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ABSTRACT

Some Functoriality Results for Microlocal Sheaves over Legendrians and

Lagrangians

Wenyuan Li

In this thesis, we consider the categories of sheaves with singular support on
certain Lagrangians and the categories of microlocal sheaves with support on certain
Lagrangians obtained by microlocalization, and study properties of functors between
these categories.

First, we study one class of the microlocal restriction functor for open inclusions,
namely microlocalization on the conical Lagrangian ends. We show a duality and
exact triangle arising from the microlocalization functor. Using that, we describe the
adjoint functors of microlocalization, and prove that they form a spherical adjunction
when the Legendrian at infinity is a full stop or swappable stop.

Using the description of the adjoint functors of microlocalization, we prove sheaf

quantization theorems, constructing right inverses to the microlocalization functor



for noncompact Lagrangian submanifolds, generalizing previous works of Guiller-
mou and Jin—Treumann. In particular, we show a sheaf quantization theorem for
Lagrangian cobordisms of Arnol’d and a conditional quantization theorem for La-
grangian cobordisms in symplectic field theory.

Then, we study the microlocal specialization functor on closed subdomain embed-
dings of Weinstein sectors, which is right adjoint to the Viterbo restriction functor,
constructed by Nadler—Shende. We show that the specialization functor is natural
with respect to compositions of embeddings. Using that, we give another description
of Lagrangian cobordism functor in symplectic field theory, which is compatible with
the sheaf quantization functor.

Along the way, we obtain applications to symplectic and contact geometric prob-
lems, including estimations of the number of Reeb chords on Legendrians and ob-

structions to Lagrangian cobordisms between Legendrians.
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CHAPTER 1

Introduction

Our goal in the thesis is to prove some general results on the functoriality of
microlocal sheaves over Legendrian and Lagrangian submanifolds, which we hope
would help set up the whole theory of the functoriality of mcirolocal sheaves that
arises from symplectic and contact topology. More precisely, we consider exact sym-
plectic manifolds with contact boundaries that have Lagrangian skeleta, and study
functorialities arising from proper inclusions (as the generalized version of open inclu-
sions) and subdomain embeddings (as the generalized version of closed inclusions).

In the first situation, we focus on cotangent bundles and the proper inclusion
of the conical end, which induces the microlcoalization functor or the cap functor.
We show that there is a duality and exact triangle, and under certain assumptions a
spherical adjunction, that arise from the microlocalization. The adjunction allows us
to get sheaf quantization functors, which are right inverses to the microlocalziation
functor, in nice cases, for compact and noncompact submanifolds. In the second sit-
uation, we focus on the subdomain embedding of general Lagrangian skeleta, which
induces the specialization functor or the right adjoint of the Viterbo restriction func-
tor. We show that compositions of embeddings induce compositions of functors, and
in particular, restricting to the setting of Lagrangian cobordisms between Legendri-

ans we get functoriality of cobordisms.
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1.1. Motivation and Background

Symplectic manifolds have the same local models given by Darboux charts. How-
ever, the ground breaking work of Gromov [83] showed that there are also rigidity
behaviours which are not detected by the local structures, including restrictions
on Lagrangian embeddings. Following Gromov’s approach of pseudoholomorphic
curves, Floer [71] realized that one can associate algebraic invariants, namely the
Floer homology groups, to symplectic manifolds and their Lagrangian submanifold-
s, and Fukaya [72] upgraded the homology groups into an A,-category, later called
Fukaya categories [139]. Inspired by homological mirror symmetry |[102], Seidel con-
sidered symplectic Lefschetz fibrations and started to develop functoriality of Fukaya
categories associated with Lefschetz fibrations [139]/141).

On the other hand, Eliashberg-Gromov [64] considered (exact) symplectic mani-
folds with contact type boundaries, namely Liouville manifolds. Under this setup, the
framework of symplectic field theory [63] and the relative setting [50] allows one to
understand invariants of the symplectic manifolds/Lagrangian submanifolds as maps
and functors between algebraic invariants of the contact manifolds/Legendrian sub-
manifolds, namely the contact homology and Legendrian contact homology. Mean-
while, the geometry of symplectic manifolds with contact boundaries is also used in
defining functors between Fukaya categories [5].

More recently, our understanding on Lefschetz fibrations and Weinstein handle-

body theory [25]82] allows us to combine different viewpoints. The development of
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Liouville stops [151] and sectors [75,(76] allows people to understand the functorial-
ity of the algebraic invariants in a uniform way. In particular, the basic functoriality
properties we considered above could be interpreted as the ones arising from Liouville
proper inclusions (as generalized version of open inclusions) and Liouville subsector
embeddings (as generalized version of closed inclusions) [109].

Parallel to the development in symplectic and contact topology, microlocal the-
ory of sheaves on manifolds was developed by Kashiwara-Schapira [97], after the
theory of D-modules and constructible sheaves on complex manifolds. Kashiwara-
Schapira also noticed the connection of the theory to symplectic geometry, namely,
the invariance of the sheaf categories under contact transformations.

Nadler-Zaslow [126] and Nadler [119] and more recently Ganatra-Pardon-Shende
[74] proved an equivalence between certain categories of constructible sheaves and
suitable versions of Fukaya categories on pairs of exact symplectic manifolds with
Lagrangian skeleta. Tamarkin applied microlocal theory of sheaves to some classical
non-displaceability results, as instances of symplectic rigidity [153]. Since then,
there has been a number of interesting results in symplectic and contact topology
established using sheaves [12,13,22]/37./84-86|,88,145,(147,/148,161].

Let M be an analytic manifold and A C T*°° M be a subanalytic Legendrian at in-
finity. We will consider the category of sheaves on M with singular support on A [97],
and the category of microsheaves, i.e. the global section of the Kashiwara-Schapira

stack on A [84,124]. They are symplectic invariants associated to Lagrangian skeleta
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of exact symplectic manifolds, namely Weinstein manifolds with Legendrian stops at
infinity [88][124].

More precisely, following the idea of Nadler-Zaslow [119,]126], Ganatra-Pardon-
Shende [74] showed that the subcategories of compact objects are equivalent to

partially wrapped Fukaya categories
Shiy (M) = Pert W(T"M, A)*?, pShe,  (exa) = Perf W(X, A),

where cy 5 is the Lagrangian skeleton of the Weinstein manifold with stop (X, A).
From works on the Legendrian surgery formula [14,/20,/52,/60], we also know an
equivalence between partially wrapped Fukaya categories and Legendrian contact

homology with coefficients enriched over chains on the based loop space C_,(£2,A)
Perf W(X, A) ~ Perf Aci*(Q*A) (A)

On the other hand, by considering an A..-category of augmentations, we have the
augmentation sheaf correspondence [127], and generalizations into higher dimensions
[24)77.134].

Comparing to holomorphic curve invariants, the categories of (micro)sheaves of-
ten admit simpler combinatorial descriptions. They are also more directly related to
invariants in representation theory. From this perspective, our structural results will

provide new understanding on the pseudo-holomorphic curve invariants.
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1.2. Functorial Properties of Microlocalizations

For a subanalytic Lagrangian skeleton ¢y of a Weinstein manifold X and an open
subset ¢z with is the skeleton of F, there is a pair of restriction and corestriction
functors between microlocal sheaves. We will consider the special case of where
cx = M UA xRy is a conical Lagrangian in 7*M and ¢z = A X R is the conical
end.

More precisely, let M be an analytic manifold and A C T**°M be a subanalytic
Legendrian at contact boundary. Let Shy(M) be the category of sheaves with sin-
gular support on A, and uSha(A) be the category of microlocal sheaves on A. One

can define the microlocalization functor and its left adjoint

ma : Sha(M) = uSha(A) : mh.

Under the equivalence with Fukaya categories, they are expected to correspond to the
cap and cup functors N : W(T*M, F) = W(F) : U |4,[75/152]. Under homological
mirror symmetry, the cap and cup functors correspond to the pull-back and push-
forward functors i* : Coh(X) = Coh(D) : i, for a divisor D C X.

Spherical adjunctions are adjunctions that induce interesting autoequivalences
from certain exact triangles. For example, in algebraic geometry the exact triangle
coming from the adjunction 7, F ¢* induces the autoequivalence — ® Ox (D). In
Lagrangian Floer theory, Abouzaid-Ganatra’s unpublished work [4] proved that the
cap and cup functors between Fukaya categories form a spherical adjunction where

the exact triangles induce the autoequivalence by wrapping once around the stop.
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Sylvan proved the result for partially wrapped Fukaya categories when A is a swap-
pable stop while avoiding constructing adjunctions and exact triangles geometrically
[152]. Nadler also proved spherical adjunction for microsheaves in a specific example
[122].

Using the language of sheaves, we are able to provide a more direct and more
general result on the existence of spherical adjunctions at least on cotangent bundles,
under the technical assumption that A C T%*°M is a full stop [41] or a swappable

stop [152].

Theorem 1.2.1. For A C T**°M a compact subanalytic Legendrian full stop or

swappable stop, the microlocalization functor and its left adjoint

mp : Sh/\(M) — uShA(A) : mf\

form a spherical adjunction, where the spherical cotwist Sy (resp. dual cotwist Sy )

is given by negatively (resp. positively) wrapping once around the stop A C T**M.

Remark 1.2.1. We know that the left adjoint of microlocalization mly is iso-

morphic to the cup functor between partially wrapped Fukaya categories |74], and we

expect that my s the cap functor between Fukaya-Seidel categories.

Moreover, we relate Serre duality to the spherical adjunctions. Seidel noticed
that the spherical cotwist, i.e. the negative wrap-once functor on the Fukaya-Seidel
category, gives the Serre functor [140,(143|, which is mirror to the autoequivalence

—®0Ox(—D) for a log Calabi-Yau pair (X, D). The Serre duality is closely related to
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the Calabi-Yau structure on the categories [21] and symplectic/Lagrangian structure

on the derived moduli stack of objects [156].

Theorem 1.2.2 (Sabloff-Serre duality). Let M be orientable and A C T**M
a compact subanalytic Legendrian full stop or swappable stop. Then the spherical

cotwist Sy 1is the Serre functor on the subcategory of compactly supported sheaves

with perfect stalks Shb (M ).

The key ingredient of the proof is the following duality exact triangle. From
a purely sheaf theory perspective, Sato noticed an exact triangle coming from mi-
crolocalization [87,/97]. On the other hand, in Floer theory, there is a duality exact
sequence for Legendrian contact homologies [58,/135] and Fukaya-Seidel categories

[141]. Let T} : T M — T**°M be a Reeb flow. Define

Hom (%#,9)=Hom(%,9), Hom_(%,9) ~ Hom(%,T_.(9)).

We reinterpret Sato’s exact triangle in a symplectic geometric way and prove the

following theorem.

Theorem 1.2.3 (Sato-Sabloff duality exact triangle). For A C T**M a compact
subanalytic Legendrian stop and #,9 € Shy(M) such that supp(F),supp(¥) are

compact, we have an exact triangle

Hom_(F,9) — Hom (F,9) — T(\; phom(F,9)) 5 .
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When M s orientable and F,%4 € Shy(M), then
Hom_(#,9) ~ Hom, (4, %)"[-n —1].

1.3. Functorial Anti-Microlocalization as Sheaf Quantization

Consider an exact Lagrangian L C T*M with Legendrian lift LCT (M x R).

The microlocalization sends sheaves to microsheaves
mp, : Shz(M x R) = puShy(L).

When L is smooth, the structure of microsheaves on L is well studied [84,(93].
Classical sheaf quantization theorems of embedded Lagrangians that are compact
or have conical ends have been obtained by Guillermou-Jin-Treumann [84,94], who
constructed sheaves from microlocalization data which defines a right inverse to my,

whose image consists of sheaves with acyclic stalks at M x {—o0o}.

We explain how the sheaf quantization functor can be regarded as the left adjoint
mb of mp, and hence provide a functorial understanding on the sheaf quantization
theorems following [94]. More importantly, we generalize the results to the setting
of noncompact Lagrangians where the usual construction could fail.

We will consider Shy(M x R), for the categories of sheaves in with singular

support in A C 7725 (M x R) with acyclic stalks at M x {—oc}.
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The first class of noncompact Lagrangians are Lagrangian cobordisms between
Lagrangians defined by Arnol’d |10], which is an equivalence relation between La-
grangian submanifolds. An Arnol’d Lagrangian cobordism between L, K C T*M
is a Lagrangian V' C T*(M x R) with cylindrical ends. Biran-Cornea proved that
Lagrangian cobordisms give equivalence relations on the Fukaya category, and when
the Lagrangian has multiple components, we get an iterated cone decomposition for

objects in the Fukaya category [17].

Theorem 1.3.1. Let V C T*(M x R) be an exact Lagrangian cobordism between
closed exact Lagrangians Ly,...,L, C T*M and K1,..., Ky, C T*M with a Legen-

drian lift VC T30 (M x R x R). Then there is a fully faithful right inverse functor

of my

\Ijv . ,lLShv(V) :> Sh";(M x R x R)U

Despite of lack of nontrivial examples of closed exact Arnol’d Lagrangian cobor-
disms in T*M, we believe that our construction will serve as the first step in un-
derstanding the relation between Arnol’d Lagrangian cobordisms and microlocal
sheaves.

The second class of noncompact Lagrangians we consider are Lagrangian cobor-
disms between Legendrians in the sense of symplectic field theory [27], which is on
the contrary a nonsymmetric relation between Legendrian submanifolds [28]. An
exact Lagrangian cobordism from A_ to A, is an exact Lagrangian L C (7,25 (M x
R) x R.g, d(sasq)) which agrees with the cone A_ X Ry (resp. Ay X R.g) on the

negative end (resp. positive end).
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Lagrangian cobordisms between Legendrians in 7725 (M x R) can be lifted to
a Legendrian cobordism L C (T755(M x RRg), orgq) with conical ends [26),130]
following [34]. Therefore, one can try to study the sheaf quantization problem,
i.e. constructing sheaves on Shi(N x R x Rs) from microlocal monodromy data.

However, the nonsymmetry of SF'T Lagrangian cobordisms suggests that a nec-
essary condition for constructing a sheaf on the conical Legendrian cobordism is the
existence of a sheaf on the cancave end M x R x (0, €). Therefore, we can only prove

a conditional sheaf quantization theorem.

Theorem 1.3.2. Let L C J'(M) x Ry be an exact Lagrangian cobordism from
A_to Ay CTISS(M X R), and L € TS5 (M x R x Rsy) be the conical Legendrian

lifting. Then there is a fully faithful right inverse functor of (i~*,my)
Uy Sha (M X R)g Xusny (a_) wShr(L) = Shy (M x R x Rsg)o

where i : M X R x s_ < M xR x Ryq for s_ > 0 sufficiently small and my, :

Shi(M xR xRsg) = uShr(L) is the microlocalization.

1.4. Functoriality of Embeddings and Lagrangian Cobordisms

For a Weinstein sector (Weinstein manifold with boundaries) X, with Lagrangian
skeleton ¢y equipped with Maslov data, Nadler-Shende introduced a microlocal sheaf

category on the Lagrangian skeleton pShe, (c¢x) [124]. Moreover, they constructed
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a fully faithful inclusion for any compact exact Lagrangian L C X with Maslov data
Loc(L) < puShe, (cx).

Using their technique, one can produce a fully faithful functor for embeddings of
Weinstein subsectors X’ C X sending sectorial boundaries to boundaries X' C 0X,
where the left adjoint is the Viterbo restriction. However, it is not clear whether
compositions of embeddings induce compositions of functors. We show that this is

indeed the case.

Theorem 1.4.1. Let Xy, X, and Xy be Weinstein sectors with Lagrangian
skeleta ¢x,, ¢x,, and cx, equipped with Maslov data, such that ip; : Xo — Xi
and 119 : X1 — Xo are Liouville embeddings sending sectorial boundaries to sec-
torial boundaries. Denote by ®i; : pShey (ex,) < pSthj(ch) the embeddings of

microsheaf categories. Then
@12 o (I)Ol ~ (I)OQ : [LSthO (CXO) — ,USthQ (CXQ).

Subsector embeddings provide a geometric model for Lagrangian cobordisms be-
tween Legendrians in the setting of symplectic field theory [63]. Therefore, we de-
duce a Lagrangian cobordism functor using Nadler-Shende [124] and Theorem m
This functor is the sheaf theory counterpart of the Lagrangian cobordism map be-

tween Legendrian contact homologies (enriched over chains on the based loop spaces)
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[50[59.[129]

O} Ac_oa)(Ay) = Ac_a )y (A2) ®c_ .y C—(S0L)

which will allow one to deduce more refined obstructions to Lagrangian cobordisms

between Legendrian submanifolds.

Theorem 1.4.2. Let X be a Weinstein manifold with subanalytic skeleton cx,
A_ AL C O0X be Legendrian submanifolds, and L C 0, X X R an exact Lagrangian
cobordism from A_ to A.. Then there is a fully faithful cobordism functor between
the microsheaf categories where concatenations of cobordisms give compositions of

functors

P, - ,LLSthU‘/LXR(CX UA_ X R) X Loc(A_) LOC(L) — MSthUA+XR(CX UA, X ]R)

In particular, when X =T*M, there is a fully faithful cobordism functor

CI)L : ShA_(M) X Loc(A_) LOC(L) — ShA+(M)

Remark 1.4.1. The left adjoint ®; of ®; preserves compact objects and is con-
jecturally isomorphic to the Lagrangian cobordism maps between Legendrian contact

homologies.

Moreover, we can show that this Lagrangian cobordism functor is compatible
with the cobordism functor one can obtain using the sheaf quantziation functor in

the previous section.
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Theorem 1.4.3. Let L C J'(M) x Ryq be an exact Lagrangian cobordism from
A_to Ay CTISS(M X R), and L € TiS5 (M x R x Rag) be the conical Legendrian

lifting. Then there is a commutative diagram

ShA_<M X R) X uSha (A_) MShL(L) o ShA+(M X R)
L

where 1 : M xR x s_ — M xR x Ryq for s > 0 sufficiently small and i, :

M xR Xx sy — MxR xRy for s, >0 sufficiently large.

1.5. Symplectic/Contact Consequences of Sheaf Theory

In this section, We explain some geometric results in classical symplectic/contact
topology problems that we proved, and demonstrate the relation between geometric
and algebraic structures coming from sheaves. We will prove symplectic/contact

results using the functorial properties of sheaves.

