hg) > 2eus(1+ l/f_l), and in the case of a tensile epitaxial strain, € > 0,
the coefficient B is positive for 7' (hg) < 26M3(1—|—Vf_1). This also shows that the presence of
the wetting stress breaks the symmetry between compressive and tensile epitaxial strains.
This effect is more pronounced for smaller epitaxial strain.

The stability analysis described above is illustrated in Figs. B2HZ.G Fig. shows the
neutral stability boundaries in the (e, &) parameter plane where £ = hy/d,,. One can see
that if the epitaxial strain is sufficiently large, then the film is always unstable. However,
if the epitaxial strain is small enough, then the film becomes unstable only if its thickness
exceeds a critical value, hg > h.(¢). Fig. shows that for some intervals of the epitaxial
strain and some parameter values there can be two critical values of the film thickness, b
and h_, that bound the interval of the film stability. This corresponds to the boxed region
in Fig. B3|(a), enlarged in Fig. B3(b). Here, the film is unstable for hy > hf and hg < h_ .

The film instability for smaller thickness can be explained by the destabilizing effect of
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Figure 3.2. Stability regions for a planar epitaxial film with two-layer wet-
ting potential for parameters as in Fig. Bl

the wetting stress which is more pronounced for smaller thicknesses due to exponential
decay of wetting interactions.

Fig. B shows how the neutral stability boundaries change as the film stiffness (shear
modulus) varies relative to that of the substrate, which is characterized by the parameter
to. One can see that the stability region narrows as the film’s stiffness increases. Note
that the interval of epitaxial strains where the film is stable for h, < hy < h} exists only
for sufficiently large .

Fig. B3 shows how the neutral stability boundaries change as the wetting strength
varies, which is characterized by Ay = 4 — v, in (ZI0). One can see that as the wetting

interactions become stronger, the film stability region increases.
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Figure 3.3. (a) Stability regions for a planar epitaxial film with a two-layer
wetting potential for py = 10. See Fig. Bl for other parameter values. (b)
Zoom of the boxed region in (a).

One can also see from Figs. B2H3.H that for a film with a given thickness there exist
two critical values of epitaxial strain (positive and negative for tensile and compressive

£, respectively) above which the film becomes unstable. Fig. B shows these

strains, €
critical values of the epitaxial strain as functions of Ay and pug. In the left figure, one
can see € (Ay) for py = 10.0 and different film thickness. In the right figure, one can
see e (pg) for Ay = 2-10% erg/cm? and different thickness of the film. Note that e*
tend to constant values with the increase of . Note also that the stability region for

¢ = 1.0 is larger than those for ¢ = 0.0 and ¢ = 2.0. This corresponds to the case shown
in FigB3(b).
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Figure 3.4. Stability regions for a planar epitaxial film with a two-layer
wetting potential for: (a) po = 0.01 (b) o = 0.50, (¢) po = 10. See Fig. Bl
for other parameter values.

3.5. Surface Evolution Equation in Long-Wave Approximation

In this section, we derive evolution equation for the shape of the film surface in the
long-wave approximation, using the general surface-diffusion equation (BIl). Here we
follow closely the derivation presented in [46]. We consider the long-wave approximation
valid for the case when the wavelength of surface undulations, [/, is large relative to the
characteristic film thickness hg.

We introduce a small parameter, o = hy/l < 1, rescale the variables: h — alH, (x,y) —
2y, 2 — alz, t — 7, u{23(x,y,z) — lU{,Zg(:c’,y’,z’), and consider the expan-
sions oy = () +aa( ' + 0(2) +...; Ej = EZ.(]Q) - aEZ.(jl) —|—a2EZ-(f) +...; €=

Eo+ali+a?Ey+. .., where & = 262 (14v4)/(1—vy). We also use the following scaling
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Figure 3.5. Stability regions for a planar epitaxial film with a two-layer
wetting potential (cgs units): (a) Ay = 10% and (b) Ay = 1. See Fig. B

for other parameter values.
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Figure 3.6. Critical values € as functions of Ay for g = 10.0 (left) and puqg
for Ay = 2-10? (right) for different initial film thickness (for a two-layer
wetting potential). Other parameter values correspond to those in Fig. Bl

for the wetting stress: dv/0h = Oé,UfW(H). We choose the time scale 7 = [*/(D~;), and

the length scale | = v/&, and obtain from Eq. (BI), in the order O(«), the following



evolution equation in the long-wave approximation:

(3.21)

OH

ot

— V2[&, — V2H + W],

o8

where & = £,/&, and W= (peg/ EO)W, and we omit primes in the rescaled coordinates.

We determine & by solving the elasticity problem. First, we find the solution of the

elastic problem in the film and the substrate that satisfy the boundary condition (BX)

and (B6), respectively. We then use the boundary condition (B7) in order to solve for

unknown coefficients of the elasticity problem solution in the film [46].

We begin by solving the elasticity problem in the film. Using the long-wave scalings

above, we expand the Navier equation ([B4) as

02U

(3.22) (1 —2vy) &X;
02U

(1—2vy) 5 X;

o*Ud

(1—2vy) 5 Xg’

o*ui
aY?

o2Ud
aY?

92U
aY?

10°uf\ | o°uf N v 10U

a2 922 0X? ' 0X0Y  «adXdz
1 0°Uf A R Y .
a? 072 oXoYy = o0Y?:  «adYoZ
1 °Uf 1 oru{ 10U 1 0°U)
o2 072 a0X0Z «adYOZ o2 072

=0,
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and boundary condition at the film free surface (B) as

f f f
(3.23) : [yf (aUQ + 18&) +(1- uf)%

1—2u; oY ' adz X oy ' 0X
_lovd aup
o 0Z 00X
2 oui 10U oud oui  ouf
T2y, [”f<a—x+aa—z UGy | ey T ax ) M
_lovy oy
a 0Z Y '
2 oui  oul 1 oud 1ouf  oul
2y [”f<a—x+a—y otz \aaz Tax ) o

on Z = H(X,Y,T). We substitute the film displacements expansions,
(3.24) Ul = Ul + Ul + 2UL + . ..,

into (B22) and [BZJ), and collect the successive problems in orders of a. At O(1), we

have
U,
(3.25) (1—2vy) 972 0
with the boundary conditions
ou},
(3.26) 0 -0

0oz
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fori=1,2,30on Z = H(X,Y,T) . Using the steady state solution in Sec. B3, we solve

Eq. BZ3) and (B2d) and find

(3.27)

At O(«), we have

(3.28)

92U,
022
92U,
022
92U,
022

(1 — 21/f)
(1 — 21/f)

(2 - Ql/f)

with the boundary conditions

(3.29)

Uy,
07
U,
EYA
U,
07

1—2v; 02

1—2v; 02 "

2(1 — I/f) 8Z

eX,

€Y,

0PUL,
0X0Z’
PUY,
oY oz’
ROEN

92Uy,

0X0Z 0YozZ’