1.5.1. Estimating the number of Reeb chords

Tamarkin’s pioneering work [153] applying microlocal theory of sheaves to symplectic
non-displaceability problems has inspired a number of non-displaceability type results
[12//88]. Given the algebraic result in Theorem [1.2.3] we can estimate the number

of Reeb chords of Legendrians.
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We prove an estimation on the number of self Reeb chords for a Legendrian. We
expect that our result is more general than the results using linear representations

of Legendrian contact homologies [45.|56, 58| or generating families [136].

Theorem 1.5.1. Let M be orientable, A C T)25(M x R) be a closed chord
generic Legendrian submanifold and k be a field. If there exists a k-coefficient sheaf
of compact support and perfect stalk F € Sh (M xR)y, then the number of self Reeb

chords
1 n
QM) = 5 D bi(A; k).
i=0

Here b;(A; k) = dimy H'(A; k).

For Legendrian subamnifolds connected by a Hamiltonian pushoff, Asano-Ike
showed a relation between persistence distance of sheaves singularly supported on
the Lagrangians and the oscillation norm of the Hamiltonian [11]. Based on that
result, we prove the following estimate on Reeb chords between the Legendrian and
its Hamiltonian pushoff assuming that the norm of the Hamiltonian is small.

Recall the oscillation norm of the Hamiltonian to be

>0 >0

1
| Hs || ose :/ ( max  H, — min HS> ds.
o\ zeT* 2 (MxR) 2€T°0 (M xR)

Denote by () the length of a chord . Assume that the Maslov class u(A) = 0, and
let

¢;(A) = min{l(y) | v is a Reeb chord, deg(y) =i or n — i}.

Order them so that ¢, (A) > ¢;, (A) > ... > ¢;, (A).
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Theorem 1.5.2. Let M be orientable, A C T 25 (M X R) be a closed Legendrian
submanifold of dimension n, and k be a field. Suppose there exists a k-coefficient

pure sheaf of compact support and perfect stalks F € Shi(M x R)o. Let H, be any

compactly supported Hamiltonian T, (M x R) such that for some 0 < k <n
||HS||OSC < Cjg (A>

and @Y (A) is transverse to the Reeb flow applied to A. Then the number of Reeb

chords between A and o (A) is

1.5.2. Obstructions to SFT Lagrangian cobordisms

We illustrate that Theorem also provides strong restrictions on the existence
of SFT Lagrangian cobordisms. For example, the full faithfulness in Theorem [1.4.2
immediately implies the long exact sequences coming from the Cthulhu complex in
Floer theory [31].

Moreover, combining Theorem and the technique developed in [26}]157],
we show the existence and non-existence result for the following Legendrian surfaces
A, i, considered in [43] and [137]. The obstructions are obtained using sheaves, while

constructions uses the result of Eliashberg-Murphy [66].



34

Figure 1.1. The Clifford Legendrian torus (on the left) and the un-
knotted Legendrian torus (on the right).

Theorem 1.5.3. Let Ayninot, Acug be Legendrian tori in T**R? shown in Figure
(7.1, Let Ay be the Legendrian surface with genus g by taking the connected sum of

k copies of Acyg and g — k copies of Auninot- Then

(1) (Dimitroglou Rizell [43]) for any k > 1, there are no Lagrangian cobordisms
with vanishing Maslov class from Ngo to Ay g,

(2) for any k > 1,k > 0, there are Lagrangian cobordisms L from Ny y to Ay
such that dim coker(H'(L) — H'(Ayz)) > 2;

(3) for any k < k', there are no Lagrangian cobordisms L with vanishing Maslov
class from Ay y to Ay g such that H'(L) — H'(Ayx); in particular there are

no such Lagrangian concordances.

Roughly speaking, the Legendrian A, is closer to being Lagrangian fillable when
k is smaller (in particular, A, are the only Lagrangian fillable ones). One would
expect that it is difficult to have a Lagrangian cobordism from A, to Ay if & > k'
Our theorem shows that, for k& > £/, there are indeed obstructions for Lagrangian
cobordisms assuming either (1) k = 0or (3) H'(L) — H'(A, ) is surjective. On the
contrary, as long as we assume (2) k > 1 and H'(L) — H'(A, ) is not surjective,

then there are no obstructions.
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1.6. Notations and Conventions

Geometric conventions: For a Weinstein sector X, d,, X is its contact boundary,
0X isits sectorial boundary and cx is its Lagrangian skeleton. In particular, for T* M,
T*>°M is its contact boundary, and in the paper we will identify it with the unit
cotangent bundle. 727 (M x R) is the subbundle of 7% (M x R) consisting of points
so that the covector coordinate in T*R satisfies 7 > 0. For a closed submanifold
N C M, vy°M is the unit conormal bundle. For an open subset U C M with
subanalytic boundary, V;}:j_o/_M is the outward /inward unit conormal bundle.

Let L C X be an exact Lagrangian. L C X xR is its Legendrian lift. For
Lagrangian cobordisms between Legendrian submanifolds, we say that a Lagrangian
cobordism L is from A_ to A, if A, is at the convex end and A_ is at the concave
end.

Categorical conventions: All categories in this paper are dg categories, and all
functors will be functors in dg categories. Sh_, uSh_ are the dg categories consisting
of all possibly unbounded complexes of sheaves with prescribed (isotropic) singular
support, Sh®,uShe are the dg subcategories of compact objects, and Sh® , uSh®
are the dg subcategories of objects with perfect stalks, and Sh*, uSh*” are the dg
subcategories of proper (i.e. pseudoperfect) modules. They are all localized along

acyclic objects.
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CHAPTER 2

Preliminaries in Symplectic Topology

The goal in this section is to explain concepts in symplectic and contact topology
that we will use in the thesis. Since most of them are either standard or well known,

we will simply refer to previous works for the proof of these results.

2.1. Contact Topology and Conical Symplectic Topology

Contact topology can be viewed as R.p-equivariant symplectic topology. Since
both conventions will be useful in the discussion of microlocal sheaves, we explain
the correspondence in this section. Following the philosophy, we also explain the
relation between Lagrangian cobordisms in the symplectization of a 1-jet bundle and
conical Legendrian cobordisms in the higher dimensional 1-jet bundle.

A contact manifold is a (2n + 1)-dimensional manifold Y together with a maxi-
mally nonintegrable hyperplane distribution £ C 7Y, and a Legendrian submanifold
is an n-dimensional submanifold A C Y such that £|, C T'A. Assume that £ C TY is
defined by the kernel of a 1-form « € 2!(Y") called the contact form (this is equivalent

to saying that the contact structure is coorientable).
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2.1.1. Jet Bundles and Cotangent Bundles

In this section we explain the contactomorphism J'(M) = T (M x R), and the
contact form and Reeb vector field we are going to work with. We also explain the
contact Hamiltonians and their vector fields with respect to the specific contact form.

The 1-jet bundle J'(M) = T*M x R. Consider local coordinates (zg, &g, to) €
T*M x R, where xg is the coordinate on M, &, is the coordinate on the fiber of T M
and ty is the coordinate on R. The contact structure given by &, = ker(dty — {odxo).

We choose the contact form to be ay = dtg — &ydxg. Now consider

Too(MxR) = JY(M),
(x7 57 t’ 7—) H <x7 5/7_7 t)

After taking the quotient of T (M x R) by the dilation (z,&,t,7) — (z,a€,t,ar)

by a € Ry, we get a diffeomorphism

IS (M x R) 5 J'(M)

where T250(M X R) = {(z, &, 6, 7)||EP + |72 =1,7 > 0} X Tr (M x R)/Rsq (If you
consider the standard Liouville flow on 7%(M x R) and think of contact manifolds
in the way that each contact form corresponds to a specific choice of a hypersurface
transverse to the Liouville vector field, maybe it’s better think of 7727 (M x R) as

{(x,&,t,7)|7 = 1}). There is a natural contact structure on 7,27 (M x R) given by
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restriction of the symplectic structure on T*(M x R)

& = ker(rdt — &dx).

Then one can check that (77255 (M x R),€) and (JY(M),&) are contactomorphic

through that map defined above.

Under the contactomorphism, the contact form oy = dtg — &ydrg is mapped to

a=dt — (&/7)dx,

and the Reeb vector field R,, = 0/0t is mapped to

This contact form and Reeb vector field are the ones we will be dealing with in the

paper.

Remark 2.1.1. In the cotangent bundle T**(M x R), the Reeb vector field that
people are more familiar with may be the vector field producing the geodesic flow. The
Reeb vector field we work with here is different because the contact form o = dt —
(&/7)dx is different from the canonical one Tdt — £dx. Indeed the contactomorphism

we write down does not preserve the canonical contact forms on both sides.

Now we consider the correspondence between contact Hamiltonians and contac-

t vector fields determined by this contact form a = dt — ({/7)dx. Given H €
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C®(T755 (M x R)), the corresponding contact vector field Xy is defined by [79]
H = a(Xy), «(Xy)da =dH(R,)a —dH.

We claim that this contact Hamiltonian can be lifted to a homogeneous symplectic

Hamiltonian on T, (M x R) in the following way. Let
]/-j(x,f,t,r) =T1H(x,&/T,1).
Its corresponding symplectic Hamiltonian vector field is defined by
U Xpw = —dH,

where w = d(7dt — {dz) = d(7a). By elementary calculation, one will find that
the projection Xz onto the hyperplane 7 = 1 is Xy. Therefore we will just study
the homogeneous Hamiltonian H (since in microlocal sheaf theory this will be more
natural). In particular one can define the movie of a subset Ac T o(M x R) under

the Hamiltonian isotopy ¢% (s € I) as

KH = {(x7§7t77_7$70)‘(x7£7t77—> = 90%(-%0750775077_0%0 = _1‘:—\[ © SDSI’_I((angO/TO?tO)}-

This is an exact conical Lagrangian submanifold in 77

(M xR xI).
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2.1.2. Lagrangian cobordisms and Legendrian cobordisms

In this section, we explain the relation between Lagrangian cobordisms in the sym-
plectization of J'(M) = T (M x R) and conical Legendrian cobordisms in J* (M x
Rog) = T70(M x R x Ryp).

Let (Y, «) be a cooriented contact manifold. The symplectization is defined as
(Y x Roo, d(sa)). Following [63, Section 2.8], Chantraine [27] and Ekholm [50], for

instance, considered the category of Lagrangian cobordisms between Legendrians in

the symplectization.

Definition 2.1.1. The category of Lagrangian cobordisms Cob(Y'), has objects
being Legendrian submanifolds A C Y and morphisms Hom(A_,Ay) being exact

Lagrangian submanifolds L C (Y x Rsg,d(sa)) with sa|r = dfy, such that

LY x (0,5_]) = A_ x (0,5_], LN (Y X [s4,+00)) = Ay X [s4, +00).

for some s_ < sy, and the primitive fr is a constant on A_ x (0,s_] and Ay X
[s4,400). We call such an L a Lagrangian cobordism from A_ to A,.
Compositions in Cob(Y) are defined by concatenating Lagrangian cobordism-

s along their common conical ends. We will denote the concatenation of Lo €

HOm(Ao, A1> and L1 € Hom(Al, Ag) by L(] U Ll-

Remark 2.1.2. The assumption that the primitive fr is a constant on A_ X
(—o0, —r] and Ay x [r,4+00) is made to ensure that concatenations of exact La-

grangians are still exact (see [29]).



41

(L)

T

S L8

Figure 2.1. The front projection of a conical Legendrian cobordism
L C J*(pt x Ryg) (on the left) and J*(R x Rs) (on the right).

For exact Lagrangians in the symplectization (J!'(M) x Ry, d(sasq)), one can
consider the Legendrian lift in the contactization ((J'(M) X Rsq) X R, dw + sagq)-

It is known [34}/130] that there is a (strict) contactomorphism

0 ((JHM) x Rsg) X R, dw + s(dt + &dx)) —  (JH(M x Rsyg),dz + ods + ydx)

(x7€7t;3;w) — (x,s,sf,t,st—i—w).

Therefore, an exact Lagrangian cobordism gives a conical Legendrian cobordism with

no Reeb chords [26,130].

Definition 2.1.2. Let Ay C J'(M) be Legendrian submanifolds. Then a conical

Legendrian cobordism is a Legendrian LcC JYM x Rsg) such that

LNJYM x (0,s_)) = {(z,s, s, t, st +wo_)|(x,6,t) € A_,s € (0,5_)},

LN JYM x (s,+00)) = {(x, 5,56, 1, st + wo )| (z,6,1) € Ay, s € (54, +00)}.



42

Finally, we explain that the conical boundary condition make this type of La-
grangian cobordisms very different from the Lagrangian/Legendrian cobordisms con-

sidered by Arnol’d [10], defined as follows.

Definition 2.1.3. Let Ly,...,L, and Ky,..., K, C X be Lagrangian submani-

folds. Then an Arnol’d Lagrangian cobordism V between Lq,...,L, and Ki,..., K,

*)

is a Lagrangian submanifold V- C T*(M x R) such that
VNT*(M x (- UL x (=00, —1) x {i},
VNTH(M x ( U K x ( x {j}.

In particular, when V' C T*(M x R) is an exact Lagrangian, its Legendrian lift

has cylindrical ends like
‘7 n ‘]1<M X (_007 _1)) = ULZ X {(S,i,i$)|3 < (_007 _1)}7

VNI M x (1,400)) = | J K; x {(s,5,s)|s € (1, +00)},

j=1
which is different from the boundary condition of conical Legendrian cobordisms. In
particular, in the next section, we will see that one of the differences is whether there

is a tubular neighbourhood with positive radius for a complete adapted metric on

JYHM x R).
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2.2. Weinstein Neighbourhood for Noncompact Legendrians

For any closed Lagrangian submanifold L C X, Weinstein neighbourhood the-
orem asserts that there is a Weinstein tubular neighbourhood of L C X which is
symplectomorphic to a neighbourhood of the zero section L C T*L. Similarly, for
any closed Legendrian submanifold A C Y, there is a Weinstein tubular neighbour-
hood of A C Y which is contactomorphic to a neighbourhood of the zero section
A C JYHA).

However, the neighbourhood theorem for noncompact Lagrangian/Legendrian
submanifolds could be nontrivial, as the radius of the tubular neighbourhood may
not have a positive lower bound with respect to the given Riemannian metric. This
will be essential when we discuss the sheaf quantization problem for noncompact
Lagrangian/Legendrians in Section [I.3] To deal with this issue, we first introduce

the notion of an adapted metric following [68, Section 2.2.2].

Definition 2.2.1 (Eliashberg-Gromov [68]). A Riemannian metric g on a sym-

plectic manifold X is adapted to the symplectic form w on X if for any H € C*(X)
|dH [lg = [ X llg-
or equivalently w =Y ", dx; A dy; for some g-orthonormal coframing

(dxy, ..., de,, dyy, ..., dy,) .
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A Riemannian metric g on a contact manifold Y is adapted to the contact form

a onY if for any H € C*(Y)
ldH || + | H[* = | Xall;
or equivalently « = dz — Y ¢, dx; A\ dy; for some g-orthonormal coframing
(dxy,...,dx,, dyr, ... dy,,dz) .

Example 2.2.1. Consider X = T*M and w = dAgq. Then a Riemannian metric

gym on M determines an adapted Riemannian metric on T*M by
grem =g+ gy € TMOTIM x T,M & TFM — R,

where g : T*M QT*M — R is the dual bilinear form to g : TM x TM — R. It also

determines an adapted Riemannian metric on J*(M) by
gnon =g9rv+d22 TMSTMST.RxT,M&T:M & TR — R.

In particular, when gur is complete, gr«yp and gy are complete as well. We call

them the standard adapted metric on T*M and J'(M).

Later we will see in Section that the reason we discuss metrics on symplec-
tic/contact manifolds is to understand when a noncompact Hamiltonian vector field
can be integrated. Adapted metrics allow us to estimate the norm of the Hamilton-

ian vector fields in terms of their C'-norm. On the other hand, complete metrics
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allow us to deduce existence of the integration flow from the estimation of the norm
of vector fields.

It is proved that any symplectic manifold admits a complete adapted metric [68].
It seems unclear whether a contact manifold always has a complete adapted metric,

but in this thesis we will only need the case of cotangent bundles and 1-jet bundles.

Definition 2.2.2. Let L C X be a submanifold. A (tubular) neighbourhood U of
L of positive radius r > 0 with respect to a metric g on X is a (tubular) neighbourhood

U such that for any v € X with d,(z,L) <r, we have v € U.

Lemma 2.2.1. Let L C (X,d\x) be an exact Lagrangian submanifold. Suppose
L has a tubular neighbourhood of positive radius v > 0 with respect to a complete
adapted metric gx, then the Legendrian lift LcC (X xR, dt — A\x) also has a tubular
neighbourhood of positive radius r > 0 with respect to the complete adapted metric

9x D gr std, Where gr g4 15 the Fuclidean metric.

For Arnol’d Lagrangian cobordisms between closed Lagrangians, the following
lemma is immediate, by noticing that the cylindrical end L; x (—o0, —1) x {i} or

K; x (1,+400) x {j} has a tubular neighbourhood of positive radius.

Lemma 2.2.2. Let V C X x T*R be an Arnol’d Lagrangian cobordism between
closed embedded Lagrangians Li,...,L, C X and Ky,...,K; C X. Then V has a
tubular neighbourhood of positive radius with respect to some complete adapted metric

on X x T*R.
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For exact Lagrangians in T*M with closed Legendrian boundary in T** M, by
considering the standard adapted metric on 7% M, the following lemma is also almost

immediate:

Lemma 2.2.3. Let L C T*M be a Lagrangian filling with closed Legendrian
boundary N C T**M. Then L has a tubular neighbourhood of positive radius r > 0

with respect to the adapted metric on T*M.

Proof. We only need to find a tubular neighbourhood of positive radius outside

a compact set TI2|<soM of the zero section, where LNT5_ . M = A X (sg,+00).

1€1>s0
Observe that the standard adapted metric gr-3; can be written as s2gg-cops + ds?.