_ou
0xX '
_oUY,
oy

07

vy

‘VUﬁ>

_l—l/f

aUg_%aUg
oxX | oY



on Z = H(X,Y,T). We use the O(1) solution in (B28) and (BZ9) to obtain

(3.30) Ul = A (X,Y),

U2fl — Agl(X, Y),
1-— 2Vf

Ui{l = — |i2€Vf + W(H)] Z + A31(X, Y)

1—Vf

At O(a?), the displacements in the film satisfy

Ui, Ul Ul o, Ul Ul
(3.31) (1 —2vy) X2 oy2 072 0X2 8X8Y+8X8Z_O’

(1o (UL, 2Uh awg;) U P PUL

0X?2 oY? YA oXoYy = 9Y?  oYoZ

(1 — 21/f)

Ul  orUl, UL, U, oy, U, .
0X?2 0Y2 072 0Xo0Z  oYoz 072

with the boundary conditions

332 o \ax Ty Tz 0X vy | ox

ouf, ouf
0z  ox 7

L—2v, \ 0X ' 0Y ' 0z oy oy | 0x

_oUf,  OU,

07z oy

1—2v; \ 0X 0y ' 0z 0z 0z = 0X

- <8U2fl . aUg())

07 )%

2 (8U1f0 oUy, . 0U§1> e LU e (8U1f0 . aU{()) i

2, (8U1f0 Lo aUg}) R 2 (aU{O . a%) He

61
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on Z = H(X,Y,T). Substituting the solutions [B30) and [BZ0) into [B3T) and B3,

we obtain

1 oW 22

(333) U1f2 - 72(1—Vf)—aX7+312(X7Y)Z+A12(X’Y)7
; 1 oW 22

Vb = supyay 3t PRNY)Z T An(XY),

Ul, = Byp(X,Y)Z+ An(X,Y)

where
1+Vf vy 0 = 81431
34 Bi(X,Y) = 2 - = -
(3:34) 2(X,Y) Ty, 1—ufaX(HW) 09X’
Bu(X,Y) = 2% p v 9 gy~ 94

1—I/f Y_l—yfﬁ—Y
8A11+8A21
0X ay |

v
B3p(X,Y) = _l—fyf<

Using the above solutions for the film displacements, we compute the O(«) elastic energy

as

(oﬁf) EO 4o

ij

W ) _ 2epp(1+vp) (0An | 0Ay
“Eij)_ 11—y ox v )

N —

(3.35) & =
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3.5.1. Elastic Response of the Substrate

We determine the unknown functions A1 (X,Y) and Ay (X,Y) in Eq. (B3H) by solving

the elasticity problem in the substrate. We let

(3.36) (z,y,2) = (X, Y 2),

ui:lUiS, Z: 1,2,3,
With these scalings, the elasticity equation (B4l and the far-field condition (BX) become

(3.37) (1 —20)0RUS + 0;0,U; =0, in Z<0,

(3.38) U’ — 0, asZ — oc.
We define the Fourier transforms of H(kx, ky), Us(kx, ky, Z), and A;;(X,Y),

H = / . / T e ) g by
o = /oo /00 Uise_i(kXXJrkYY)dede’

Ay = / / Ay XX gk« ks,

FI _ (21)2 /OO /OO Hei(kXX—l—kYY)dXd}/,
m —o00 J —00
1 oo




expand the substrate displacements

(3.39) Uf = Ui+ aUs + Uy + .. .,
where
(3.40) Uj = / / Ugie XY ey dy,

and express Eq. (B31) as

(3.41) (1—2v) (% — K*) U;; + ik (ikXUfj +iky Us; — asz?fj) =0,

(1—2v) (0% — k?) USJ + iky (ikXUfj + ikYﬁéqj - 82(7:%) 0,
(1= 20) (2 = k%) 03, = 0 (ikx U + iy U = 0,05 ) = .

Eq. BZ1) has the solution

(3.42) Os, | = | U9 | e+ | by | 0526,
Us, Uy k
where
. 1 . . .
(3.43) ¥ == (kxUP + by U + kU

64
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and Ui(j ) are constants to determined by the boundary conditions at the film/substrate

interface. The misfit condition (B gives

(3.44) s =0,

which implies

(3.45) Ay = U,

At O(«), the stress condition ([B0) at the film/substrate interface,

(3.46) () = (@501,
(Uz{z)l = (021),,
(03{1)3 = (031)3,

gives

(3.47) 260(1 +vy)

—I/f 1—Vf

2e(1+vy)
—Vy —Vy

(3.48)

(3.49)  w, (—ikXUl(l) . zkYUg”) (1— ) (wé” + ikégl)) 0,

R —~ 1
ik H + — ik (HW )y = — (k:Ul(l) +kyolD — z'kXU?E”) ,
W

. —
iky H + - U ity (HW ) = . (k;Ué” 4 Eyol) — z’kYUg”) ,
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where p = py/ps. Solving equations (BZ1)-(B2J), we obtain

X ikx -(Hﬁ//)kl/f — 2eHy (1 + Vf)- (1 —wy)
(350) AH = ]{?(1 — Vf) )

R 'ékyu _(H/V[\?)kl/f - 2€Hk(1 + I/f)— (1 — I/S)
(351) A21 - k‘(l — l/f) )

X iky -(HW)kl/f — 2eHy (1 + I/f)- (1 —2uy)
(352) Agl = - =

2(1 - Vf)

Finally, we obtain

_ 1 o . 1 __
(353> 81 = m / kglke_lk'x d2k, glk = Eo (—Hk + — Vf (HW)k) y
where Hy and (H W)k are the respective Fourier transforms of H and HW and

_ 2pp(1+vp) (1 —v)
(3.54) Eoy = PR

Egs. BZI) and (BE3) are the generalization of the long-wave equation obtained in [46]
for the presence of wetting stress. However, as shown above, the effect of the wetting
stress is negligible for typical semiconductor systems; thus we omit the term (H W)k in
[BX3) in the analysis that follows. After further rescaling, t — t/EZ, x — x/Ey, Eq.

(BZ1) has the following form:

(3.55) %—if = V?[&[H] — V2H + W(H)),
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where W = W/ EZ and

(3.56) E1[H] = / k Hye ™ > d?k.

" 42
3.6. Formation of Surface Structures: Weakly Nonlinear Analysis

In this section, we investigate the nonlinear evolution of surface structures near the
short-wave instability threshold in order to determine if the formation of a spatially pe-

riodic array of dots is possible. We consider H = Hy + H , \f[ | < Hp and expand
(3.57) W(H) = wo + wi H + wo H? + wyH* + ...

Linearizing Eq. (B35H) for H ~ e“t+ikX one obtains

(3.58) w=—wk?+ k> — k%

The onset of instability corresponds to w; = wy. = 1/4 and k = k., = 1/2.
Now we consider the weakly nonlinear case corresponding to w; = 1/4 — %0, ¢ <
1. First consider quasi-one-dimensional structures (wires). We introduce the long scale

coordinate X = ez and the slow time T' = %, and consider the expansions

(3.59) H = e(Hy+¢eHy+...),

(360) (91 (91() + 5511 + 82(912 + ...

Here,

(3.61)Hy = ¢ [A(X,T)e™ " + cc|, Hy=¢e*[B(X,T)+ Ay(X,T)e*™ " + c.c]
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where A(X,T) is the complex amplitude of the spatially periodic, unstable mode, and
B(X,T) is the real amplitude of the zero mode. The linear operator, &;, acts on a Fourier

mode A(X,T)e** as

(3.62) EJAX, T)e™*™] = [Ep(k) + €&k, Ox) + 2Ea(k, 0x) + .. ] A(X, T)e™,
where

(3.63) (k) = — k|, Enlk,0x) =1isgn(k)dx, Ea(k,0x) = —sgn(k)dxx.

Using these expansions, we obtain successive problems in orders of €. At O(g?), we find
Ay = —4wy A?. Finally, the solvability conditions at O(g3) and O(e?) yield the system of

coupled amplitude equations:

1 1
Ap = Jo0A+SAxx — ) |A|* A+ sAB,
1
(3.64) Br = ZBXX —4s(]AP")xx,
where
3 1
(3.65) A= e 2wy, 5= —5 W

The system of amplitude equations (BGdl) has a stable, stationary solution, A =
(ﬁ)l/z,B = 0, corresponding to spatially periodic patterns if A > 165 [52], [20] i.e.
if

(3.66) ws > Sw3.
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Condition (B60) defines a region in the parameter space in which one could observe the
formation of stable, periodic array of wires. First consider a glued-layer wetting potential
defined by Eq. (2I3). Translating (BBH) into physical parameters gives

ef[ad + &3 + 30 (1 + &) + a2 + 3¢ + 3€2)]¢+e i

(3:67) 12(a + a2 + 20 + £2)? 6ES

Combining the instability onset condition w; = 1/4,

wyy £ve¢ a) !
) — 14+ —
(3.68) 5€2 1 ( + éh) ,

with (BED) yields

(3.69)

ef[o? + & 4+ 302(1 4+ &) + a2+ 36 +382)J¢MHe e (1 . g) - .
12(a + a? 4 20 + £2)? 4 £
Eq. BE9) is satisfied only for £ < 1, i.e. for the film thickness which is much smaller
than the characteristic wetting length d,,, which is unrealistic. Thus, one concludes that
periodic arrays of wires are unstable in this case.
Now consider a two-layer wetting potential defined by Eq. (B2). We expand (B2)

around the initial film thickness and obtain
(3.70) Wy = ——

Thus, for w; = wi. = 1/4, we have A = 0. In this case, system ([B.G4) fails to describe
periodic pattern with a constant amplitude A = const, B = 0 since there is no nonlinear
saturation; the latter appears in higher orders of €. Thus we introduce a new slow time

scale, T = &', and repeat the multiple-scale analysis described above. At O(g®), we
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obtain (neglecting spatial modulations of A that decay on the faster time-scale, £2t)

1
(3.71) Ar = ZO’A — k| A*A,
where
1
a72) oo w1

A3+ 4wy) 64

at w; = wy.. Therefore, for the two-layer wetting model, the amplitude of 1D periodic
structures is of O(/4).

We now consider the general case of two-dimensional structures. Due to quadratic
nonlinearity, a hexagonal pattern (hexagonal array of dots) will be preferable [36,53].

We take X = ex, 7 = et and T = £%t, ¢ << 1, use expansions ([E59), (E57) and consider

3
(3.73) Hy = > A (X, T)er,
n=1
3
Hy = B(X.T)+ ) Co(X,T)e > 4 Dy(X,T)ellkr o)

n=1

(3.74) + Dy(X,T)elkke)x L DX, Tellkeka)x e 4

where ky + ko +ks =0, |ky 23| = ke. The linear operator £ acting on a Fourier harmonic

A(X, T)e™®* is expanded similar to ([E52) as

_ _ _ (vl Lk vy

and V acts on the long-scale coordinates X. We substitute these expansions into Eq.

B21)) and obtain the following set of amplitude equations at third and fourth orders of
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E:
0A 1 1
(3.76) (‘3—T1 = oA+ (ki V)AL = S dS AT + diwok, - V(A345)
— >\1‘A1‘2A1 — >\2(‘A2‘2 + |A3|2)A1 + SAlB,
0B 1
(3.77) T = 1V2B—43v2(\Al|2+ | Ao|® + | A3]?),
where
1 3 3 2w?
(378) S = —511)2, >\1 = iwg - 2’(1]%, >\2 = 5’(1]3 — 9 _ \2/37

and equations for A, and As are obtained by cyclic permutation of the indices in Eq.

(E7T).
The solution of the system (BZ0) corresponding to a spatially-periodic, hexagonal

array of dots is

—wy /2 — sign(wsy) /w4 + a(A + 2)2)
2(\; + 2)y) ’

(3.79) A= B=0.

Note that for we < 0 it describes the array of dots whereas for wy > 0 it describes the

array of pits. For both the two-layer and glued-layer wetting models ws < 0. The solution

[B73) is stable for [52]
1
(3.80) M+2>0 and wf < (i +da).

The first inequality in (B=80) ensures that the hexagonal pattern results from the tran-
scritical bifurcation and the second condition follows from the interaction with the zero

mode that effectively renormalizes the Landau constants. It is easy to see that for the
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computed values of the Landau coefficients, A5, the system (B8) reduces to the first

condition, A\; + 2\ > 0, or

8 1
(3.81) wg > o (5 + o \/3) w3 = 7.76w;.

Thus, one can see that the necessary condition for the existence of stable hexagonal
arrays of dots is w3 > 0, i.e. *W/Oh3 > 0. For the two-layer wetting potential defined
by B2), wy = 1/4, ws = —1/8, ws = 1/24 and the condition ([BXI) is not satisfied:
the hexagonal array of dots results from a subcritical bifurcation in this case and is
therefore unstable. For a glued-layer wetting model defined by ([I3) one can check that
the condition (BRI]) can be satisfied only for £ < 1, which is unrealistic. Thus, neither
for a two-layer wetting model, nor for a glued-layer one, one can expect the formation
of stable, spatially-periodic hexagonal array of dots. This can explain the fact that the
formation of such arrays has never been observed in experiments. However, for some
other types of wetting potentials the condition (B¥Il) might be fulfilled and in this case
the self-assembly of stable, hexagonally-ordered arrays of QDs would be possible. It is
instructive, therefore, to rewrite (BXI]) in terms of original physical parameters; it reads:

2 2 4 3 3

1\ 1+ vy , PW/OR 1 .
.82 4 0f (B i A NG grvjon b ~ 0.73.
B8 (u) <1_Vf) U= e~ 2 P ys) 70T

Also recall that for 9*WW/0h* < 0 one expects the formation of an array of dots whereas

for 9*W/0h? > 0 a hexagonal array of pits will form instead.
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Figure 3.7. Localized QDs: numerical solution of Eq. (B5H) with a glued-
layer wetting potential at a particular moment of time for a film with initial
thickness hg = 5 nm, ¢,, = 2 nm, a = 2, and € = 0.025. Other parameters
are (cgs units): po = 0.8, w =10%, v; = 0.198, v, = 0.217.