When s is large, it is bounded from below by the product metric gp«. s +ds?. Since

A has a tubular neighbourhood of positive radius » > 0, we can conclude that so

does L. O

However, for Lagrangian cobordisms between closed Legendrians, such a tubular
neighbourhood does not exist, for the simple reason that the symplectic area near
the concave end of the symplectization has an upper bound, while a tubular neigh-
bourhood of positive radius for the conical/cylindrical submanifold cannot have a
bounded symplectic area.

For simplicity, we only deal with the particular case of Lagrangian cobordisms
in JY(M) C T**(M x R). In this case the symplectization is symplectomophic to a

cotangent bundle

JHM) x Roo = T*(M x Roo), (2,€,t8) = (2, 5,86, 1).
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Figure 2.2. The figure on the left is the front projection of a conical
Legendrian cobordism L C J!'(pt x Rsg). The figure in the middle
is the front projection after applying the diffeomorphism s +— Ins,
where the complete adapted metric induced by gy + s 2ds? becomes
the Euclidean metric. The figure on the right is the front projection
after applying the diffecomorphism s +— In(s — s¢), where the complete
adapted metric induced by gas + (s — s9) “2ds? becomes the Euclidean
metric.
We will consider a different standard complete adapted metric on T*(M x Rsg)
induced by the complete metric gy + s 2ds®* on M x R.g, which is gy + gy +
s72ds? + s*dt?; see Figure 2.2l middle (note that the metric s—?ds? is identical to the

Euclidean metric under the diffeomorphism s +— In s).

Lemma 2.2.4. Let L C T*(M xR+q) & JY(M) xRsq be a Lagrangian cobordism
between closed Legendrians from A_ to Ay C J'(M). Then for any sufficiently small
so >0, LOT*(M X (s9,400)) has a tubular neighbourhood of positive radius r > 0

with respect to the adapted metric on T*(M x Ryg).

Proof. First consider L N T**M x (sq, s}) where sq is small, s; is sufficiently
large and s} > s;. Since the intersection is a bounded subset, there exists a tubular

neighbourhood of positive radius 7 > 0. Then consider LNT*>°M X (s1, +00). Since
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s1 is sufficiently large, we may assume that
LNT°M x (s1,+00) = {(x,s,s8)|(x,&) € Ay, s € (s1,+00)}.

Then since A, is a closed Legendrian, it has a tubular neighbourhood of positive
radius r > 0 with respect to the any complete metric. The adapted metric on

T*(M X (s1,+00)) is given by
97+ (MxR=o) = gur + gip + 8 2ds” + s7dt*.

Under the identification J'(M) x Ry = T*(M x Rsy), (x,&,t;8) = (z, s, €, 1), the
cone on the right hand side is identified with the product cylinder on the left hand

side Ay X (s1,400). The metric is identified with
gur + s%gy, + s2dt? + s72ds?

which is bounded from below by the product metric g i) + s~2ds* on J'(M) x
(s1,+00). Therefore, by considering the product neighbourhood of A, x (s1,+00),

we get a tubular neighbourhood of positive radius. Il

Now we restrict to the case J1(M) C T*>(M x R). We can restrict to the open
submanifold J*(M) x (sg, +00) which is symplectomorphic to T*(M X (sg,+00)).
Consider the complete adapted metric on the submanifold induced by gy + (s —
s0)"2ds® on M x (sg,+00); see Figure [2.2| right (note that the metric (s — s¢) *ds?

is identical to the Euclidean metric under the diffeomorphism s +— In(s — sy)). The
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advantage of this new metric is that it is complete on T*(M X (sg, +00)), so that we

can deal with the subset independently
LNT*(M x (sg,+00)) CT*(M x (9, +00))

when studying Hamiltonian vector fields and their integration flows in later sections.

However, under this metric, LNT*(M X (s9,4+00)) is no longer a bounded subset
in an ambient manifold, so it is no longer true that L N T*(M x (sg,400)) has a
tubular neighbourhood of positive radius » > 0 with respect to this new complete

adapted metric. We only have a weaker result (weaker in the sense of Lemma [2.2.1]).

Lemma 2.2.5. Let L C JY(M) xRy = T*(M xR<) be a Lagrangian cobordism
between closed Legendrians from A_ to Ay C JYM). Then for any sufficiently
small sy > 0, the Legendrian lift L0 JY(M x (so, +00)) has a tubular neighbourhood
of positive radius v > 0 with respect to the complete adapted metric on J'(M x

(80, +00)).

Proof. We notice that the same argument in Lemma [2.2.4] shows that for any
sy > so, LN JYM x (s}, +00)) admits a tubular neighbourhood of positive radius
r > 0. Therefore, by Lemma [2.2.1] it suffices to show that the Legendrian lift

LN JYM x (so,s))) admits a tubular neighbourhood of positive radius.
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On JY(M x (so, s)), we know that the Legendrian lift of the cobordism is
0

LN JYM x (s0,8) = {(z, 8,8, ¢, st)|(w,&,1) € A, 5 € (80,50)}
= {(ZL’,S,&,S_IZ,Z)KZ’,g, Z) € As—vs € (‘9078,0)}'

where A* = {(z, s, st)|(z,&,t) € A_} is a closed Legendrian. A® has a tubular
neighbourhood of positive radius » > 0 with respect to the complete adapted metric
on J'(M)

gy = gu + gy + dz.

On the other hand, the complete adapted metric on J*(M x (s, +00)) is given by
I (M x(so,400)) = 9m + grr + (s — 50)72ds* + (5 — s0)%dt* + dz*.

When s > sq > 0, we know that g;1(a7x(s,400)) 18 bounded from below by the product
metric g1 (a)+(s— o) "2ds®+(s—so)?dt?. By considering the product neighbourhood
of A* x (sg, sp), we get a tubular neighbourhood of positive radius for the cylinder

A% X (50, s5). Finally, we estimate the distance between the cylinder and the cone

{(z,5,£,0,2)[(z,&,2) € A, s € (s0,80)}, {(2,5,& 512 2)[(w,&,2) € A* s € (s0,50)}.



o1

Consider pairs of the form (z,s,&,0,2) and (x,s,ss5'¢,5 12,55, 2), and set r =

max, ¢ .yeas (|€]* + 2%)1/2, we know that the distance is bounded by

z7€’Z

sup dJl(Mx(so,—‘roo)) (([E, S, 57 07 Z)? (377 S, 350_157 5_127 Ssalz))
(m,{,z)GAS_O,SG(so,s/O)

<  sup ) d(507+oo)<(86)_12, 0) + dyr(an ((x, £ z2), (x, 365515, 363512))
(x,f,z)EAi

< sup (s —s0)((sh) 'z = 0) + ((€ = shsg €)% + (2 — sy "2)%)
(x,€,2)EN®O

< (50— s0)(s6) "'+ (555" — 1)r = (89" — s0(sp) )7
We know that the distance can be arbitrarily small when sj is sufficiently close to

so. Therefore, a tubular neighbourhood of positive radius for A* x (s, sf,) gives a

(possibly smaller) tubular neighbourhood of positive radius for the cone. U

2.3. Genericity Assumption and Gradings on Legendrians

When proving results on estimations of Reeb chords, we need some assumptions
on genericity and then would be able to study the Maslov grading on Reeb chords

on the Legendrian. They are explained as follows.

2.3.1. Genericity Assumptions of Legendrians

In this section we introduce the notions of chord generic Legendrian submanifolds
and admissible Legendrian isotopies. They are generic under C'-topology in the

space of embeddings/isotopies.
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Definition 2.3.1. Let A C JY(M) be a Legendrian submanifold. A is called

chord generic if the Lagrangian projection
Trhag: N — T M

15 a Lagrangian immersion with only transverse double points.

Lemma 2.3.1 (Ekholm-Etnyre-Sullivan, [54, Lemma 3.5]). Let A be a Legendri-
an submanifold. Then for any € > 0 there is a chord generic Legendrian submanifold

A, that is e-close to A in the C-topology.

Remark 2.3.1. In fact being e-close in the C'-topology implies that A is Hamil-
tonian isotopic to A. by the Legendrian neighbourhood theorem. In addition the

C°-norm of the Hamiltonian isotopy can also be smaller than €.

By Legendrian isotopy extension theorem, any Legendrian isotopy can be realized
as an ambient Hamiltonian isotopy. Therefore to discuss Hamiltonian isotopies it

suffices to discuss Legendrian isotopies.

Definition 2.3.2. Let n > 2, A C JY(M) be a Legendrian submanifold and H &
C>(JY(M)) a contact Hamiltonian. Then the Legendrian isotopy Ay = p3(A) (s €
I) is admissible if there are sy, ...,s € I such that

(1). for s # s1, ..., Sk, Ns is a chord generic Legendrian;
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(2). for s € (s; — €,8; + €) where € > 0 is sufficiently small, Ay is still chord

generic away from some contact ball U € J'(M), and in the contact ball U ~ R*" 1
A NU = ({(2,0,0)|]z € R} x L) U ({(z,32% + s,2° + sz)|z € R} x Ly)
such that Ly Ly are Lagrangian subspaces in R*"~2,

Lemma 2.3.2 (Ekholm-Etnyre-Sullivan, |54, Lemma 3.6]). Let A;(s € I) be a
Legendrian isotopy consisting of chord generic Legendrians connecting Ay and A;.
Then for any € > 0 there exists an admissible Legendrian isotopy connecting Ay and

Ay that is e-close to A, (s € I) in the C'-topology.

Remark 2.3.2. Ekholm-FEtnyre-Sullivan’s definition for admaissible Legendrian
1sotopies requires more conditions, but for our purpose the definition above is already

enough.

2.3.2. Grading of Reeb chords on Legendrians

In this section we discuss the grading of Reeb chords and Maslov potential.

Recall that the symplectic structure on 7*M will give a contractible choice of
almost complex structures on the tangent bundle T'(T*M), which canonically turns
T(T*M) into a complex vector bundle. On T*M there is a canonical Lagrangian
fibration given by the cotangent fibers. A framing on this Lagrangian fibration
together with the almost complex structure J determines a canonical trivialization

of the complex vector bundle T'(T*M).



o4

Definition 2.3.3. Let A — J'(M) be a Legendrian immersion, and consider
the Lagrangian projection onto T*M. For any v : S* < A — T*M, consider the
canonically trivialized complex vector bundle v*T(T*M) and the Lagrangian subbun-

dle v*TA. Then the Maslov index of v is
m(y): Z = m(SY) — m(U(n)/O(n)) = Z.
The Maslov class of A is the homomorphism
p(A) :m(A) = Z, v = m(y).

In fact u(A) € HY(A).

Now we define the Maslov potential for a Legendrian submanifold A with pu(A) =
0. Currently Maslov potential is only defined combinatorially for Legendrian knots,
since in higher dimensions it is hard (in fact, impossible) to classify the singularities

of the front projection. Therefore here we only define the Maslov potential on a

strand.

Definition 2.3.4. Let A C JY(M) be a Legendrian submanifold such that the
ront projection Teone : A — M X R is a smooth hypersurface on an open dense
proj f yp p

subset. For a curve v : I — A, a Maslov potential is a step function

d:v(I)—7Z
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such that for any a,b € y(I), d(a) —d(b) is equal to the number of down cusps minus
the number of up cusps, and the value at a cusp is equal to points in y(I) in a small
neighbourhood with greater t coordinates. Here a cusp is going up (down) if v*dt > 0

(v*dt < 0).

Remark 2.3.3. [t is not clear at all that the Maslov potential can be globally

well-defined. However, when () = 0 there is indeed a well-defined Maslov potential

d:N—7Z

such that its restriction to any curve will be a Maslov potential on that strand. For

a possible choice of the Maslov potential, see |84)].

The following definition is coming from the formula obtained by Ekholm-Etnyre-
Sullivan [55| Section 3.5]. It may not be a good definition from a geometric viewpoint.

However it is the most convenient one for us.

Definition 2.3.5. Let A C JY(M) be a chord generic Legendrian submanifold, ~
be a Reeb chord on A starting from a and ending at b, and d be a Maslov potential on
any strand on A connecting a and b. Let h,, hy the functions R™ — R be functions

such that in small contact balls U,, U, around a and b,

ANU; = {(z,dhj(x), hj(z))|z € R}.
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Let hop(x) = hy(z) — ho(x). Then the degree of 7y is

n — deg(v) = d(a) — d(b) + ind(D?*hg) — 1.

Lemma 2.3.3 (Ekholm-Etnyre-Sullivan, [55, Lemma 3.4]). Let A C J'(M) be
a chord generic Legendrian submanifold with pu(A) = 0, v be a Reeb chord on A
starting from a and ending at b. Then deg(y) is independent of the strand on A and

the Maslov potential d we choose.

Basically, the degree deg(~y) is well-defined because it is equal to a shifted Conley-
Zehnder index of v. We won’t discuss Conley-Zehnder indices here. Interested

readers may refer to [55, Section 2.3] or |54} Section 2.2].

2.4. Weinstein Manifolds and Weinstein Sectors

Finally, we explain the basic concepts of Weinstein manifolds and Weinstein sec-
tors, which are developed since the work of Weinstein [160]. For the details see
[40,61.76]. For the details of ideal contact boundaries of symplectic manifolds, see

[81].

Definition 2.4.1. Let (X, d\) be an exact symplectic manifold with ideal contact
boundary 0., X . Let the Liouville vector field Zy be defined by o(Z))d\ = X, which we
assume to be outward pointing along the ideal contact boundary. X is a (finite type)

Weinstein manifold if there is a proper Morse(-Bott) function f on X such that Z)
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is a gradient-like vector field. Write X. = f~'((—oo,c|). Then the skeleton of X is

Cx = U ﬂ i (Xe).

ceR z2>0

Example 2.4.1. Let fo : M — R be a Morse(-Bott) function on a closed manifold
M with Riemannian metric g. Let f(x,&) = fo(x) + €2 and X\ = Y77 &dx; +
dfo. This pair defines a Weinstein structure on T* M with the standard symplectic

structure. In particular, when fo = 0, we have the standard Liouville structure on

T*M.

It follows that the stable submanifolds of critical points of the Morse function f
are isotropic submanifolds [40, Lemma 11.13]. Therefore, the skeleton ¢y, which is

the union of stable submanifolds, is a stratified space stratified by isotropic subman-

ifolds.

Definition 2.4.2. Let (X,d\) be an exact symplectic manifold with contac-
t boundary 0, X UOLX. Let the Liowville vector field Zy be defined by o(Z)d\ = A,
which we assume to be transverse to the contact boundary, inward pointing along 0, X
and outward pointing along 0L X. X is a Weinstein cobordism from 0, X to 01X
if there is a proper Morse function f on X such that f~1(0) = 02X, f~1(1) = 0L X

and Zy is a gradient-like vector field.

More generally, one can define Weinstein sectors, which are Weinstein manifolds

with boundaries, following [76).
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Definition 2.4.3. Let (X,d\) be an exact symplectic manifold with boundary
0X, whose ideal contact boundary 0,X is a contact manifold with boundary. Let
the Liouville vector field Zy be defined by (Zy)d\ = X, outward pointing along the
ideal contact boundary 0, X and tangent to 0X. X is a Liouville sector if there is a

function I : 0X — R such that

(1) Z\I = I near the ideal contact boundary 00X ;

(2) dI is pointing positively along the characteristic foliation ker(w|sx) on 0X.

X is a Weinstein sector if there is a function f on X such that Zy is a gradient-like

vector field. Write X. = f~1((—o0,c|). Then the skeleton of X is
Cx = U n Pz (Xe)-
ceR z>0
Example 2.4.2. Let X be a Weinstein manifold with Morse function fx and

F C 05X be a Weinstein hypersurface with Morse function fr. Then one can define

a Weinstein sector by removing a Weinstein tubular neighbourhood of F' |61),76].

We define the notion of proper sectorial inclusions and Liouville subsector em-
beddings. We will not use these notions except in Section [7.1], but it will be helpful

to keep in mind this viewpoint, which will appear throughout the thesis.

Definition 2.4.4. A proper sectorial inclusion is a proper exact symplectic em-
bedding of Weinstein sectors. In particular, it sends ideal contact boundaries to ideal

contact boundaries.
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In terms of the Lagrangian skeleta, it should be viewed as open inclusions of
skeleta (up to possible Liouville deformations). For example, following |75, Section
8.2], for X a Weinstein manifold and F' C 0,,X a Weinstein hypersurface, there is
a proper sectorial inclusion F' x T%[0,1] < X. This will be the main example we

discuss in Chapter [] and [6]

Definition 2.4.5. A Liouville subsector embedding is an exact symplectic embed-
ding of Weinstein sectors that sends sectorial boundaries to sectorial boundaries. A
Liouwville subsector embedding is a Liouville sectorial embedding such that the com-

pliment is a Weinstein cobordism with sectorial boundary.

In terms of the Lagrangian skeleta, Liouville subsector embedding should be
viewed as closed embeddings of skeleta (up to possible Liouville deformations). Note
that a Liouville subdomain embedding between Weinstein domains is not always
a Weinstein subdomain embedding. In fact, there are embeddings of Weinstein

domains whose compliment does not have the homotopy type of a half-dimensional

CW-complex [66].
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CHAPTER 3

Preliminaries in Microlocal Sheaves

Sheaves have played a central role in many branches of mathematics. Microlocal
theory of sheaves on manifolds, introduced by Kashiwara-Schapira, strongly inspired
by studies in differential equations, is a theory that tries to understand sheaves
through their first order approximation, characterized by the stalks of certain local
cohomologies. In this chapter, we review the basic theory of microlocal sheaves which

will be needed for our results.

3.1. Microlocal Theory of Sheaves

Kashiwara and Schapira developed the microlocal theory of sheaves on manifolds
in their celebrated book [97]. We briefly review the results in microlocal sheaf theory

that we are going to use in this paper.

Definition 3.1.1. Let Sh(M) be the dg category of sheaves on M, i.e. the dg
category of (unbounded) chain complezes of sheaves on M over a field k, and Sh(M)
the dg derived category of sheaves on M, i.e. the dg localization of Sh(M) along all

acyclic objects.

Remark 3.1.1. We can consider the dg-categories of chain complexes of sheaves

or sheaves of chain complexes. There is a natural functor from the former to the
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latter, by associating to the sheafification of the corresponding presheaf of chain com-
plexes to each complex of sheaves. This is an equivalence for a smooth manifold of

finite Lebesgue covering dimension; see [112, Appendix C].