3.7. Numerical Simulations

We have performed numerical simulations of Eq. (B353) for the glued-layer wetting
potential, W (H) = wH e~ by means of a pseudo-spectral method with the time
integration in Fourier space using the Crank-Nicolson scheme for the linear operator
and the Adams-Bashforth scheme for the nonlinear operator. The simulations support
the main conclusion of the weakly nonlinear analysis: near the instability threshold, the
stationary, spatially-periodic structures are unstable as a result of a subcritical bifurcation

for Hy > 1. Fig. B shows the solution of Eq. (B53) at a particular moment in time in a
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Figure 3.8. Solutions of Eq. (B5H) in real and Fourier spaces for dimension-
less times (a) t=200, (b) t=250, (¢) t=350, and (d) t=450. The parameters
are the same as in Fig. B

relatively small domain, for small supercriticality. One can see the formation of spatially-
localized islands. We have found that this system of islands coarsens in time, with larger
islands growing at the expense of the smaller ones.

The formation and evolution of surface structures in a large domain is shown in Fig.
along with the corresponding Fourier spectra. In Fig. B:§(a), one can see the formation of
the surface structure characterized by the preferred wavelength determined by the linear
stability analysis: the Fourier spectrum is a well-defined ring corresponding to the most
rapidly growing mode in the narrow interval of unstable modes near k.. Note that there
is no hexagonal ordering in this structure. At later stages (Figs. B8b,c,d) the structure
exhibits coarsening in that some dots grow in height at the expense of smaller dots and

the average distance between the dots increases. Thus the system of spatially-localized
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Figure 3.9. Coarsening of QDs: x-cross-section of a numerical solution of
Eq. (B3H) at different moments of time. Parameters are the same as in

Fig. B

dots form, with the average distance between the dots much larger than the localization
region (dot width). This is also seen in the corresponding Fourier spectra in Figs.8c,d.
It is interesting to note that the width of the islands remains almost constant as the
structure coarsens. This can be seen in Fig. B3 The mass from the shrinking islands is
redistributed into the height of the growing islands without contributing to their width.

The coarsening kinetics of QDs can be characterized by different parameters. Fig. B0k
shows the time dependence of the “root mean square” surface roughness (r) suggested
n [48] defined as (r) = N7'(X,, o1 n[mn — ho]?)'/?, where Ay, is the value of h at

a discrete point (m,n), N = 5122 is the total number of points, hg is the initial film
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thickness (equal to the mean value (h) due to conservation of mass), and the result is
averaged over ten realizations corresponding to ten different random initial data. One
can see that < r >~ t% where 3, ~ 2.88. Fig. B-I0b presents the time dependence of the
maximum height of the surface structures, (h,..) averaged over the realizations. Here,
one can see that at the late stages of coarsening (h,,q.) (t) exhibits the power-law increase,
(Rpnaz) ~ 172, where 3, ~ 4.23. Fig. BIlk shows the average distance between the dots,
(d), as a function of time. Here, (d) is computed as (d) = (N/N,)Y2, where N, is the
number of points for which h — hg > 0. One can see that (d) ~ t%, where (35 ~ 1.45.
Thus, (1 ~ 203 and (5 =~ 3(3. The origin of the coarsening exponents 31, G and 3 and

relation between them is yet to be understood.

3.8. Conclusions

We have studied the evolution of the Asaro-Tiller-Grinfeld instability of an epitaxially
strained thin solid film on a solid substrate in the case when the film wets the substrate.
We have shown that generally, in the presence of wetting interactions, the stress-balance-
boundary conditions of the corresponding elasticity problem must include an additional
term that describes the wetting stress resulting from the dependence of the wetting poten-
tial on the film thickness change caused by elastic deformation. We have shown that the
wetting stress breaks the symmetry between the tensile and compressive epitaxial strains
in that the elastically-stressed state of the planar film and its stability boundaries are
different for the different types of epitaxial strain. We have concluded that this is a minor
effect for typical semiconductor systems, such as Ge on Si, however, it may be important

for hard solid films on relatively soft substrates.
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We have derived a non-local, integro-differential equation describing the evolution of
the film shape in the long-wave approximation in the general case with the wetting stress.
For a typical case when the latter can be neglected (for a typical semiconductor system) we
have performed a weakly nonlinear analysis near the instability threshold and have found
general conditions on the wetting potential for which self-assembly of spatially-regular
arrays of QDs can be observed. We have shown that these conditions are not met in the
case of a two-layer and glued-layer wetting potentials and, therefore, spatially-regular QD
arrays are unstable in these cases. This can explain the fact that spontaneous formation
of spatially regular QD arrays have not been observed in experiments.

We have performed numerical simulations of the derived evolution equation and in-
vestigated the formation and evolution of QDs in large domains. We have found that
after the structure with the wavelength corresponding to the most rapidly growing mode
is formed the system exhibits coarsening, with large islands growing at the expense of
the smaller ones. We have also observed that during the coarsening the width of the
localized dots remains almost unchanged while the height grows. We have found that the
coarsening rate obeys power law, with different characteristics, such as root mean square
roughness, maximum dot height and average distance between the dots having different

coarsening exponents: [ = 2.88, #, = 4.23 and (53 = 1.45, respectively.
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CHAPTER 4

Step Flow Growth with Anomalous Diffusion

4.1. Introduction

In Chapters Bl and B, two instability mechanisms leading to the formation of QDs were
studied. These investigations assumed the previous formation of a planar epitaxial film.
A typical process of solid film growth is molecular beam epitaxy (MBE) in which atoms
are deposited onto a substrate by means of a molecular beam (add). The theory of MBE
growth a real crystalline surface has been developed extensively. In the seminal paper
by Burton, Cabrera, and Frank (BCF), a quantitative model for the growth of a stepped
crystal surface was proposed [54]. An infinite surface formed by high-symmetry terraces
of length [ separated by monoatomic steps was considered. The step flow resulted from
adatom deposition onto the surface followed by their diffusion and subsequent incorpo-
ration into the step. Adatoms not captured by a step desorbed back into the gas phase
after a characteristic time 7. A schematic of this step-flow mechanism is shown in Fig 7]
where F' is the rate of adatom deposition. In the quasistationary approximation, analyt-
ical expressions for the adatom density between two terraces and the propagation of an
individual step edge perpendicular to the surface were determined. The adatom density
was found to vary as hyperbolic cosine with the maximum concentration at the center
of the terrace. The step flow velocity as a function of the terrace length was determined

to increase monotonically and saturate in the limit of an infinite terrace. One important
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Figure 4.1. Two-dimensional schematic of the growth and evaporation of a
stepped surface.

feature of this model is that adatoms that reach a step are assumed to attach to it with
equal probability, regardless of whether the adatom approaches the step edge from the
upper or lower terrace.

In the BCF model, the mechanism that governs the movement of adatoms on the
surface is normal diffusion, where the transport is a result of independent random nearest-
neighbor jumps that follows Gaussian statistics characterized by the time dependence,
< (Ar)? >~ t, where < (Ar)? > is the mean-squared displacement of a randomly walking
adatom. However, in many systems, the particle transport deviates from this linear
dependence and instead obeys the power law, < (Ar)? >~ % where o # 1. This is known
as anomalous diffusion [55]. When 0 < « < 1, the diffusion is slower than normal and
called “subdiffusion;” when 1 < a < 2, the diffusion is faster and called “superdiffusion.”
Subdiffusion tends to arise in systems where there are spatial or temporal restraints that

force the particle to take long rests between jumps, with specific waiting time probability
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distribution. Such is the case for the diffusion in gels and porous media in which the
corresponding random walk is accompanied by a specific distribution of resting/binding
times between periods of free diffusive motion [56]. Superdiffusion typically arises in
systems where the particle makes frequent long jumps and occurs in surface diffusion and
turbulent or chaotic processes [57]. A special case of superdiffusive processes are Lévy
flights which have diverging mean squared displacements [55].

Due to the fractional power law relation described above, anomalous diffusion processes
can be described by non-local integro-differential equations. Lévy flights are governed by
the following equation

ou B 0%u

(4.1) 5=

where the fractional derivative operator is defined through its Fourier transform as
(4.2) Fl07u/0l|’|(k) = —|k|"Fu] (k).

In this chapter, we consider step-flow growth of a vicinal crystal surface in the case when
adatom transport along the terraces between the steps is governed by Lévy flights. We
develop the analog of the BCF theory for the case of Lévy flights and obtain the step-
flow velocity as an eigenvalue of the corresponding superdiffusion problem described by a
fractional partial differential equation. The resulting crystal surface growth rate is found

as a function of the terrace length and the anomalous diffusion exponent f3.
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4.2. Problem Formulation

We consider the growth of a stepped crystal surface by molecular beam epitaxy (MBE)
in the case when the diffusion of adatoms on the surface is anomalous, in particular, su-
perdiffusive (Lévy flights). We assume that the surface consists of high-symmetry orienta-
tion terraces of equal width [ separated from each other by parallel steps with monoatomic
height. A molecular beam deposits adatoms onto the surface at a rate F', and the adatoms
then perform Lévy flights along the terraces. After a characteristic time 7, some adatoms
desorb back into the gas phase while others eventually reach a step. The step attachment
kinetics is infinitely fast so that the adatom concentration in the neighborhood of each
step attains its equilibrium value pgy; each step therefore acts as a perfect sink. We let
p(x,t) be the density of adatoms deposited between two steps, sufficiently low to avoid
the possible nucleation of new terraces between adjacent steps. The adatom density along
one terrace is described by the following boundary value problem:

dp p 1

8t_ SW‘F;[) F—MZ(S(I’—?’LZ—Ut),

n=—0oo

(4.3)

p(nl+ovt) = po,

where x is the direction perpendicular to the steps, D; is the (anomalous) surface diffusion
coefficient, M is the intensity of the step sinks, v is the step velocity, and 9°p/d|x|? is
the fractional diffusion term defined by (E2) where (1 < § < 2) where § = 2 corresponds
to normal diffusion. The model is similar to the standard BCF formulation with the
distinction that the normal diffusion term is replaced by an anomalous one. Physically

this accounts for the nonzero probability that a diffusing adatom makes a long jump that
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prevents it from reaching and attaching to the nearest step. As a result, the propagation of
an individual step depends globally on the adatom concentration on the terraces between
the other steps. The steps are represented in Eq. () as an infinite series of delta
functions separated by distance [ corresponding to moving sinks.

We introduce the spatial and temporal scales, & = (Dy7)~"/%2, t = t/7 and nondimen-
sionalize Eq. ([E3)). Dropping the hats, we define u(z,t) = p(x,t) — 7F, ug = 7F — py,
and let u — u + ug. Eq. ([E3)) then becomes

_Ou N O%u .
ot 0O|z|?

= —ug+J Z d(x —nL—Vt),

n=—oo

(4.4)

u(nL +Vt) = 0,

where J and V are the dimensionless sink intensity and step velocity, respectively. In the

moving frame, © — = + Vt, the problem (B4 reads

0%u ou =
(4.5) B +v8_x —u = —u0+Jn:Z_oo5(:c—nL),
u(nl) = 0.

The step speed V' is determined by the total adatom flux into the sink, V' = —[j], where

LR
LRk evean

4. =
(4.6) J 2w ik

is the flux governed by Lévy flight,

(4.7) u(k) = /OO u(z)e " dx
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is the Fourier transform of w(z) and [j] = j. — j_ denotes the jump across the step.

Integrating Eq. () across one step yields V = J.

4.3. Quasistationary Approximation

We begin by solving Eq. () in the quasistationary approximation, assuming that
the diffusion of atoms along the terrace is much faster than the step motion. Thus, we
neglect the convective term in Eq. ([EX). We transform Eq. ([3) into Fourier space using
&), solve for (k), and invert back with

(4.8) u(x) = L /_OO u(k)e*® dk

21 J_ o

to obtain the adatom density

zk(x nL)

(4.9) u(x) —Uo—g Z / \k\ﬁ—l—l

The sink intensity is found from the condition u(0) = 0 as

—zknL -t
4.10 = 271u .
#10) ’ ;)o/ CEESS
Eq. I0) gives the expression for the step velocity V' = J. The integrals in Eqs. (E3)
and (LI0) can be evaluated using the Poisson summation formula which states that the
sum of a function u(z) over all integers is equal to the equivalent summation over its
continuous Fourier transform u(k) defined in Eq. [); in our case, we have

(4.11) S et 2 i 5<k_2n_7r)

n=—oo n=—oo
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Figure 4.2. Variation in the adatom density u between two steps for anoma-
lous diffusion exponents § = 1.25, # = 1.5, and g = 1.75, and for normal
diffusion exponent § = 2.0.