Gronthendieck six-functor formalism is well developed for sheaves on manifolds.
One can define the internal .Zom(—, —) and tensor product —® — of sheaves. Given
a continuous map f : M — N, we have an adjunction between pull back and push
forward

.t Sh(M) = Sh(N) : f*,

and we also have an adjunction between proper push forward and proper pull back
f':Sh(N) = Sh(M) : f.

The readers may refer to Kashiwara-Schapira [97 Section 2 & 3.1] for important
properties of the six functors on bounded complexes of sheaves, and see [150| for the
generalization of Grothendieck six-functors to the setting of unbounded complexes

of sheaves.

Example 3.1.2. We denote by ky; the constant sheaf on M. For a locally closed

subset iy 1 V — M, abusing notations, we will write
ky = iviky € Sh(M).

In particular, ky € Sh(M) will have stalk k for x € V' and stalk 0 for x ¢ V. Note

that when V- <— M 1is a closed subset, we can also write ky = iy.ky .
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We can define the linear dual and Verdier dual of a sheaf. Recall that for p: M —
{}, the dualizing sheaf of M is wy; = p'’k. When M is orientable with dimension n,

wy = kay[n]. For the detailed discussion, see Kashiwara-Schapira [97], Section 3.3].

Definition 3.1.2. Let .# € Sh(M). The linear dual of F is
D', F = Hom(F k).
The Verdier dual of F is
Dy F = Hom(F,wy).

Then we are ready to introduce the notion of singular support, which was intro-
duced by Kashiwara-Schapira |97, Section 5] as the key concept of microlocal theory

of sheaves on manifolds.

Definition 3.1.3. Let % € Sh(M). Then its singular support SS(F) is the
closure of the set of points (x,£) € T*M such that there exists a smooth function

p € CH (M), () = 0,dp(x) = £ and

Fgofl([O,—i-oo))(g)z # 0.

The singular support at infinity is SS®(F) = SS(F)NT*> M.
For N C T*M a conical subset (resp. A C T"*°M any subset), let Shi(M) C

Sh(M) (resp. Sha C Sh(M)) be the full subcategory consisting of sheaves such that
SS(F) C A (resp. SS=(F) C A).
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Example 3.1.3. Let F = kgnx[o,40c)- Then SS(F) = R" x {(z,§)|r > 0,{ =
0 orz=0,§>0}, SS®(F) = vgise., R"™ = {(z1,...,2,,0,0,...,0, 1)}, which is
the inward conormal bundle of R™ x Rg.

Let F = kgnx(0,400)- Then SS(F) = R" x {(z,§)]|r > 0,{ =0o0rz =0, <
0}, SS™(F) = vpisp., LR = {(21,...,2,0,0,...,0, =1)}, which is the outward

conormal bundle of R™ x Ry.

The singular support of a sheaf detect when derived sections of the sheaf fail to
propagate. To make it precise, we explain several important lemmas on propagations
of sections of complexes of sheaves |97, Section 5]. See Robalo-Schapira [132] for
the generalization of non-characteristic propagations to the setting of unbounded
complexes and Jin-Treumann [94] Section 2| for generalizations to the setting of
modules over Fs-ring spectra.

First, on a vector space, we introduce the notion of a convolution and state the

microlocal cut-off lemma. This is a special case of non-characteristic propagations.
Definition 3.1.4. Let V be an R-vector space. Let

T VXV =5V (v,v) » v, m: VXV =V (v,0) — vy,

s:VxV =V (v,v) = vy + v
For #,9 € Sh(V), define the convolution as
F x4 = s,(n \F @7,'Y),

FKG =5 \F @1,'9).
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Let V' be an R-vector space and v C V be a closed cone, meaning that « is

invariant under R-(-dilation. Then the polar set of v is
7 = {u € VY| {u,v) > 0, Vv € 7},

For a subset A C M, the interior of A is denoted by A°.

Lemma 3.1.1 (Microlocal cut-off lemma, |97, Proposition 5.2.3], [84) Proposi-
tion 2.9]). Let V be an R-vector space, v C V be a closed cone and F € Sh(V).

Then SS(F) CV x (vV)° iff

Remark 3.1.4. In Kashiwara-Schapira they use +° as the polar set and Int(°)

for its interior but here we use different notions.

Then we explain the machinery of microlocal Morse theory or non-characteristic
propagation theory for sheaves on general manifolds that will be frequently used in

this paper. We state the results here.

Proposition 3.1.2 (non-characteristic deformation lemma |97, Proposition 2.7.2]).
Let F € Sh(M) and {U,}ier be a family of open subsets and Z, = (o, U\Us. Sup-
pose that

(1) Uy = U, Us, for —oo <t < 4o00;
(2) U\U, N supp(.F) is compact, for —oo < s < t < 400;

(3) Tanu (F )z =0, forx € Z\U;, —00 < s <t < 400.
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Then for any t € R we have

F( .. 3?) =10, Z).

seR

By considering the special case when Us C M are sublevel sets of a smooth

function f : M — R, we have the microlocal Morse lemma.

Proposition 3.1.3 (microlocal Morse lemma [97, Corollary 5.4.19]). Let F €
Sh(M) and f : M — R be a smooth function that is proper on supp(.%). Suppose

for any x € f~'([a,b)), df (x) ¢ SS(F). Then
L(f7H(=00,0)),.7) = T(f 7} ((—00,a)), 7).

Example 3.1.5 ([148| Section 3.3]). Suppose A = v\, R C T>R"™!
is the inward conormal bundle of R™ x Rwq at infinity, and F € ShY(R"*1). Then
by microlocal Morse lemma, F |gnyx (0}, F |Rrx(0,400) 0N F |Rnx (—00,0) are locally con-

stant sheaves, and
D(R" x {0}, F) = [(R™, %) = T(R" x [0, +00), F).
Suppose that the locally constant sheaves are

F|Rrx[0,400) = FiRnx[0,400)s F |Rrx(—00,0) = F|Rrx(=00,0)-
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F+

T

l

F

Figure 3.1. The singular support of a sheaf and the combinatoric de-
scription.

Then % is determined by the diagram (Figure

F F, F,

Microlocal Morse theory not only shows when derived sections of sheaves on sub-
level sets propagate, but also detects how derived sections of sheaves on sublevel sets

fail to propagate. Quantitatively, we have the following microlocal Morse inequality.

Proposition 3.1.4 (microlocal Morse inequality [97, Proposition 5.4.20]). Let
F € Sh(M) and f: M — R be a smooth function that is proper on supp(.%). Let

A, = {(z,dp(z))|z € M}, and suppose that

SS(F)N A, = {(21,&1), ... (20, &)}

and Vi = Tusp@) (F ), is finite dimensional. Then T'(M,.F) is also finite dimen-

sional and for any | € 7

DO (=D dim H (Vi) =) (=1)" dim B (M, F).

1<i<n j<I J<l
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In particular for any j € Z, 3, dim H’(V;) > dim H’ (M, 7).

From the above discussion, we have seen that the core of investigating the be-
haviour of sheaves on manifolds is to estimate the singular support of the sheaf.
Here are some singular support estimates we are going to use. Let f: M — N be a

smooth map. Then we have the following maps between vector bundles
T*M &% M xy T*N I 7N,

where f, is the natural map determined by fiber product, and f; is the pullback
map of covectors or differential forms. More explicitly, for (z,n) € M Xy T*N where
n€ Ty,

fr(@,m) = (f(z),n), falz,n) = (z, f*n).

Proposition 3.1.5 (|97, Proposition 5.4.5|). Let .% € Sh(N) and f : M — N

be a submersion. Then
SS(f1F) = faf s (SS(F)).

Proposition 3.1.6 (|97, Proposition 5.4.4]). Let # € Sh(M) and f : M — N

be a proper smooth map. Then

SS(fF) C fxfi ' (SS(F)).
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Remark 3.1.6. In Kashiwara-Schapira, they call a smooth/continuous map as
a morphism between manifolds, and call a submersion as a smooth morphism be-
ween manifolds. Here we instead use the terminologies that may be more familiar to

geometric topologists.

Proposition 3.1.7 ([97, Proposition 5.4.14]). Let .#,9 € Sh(M). Suppose

(=SS(F))NSS(Y)C M CT*M. Then
SS(F@¥9)C SS(F)+S5(9).
Suppose SS(F)NSS(Y) C M C T*M. Then
SS(Hom(F,9)) C (=SS(F))+ SS(9).
Under the assumption, when F is constructible, then #om(F,9) ~D,F Y.
The singular support estimation for pullback functors usually requires more as-

sumptions. Let f : M — N be a smooth map. Then a subset A C T*N is called

non-characteristic with respect to f if
Amu}(M)N CMcCMxyT*N.

where V;Z(M)N is the kernel of f, : M xy T*N — T*N.
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Proposition 3.1.8 (|97, Proposition 5.4.13]). Let ¢ € Sh(M) and f : M — N

be a smooth map such that SS(¥) is non-characteristic with respect to f. Then
SS(f7'9) C fa(f71(S5(9))),

and there is a natural isomorphism f~'4 @ wyn = f'9q.

Here are some singular support estimates that we are going to use. Let A, B C

T*M. Then define (z,¢) € AT B iff there exists (an, o) € A, (by, Bn) € B such that
Ay by = T, ap + By — &, |an, — byl|an| — 0.

Let i : M — N be a closed embedding. Then for A C T*N, define (x, ) € i#(A) iff

there exists (Yn, M, Tn, &n) € A X T*M such that

Ty Yn = Ty Ny — En — &, |xn - yann’ — 0.

Proposition 3.1.9 (|97, Theorem 6.3.1]). Let j : U < N be an open embedding,
F € Sh(U). Then

SS(j.F) C SS(F) ¥ v _N,
where vj; _N is the inward conormal bundle of U C N.
Proposition 3.1.10 (|97, Corollary 6.4.4]). Let i : M — N be a closed embed-

ding, # € Sh(N). Then

SS(i~ ) c i*SS(F).
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The first hint on the relation between sheaves and symplectic geometry is the
result of Kashiwara-Schapira, which shows that singular supports are coisotropic
subsets [97, Theorem 6.5.4]. In our paper, we will mostly study the simple case

when the singular support is Lagrangian.

Definition 3.1.5. A subset Z C M is subanalytic at x € M if there exists an
open neighbourhood U of x, and compact manifolds Yy (t=1,2,1 <j < N) and

fi Y] = M analytic functions such that

ZﬂUzUﬂ(U iy, \f2Y2)>

1<j<N

Z is a subanalytic set if it is subanalytic at any point.

Definition 3.1.6 ([97, Definition 8.4.3)). For a sheaf F € Sh(M), when SS(.%)
is a subanalytic Lagrangian subset (resp. when SS*(F) is a subanalytic Legendrian),

then .7 is called a weakly constructible sheaf.

Remark 3.1.7. In some modern literatures [104}124,146|, people call such
sheaves constructible sheaves, since they work with unbounded complexes of sheaves
and it is unnatural to assume perfect stalks in the corresponding large categories.

Here, we follow the original convention in [97| since we will use both notations.

In particular, for a weakly constructible sheaf .%, by Sard theorem, when ¢ > 0
is sufficiently small, the outward conormal bundle I/aB ()4 M will be disjoint from
the subanalytic Legendrian SS*°(.%), and thus by microlocal Morse lemma we can

identify the stalk of a weakly constructible sheaf with the local sections.
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Lemma 3.1.11 (|97, Lemma 8.4.7]). When .# € Sh(M) is a weakly constructible

sheaf, for any x € M and € > 0 sufficiently small we have

F, ~T(B.(2), #) ~(B.(z), 7).

There is a stronger notion of a constructible sheaf |97, Section 8.4], which we

introduce now.

Definition 3.1.7 ([97, Definition 8.4.3]). For a sheaf % € Sh(M), when F is

a weakly constructible sheaf and F, is a perfect complex for any x € M, then F is

called a constructible sheaf.

Proposition 3.1.12 ([97, Proposition 3.4.4]). Let % € Sh(M) be a constructible

sheaf. Then
Dy @y 4 ~ Hom(ni \F, 1,9,
DT @'Y ~ Hom(n \F, 1,'9).

Proposition 3.1.13 (|97, Proposition 3.4.6]). Let #,9 € Sh(M) be constructible

sheaves. Then
RAom(F,9) ~ R#om(DyF, DY) ~Dy (DyF @9).

Remark 3.1.8. In fact, the above propositions hold as long as . ,9 € Sh(M)

are so called cohomologically constructible sheaves |97, Definition 3.4.1]. We can
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easily show that cohomologically construtible sheaves are constructible using Lemma

3.1.11. However, we do not know whether the converse is true.

3.2. Microsheaves or Kashiwara-Schapira Stack

Whn studying microlocal theory of sheaves, one of the most important results
of Kashiwara-Schapira is their theory of microlocalization, which enhances sheaves
on M to microsheaves on T*M to obtain more precise description on the microlo-
cal behaviour of sheaves using the algebraic theory of microsheaves instead of the
geometric theory of singular supports.

We review the definition and properties of microlocalization and microsheaves or
Kashiwara-Schapira stacks, which has been introduced and studied in [97) Section
6], [84] Section 6] or [121] Section 3.4]. Here we follow the definition in [124), Section

5).

Definition 3.2.1. Let A C T*M be a conical subset. Then define a presheaf of

dg categories on T*M supported on A to be

The sheafification of uSh%’"e is pShy. In particular, we write pSh = pShy«pr for the
sheaf of categories on T*M.
Let Sh(K)(M) be the subcategory of sheaves F such that there exists some neigh-

bourhood () of/A\ satisfying SS(.F) N QCA. For 7,9 ¢ Sh(x)(M), let the sheaf of
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homomorphisms in the sheaf of categories uShz be
phom(ZF,9)|; Q HomuShK@)(ﬁ,%).

Write uhom (% ,9) to be the sheaf of homomorphisms in uSh.
Let A C T**°M be a subset where T**°M is identified with the unit cotangent

bundle. Then pShy is defined by puSha = Shyxr.,|a-

Remark 3.2.1. We define the sheafification in the (large) category of dg cate-
gories whose morphisms are exact functors. When A is a conical subanalytic La-
grangian, the sheafification takes value in the (large) category of presentable dg cate-
gories whose morphisms are colimit preserving functors [124, Remark 6.1]. When A
1s not conical subanalytic Lagrangian, it is then not necessarily true that the sheafi-

fication in exact dg categories agree with the one in presentable dg categories.

Remark 3.2.2. Kashiwara-Schapira defined phom using the mcirolocalization
fuentor of Sato |97, Definition 4.1.1] rather than the internal Hom on uSh. Let F,

¢ € Sh(M), they set
phom(F,94) == un,, 7 om(r;.F, 159)

where pia,, 18 the microlocalization along the diagonal |97, Section 4.3]. It follows
from [97, Theorem 6.1.2] and |84}, Corollary 5.5.] that there is an canonical isomor-
phism

phom(F,9)|q — Homusna)(F,9).
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Thus, we abuse the notation and simply use phom to denote the internal Hom of

wSh valued in sheaves on conic open sets of T M.

Denote by mj the natural quotient functor on the sheaf of categories, which, on

the level of global sections, induces
mp ShA(M) — ,LLShA(A)

We call m, the microlocalization functor. One may notice that the microlocalization

functor factors through the restriction functors on the cotangent bundle
my : Sha(M) = uShy, (M UR) — uShy(A).

The next lemma follows from the identity I'(7T*M, phom(%,9)) = Hom(.%,9)
[97, Equation (4.3.1)] and the fact that supp(phom(F,¥)) C SS(F) N SS(Y)

[97, Corollary 5.4.10].

Lemma 3.2.1 ([121, Remark 3.18]). Let A C T*M be a conical subanalytic

Lagrangian. Then there is an isomorphism
Shygo (M) = iShy, (M UR).

Remark 3.2.3. Using the invariance of uSh under contact transformations |97,
Section 7.2] and [124) Lemma 6.3], which will be discussed in the next section, the

right hand side only depends on the germ of M U /AX, and can be viewed as a sheaf of
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categories either in MU C T*M or in some T*®N through a Legendrian embedding

M UA < T**®N (see also [124, Remark 8.25]).

Proposition 3.2.2 ([84] Equation 6.4], [87, Equation 1.4.6]). Forp = (x,§) €
A C T5*®M a smooth point on a Legendrian A C T**°M, the stalk pSh, satisfies

the following: for F,9 € Sha(M), ¢ € C*(M) such that ¢(x) = 0,dp(x) = &,
Homysp, (F,9) = phom(F,9), = Hom(L'y>0(F )z, Lo>0(9)2)-

Theorem 3.2.3 (|84, Proposition 6.6 & Lemma 6.7], [124, Corollary 5.4]). For
p = (2,8§) € A C T%°M a smooth point on a Legendrian A C T*>*°M, the stalk

puShy, ~ Mod(k).

Theorem 3.2.4 (Guillermou, [84, Theorem 11.5]). Let A C T**°M be a smooth
Legendrian submanifold. Suppose the Maslov class p(A) = 0 and A is relative spin,
then as sheaves of categories

uShy = Locy.

Proposition 3.2.5 (Guillermou, [84, Theorem 7.6 (iv), 7.9, 8.10 & Lemma
11.4]). Let A C T**°M be a Legendrian submanifold. Suppose the Maslov class
w(A) =0 and A is relative spin. When the front projection of A is a smooth hyper-

surface near p and @ € CY(M) is a local defining function for A, then

mpp(F) = Lpzo(F)e[—d(p)].
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For two different points p and p' € A, d(p) — d(p') is equal to the difference of any

Maslov potential at p and p'.

Example 3.2.4. Suppose A = vgip R C TR is the inward conor-

mal of R™ x Rog and F € ShS(R"™). Then F is determined by

jol F, F,

For p=(0,...,0,0;0,...,0,1) € A we can pick p(x) = x,.1 and get

,,,,,

Therefore one can see that the definition of the microstalk coincides with the definition
of the microlocal monodromy defined by Shende- Treumann-Zaslow [148| Section 5.1],
and indeed

map(F) = pmon(F),[—1].

Now we are able to define the notion of microstalks, which defines the equivalence
in Theorem |3.2.3] Using that we are able to define simple sheaves and pure sheaves,

or microlocal rank r sheaves.

Definition 3.2.2. Let A C T**°M be a Legendrian submanifold. Suppose u(A) =

0 and A is relative spin. For p = (x,£) € A, the microstalk of % € Sh®(M) at p is

map(F) = ma(F)p.
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F € Sha(M) is called microlocal rank r if ma ,(:F) is concentrated at a single degree

with rank r. In this case % is called pure, and when r =1 it is also called simple.

Proposition 3.2.6 (|87, Equation 1.4.4]). Let A C T**M be a Legendrian

submanifold. .F € Shy(M) is microlocal rank r at p € A iff
phom(F , F), ~ k™.

One can estimate the singular support of the sheaf phom(.%,%) in T*M. Recall
that for A, B C X, we define the normal cone C(A, B) such that (z,§) € TX iff

there exists a,, € A, b, € B, ¢, € R such that
Ay by — x, cpa, —b,) =&, n— 0.

Proposition 3.2.7 (|97, Corollary 5.4.10 & Corollary 6.4.3)). Let #,9 € Sh(M).
Then

SS(uhom(Z,9)) € C(SS(F), SS(9)).

In particular, supp(phom(.#,9)) C SS(F)NSS(¥Y).

Remark 3.2.5. By Proposition [97, Proposition 5.4.4], we can show that

197, Corollary 6.4.4 & 6.4.5] for m: T*M — M and 7 : T*M — M we have

SS(m.phom(F,9)) C mp(dn*)1C(SS(F),S5(4)) = —SS(F)+ SS(9),

SS(#t.phom(F,9)) C itx(di*) 'C(SS(F), SS(F)) = —SS(F) Too SS(¥).
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Finally, we know that the microlocalization induces morphisms

phom(ZF,9) — phom(%,9)

siv, Hom(F,G) — . (puhom(F,9)

$*M)-

By [97, Equation (4.3.1)], we immediately know that the second morphism fits into
the following Sato’s fiber sequence, which characterizes algebraically the effect of

singular support on Homs between sheaves.

Theorem 3.2.8 (Sato’s exact triangle, [84, Equation 2.17], [87, Equation 1.3.5]).

Let F,9 € Sh(M). Then there is an exact triangle

1

N AHom(r ' F ,75'G) — Hom(F,9G) — ww.(phom(F G| pecons) — .

In particular, when F is constructible, by Proposition

+1

D'F @9 — Hom(F,9) — w.(phom(F,9) | peconr) —

Remark 3.2.6. Since #om(F,9) = A'A#om(r; ' F,759), we know that the
first map is induced by the natural map A @ waxm — AN A, The failure of

the map being an isomorphism is due to the characteristicity of SS(F) with respect

to A by Proposition [3.1.8.

3.3. Functors and Quantizations of Hamiltonian Isotopies

The very first step to understand the relation between symplectic geometry and
microlocal sheaves is to understand how sheaves change with respect to Hamiltonian

isotopies. This requires one to define functors from geometric Hamiltonian isotopies,
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which is called sheaf quantization. In this section we review the equivalence functor

from a Hamiltonian isotopy defined by Guillermou-Kashiwara-Schapira |88].

Definition 3.3.1. Let ﬁs T*M x I — T*M be a homogeneous Hamiltonian on

T*M. Then the Lagrangian graph of the Hamiltonian isotopy ©% (sel) is
Graphg = {(z,2,&, &, 5,0)|(2', &) = o5 (2,8),0 = —?[sogp%(:c,ﬁ)} CT*(MxMXI).

For a conical Lagrangian /A\, the Lagrangian movie of/AX under the Hamiltonian iso-

topy ¢ (s € I) is by definition

A ={(x,&5.0)|(2,€) = ¢ (w0, &), 0 = —Hoop% (w0, &), (20, &) € A} € T*(MxT).

Theorem 3.3.1 (Guillermou-Kashiwara-Schapira, [88|, Proposition 3.12]). Let
PAIS :T*M x I — T*M be a homogeneous Hamiltonian on T*M and A a conical

Lagrangian in T*M. Then there are functors that give equivalences
Shi (M) < ShAH(M x 1) = Sh¢L(K)(M)
H
given by restriction functors iy" and iy' where i, : M x {s} — M x I is the inclusion.

Remark 3.3.1. One can show that the theorem also works for a U-parametric

family of Hamiltonian isotopies for a contractible manifold U .

For the category of microlocal sheaves puShy(A), Kashiwara-Schapira [97, The-

orem 7.2.1] showed that it is invariant under contact transformations, which are
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just (local) contactomorphisms. Nadler-Shende explained how this will imply the

invariance of ©Sha(A) under (global) Hamiltonian isotopies.

Theorem 3.3.2 (Nadler-Shende [124, Lemma 6.6]). Let Hy : T%*°M x [ — R
be a contact Hamiltonian on T**°M and A a Legendrian in T**°M. Then there are

equivalences

pSha(A) <= pShay, (M) = pShyy (a) (@i (7))

given by restriction functors iy and iy where iy : T*°M x {s} < T*(M x I) is

the inclusion. We denote their inverses by VY and Wi, and ¥y = i7" o UY,.

Proof. For any open subset 2 C T™*M, consider the contact movie Qy,. C
T*>(M x I) in the time interval I, = (s — €, s +€). Then i ' induces equivalences

of categories

Sh‘AHUQfg,S (M X [S,E) 1) Shgp%(AuQc)(M), Shﬂ%s (M X [576) 1> Shlp%(gc)(M).

s€ €

Since Sh(M x Ic) = Sh(M x I)/Shr«xni,)(M x I), we get an equivalence of

presheaves

iyt pShY () = nShYE 4 (93(9)),

e—0

where the left hand side is the pull back of a presheaf, since Qg ;. (¢ > 0) form a
neighbourhood basis of ¢35, (€2). Therefore, after sheafification, we can get an equiv-

alence given by the pull back

i Sha (93 (M) = 1Shys () (9 (A)).
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Then, since uShY" () =~ wShY" (Que.), we also know that pShy~ forms a
presheaf that is locally constant in the I direction (along contact movies of points).
Since [ is contractible, we can conclude that there is an equivalence given by the

restriction

1Shay (M) > 1Shay (3 (A)).

This completes the proof of the theorem. O

Remark 3.3.2. One can show that the theorem also works for a U-parametric

family of Hamiltonian isotopies for a contractible manifold U, following Remark

(231

Remark 3.3.3. From our proof, one may notice that there is a commutative

diagram

i 1

Sha, (M x I) —— Shys a)(M)

o

pShay (M) ——= pShys ) (g5 (A)).

3.4. Various Versions of Microlocal Sheaf Categories

We have defined the sheaf of stable categories Shy and uShy consisting of sheaves
and respectively microsheaves. However, in general we may want to work with either
the subcategories of compact objects or proper objects. We explain how to restrict
to these categories. Most of the discussions can be found in |[121} Section 3.6 & 3.8]

and |74, Section 4.5].
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Throughout the discussion, we will be considering the microlocal sheaf category
uShy on a subanalytic Legendrian (or conical Lagrangian) subset.

Following |74, Lemma 4.11] or |[153| Section 2.2], we know that the category
of sheaves Shp(M) C Sh(M) is a right orthogonal complement category and is
well generated. When A C T**°M is closed, Shy(M) is complete and cocomplete.

Moreover, we also know that Shy (M) is presentable |74, Lemma 4.12].

Definition 3.4.1. For % € puSha(Q2), we call it a compact object if the Yoneda
module Homy,sp, «)(F, —) commutes with filtered colimits. Let nShi () C uSha(£2)

be the full subcategory of compact objects.

In particular, when we consider for a subanalytic Legendrian A C T**°M the

category of compact objects

SHS(M) = S, < (T*M),

MUA

we can prove that it is a smooth category in the sense of [103, Definition 8.1.2]
(see also |111| Definition 4.6.4.13]), namely that (for the small category </ under

consideration) the diagonal bimodule

JZ%A(X, Y) = HOm_Q{(X, Y)

is a perfect &/P? x o/-bimodule.

Proposition 3.4.1 (|74, Corollary 4.25]). Let M be compact and A C T**M

be a subanalytic isotropic subset. Then Sh{ (M) is a smooth category.
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Since Shy(M) is well generated and presentable, we know that puShy is both a
sheaf and a cosheaf of categories with respect to restrictions and corestrictions. In

fact, for V' C U, the restriction functor

iy s pSha(U) — uSha(V)

preserves limits and colimits and thus admits left and right adjoints [74, Lemma
4.12]. Since rj;,, preserves colimits, its left adjoint, which is called the corestriction
functor

ruvy s wSha(V) — pSha(U).

preserves compact objects. Hence the corestriction functor restricts to the subsheaf

of category of compact objects

rovy s wShi (V) — uShi(U).

Note that uShany(U) = uSha(U), so this is indeed a functor on global sections of

categories uShqqy (V) — pwShiqy (U).

Remark 3.4.1. For closed subanalytic isotropic subsets A C T**°M, the mi-

crolocalization and its left adjoint

mp : ShA(M) — [LShA(A), mi\ : ,LLShA(A) — ShA(M)
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are special cases of restriction functors and corestriction functors. In particular, the

left adjoint of microlocalization ml, preserves compact objects

mh : uShS(A) — ShS(M).

Given sheaves of categories uShx and uShy, where X C Y is a closed subset,

there is an inclusion functor between sheaves of categories

txys: WShx — pShy

which also preserves limits and colimits. Since it preserves limits and is accessible,

there is a left adjoint called the pullback functor

txy @ pShy — puShx.

Since txy. preserves colimits, ¢%, preserves compact objects. Hence the corestriction
functor preserves the sub-cosheaf of categories of compact objects. By considering

global sections, we get a pullback functor t%y : wSh§ (V) — pnShs (X).

Remark 3.4.2. For closed subanalytic isotropic subsets A C A" C T**M, the

inclusion functor and its left adjoint

LAA % - ShA(M) — Sh,\/(M), LT\A’ : ShA/(M) — ShA(M)
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are special cases of the inclusion and pullback functors above. In particular, the

pullback functor preserves compact objects
thn : ShG (M) — Shi(M).

This is also called the stop removal functor |74), Corollary 4.22] (one can compare
it to the stop removal functors in partially wrapped Fukaya categories |75, Theorem

1.16)).

Let A be a singular isotropic and (z, &) € A be a smooth point. Up to a shift, there
is a microstalk functor pi,e @ Sha(M) — Mod(k) [97, Proposition 7.5.3], which
admits descriptions by sub-level sets of functions whose differential is transverse
to A [74, Theorem 4.10]. By applying its left adjoint to the generator k, we see
that it is tautologically corepresented by the compact object /ﬁ(m) (k) € Sh§(M).
Furthermore, when there is an inclusion A C A" and (z,£) € A, the corepresentative
,ul(x@ (k) € Sh,(M) is sent under ShS, (M) — Sh{ (M) to a similar corepresentative
in Sh{ (M) and, they are tautologically sent to the zero object when (z, ) is a smooth

point in A\ A. The converse is also true:

Proposition 3.4.2 (|74, Theorem 4.13]). Let A C A’ be subanalytic isotropics
and let 7y, \(T*M) denote the fiber of the canonical functor Shi,(M) — Shi(M).
Then .@K,A(T*M) is generated by the corepresentatives of the microstalk functors

(zg) for smooth Legendrian points (x,§) € A"\ A.
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On the other hand, we can consider the subcategory with perfect stalks, which
turns out to be the subcategory of proper modules (equivalently, pseudoperfect mod-

ules) in the category of (micro)sheaves.

Definition 3.4.2. Let uShi(U) C uSha(U) be the full subcategory of objects with
perfect stalks, and pShE(U) = Fun®(uShs (U)F, Perf(k)) be the category of proper

modules in uShS(U), where Fun®(—, —) is the stable category of exact functors.

Since restriction functors in uShy preserves (micro)stalks, the sheaf of categories
wShy can be restricted to a subsheaf of categories 1ShYy. Meanwhile, since uShS (U)
forms a cosheaf of categories under corestriction functors, we know that the full
subcategories of proper submodules pShYY also forms a sheaf of categories under
restriction functors.

The following theorem shows that ShY (U) is the equivalent to the subcategories

of proper modules pShE in uShS (U).

Theorem 3.4.3 (Nadler [121] Theorem 3.21], |74} Corollary 4.23]). Let A C
T**M be a subanalytic isotropic subset. Then the natural pairing phom(—, —) de-

fines an equivalence

S (U) ~ pShP(U) = Fun®(uShs (U)°P, Perf(k)).

In particular, ShS (M) ~ ShEP(M).
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Using the above theorem, for a subanalytic Legendrian A C T**°M the category
of proper modules
SHEY(M) = ST < (T°M),
is a proper category (see [103, Definition 8.2.1] or [111, Definition 4.6.4.2]), namely

that (for the small category &7 under consideration) the diagonal bimodule @75 is a

proper bimodule, i.e. for any XY € o7,
Homy(X,Y) € Perf(k).
Proposition 3.4.4 (|74, Corollary 4.25]). Let M be compact and A C T**M

be a subanalytic isotropic subset. Then ShX' (M) is a proper category.

Since Sh§ (M) is a smooth category, we know by [74, Lemma A.8] that ShY’ (M) C

Sh{(M). Therefore we have the following corollary.

Corollary 3.4.5. Let M be compact and A C T**M be a subanalytic isotropic

subset. Then ShY (M) C Sh§(M).

Remark 3.4.3. From the discussion above, we can show that for closed suban-
alytic isotropic subsets A C T**°M, the microlocalization functor preserves proper
objects

ma : ShA (M) — uShy(A),

and so does the inclusion functor

tanrs 2 ShE (M) « ShE,(M).
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CHAPTER 4

Microlocalization and Doubling along Legendrians

Our goal in this section is to prove the duality and long exact sequence regarding

microlocalization and understand the microlocalization functor

by the doubling construction in sheaf theory (which is also known as the antimicrolo-
calization functor [124] or the Guillermou convolution functor [94]).
First, we will consider an arbitrary Reeb flow T}, t € R, on T*°°M and prove the

Sabloff-Serre duality and Sato-Sabloff long exact sequence.

Theorem 4.0.6 (Theorem [1.2.3)). Let A C T**°M be a closed subanalytic Leg-
endrian and c(\) be the length of the shortest Reeb chord on A with respect to the
Reeb flow T;. Let F € Sha(M) and 4 € Sha(M). Then for 0 < e < c(A)/2, there

s an exact triangle
Hom(F,T-(%)) — Hom(F,T.(9)) — T(A, phom(F,9)) 5 .

Let wyy be the dualizing sheaf of M. There is a duality

Hom(Z,T_(9) @wy)” = Hom(9, T(F)).



89

It turns out that the duality and long exact sequence show that there exists a fully
faithful functor which is the right inverse of microlocalization. This is the doubling

functor.

Theorem 4.0.7. Let A C T**°M be a closed subanalytic Legendrian and c(A)
be the length of the shortest Reeb chord on A with respect to the Reeb flow T,. Then

for 0 < e < c(N)/2, there is a fully faithful functor

wp : uSha(A) = Shr,(ayur_.a)(M).

The doubling functor in sheaf theory goes back to Guillermou [84} Section 13-15],
and is also formulated in a different way in Nadler-Shende [124| Section 6]. Here
we will generalize that functor to arbitrary Reeb flows on T%*°M. In Lagrangian
Floer theory, the stop doubling construction has been discussed in the setting of

Fukaya-Seidel categories [4] (see also |2,6]) as the cup functor

Up: F(F) —» FS(X,n),

and also in the setting of partially wrapped Fukaya categories as the doubling trick

[75, Example 8.7], cup functor or Orlov functor [152]

Ur : W(F) - W(X, F).

Recently the doubling trick has been used in the theory of (twisted) generating

families [3, Theorem C].
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Our key ingredient to deduce the doubling construction is sheaf theoretic wrap-
pings. In Section [4.1 we prove the Sato-Sabloff exact sequence. When discussing
the Sato-Sabloff exact sequence, we also show a Sabloff duality using the Verdier
duality on sheaves, which has appeared in a number of works in symplectic geometry
[58,135]/141].

Then in Section [4.2] using the Sato-Sabloff fiber sequence, we define the doubling
construction, which allows us to prove sheaf quantization results for a large family of
exact Lagrangian submanifolds in Section [4.4], which in particular includes the sheaf
quantization result for Lagrangian cobordisms between embedded Lagrangian sub-
manifolds, and the conditional sheaf quantization result for Lagrangian cobordisms
between Legendrian submanifolds.

Sheaf quantziation, namely constructing sheaves from known symplectic/contact
geometric data has been to core problem in the field, studied in a number of cel-
ebrated works [12]/84)88]/94]153|. Given exact Lagrangians with Legendrian lifts
LcJ 1(M) that are either closed or with Legendrian boundaries at the ideal contact

boundary 7% M, Guillermou and Jin-Treumann constructed fully faithful functors
Uy, : Loc(L) = Shz (M x R)

that are inverses of taking microlocalization.
We are able to generalize the sheaf quantization results in more general settings.

Recall that Shy(M x R), consists of sheaves with acyclic stalks at M x {—oo}.
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One class of noncompact exact Lagrangians that are of particular interest are
Lagrangian cobordisms in the sense of Arnol’d |9]. Their relation with Lagrangian
Floer theory and Fukaya categories have been studied in a number of recent works,
namely Lagrangian cobordisms induce equivalences on the Fukaya category, and
Lagrangian cobordisms with extra ends induce morphisms in the Fukaya category
which give iterated mapping cone decompositions [16},(17,(125,[155]. Our result is
the first step to understand the relationship between Lagrangian cobordisms and

microlocal sheaves. This is based on joint work with T. Asano and Y. Ike.

Theorem 4.0.8 (Theorem [1.3.1). Let V. C T*(M x R) be an exact Arnol’d
Lagrangian cobordism between Ly, ..., L, and K, ..., K, with a Legendrian lift VC

TG (M x R x R). Then there is a fully faithful right inverse functor of my

\I’V . ,uShv(V) 1) Sh";(M x R x R)O

However, for Lagrangian cobordisms between Legendrian submanifolds in the
sense of symplectic field theory, we know for sure that there does not always exist a
sheaf quantization which produces sheaves in Sh; (M x R x Rsg) (for example the
trivial endocobordism of a stabilized or loose Legendrian). The best to hope is a
conditional sheaf quantization result.