Thus, the solutions for the adatom density and step flow velocity, (E9) and (1), reduce

to

(4.12)

(4.13)

cos(A\,x)
u(zr) = uo——< 22 )\6+1>

n=1

-1
1
J =V = u0L<1+QZ ﬁ+1) ,

where A\, = 2n7n/L. Fig. shows the adatom density given by Eq. ([EI2) for vary-

ing Lévy exponents. One can see that smaller values of 3 result in more concentrated

density distributions with stronger concavity. The adatom density profiles suggest that,

for decreasing (3, fewer adatoms attach to a step edge. This is reasonable since adatoms

that jump further have lower step attachment probabilities than those that perform only

nearest neighbor walks. More adatoms thus accumulate near the center of the terrace,
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Figure 4.3. Variation of the step velocity V' with the terrace length L for
anomalous diffusion exponents § = 1.25, = 1.5, and § = 1.75, and for
normal diffusion exponent § = 2.0.

providing a possible explanation for the wider and flatter maximums in the density pro-
files. Since fewer adatoms attach to a step, the propagation of a step must decrease for
smaller (. Fig. shows the step flow as a function of the terrace length L for different
values of the diffusion exponent. One can see that the step flow decreases for smaller
diffusion exponents and that it saturates in the limit of an infinite terrace. To determine

the saturation velocity, we define e = 1/L, e < 1, and rewrite Eq. [EI3) as

- 1
€

4.14 Vit = 2 - .

( ) + = Ug (6 + ; (2nme)s + 1)

Using the substitution x = 2n me we have, in the limit as e — 0,

0o - -1
4.1 = v
(4.15) Viat = Tug (/0 i x)dx) :
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Cr

Figure 4.4. Sketch of integration contour C' in Eq. (EI6))

where p = 1/3. The integral in Eq. ([E13) can be evaluated exactly by considering

(4.16) = /C Z(lzijrz)dz

in the complex plane where C' is the closed contour shown in Fig. BE4] consisting of the

circle Cr of radius R centered at the origin, the segment I'_ : R > x > §, § << 1, of the
x-axis, the circle Cy of radius d centered at the origin and the segment I', : 6 <z < R
of the z-axis. The integrals on Cr and Cy go to zero as R — oo and € — 0, respectively.
We then have

(4.17) (1 — e*™) /OOO x(%x)dx = 2mi(—1)*,
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Figure 4.5. Saturation velocity Vi, as a function of the diffusion exponent f.

where the right hand side is the contribution from the residue at z = —1. Thus we obtain
A
(4.18) Viat = Bugsin (B)

as shown in Fig. 3.

4.4. Full Problem

We now determine the step flow velocity without making the quasistationary approx-
imation. Proceeding in a similar manner as in Section EE3, we transform Eq. (H) into

Fourier space, solve for @(k), and invert back to real space. After applying the boundary
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Figure 4.6. Adatom density u between two steps for the quasistationary

approximation and the full problem for anomalous diffusion exponents =
1.25, B = 1.5, and § = 1.75, and for normal diffusion exponent g = 2.0

conditions, we find the adatom density

zk(x nL)

(4.19) u(z) = Z/ |k|5+1_zkvdk

-1
iknL
(4.20) J = - uoL{Z /w|k|ﬁ+1_zkvdk} .

n=-—oo

As in the quasistationary case, Eqs. ([LI9) and ([20) can be simplified using the

Poisson summation formula (fII]). Thus, we have

1+)\5 cos(A,x) + A,V sin( A,z
(4.21) u(r) = uo——[ 22 1+A5)) + (A V)? | )]’

-1

1+22 1+ M\

4.22 J =V = wulL
(4.22) ’ (LA + (V)2
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Figure 4.7. Variation of the step velocity V' with the terrace length L for

anomalous diffusion exponents § = 1.25, = 1.5, and § = 1.75, and for
normal diffusion exponent § = 2.0.

Note that Eq. (E22) is a transcendental equation for the step flow velocity V.

Fig. (EQ) shows the adatom densities given by Eq. ([E2]l) together with those from
the quasistationary approximation (fIZ) for varying diffusion exponents. The dashed
and solid curves correspond to the quasistationary and full solutions, respectively. As
in the quasistationary approximation, one can see that smaller values of the diffusion
exponent (3 result in more concentrated atom density profiles. However in this case, the
atom density is no longer symmetric about the center of the terrace. The distribution
is instead skewed towards the right as compared with the quasistationary approximation
with lower and higher densities near the respective left and right sides of the terrace. As
the step propagates it captures atoms in its vicinity and incorporates them into the step;

thus the concentration of atoms on the terrace decreases in this region. The atoms move
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Figure 4.8. Saturation velocity V. as a function of the diffusion exponent (.

away from the advancing step which causes the density on the right side of the terrace to
increase.

Since the adatom density distribution is greater for Lévy flights than for normal diffu-
sion, the corresponding step flow velocity is slower. Fig. 1 shows the step flow velocity
as a function of terrace length for different values of 3. One can see that the step velocity
saturates for 1 < [ < 2 and becomes infinite as § — 2. We determine the saturation
velocity by introducing € = 1/L, making the substitution = 2n e and letting ¢ — 0.

Eq. Z2) then becomes

-1

o 1+ a2’
4.23 Viat = d
(4.23) £ = Ty U 20 + @V

Eq. (E23) is a transcendental equation for V., which we solve numerically. The solution

is shown in Fig. as a function of [.
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4.5. Conclusions

We have studied the growth of a stepped crystalline surface by molecular beam epitaxy
in the case when the diffusion of adatoms on the surface is governed by Lévy flights.
For the quasistationary approximation and full problems, we have determined analytical
solutions for both the density of adatoms on a terrace and the step flow velocity. In both
cases, we have found that step flow governed by Lévy flights is slower than that of normal
diffusion due to fewer adatoms reaching the step.

We have also determined the step flow velocity asymptotically for large terrace length.
In the quasistationary approximation, we have found that the step flow saturates for all
values of the anomalous diffusion exponent. However, for the full problem, we have found

that the saturation velocity tends to infinity in the limit of normal diffusion.
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CHAPTER 5

Conclusions

In this thesis, we investigated two separate instability mechanisms that can lead to the
formation of quantum dots. The mechanism in Chapter B induced the instability of the
film free surface as a result of strong surface-energy anisotropy coupled with wetting inter-
actions between the film and the substrate. According to this mechanism, the substrate
determines the initial crystallographic orientation of the film surface which, due to large
surface-energy anisotropy, can be thermodynamically unstable in the absence of the sub-
strate. In this case, when the film grows sufficiently thick and no longer feels the presence
of the substrate, it undergoes faceting instability and decomposes into a system of faceted
pyramids. In the small-slope approximation, we derived a nonlinear partial differential
equation that governs the surface evolution. We showed that wetting interactions between
the film and the substrate can suppress the long-wave modes of the faceting instability
and change the spectrum from long-wave to short-wave, leading to the possibility of the
formation of stable regular arrays of quantum dots. We investigated this possibility both
analytically and numerically. We performed a weakly nonlinear analysis and derived a
system of amplitude equations describing the film evolution near the instability threshold.
We found that, near the instability threshold, the formation of stable hexagonal arrays of
quantum dots is possible.