We will prove such a conditional sheaf quantization result, which explains that
given a local system in Loc(L), the necessary condition of existence of a sheaf quan-

tization at the negative end Shy_(M x R) is in fact also the sufficient condition.
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Theorem 4.0.9 (Theorem [1.3.2)). Let L C J'(M) x Rsq be an exact Lagrangian
cobordism between Legendrians from A_ C JY(M) to Ay C JY (M), with Legendrian

lift L C JY (M) xRsq. Then there is a fully faithful right inverse functor of (i~', mr)
\IJL . ShA_ (M X R)o X,LLShAi(Af) uShL(L) 1) ShE(M x R x R>0)0

where i M X R x s_ — M x R x Ryg for s > 0 sufficiently small and my, :

Shi(M x R x Ryo) = uShr(L) is the microlocalization.

In J}(R) and J'(S'), Pan-Rutherford showed that the dg algebra map can be
viewed as a bimodule [130|. By enhancing with loop space coefficients, we expect
that the enhanced dg algebra map can be viewed as correspondences parametrized

by chains on the based loop space of L
AA) ®c_n ) Cou(QL) — A(E) — A(A)

where the first map is an equivalence when L is embedded. Forgetting the data
of C_,(Q.L), we in particular have a diagram (of dg algebras with no loop space

coefficients)

A(A_) — A(L) <+ A(AL).

Similarly, in microlocal sheaf theory, one may also consider the restriction functors
to both ends which define correspondences between the sheaf categories with sin-
gular supports on Ay parametrized by local systems on L. Our result realizes the

Lagrangian cobordism functor as correspondences,
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4.1. Sabloff Duality and Sato-Sabloff Exact Triangle

The goal in this section is to prove Theorem [4.0.6lWe will explain how Reeb
flows induce continuation maps and how the cones of the continuation maps are

determined by the Hom in uShy(A).

4.1.1. Continuation maps for positive Hamiltonians

In Lagrangian Floer theory people consider wrappings by positive Hamiltonian at
infinity. Here we consider the effect of a positive Hamiltonian flow and how they

define continuation maps. By a positive Hamiltonian, we mean the following.

Definition 4.1.1 (Eliashberg-Polterovich [67]). Let (Y,ker«) be a cooriented
contact manifold. Then a time-dependent Hamiltonian H € C*([0,1] X Y) is called

positive if H(u,z) >0,V (u,z) € [0,1] x Y.

Remark 4.1.1. One can show that any time-independent positive Hamiltonian
vector flow is the Reeb flow for some contact form el on the contact manifold

(Y kera).

Remark 4.1.2. Denote by G'o H the composition of G and H such that ¢t =
w&owy. Then the time-1 Hamiltonian flow defined by G o H is homotopic to the con-
catenation of the concatenation of time-1 flows of G and H through positive Hamil-

tonian 1sotopies.

Write ¢ : M xR — M and v : M x R — R be the projection maps. For a

subanalytic Legendrian A C T**° M, consider the Legendrian movie of A under the
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identity flow

Ay = {(@.&,0)|(x,€) € A},

Let % : T"*°M — T**°M be any positive Hamiltonian flow defined by the H :

T**°M — R and consider the Legendrian movie of A under the Reeb flow

AH = {(:L‘,f,u, l/)|(l’,§) € QOE(ZL'O,&)),I/ = _H(x0:§0)7 ($0,fo) € A}

Abusing notations, we will write W9 : Shy(M) = Shy, (M x R) and ¥y, :
Sha(M) = Shyu n)(M x R) to be the equivalence functor induced by the Hamil-

tonian flow.

Lemma 4.1.1. Let H be a positive Hamiltonian on T**°M, and % € Sh(M)
such that supp(F) is compact. Denote by W9 : Shy(M) = Shy, (M x R) and

Wiy 0 Sha(M) = Shyua)(M). Then
Ui uZ =Koow[—1] 0 VT = q(u Koo [—1] ® UY.F).

Proof. First of all, since H > 0 we know that SS>® (V% (%)) C T,5(M x R).

Therefore by microlocal Morse lemma Proposition we know that

! !

‘IJH,U,}\ = hﬂ‘]!i(u—e,u],!i(u,gu]‘l’%g = Q!Z-(—oo,u},!i(foqu}\p%g-
e>0

Then the lemma follows since i(foo,u],!il(,oo’u} U7 = u Kk Coow)—1] @ U4,.7. O
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4.1.2. Sato-Sabloff fiber sequence

For compact subanalytic Legendrians Ag, Ay C T**° M, we let ¢(Ag, A1) be the mini-
mal absolute value of lengths of Reeb chords between Ag and A; with respect to the
Reeb flow T;. Abusing notations, we also use T; to denote the associated functor of
its time-t flow which acts on sheaves on M. The key proposition of this section is
that the Hom in pShy(A) can be computed as a difference between the positive and
negative wrappings.

Similar considerations have also appeared in previous works of for example Guiller-

mou [84, Section 11-13] and Tamarkin [154, Equation (1)].

Proposition 4.1.2. Let Ay, Ay C T**°M be compact subanalytic Legendrians,
F € Shp, (M), 4 € Shy, (M) and supp(F') U supp(G) is compact. When 0 < € <

c(No, A1), there is a commutative diagram

Hom(F,T-.(9)) ——— Hom(ZF,T.(¥))

| z

(M, A*Zom(niF ,759)) ——— Hom(F,9)

where the top arrow c is the continuation map associated to the Reeb flow and the

bottom arrow is the canonical map in Theorem[3.2.8.
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Theorem 4.1.3 (Sato-Sabloff exact triangle). For .#,9 € Sha(M), there is a

exact triangle

Hom(F,T-(%)) < Hom(F,T.(9)) — T(A, phom(F,9)) 5 .
where the first map is induced by the continuation map T_(9) — T.(¥) and the

second map is given by the canonical microlocalization map.

Remark 4.1.3. We remark that the above computation also works in the case
when we take microlocalization along a single connected component A; C A C T*>*M.

Let YN} :TH°M — T M be a Hamiltonian flow such that i

T.(A;) = Tc 1s the Reeb

flow while ﬁ]A\Ai =1id. Then there is a fiber sequence
Hom(F,T-(9)) — Hom(Z,T_(9)) — T(A;, phom(.F,9))

Before entering the proof of Proposition [4.1.2] we recall the notations in the

previous section. Consider the Legendrian movie of A under the identity flow
Ay = {(@,€,0,0)](x,€) € A,u € R},

Let T : T"*°M — T**°M be any Reeb flow. Consider the Legendrian movie of A

under the Reeb flow

AT = {(x,f,u, I/)l(l‘,g) € Tu(x()ag())?V = —HOTu($O,§0)> (370:50) € A}
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A standard trick is to consider the total sheaf Hom, ##om(q*%, ¥5.%). The following
singular support estimate is essential and will be used throughout the thesis.

Let Q4 (Ag, A1) be the set of unoriented Reeb chords from Ag to A;, namely

Q1 (Ao, A1) = {(20,&0,71,&1) € Ao x M| Fu € R, T, (20, &) = (21,&1) }-

For a Reeb chord such that T,(z¢,&) = (x1,&1), we call u € R the length of the

Reeb chord.

Lemma 4.1.4. Let Aoy C T™*°M be subanalytic Legendrians, T,, : T**M —

T*°M be any Reeb flow and .F € Shp, (M), € Shy,(M). Then
SS>® (A om(q*.F,V59)) N {(x,0,u,v) € T**(M x R)|v > 0} = @,
SS>®(Aom(q"F,V59)) N {(x,0,u,v) € T**(M x R)|v < 0} — Q4i(Ag, A\y),

where the u coordinates in the intersection correspond to lengths of Reeb chords in
Q4+ (Ao, \v). In particular, 7 om(q* F,V9Y) is R,-noncharacteristic away from the

length spectrum of Reeb chords.

Proof. Since SS*(¢*.#) N SS™®(V)Y) = Aoy, N A1 = &, we can apply the

singular support estimate Proposition (3.1.7]
S8 (A om(q*F,V59)) C (—=SS™(q¢*F)) + SS™(V3Y) = (—Agy) + Ay 1.

Hence (z,0,u,v) € (—Ao4)+A1 7 if and only if there exists (zo, &) € Ao, (x1,&1) € Ay

such that (z1,&1) = Tu(xo, &), or in other words there is a Reeb chord from Ag to Ay
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of length u. In particular, we know that v = —H (¢, &) < 0 is determined by such a

pair. Hence when v > 0, there will never be (x,0,u,v) € (—=Ag,) + A1 7. Therefore

SS>® (A om(q*.F,V5%4)) N Graph(du) = @,
SS®(AHom(q*.F, V%)) N Graph(—du) — Q+(Ag, A1),

where our injection maps (z, 0, u, ) to the Reeb chord of length u connecting (¢, &) €

Ag and (x1,&1) = Tu(xo, &) € A1 g

PROOF OF PROPOSITION [4.1.2l Denote by i, the inclusion of the slice of M x
M xu — M x M xR,. We first prove the more straightforward statement of
Hom(Z,9) = Hom(Z,T.(¥)). The above Lemma implies that, by Proposi-
tion the e-slice of the total internal Hom sheaf J#om(q*.%, ¥9.%) is the same
as

it Hom(q* F, V59 = it Hom(q*F, V59)[~1] = Hom(F,T.(G)).

Then we may use Lemma and the isomorphism k) = im0+ K (— oo,y Will
induce

Hom(F,9) = lim Hom(F,T,(9)).

u—0t

Applying I'(M, —), we obtain that

Hom(Z,94) = lim Hom(Z,Ty(¥)).

t—0t
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However, the latter limit when restricting to 0 < € < ¢(A) is a constant diagram

induced by a Legendrian isotopy and the projection

lim Hom(Z,T,(9)) = Hom(F,T.(¥))

u—0t

is an isomorphism for 0 < € < ¢(A).
To prove the statement for Hom(#,T_(¥4)) — I'(M, A* S om(F,9)), let m g :
M x M xR — M x R denote the R-parameter version of the projection to the i-th

component. Theorem [3.2.8| implies that there is a canonical map
A Hom(mi T, 139) — N AHom(1; F, 1,9 = Hom(F,9b).

Here, we use the fact that A'ly = w;j is an invertible sheaf so we can multiply

the morphism with its inverse wy,. Similarly, there is an canonical map
(A x idR)*%om(ﬁqu*ﬁ,ngR\IIOT%) — Hom(q"F,V59)

which is an isomorphism over (—c(A),0) by the similar singular support estimation
as the above Lemma [1.1.4] Thus, by consider the e-slice for —c(A) < € < 0 and the

0-slice, we obtain the following commutative diagram:

AN* Hom(rmi T, 13T (9)) —— A* Hom(nt F,m59)

~
—
%
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Applying Proposition m to (A x idg)*Hom(r} g F , 75z V39 ), we obtain that

colim SZom(.F,T_,(94)) < colim A*#om(n;.F, m3T_,(9)) = N Hom(n; F,m394).

—u—0~ —u—0—
Since supp(-%) and supp(¥) are compact, I'(M, —) = I'.(M, —) is colimit preserving,
and thus we conclude the isomorphism that

colim_,_,o- Hom(Z,T_,(9)) = T'(M, A*Hom(n; F , 759)).

The same argument as in the positive case then implies that the colimit diagram is
constant and thus the inclusion

Hom(F,T_(¥4)) — colim Hom(F,T_(¥))

—u—0~

is an isomorphism for —c(A) < —e < 0.
Finally, we notice that the diagram commute in the statement commute because

it is a composition of the following two commutative diagram:

D(M, A* . om(niF,759))

Remark 4.1.4. The identity Hom(.#,9) ~ Hom(F,T.(¥)) is often referred to

as the perturbation trick, and has in fact appeared in previous works of Guillermou
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[84) Corollary 16.6] for the special case of vertical translation on M x R, and Zhou

for arbitrary Reeb flows [163]. The proof here follows [104, Proposition 3.18].

Thus, we have finished the proof of the exact triangle statement in Theorem [4.0.6

4.1.3. Sabloff-Serre duality

In this section, we illustrate an additional property that arises from the Sato-Sabloff

fiber sequence and prove a Sabloff-Serre duality that

Hom(Z,T_(9) @wy) = Hom(F,T.(9))".

Such duality between a positive Reeb pushoff and a negative Reeb pushoff has been
understood in symplectic geometry in a number of works. In Legendrian contact
homology, this is known as the Sabloff duality [58,[135], and in Fukaya-Seidel cate-
gories, this is known as the Poincaré-Lefschetz duality proved by Seidel [141].

To the study of Serre functor, we need the following elementary lemma. Let

s M XN — M,y : M x N — N be projection maps.

Lemma 4.1.5. Let M and N be manifolds. Then

(1) Ty = Thww,

(2) WMxN :wM&wN.

. . . . |
As a corollary, we see the inverse of wys is isomorphic to A 1yrgar.
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Proof. Consider the pullback diagram:

TN

M x N N
lWM le
p
M - {+}

For (1), the base change p},;pn, = mn 7}, implies that there exists a canonical map
7Dy — TDi. This map is in general not an isomorphism but in our case, we
may assume M and N are Euclidean spaces by checking the map locally. Then the
isomorphism follows from the isomorphism k = I'.(R¥ k)[k] and wgs = kgx[k]. For

(2), we can use (1) of this lemma and Proposition and compute that
wy Rwy = mywy @ Tywy = Tywy & ﬂwkM = 7T!M(,UM = Wi N-

To obtain the corollary, we again apply Proposition |3.1.8| again and compute that
A (Knrxar) @ war = Al(kprear) @ A% (mhwnr) = Al(miwy) = Al (k) = k. O
The following proposition is the main result in this section, i.e. the Sabloff-Serre

duality.

Proposition 4.1.6 (Sabloff-Serre duality). Let A C T**°M be a compact suban-

alytic Legendrian, F,9 € Sh4 (M) such that supp(.F),supp(¥) are compact. Then

Hom(F,T_(¥9) @ wy) ~ Hom(4,.F)".
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In particular, when M is oriented, Hom(F,T_.(9))[—n] ~ Hom(¥, F)".

Proof. By Proposition and Lemma |3.1.11],

Hom(F,T-(9) @ wyr) = ps (A" Hom(ni F, m5(9 @ wir)))

=p:(Dy(F) @9 @ wy) = p(Du(F) @ 9).
The compact support assumption then implies that

Hom(Z,T_(9) @wu)' = Hom(p(Dy (F) @ G), k) = Hom(Dy(F) @ G, war)
=Hom (9,Dpy oDy (F)) = Hom(Y,.F). O

Thus, we have finished the proof of the duality statement, and hence completed

the proof of Theorem [4.0.6]

4.2. Doubling Construction or the Guillermou Functor

Let us construct the doubling functor in this section. Our strategy is to define
the doubling w, locally and then glue together the local pieces. Therefore, first we
will construct the local model of w,y.

Consider . € uSha(A). Then we claim that there exists an open covering

{Uqs}aer of M and %, € Shanq, (Us) such that

mana, (Fa) = F|ana. € WSha(ANTH®U,).
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Consider a representative .#* € Sh(,)(U), i.e. for some neighbourhood © of A N
T*°U, SS(F)NQ C ANT**U. We need to find ¥ € Shy(U) with required
properties. This is a corollary of the refined microlocal cut-off lemma [97], Proposition

6.1.4].

Lemma 4.2.1 (Guillermou [84) Lemma 6.7] or [87, Lemma 10.2.5]). Let A C
T**M be a locally closed subanalytic Legendrian such that m|p : A — M s finite.
Then for (x,&) € A, there is a neighbourhood U of x € M and Fy € Shynr=~y(U)

such that maqgpsoy(Fu) = F € pShp(S*U).

In this section we will write down the doubling functor explicitly on each local
chart, and use the results in Section to show it defines a fully-faithful functor.
To be more precise, we would like to construct a sheaf wy(.#) which locally on an

open subset U, will be of the form

wa (P, = Cofib(T_.(Za) — Tu(F)).

However there is some technical issue that, under the Reeb flow T; on T**°M, it is
not even true that T (A N T*>*U,) C T**U,, and hence the above formula does
not seem to be meaningful even at the first place.

Our solution to the above problem is as follows. We will need to push forward
the sheaves on U to sheaves on M so as to apply the Reeb flow on the ambient

manifold T%*° M. The singular support of the resulting sheaves consists of both the
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Figure 4.1. We consider the open subset U (in black), the Legendrian
A (in blue), and the Reeb flow being the geodesic flow, where Ty (AN
T5>°U,) € S*U,. Let %y, be the sheaf as in the 2nd figure. Then
Ty (ju«Fv) are illustrated in the 3rd and 4th figure. The supports
of the sheaves are in V!, while the singular support coming from
Tic(vj M) are outside V'. Finally, wa(#)y is shown in the 5th
figure.

Reeb pushoff of the Legendrian 7% (A N T**U,) and the Reeb pushoff of the unit
conormal bundle of the boundary Ty (vf;, M),

To block off the effect coming from the second part (which may come into 7*>*U,,
under the Reeb flow), we will need to restrict the sheaf to a smaller neighbourhood
V., C U,. This accounts for the following complicated definition.

From now on, when considering an open covering % = {Uy, }acr, we will always

write Uyy.oa;, = ﬂle U,, for simplicity.

Definition 4.2.1. Let % = {U,}aer be an open covering of M, A C T**M a
closed subanalytic Legendrian and N a generic Hamiltonian perturbation of A. Then

U is a good covering with respect to A C T*>*M if

(1) Uny.oay, (01, -+, € I) are contractible;
(2) OU, (a € I) are piecewise smooth with transverse intersections;

(3) Vi s MON =@ (a1, op € 1),



106

Given a good covering % with respect to A, a good family of refinement with respect
to N is ¥Vt = {V!},er where t € [—1,1] is a family of open covering with ¥° = U
such that

(1) VECVHael) forany —1 <t <t <1;

(2) Vi, oy (01, -+ g € I) are contractible for any —1 <t < 1;
(3) OVE(« € 1) are piecewise smooth with transverse intersections for any —1 <
F<1;

(4) there exists some Riemannian metric g on M and some € > 0 so that
disty (OU,, OVEY) > e.

(5) v MON =0 (ay, - ,ar € 1) forany —1 <t <1;

gt

For simplicity, we will call ¥ = ¥ a good refinement of % .

Remark 4.2.1. This definition is in the same spirit as |87, Definition 11.4.1].
The reason that we also need to choose a family of good refinement instead of on-
ly a good covering is that here we need to consider an arbitrary Reeb flow, while
Guillermou considered only the vertical translation in T, o5 (M x R) and chose only
open subsets of the form U; x I; C M x R. Here we are adding the contractibility

assumption simply the discussion when constructing good refinements.

Lemma 4.2.2. For any open covering %, on M and a closed subanalytic Legen-
drian A C T**°M, there exists a refinement % with respect to A such that % admits

a good family of refinements ¥V'*.
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Proof. The existence of a refinement % of %, satisfying (1) & (2) follows from

convex neighbourhood theorem in Riemannian geometry. The reason that
* , P .« ..
VUQIM%#MHA =0, aq, - ,a €1

for a generic perturbation A" of A is because (J,, M is also a suban-

3t ,OAkGI Vik[aluka;“r
alytic Legendrian and hence the sum of dimensions is less than 2dim M — 1.
The existence of a family of refinement ¥* of % satisfying (1)—(4) is again convex

neighbourhood theorem. The reason that

Vi MNON =2, a1,--,ap, €1, -1<t <1
VA gt

. . /. t *
for a generic perturbation A’ is that we can choose 7 so that Uahm el VVéluﬂk,Jr

are small perturbations of | J,, V.o + M- This completes the proof. g

,"',OthI
Remark 4.2.2. From now on, without loss of generality (by Theorem and
Theorem we will always assume that A = A'. In other words, we assume that

l/f}almak#MﬂA:@ and v MNOA=a forany -1 <t <1.

*
t
Ve g

The main microlocal properties of families of good refinements of coverings that

we are going to use are given as follows.

Lemma 4.2.3. Let % be a good covering of M with a good family of refinements

V' with respect to A. Write jo : Uy < M. Then given F € Sh(U,), for e > 0
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sufficiently small, we have
Tie(jarF ) vy = Tre(JorF ) Ve
Proof. Consider the mapping cone
Cone(Tic(jo1F) = Tic(JoxF)) = TCone(jorF — jouF).

Then by Proposition [3.1.9) SS*(Cone(ju-# — jaxF)) C T*°M|ay,,, since joF ~

JaxZ in the interior of T*U,. By Theorem [3.3.1] we know that
SSOO(TﬁCone(ja!f — ja*ﬁ)) - Tﬂ:e(T*poMbUa)'

Since Ty (T** M|y, ) N S*V, = @, we know that in particular for € > 0 sufficiently
small,

SS(TLCone(jouF — jou#)) NSV, = 2.

Moreover, since jou.# =~ jo«# in T*V,, by the above singular support estimate, we
can conclude that T¢ (ju1F) ~ T (JoxZ ) in T*V,, which proves the isomorphism

as claimed. O

Lemma 4.2.4. Let % be a good covering of M with a good family of refinements
V' with respect to A. Write jo : Uy < M. Then given F,9 € Shynr+~u, (Us), for

e > 0 sufficiently small, we have

Hom(T:te(ja!y)aT:te(ja*g)) :> Hom(T:te(ja!y)’Va7T:te(ja*g”\/a)-
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Proof. Consider the sheaf Zom(Tic(jor-Z ), Tre(jax¥)). We know by Proposi-
tion that

SS(%Om(Tﬂ:E(]’a!g)aT:i:é(ja*g))) g T:I:e(_SS(ja!g)) :{:T:I:6<SS(]Q*%))

Consider the family of good refinements V!, ¢ € [—1,1], where V! = U, and V! = V.

We know by Proposition that
SS®(jar-F) CAF VG, M, SS™(jauF) CAF v, _M.
Therefore by the condition on the family of good refinements V!
Ve LM N (=SS (juF)) = vy LM N SS®(jouF ) = D.

Indeed, for (z,§) € vy, M, (z,€) € V(*]a,_M:f\— (£A) only if there exists (x,, —¢&,) €
Vi M, (Yn;mn) € £A such that z,,yn — 2, =& + 100 — & |20 — Ynlléal — 0.
However, the fact that A N nalM = & immediately implies that n, — 0. This
forces —&, — &, which implies £ = 0, so in the unit cotangent bundle the inter-

sections are empty. Hence for ¢ > 0 sufficiently small, we have supp(7Tie(ju-%)),

supp(Tec(Jos¥)) C V71, and

Vi M O Tae(=SS®(juF)) = v . M N Ti (SS®(jou F)) = @.
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Therefore, by microlocal Morse lemma Proposition [3.1.3] restricting from V71 to V!

we have
F(M7 <%Onl(irzte(jcu!<%$)7 T:I:e(ja*g))) x~ F<va7 <%O7TL(,-T:N:E(jcthg\)7 T:I:e(ja*g)))a

which shows the isomorphism. O

Lemma 4.2.5. Let % be a good covering of M with a good family of refinements
VU with respect to A. Write jo : Uy < M. Then given % ,9 € Shanr+~v,(Us), for

e > 0 sufficiently small, we have
DTV phom(jaZ , jax?)) = T(T°VE, phom(F,9)).

Proof. Consider the good family of refinements V! where V? = U, and V! = V.

Note that by Proposition [3.1.9] we have
SS®(juF) C AF V5, M, SS®(juuF) C AFvj, M,
and then by Proposition [97, Corollary 6.4.3] one can deduce that
SS®(phom(jaZ, jou¥)) C C(AF v, M, AF v M) C TMIW(T® M),
Then by Proposition and Remark we know that

S8 (7t pphom(jaZ , jax9)) C —(AF v M) Foo (N F vj _M).
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We know (z,€) € (—AF Iz T(AF vy, M)) if and only if there are (z,,, —&,) €
—A—/f:V;}Q,_M and (y,,m,) € AF vy, M such that z,,,y, — v, =+ — &, |20 —
Ynll€n] — 0. When we consider x € 9U,, we know that (z,§) € :I:Ajtvf}m_M and
hence (z,§) ¢ vy, , M. When we consider z € U,, we know that (z,§) € A and
hence (z,¢) & vy, M because £ANvy, M = @. These two facts imply that in the

unit cotangent bundle the following intersection is empty
I/‘*/’Sj_M N SS® (T pphom(jor-F , jasd)) = D.

Therefore, by microlocal Morse lemma Proposition [3.1.3 restricting from V7! to V.,

we can show that the isomorphism holds. O

Given .Z € pShy(A), by Lemmafd.2.1|there exists an open covering Z = {U, }aer
and a collection of sheaves {%, }aer where #, € Shy(U,) such that Z|aznpecop, =
ma(Fs). Write j, : Uy, < M. Now choose a good family of refinements ¥ (¢ €
[—1,1]) of %, and define (by Lemma

wA(ﬁ)Va = Cone(T_€<ja*ﬁ0‘)|Va — T€<j@*ga)|va)
= Cone(Tfﬁ(]’a!gZa”Va — Tﬁ(ja!g;aNVa)'

Proposition 4.2.6. Let A C T**°M be a compact subanalytic Legendrian, % a
good open covering and ¥ a good family of refinements with respect to A. Then for

e > 0 sufficiently small, there is a natural isomorphism

Hom(wp(F)v,,wa(9)y,) = T(TH*Vy, uhom(Fv.,, %y.)).
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Proof. Writing down the definition of wy(.%)y, and wy(¥)y,, we have

Hom(wx(F)v,, wa(9)v.,)
~ Cone(Hom(Cone(T_e(jayﬁa)|va = Te(jarFa) Vi), T-c(Jasba) V)
— Hom(Cone(T_(jar-Z o) |lv, = Te(Gar-Za)|v.,), Te(ja*gaﬂva))-
For the first term, we claim that
Hom(Cone(T_c(jar-Z o) v, = Te(Gar-Za) v )s T—c(Gas¥n) IV.,)
~ [(T™°V,, uhom(Fv,, %y.)).
To prove this, we apply the Sato-Sabloff exact sequence Theorem |4.1.3| and get
Hom(T.(jor-Z), T-c(jox%)) = Hom(T-(jorFo), T-c(joasn))
— DTV phom(jar-Fa, jaxba)).

Given the non-characteristic assumption on ¥ with respect to A, we can apply
Lemma to restrict the corresponding J#om(—, —) sheaves from V! to VI, and
get quasi-isomorphisms

Hom(Te(ja!ga)u T—e(ja*ga)) = H0m<Te(ja!ﬁa)|Vaa T—e(ja*ga)lVa)7

H0m<Te<ja!yoz)a Te(ja*ga)) =~ H0m<T€(ja!yoz)|Va; Te(ja*ga)h/a)-
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On the other hand, we can also apply Lemma to restrict the corresponding

phom(—, —) sheaves from T**V_"! to T*>*V! and get

F(T*’Oova_lv ,uhOm(ja!yaa ja*ga)) >~ F(T*’Oovala Nhom(yfﬂ g40‘))‘

Since the restriction maps commute with all the maps in the Sato-Sabloff fiber se-
quence, this proves our first claim. For the second term, we claim that there is a

quasi-isomorphism

Hom(Cone(T_c(jaurFa)|v = Te(JjarFa)lva)s Te(jaxZa)lv,) = 0.

Indeed by Proposition 4.1.2| we know that

Hom(Te(ja!ﬁa)yTe(ja*ga)) = Hom(T—s<ja!=?OZa);Te(ja*ga)) = Hom(ja!yaaja*ga)-

and the isomorphism is witnessed by the precomposition with the canonical contin-
uation map T (josxZa) = Te(jax-Fa). Again by the non-characteristic assumption
on %,V with respect to A, we can apply Lemma to restrict the corresponding
A om(—,—) sheaves from V! to V! and the quasi-isomorphisms still hold. This

proves our second claim. O

Corollary 4.2.7. Let A C T**°M be a closed subanalytic Legendrian, % a good

open covering and V't a good family of refinements with respect to A. Then for e > 0
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sufficiently small,

Hom(wa(F)v,,

Vagay wA(g)Vaj |Va1'“ak) = F(T*poval‘“ﬂék? uhom(ﬁa

Val"'o‘k 9 g@é]‘ |Va1~-o¢k ))

Proof. Write ju,...a) : Usy.a, = M. Note that

WA(F ) = Cone(T-c(JosxF o) Ve, = TelJaseFai)lva,)

Voo, Voo,

~ CODG(T_E(jalmak*yai)

= Te(Jon-op»F o)

Vay - ap, Val...ak>-

Then the corollary immediately follows from Proposition [£.2.6] O

By Proposition and Corollary we can conclude that indeed the family
of sheaves (wp(F)a)acr on the refined open cover of ¥ can be glued to a global

object.

ProOOF OF THEOREM [4.0.7l. Consider the doubling functor
wa : Sha(A) = She_ (ayur. ) (M).
We apply Proposition and Corollary to show that w, is fully faithful, i.e.
Hom(wp(F),wa(9)) = T(T°M, phom(F,94)).

First of all, since A C T**°M is compact, we may choose assume that there are
only finite open subsets U, € % such that 7(A) N U, # @. Hence there exists a
uniform e > 0 sufficiently small such that Proposition and Corollary hold

for all U, € % . By Proposition and Corollary and the fact that these
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quasi-isomorphisms commute with restriction maps, we have the following diagram

Docr Hom(wa(F v, wa(@)v.,) — Do per Hom(wa(F)v,, wa(@)v,,) —= -+

| |

D o, LTV, phom(F,9)) ——— @aﬁel L(T*°V,p, phom(F#,9)) —= ---

Note that 7" is a good covering such that any finite intersection is contractible.
Therefore, by taking the homotopy colimit of the above diagram, we get the quasi-

isomorphism of global sections

Hom(wp(F),wa(9)) = gg}Hom(w,\(ﬁ)va,wA(g)va)

= lim DTV, phom(F,9)) = T(T** M, phom(F,G)).

acl
Finally, we need to check that the doubling functor can be defined for any 0 <
e < c¢(A)/2 where c¢(A) is the length of the shortest Reeb chord on A. This is because
when 0 < e < ¢(A)/2, T_(A)UT.(A) are related by Hamiltonian isotopies supported
away from A. We can choose H : T**M — R with compact support (since A is

compact) such that

H|x=0, H

Uecreo Ze0) = L Hly 7o) = =1

Then the contact Hamiltonian flow is the integration of the corresponding compactly

supported Hamiltonian vector field. [l
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Remark 4.2.3. The condition that A is compact plays an important role in the
proof. First, it ensures that there exists a uniform € > 0 such that the doubling
functor is locally defined among all V,, € V. Secondly, it ensures that there exists a
compactly supported Hamiltonian isotopy relating T_(A) UT.(A) for 0 < e < ¢(A)/2
(otherwise, though we can similarly define the Hamiltonian function, it is unclear

whether the Hamiltonian vector field is complete).

Finally, we remark that the doubling construction immediately implies the fol-

lowing fiber sequence.

Corollary 4.2.8. Let A C T**M be a compact subanalytic Legendrian. Then

there is a fiber sequence of functors

T o — T, — wpomy.

4.2.1. Remark on relative doubling construction

We expect that there is also a more geometric approach to the construction of a
relative doubling functor. Following [124, Section 6.3], we consider a locally closed
subanalytic Legendrian A C T**°M with contact collar A x (0,1) < A. Then we
try to define

w(a,ah) © Sha(A) = Shiy gnyz (M),
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where (A, OM)Z = T_(A) U T.(A) where T, is defined by a non-negative contact

Hamiltonian H such that

fI|Ut€[ T,(A\OAX(0,1)) = 1, ﬁ|an(o,1/2) =0.

—e,€]

Suppose A = ¢ is the Lagrangian skeleton of a Weinstein hypersurface F' C
T**M. For any exact Lagrangian L C F' with Legendrian boundary O, L, consider
the limit set of L under the Liouville low Zr on F' when time goes to —oo, which
defines a relative Lagrangian skeleton ¢pU(05 L X R). Following Nadler-Shende [124)
Section 6.3], we may also expect an explicit construction for the relative doubling

functor satisfying properties in this section

Wep (00 LxR) * WS Pep (00 L) (€8 U (Ooo L X R)) = Shic0. Lxr))= (M)

Then one may remove the relative part of the stop and send the right hand side into

She,. (M).

F
In this setup, one can probably explicitly see that a Lagrangian cocore of c¢p

is sent to the corresponding sheaf theoretic linking disk. Then, following the first

author’s work [104], we are able to define a functor

wShE (cp) — wsh,, (M),

o
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as the relative doubling of all the compact objects in uSh{_(cr) in this case will be
sheaves with perfect stalks on M. This should be closer to the Fukaya categorical

construction of the cup functor.

4.2.2. Doubling as adjoints of microlocalization

Following the Sato-Sabloff exact triangle Proposition [4.2.8] we may expect that the
doubling functor wy should be closely related to the left and right adjoint of microlo-
calization my : Shy(M) — pShy(A).

Recall from Section [3.4] that the tautological inclusion ¢y : Shy(M) < Sh(M)
admits both a left adjoint ¢} and a right adjoint ¢',. They will be used in the following

propositions.

Theorem 4.2.9. Let A C T**°M be a compact subanalytic Legendrian. Then

the right adjoint of microlocalization is isomorphic to
mhy =ty 0wy : uSha(A) = Sha(M).
Proof. We know that for .# € Shy(M),
Hom(ZF,/\(9)) ~ Hom(.F,9).

Thus it suffices to show that for any .# € Shy(M), there is a canonical quasi-

isomorphism

Hom(F,wa(9)) =~ T(T"*°M, phom(my(F),9)).
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Again, following the proof of Theorem {4.0.7, we consider a good open covering %

and a good family of refinements ¥, and show that locally
Hom(Z v, wa(9)|v,,) = T(T"*°V,, phom(ZF|v,,9v.))-

Writing down the definition of ws(¥)y,,, we have

Hom(Z|v,, wA(9)v,)
~ Hom(g‘von COHG(T75<ja*ga)|VQ — T6<j01*ga>yva>)

~ Cone(Hom(ﬁ]VQ,Tfe(ja*ga)\va) — Hom(ﬁ]VQ,Tﬁ(ja*%a)]Va)).

Given the non-characteristic condition for the good family of refinements ¥, by

Lemma [4.2.4 we know that
Hom(§|Va7T—6(ja*ga)|Va) ~ Hom(ja!ﬁaaT—Jja*ga)),
Hom(ZF v, Tc(jax9a)v.,) = Hom(jor-F o, Te(Jaxa))-

In addition, it is easy to show that the restriction functors above commute with the

canonical map T (jox%a)lve = Te(Jasxa)|v,. Therefore, by the Sato-Sabloff exact
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triangle Theorem [4.1.3| we can conclude that

Hom(Z |y, wA(9)v.,)
~ Cone(Hom(ﬁh/a,T_E(ja*ffaﬂva) — HOm(ﬁMaTe(ja*gaMVa))
~ Cone(HOm(jalﬁa, T (jax9s)) = Hom(jor-Fa, Te(ja*%a)))
~ D(T*®Uy, phom(jar-Fu, joxba)) = T(T**V,, phom(Fu, 9,)),

where the last inequality again follows from non-characteristic deformation in Lemma

4.2.5. Hence the proof is completed. Il

Remark 4.2.4. In fact, in the proof we have shown that for % € Shy(M),9 €

pSha(M),
Hom(.Z ,wp(9)) ~ Hom(T(F),wa(94)) ~ T(T*°M, uhom(ma(F),9)).
Note that this is also a direct corollary of Proposition|4.1.2

Theorem 4.2.10. Let A C T M be a closed subanalytic Legendrian. Then the

left adjoint of microlocalization is isomorphic to
mh =} owa[—1] : wSha(A) — Shp(M).

Proof. Similar to the proof of Theorem [£.2.9] it suffices to show that for any

F € Sha(M), there is a canonical quasi-isomorphism

Hom(wp(F)[—1],9) ~ T(T"*° M, phom(F,mx(¥))).
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Again, we consider a good open covering % and a good family of refinements 77,

and show that locally
Hom(wx(F)v, [=1],9v.,) = T(T"* Vo, phom(Z v, Glv,,))-

Writing down the definition of wy (% )y, [—1], we have
Hom(wx(F)[~1|v,,9|v.)
~ HOTH(COHG(T,C(ja!ya)’Va — Te(ja!yaﬂva)[—l],g‘va)
~ Cone(Hom(TE(ja;fa)\Va,%]Va) — Hom(T,e(jaygfaHVa,%]Va)).