In ChapterBl, we studied the Asaro-Tiller-Grinfeld instability in the presence of wetting

interactions. In this case, we showed that the stress balance boundary conditions of



94

the corresponding elasticity problem must include an additional term that describes the
wetting stress. We determined the steady-state solution of the elasticity problem, studied
its stability, and found that the wetting stress breaks the symmetry between the tensile
and compressive epitaxial strains. We then solved the elasticity problem in the long-
wave approximation and derived a nonlocal integro-differential equation governing the
evolution of the film surface. To study the possibility of the formation of spatially-regular
dot arrays, we performed linear and weakly nonlinear analyses and showed that, in the
case of two-layer and glued-layer wetting potentials, such arrays result from a subcritical
bifurcation and are therefore unstable. We also performed numerical simulations of the
nonlocal integro-differential equation and studied the evolution of quantum dots. We
showed that, after formation, the dots undergo coarsening with larger islands growing
at the expense of smaller ones, and we characterized the coarsening kinetics by different
parameters.

Finally in Chapter B, we investigated the dynamics of a crystalline surface growing
by step-flow governed by Lévy flights. We developed the analog of the Burton, Cabrera,
Frank theory for the case of Lévy flights. For the quasistationary and full problems,
we found analytical expressions for the adatom density between two steps as well as the
step flow velocity as a function of the terrace length. In both cases, as compared to
normal diffusion, Lévy flights resulted in denser adatom profiles with wider and flatter
maximums due to the lower probability of adatoms reaching a step. We also determined
the asymptotics of the step flow for large terrace length and found the saturation velocity

as a function of the anomalous diffusion exponent.



1]

95

References

R. J. Asaro and W. A. Tiller, “Interface morphology development during stress-
corrosion cracking via surface diffusion,” Metallurgical Transactions, vol. 3, pp. 1789—
&, 1972.

M. Y. Grinfeld, “Instability of the separation boundary between a non-hydrostatically
stressed elastic body and a melt,” Sowviet Physics - Doklady, vol. 31, pp. 831-834,
1986.

P. Liu, Y. W. Zhang, and C. Lu, “Coarsening kinetics of heteroepitaxial islands in
nucleationless Stranski-Krastanov growth,” Physical Review B, vol. 68, p. 035402,
2003.

V. A. Shchukin and D. Bimberg, “Spontaneous ordering of nanostructures on crystal
surfaces,” Reviews of Modern Physics, vol. 71, pp. 1125-1171, 1999.

B. J. Spencer, P. W. Voorhees, and S. H. Davis, “Morphological instability in epitax-
ially strained dislocation-free solid films,” Physical Review Letters, vol. 67, pp. 3696—
3699, 1991.

D. J. Srolovitz, “On the stability of surfaces of stressed solids,” Acta Metallurgica,
vol. 37, pp. 621-625, 1989.

Y. W. Zhang, “Self-organization, shape transition, and stability of epitaxially
strained islands,” Physical Review B, vol. 61, pp. 10388-10392, 2000.

Y. W. Zhang and A. F. Bower, “Three-dimensional analysis of shape transitions in
strained-heteroepitaxial islands,” Applied Physics Letters, vol. 78, pp. 27062708,
2001.

D. Moldovan and L. Golubovic, “Interfacial coarsening dynamics in epitaxial growth
with slope selection,” Physical Review FE, vol. 61, pp. 6190-6214, 2000.



[10]

[11]

[12]

[13]

[14]

96

M. Siegert, “Coarsening dynamics of crystalline thin films,” Physical Review Letters,
vol. 81, pp. 5481-5484, 1998.

M. Siegert and M. Plischke, “Slope selection and coarsening in molecular-beam epi-
taxy,” Physical Review Letters, vol. 73, pp. 1517-1520, 1994.

P. Smilauer, M. Rost, and J. Krug, “Fast coarsening in unstable epitaxy with des-
orption,” Physical Review E, vol. 59, pp. R6263-R6266, 1999.

F. M. Ross, J. Tersoff, and R. M. Tromp, “Coarsening of self-assembled Ge quantum
dots on Si(001),” Physical Review Letters, vol. 80, pp. 984-987, 1998.

K. Alchalabi, D. Zimin, G. Kostorz, and H. Zogg, “Self-assembled semiconductor
quantum dots with nearly uniform sizes,” Physical Review Letters, vol. 90, p. 026104,
2003.

C. D. Rudin and B. J. Spencer, “Equilibrium island ridge arrays in strained solid
films,” Journal of Applied Physics, vol. 86, pp. 5530-5536, 1999.

A. A. Golovin, S. H. Davis, and A. A. Nepomnyashchy, “Model for faceting in a
kinetically controlled crystal growth,” Physical Review E, vol. 59, pp. 803-825, 1999.

A. A. Golovin, A. A. Nepomnyashchy, S. H. Davis, and M. A. Zaks, “Convective
Cahn-Hilliard models: From coarsening to roughening,” Physical Review Letters,
vol. 86, pp. 1550-1553, 2001.

T. V. Savina, A. A. Golovin, S. H. Davis, A. A. Nepomnyashchy, and P. W. Voorhees,
“Faceting of a growing crystal surface by surface diffusion,” Physical Review E,
vol. 67, p. 021606, 2003.

C. H. Chiu, “Stable and uniform arrays of self-assembled nanocrystalline islands,”
Physical Review B, vol. 69, p. 165413, 2004.

A. A. Golovin, S. H. Davis, and P. W. Voorhees, “Self-organization of quantum dots
in epitaxially strained solid films,” Physical Review E, vol. 68, p. 056203, 2003.

H. R. Eisenberg and D. Kandel, “Origin and properties of the wetting layer and early
evolution of epitaxially strained thin films,” Physical Review B, vol. 66, p. 155429,
2002.

H. R. Eisenberg and D. Kandel, “Wetting layer thickness and early evolution of
epitaxially strained thin films,” Physical Review Letters, vol. 85, pp. 1286—1289, 2000.



[23]

[24]

[25]
[20]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

97

T. V. Savina, P. W. Voorhees, and S. H. Davis, “The effect of surface stress and
wetting layers on morphological instability in epitaxially strained films,” Journal of
Applied Physics, vol. 96, pp. 3127-3133, 2004.

M. Ortiz, E. A. Repetto, and H. Si, “A continuum model of kinetic roughening and
coarsening in thin films,” Journal of the Mechanics and Physics of Solids, vol. 47,
pp. 697-730, 1999.

P. Nozieres, Solids far from Equilibrium. Cambridge University Press, 1992.

A. Pimpinelli and J. Villain, Physics of Crystal Growth. Cambridge University Press,
1998.

B. J. Spencer, P. W. Voorhees, and S. H. Davis, “Morphological instability in epitax-
ially strained dislocation-free solid films—linear-stability theory,” Journal of Applied
Physics, vol. 73, pp. 4955-4970, 1993.

M. E. Gurtin, Thermomechanics of Evolving Phase Boundaries in the Plane. Claren-
don, Oxford, 1993.

J. Stewart and N. Goldenfeld, “Spinodal decomposition of a crystal-surface,” Physical
Review A, vol. 46, pp. 6505-6512, 1992.

C. H. Chiu and H. Gao, Thin Films: Stresses and Mechanical Properties V., p. 33.
Materials Research Society, 1995.

M. J. Beck, A. van de Walle, and M. Asta, “Surface energetics and structure of the
Ge wetting layer on Si(100),” Physical Review B, vol. 70, p. 205337, 2004.

J. Tersoff, “Stress-induced layer-by-layer growth of Ge on Si(100),” Physical Review
B, vol. 43, pp. 9377-9380, 1991.

B. J. Spencer, “Asymptotic derivation of the glued-wetting-layer model and contact-
angle condition for Stranski-Krastanow islands,” Physical Review B, vol. 59,
pp. 20112017, 1999.

Z. G. Suo and Z. Y. Zhang, “Epitaxial films stabilized by long-range forces,” Physical
Review B, vol. 58, pp. 5116-5120, 1998.

F. Liu and H. Metiu, “Dynamics of phase-separation of crystal-surfaces,” Physical
Review B, vol. 48, pp. 5808-5817, 1993.

D. Walgraef, Spatio-Temporal Pattern Formation. Springer, New York, 1997.



[37]

[38]

[39]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

98

P. C. Matthews and S. M. Cox, “Pattern formation with a conservation law,” Non-
linearity, vol. 13, pp. 1293-1320, 2000.

A. A. Golovin, M. S. Levine, T. V. Savina, and S. H. Davis, “Faceting instability
in the presence of wetting interactions: A mechanism for the formation of quantum
dots,” Physical Review B, vol. 70, p. 235342, 2004.

R. B. Hoyle, G. B. McFadden, and S. H. Davis, “Pattern selection with anisotropy
during directional solidification,” Philosophical Transactions of the Royal Society
of London Series A-Mathematical Physical and Engineering Sciences, vol. 354,
pp. 2915-2949, 1996.

G. Springholz, V. Holy, M. Pinczolits, and G. Bauer, “Self-organized growth of three-
dimensional quantum-dot crystals with fcc-like stacking and a tunable lattice con-
stant,” Science, vol. 282, pp. 734-737, 1998.

J. A. Floro, M. B. Sinclair, E. Chason, L. B. Freund, R. D. Twesten, R. Q. Hwang,
and G. A. Lucadamo, “Novel SiGe island coarsening kinetics: Ostwald ripening and
elastic interactions,” Physical Review Letters, vol. 84, pp. 701-704, 2000.

V. A. Shchukin, D. Bimberg, T. P. Munt, and D. E. Jesson, “Stability of an hexagonal
array of coherently strained conical islands against Ostwald ripening,” Annals of
Physics, vol. 320, pp. 237-256, 2005.

V. Holy, G. Springholz, M. Pinczolits, and G. Bauer, “Strain induced vertical and
lateral correlations in quantum dot superlattices,” Physical Review Letters, vol. 83,
pp- 356359, 1999.

G. Springholz, “Three-dimensional stacking of self-assembled quantum dots in mul-
tilayer structures,” Comptes Rendus Physique, vol. 6, pp. 89-103, 2005.

H. R. Eisenberg and D. Kandel, “Formation, ripening, and stability of epitaxially
strained island arrays,” Physical Review B, vol. 71, p. 115423, 2005.

W. T. Tekalign and B. J. Spencer, “Evolution equation for a thin epitaxial film on a
deformable substrate,” Journal of Applied Physics, vol. 96, pp. 5505-5512, 2004.

Y. Xiang and W. N. E, “Nonlinear evolution equation for the stress-driven morpho-
logical instability,” Journal of Applied Physics, vol. 91, pp. 9414-9422, 2002.

Y. Y. Pang and R. Huang, “Nonlinear effect of stress and wetting on surface evolution
of epitaxial thin films,” Physical Review B, vol. 74, p. 075413, 2006.



[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

99

D. J. Seol, S. Y. Hu, Z. K. Liu, L. Q. Chen, S. G. Kim, and K. H. Oh, “Phase-field
modeling of stress-induced surface instabilities in heteroepitaxial thin films,” Journal
of Applied Physics, vol. 98, p. 044910, 2005.

S. M. Wise, J. S. Lowengrub, J. S. Kim, K. Thornton, P. W. Voorhees, and W. C.
Johnson, “Quantum dot formation on a strain-patterned epitaxial thin film,” Applied
Physics Letters, vol. 87, p. 133102, 2005.

L. D. Landau and E. M. Lifshits, Flasticity Theory. Pergamon Press, 1981.

S. M. Cox and P. C. Matthews, “Instability and localisation of patterns due to a
conserved quantity,” Physica D-Nonlinear Phenomena, vol. 175, pp. 196219, 2003.

M. C. Cross and P. C. Hohenberg, “Pattern-formation outside of equilibrium,” Re-
views Of Modern Physics, vol. 65, pp. 851-1112, 1993.

W. K. Burton, N. Cabrera, and F. C. Frank, “The growth of crystals and the equil-
brium structure of the surfaces,” Philosophical Transactions of the Royal Society of
London Series A-Mathematical and Physical Sciences, vol. 243, pp. 299-358, 1951.

R. Metzler and J. Klafter, “The random walk’s guide to anomalous diffusion: A
fractional dynamics approach,” Physics Reports, vol. 339, pp. 1-77, 2000.

S. Havlin and D. Ben-Avraham, “Diffusion in disordered media,” Advances in
Physics, vol. 36, pp. 695-798, 1987.

M. F. Shlesinger, B. J. West, and J. Klafter, “Lévy dynamics of enhanced diffusion:
Application to turbulence,” Physical Review Letters, vol. 58, pp. 1100-1103, 1987.



	ABSTRACT
	Acknowledgements
	List of Figures
	Chapter 1. Introduction
	Chapter 2. Faceting Instability in the Presence of Wetting Interactions: A Mechanism for the Formation of Quantum Dots
	2.1. Introduction
	2.2. Problem Statement
	2.3. Faceting Instability in the Presence of Wetting Interactions
	2.4. Formation of Surface Structures: 1+1 Case
	2.5. Formation of Surface Structures: 2+1 Case
	2.6. Conclusions

	Chapter 3. Self-Assembly of Quantum Dots in a Thin Epitaxial Film Wetting an Elastic Substrate
	3.1. Introduction
	3.2. Problem Statement
	3.3. Steady State Solution
	3.4. Linear Stability Analysis
	3.5. Surface Evolution Equation in Long-Wave Approximation
	3.6. Formation of Surface Structures: Weakly Nonlinear Analysis
	3.7. Numerical Simulations
	3.8. Conclusions

	Chapter 4. Step Flow Growth with Anomalous Diffusion
	4.1. Introduction
	4.2. Problem Formulation
	4.3. Quasistationary Approximation
	4.4. Full Problem
	4.5. Conclusions

	Chapter 5. Conclusions
	References