Then by non-characteristic deformation in Lemma 4.2.4] and Sato-Sabloff exact
triangle Corollary we can conclude that

Hom(wa(F)v..¥|v..)
~ Cone(Hom(T.(ja1Fa), jas¥|v.) = Hom(T-(jarFa), jaxY|v.))
~ [(T*Uq, pthom(jor F o, jas¥ v, ) = DTV, phom(.Z,,9,)),

which completes the proof of the theorem. O

Remark 4.2.5. In fact, in the proof we have shown that for # € puSha(M),9 €
Shy(M),

Hom(wp(F)[—1],9) ~ Hom(wp(F)[—1], T_(94)) = T(T**°M, phom(F,mx(9))),

which is again an application of Proposition [{.1.3.
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Remark 4.2.6. Moreover, we remark that when we apply the doubling construc-
tion to a single connected component A; C A, using the same argument, one can still
show that

1
mh, = i owp[-1], my, =i ows,.

The reader may compare it with the discussion in Remark[4.1.5.

Later in Section we will explain the geometric interpretation of the adjoint
functors ¢} and ¢ in terms of wrappings, so that we will see the difference between
ml and m?} is indeed whether we choose positive or negative wrappings for the

doubling.

4.3. Doubling and Quantization of Noncompact Legendrians

Unlike the case of compact Lagrangians, for noncompact Lagrangians, without
control on the Weinstein tubular neighbourhood, one may not get a uniform Reeb
push-off T_(L) U T.(L) for some fixed time ¢ > 0, and then fail to connect the
small Reeb push-off with some large Reeb push-off. Even though we could still find
a Legendrian isotopy between small push-offs and large push-offs, the norm of the
candidate Hamiltonian vector field may be unbounded and we may no longer get a
Hamiltonian vector field. For conical Legendrian cobordisms for example, one can
easily see that the negative end is exactly where the radius of the Weinstein tubular
neighbourhood looses control.

Therefore, we set up the general theory of the doubling construction and sheaf

quantization for noncompact Legendrians in the course of the proof, which will be
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applied to many interesting noncompact Legendrians, including those coming from
exact Lagrangian fillings of Legendrians, exact Lagrangian cobordisms between La-
grangians (in the sense of Arnol’d), and exact Lagrangian cobordisms between Leg-
endrians (in the sense of symplectic field theory).

The goal of this section is to generalize the doubling construction to certain

noncompact Legendrian submanifolds. Our main theorem is the following.

Theorem 4.3.1. Let A C J' (M) be any smooth Legendrian submanifold. When
there exists a complete adapted metric on J' (M) such that A admits a tubular neigh-
bourhood of positive radius ey > 0, then for any 0 < € < €y, there exists a fully faithful

functor

WA [LShA(A) — ShT_e(A)UTE(A)(M X R)

We remark that the assumption that A admits a tubular neighbourhood of posi-
tive radius is crucial, and indeed this is why there is not in general a doubling functor
for conical Legendrian cobordisms with a uniform € > 0 (and why we need extra data

near the negative end of the cobordisms).

4.3.1. Doubling functor for noncompact Legendrians

Given any # € uShy(A), for a sufficiently small open subsets V C U C M x R,

Lemma ensures that there exists a sheaf %y € Shy(U). Let

Ay ={(z,t,8;¢,7,0)[Ts >0, (x,t;€,7) € Tes(N),0 = —Hy(x,t;€,7)}
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be the Legendrian movies of A under the positive/negative Reeb flows. Let
Ty : Sha(M xR) — Shy, (M x R x (0,400))

be the equivalences of sheaf categories induced by the corresponding Hamiltonian
isotopies T by Guillermou-Kashiwara-Schapira [88|.

Then for € > 0 a sufficiently small number depending on U,V and A, we define

WA(F ) vx (0,0 = Cone(\If%_ (JusFu) — ‘If%r (jU*a@U)) [V (0,6)-

When U N7(A) = &, note that we can choose .#; = Oy and € = +00. When
A C T3 (M x R) is compact, we can choose an open covering such that only finitely
many open subsets intersect m(A) C M x R. Then there exists a uniform positive

number

0 <e<mine, = min  €,.
ael a€cl, UsNAF#D

In other words, we have
M xR x {e} € |JVax(0,e)
acl

Hence by restricting to M x R x {e}, we get Theorem [4.0.7]

In general, there may not exist any € > 0 such that

M xR x {e} € |JVax(0,e).

a€el
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Hence it is difficult to construct the doubling functor for a uniform Reeb pushoff
e > 0.

While there may not be a uniform € > 0 so that M xR x {e} C J,.; Va X (0,¢€4),

acl

there always exists some smooth function p: M x R — (0, +00) such that

Graph(p) C U Vo x (0, €q).

acl
Instead of restricting to the slice M x R x {e}, we will restrict to the slice Graph(p).
Let the contact Hamiltonian be p(z,t). The induced Hamiltonian vector field is

X, = p(x,t)0; — (Opp(z,t) + £ Op(x,1))0e, and the Hamiltonian diffeomorphism is

Tp(&l,t;g) = (‘Tvt+ p(x7t)7€ - a:rp(‘xat) o £atp(x7t>>

We will show that by restricting the doubled sheaf to the slice Graph(p), we get a

sheaf with singular support on T_,(A) U T,(A).

Proposition 4.3.2. Let A C T2 (M x R) be a subsanalytic Legendrian subset.
Then for any C*-small smooth function p : M x R — (0,+00), there exists a fully
faithful functor

WA ﬂShA(A) — ShT_p(A)UTp(A)(M X R)

Proof. Since p : M x R — (0,+00) is C'-small, we know that A_r U Az is
non-characteristic with respect to Graph(p) C M x R x (0,400). Hence by restrict-

ing wa(F) to Graph(p), the singular support is contained in 7" ,(A) U T,(A). Full
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faithfulness follows from the fact that up to the reparametrization
¢p: M xR x (0,400) = M x R x (0,+00), (z,t,ep(x,t)) — (z,t,¢€),

A_7 U A7 is the Legendrian movie of a Hamiltonian flow. O

As explained at the beginning, for a general noncompact Legendrian, this is in
fact the best we can do. In the following section, we will explain how to strengthen

the result with the presence of a tubular neighbourhood of positive radius.

ProOF OF THEOREM [A.3.7]. Consider the tubular neighbourhood JL_ (A) of ra-
dius €y > 0 of the noncompact Legendrian A C J'(M). We claim that there exists a

contact Hamiltonian isotopy ¢}, 0 <t < 1, such that

o (Tep(A)) = Tee(N).

Consider the standard coordinates in J%

(A) € JY(A). There exists a Legendrian

isotopy from 7% ,(A) to The(A)
Ay = {(z,(1 —w)dp(z,t),ut + (1 — u)p(x,t))|(z,t) € A x R}.
Fix € < € < ¢y. Define a Hamiltonian function H : A x R — R such that

H|,epo Ara = E(€ = p(2, 1)), Hlﬂ(A)\Jig,(A) =0.
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Then the corresponding contact Hamiltonian vector field

" 0H 0
Ox; 0&;

B
X, = H=
a ot

i=1
is has proper support with respect to the projection T*A x R — A and is tangent to
the fibers/leaves T*A x R. Therefore, the integral flow is supported in J._(A) and
preserves the fibers/leaves. Hence the flow is well defined for all time s > 0.

The compact support condition then allows us to extend the Hamiltonian flow
trivially from the tubular neighbourhood JX,_(A) to the ambient manifold J'(M).
Using Guillermou-Kashiwara-Schapira Theorem [3.3.1] we can then conclude that

there is an equivalence of sheaf categories
ShT,p(A)qu(A)(M X R) :> ShT,é(A)uTE(A)(M X R)
Then the result follows immediately from Proposition [4.3.2] U

Remark 4.3.1. Assume that there exists an open covering {Us}aer and a refine-
ment of {Va}taer of M x R with a collection of time intervals €, > 0 with a uniform

lower bound. Then by restricting to small open subsets, one can easily show that the

doubling functor constructed using Proposition agrees with Theorem [4.0.7,

There are definitely examples of noncompact Legendrians that no not admit a
tubular neighbourhood of a positive radius with respect to any complete adapted
metric. Conical Legendrian cobordisms are one class of such examples. This is why

we need some extra data. We will deal with them in the next section.
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4.3.2. Separation of double copies of the Legendrian

Given the doubling on T_(A) UT.(A) for some € > 0, to separate the double copies
of the Legendrian, we need to apply some Hamiltonian isotopy from A U T.(A) to
AUT,(A) for any u > 0. We show that this can again be done once there exists

some tubular neighbourhood of positive radius.

Proposition 4.3.3. Let A C J*(M) be any smooth Legendrian submanifold.
When there exists a complete adapted metric on JY(M) such that A admits a neigh-
bourhood of positive radius €/2 > 0 disjoint from >, Tu(A), then for any u > e,

there exists a fully faithful functor
ShAuTE(A)(M X R) = ShAUTu(A)(M X R)

Proof. Denote the Weinstein tubular neighbourhood of A by U.(A). By the
assumption, we know that Ucjs(A) and | J,», Tu(A) have a positive distance. Choose

a cut-off function H : J'(M) — R such that

H

Ue) =0, Hl ooy =1, [dH| < 3/e < +oo.

Since the metric on J'(M) is adapted, we know that the Hamiltonian vector field
| Xg| < (149/€*)'/? < +00. Since in addition that the metric on J!(M) is complete,

we know that the Hamiltonian flow 3, exists for any s € R. Moreover, when u > 0,

04 (AU Toes3(A)) = LUT. (L)
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Therefore, by Guillermou-Kashiwara-Schapira Theorem [3.3.1], we can conclude that

there is a canonical equivalence as in the statement of the proposition. U

Corollary 4.3.4. Let A C J'(M) be any smooth Legendrian submanifold. When
there exists a complete adapted metric on JY(M) such that A admits a tubular neigh-
bourhood of positive radius € > 0 disjoint from Uszs Ts(A), then for any s > €, there

exists a fully faithful functor
WA /LShA(A) — ShAUTS(A)(M X R)

In particular, when the Lagrangian projection mr.,(A) C T*M admits o tubular

neighbourhood of positive radius, we always get the above functor.

Using the above results, we can in fact prove the sheaf quantization theorem for
certain noncompact embedded Lagrangians that admit a tubular neighbourhood of
a positive radius for some adapted metric. In particular, we believe that we can

recover the result of Jin-Treumann [94].

4.3.3. Sheaf quantization for closed Lagrangians

We recall the sheaf quantization result of closed exact Lagrangians of Guillermou
[84]. Here is Guillermou’s sheaf quantization theorem, from which he deduces results
on nearby Lagrangians (see also Jin [93] who applies the result to sheaves over ring

spectra and proves additional properties on nearby Lagrangians).
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Theorem 4.3.5 (Guillermou [84]). Let L C T*M be an embedded closed exact
Lagrangian submanifold , and L C JYM) = S35 (M x R) be its Legendrian lift.
Then for any £ € ,uShZ(z), there exists a sheaf # € Shy(M x R) with zero stalk
at M x {—oc} such that

mi(F) =&

which determines a fully faithful functor Wy, ,LLShZ(Z) = Shz (M x R).

Proof. For any .Z € ,uShZ(Z), by Theorem m and Corollary [4.3.4] for any

u > 0, there exists a sheaf F € Shg . (M X R) such that

mz(&?dbl) = g

Since L C T*M is closed, the front projection mgoni(L) C M X R is compact. In

particular, there exists C' > 0 such that mgon (L) C M X (—o00,C'—1), and there exists

C’ > 0 such that 7Tfront<TC’(L)) C M x (C+1,+OO) Let jo M x (—OO,C) — M xR
and

wo: M xRS M X (—oc0,C)

a diffeomorphism such that ¢c|«(—oo,c) = idarx(—oo,c)- Then
F = @61j61§dbl S Shz(M X R)

is the sheaf that satisfies the property.
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For the full faithfulness property, writing Fay = w; (), we can compute

Hom(Z,7) = Hom(ji'w; (L), jc'w; (L)) = Hom(wz (£), jevic wi (L)),
By adjunction property in Theorem [4.2.10, we know that
Hom(w (), jesj ws () = D(L, phom(Z,mi (wi(£2)))) = N(L, phom (£, 2).

Finally, we show that the essential image is Sh; (M x R)o. We simply need to notice
that for .# € Shz(M x R)y, Fau = wi(ZL) = Cone(# — T,(%)) and hence

. 0

Y

U(F) =

In the proof, we have in fact seen that the sheaf quantization functor is the left
adjoint to the microlocalization functor, namely m;(#) = £ if .F is the sheaf

quantization of .Z.

4.3.4. Sheaf quantization of Lagrangian fillings

We recall the sheaf quantization result of exact Lagrangian fillings of Legendrian
submanifolds of Jin-Treumann [94].

Given an exact Lagrangian filling L. C T*M of a Legendrian submanifold A C
T**°M, Theorem below defines a fully faithful functor Loc(L) < Shy(M),
which realizes exact Lagrangian fillings, endowed with local systems, as objects in

the constructible sheaf category associated to A. First, a technical lemma:



132

Lemma 4.3.6. Let L, C T*M, t € D*, be a family of exact Lagrangian fillings
of a family of Legendrian submanifold A, C T**M, t € D*. Then L, is Hamiltonian
isotopic to a family of eract Lagrangians L, whose primitive fr; is proper and bounded

from below (where \y|p; = dfr:).

Proof. The proof is close to the non-parametric version of the lemma in [95]
Section 3.6]. Since L;, t € DF, is a family of exact Lagrangian fillings of Ay, t € D¥,
for any t € D* there is some r; > 0 sufficiently large such that L; N {(z,&) €
T*M||&| > 1} = A x (ry, +00). Since D* is compact one can find ry > 0 such that
for any t € DF, Ly N {(z,&) € T*M||¢| > ro} = A X (rg, +00).

Let 3 : [0, +00) — R be a function such that 5(r) = 0 when r is sufficiently small
and f(r) = —1/r when r > r is sufficiently large, and the Hamiltonian H(r) = 5(r).
Then consider Li = ¢%(L). One can check that when r > ro, df;; = ¢/r and thus

are proper and bounded from below. Il

Theorem 4.3.7 (Jin-Treumann [95]). Let L C T*M be an exact Lagrangian
filling of a Legendrian submanifold A C T**°M whose primitive fr, is proper and
bounded from below (where Ayl = dfy). Let L C JY (M) = Tr53(M x R) be the
Legendrian lift of L. Then for any £ € uShZ(Z), there exists a sheaf F' € Shz(M x

R) with zero stalk at M x {—oo} such that
mp(F) =2

which determines a fully faithful functor Wy, ,uShE(Z) = Shz(M x R).
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Following the discussion in the previous section, the main technical preparation

we need is the tubular neighbourhood theorem for exact Lagrangian fillings, which

is Lemma 2.2.3

PROOF OF THEOREM [£.3.7. For any .Z € uShZ(z), by Corollary 4.3.4, for any

u > 0, there exists a sheaf .# € Shg . (M x R) such that

mz(ﬁdbl) = g

Choose C" > C' > 0 such that (i) T%°(M X (—o0,C)) N Ter(L) = 0, and (ii) there

exists a diffeomorphism
0o M X (—o00,+00) = M x (—o0,C)

such that o7 : T%°(M x (=00, C)) = T*(M x R) sends LN T3 (M x (=00, C))

to L. Write Jjo: M x (—o00,C) < M x R for the inclusion map. Then
F = (,ngljal%bl € ShZ(M X R)

is the sheaf that satisfies the property. The full faithfulness and essential surjectivity

are proved in the same way. U

4.3.5. Sheaf quantization of Arnol’d Lagrangian cobordisms

Our main result in this section is the existence of sheaf quantization for exact La-

grangian cobordisms between Lagrangian submanifolds in the sense of Arnol’d [10].
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For the result presented here, the author has benefitted a lot from the discussion
with Asano and Ike in our joint work in progress. In fact, it was them who attracted
the author’s attention to the sheaf quantization problem of Lagrangian cobordisms
between Lagrangians.

Recall that An exact Lagrangian cobordism V' C T*(M x R) between L4, ..., L,
and K3, ..., K, is an exact Lagrangian submanifold such that

p
VT (M x (=00,0)) = | JL; x (—00,0) x {i},
i=1
q
VAT (M x (1,400)) = | J K; x (0,+00) x {j}.
j=1
Our goal in this section is to prove Theorem [4.0.8 on sheaf quantization of Arnol’d
Lagrangian cobordisms.

As in the previous cases, the main technical preparation we need is the tubu-
lar neighbourhood theorem for exact Lagrangian cobordisms between Lagrangians,
which is Lemma 2.2.2]

Then one may try to separate the images of the projections of VU Tu(‘7) on
M x R x R. This is in general not possible when the Lagrangians on both ends
have multiple components. However, we can always separate the images of their

projections in a horizontally bounded region T*(M x R x [—R, R]). Thus, on such a

bounded region, we do get a sheaf quantization.

Lemma 4.3.8. Let V C T*(M x R) be an ezxact Lagrangian cobordism between

Ly,....L, and Ky,...,K,. Then for any £ € uShE(Z), when R > 0, there exists
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a sheaf F € Shy(M x R x [=R, R|) with zero stalk at M x {—oc} x [—-R, R] such
that

mf/(g[—R,R]) = Lvrr+(Mx[-RR])-

Proof. For any .Z € uShZ(z), by Corollary m for any u > 0, there exists a
sheaf quantization

ﬁdbu,}g’m S ShﬁuTu(V)(M X R X R)
Since V NTI55(M x R x [—R, R]) is compact, so is its image under the projection

onto M x R x [=R, R]. Therefore, there exists a sufficiently large C' > 0 and C" > C'

such that

WMXRX[*RvR}(‘A/; N T:;O(?(M X R x [_R7 R])) C M x (—OO, C— ]-) X [_Ra R]a

WMXRX[—R,R}(T'LL(V) N T*(M x R x [—R, R])) C M x (O + 1, +OO) X [—R, R]
Write jo : M x (—o0,C) X [-R, R] = M x R x [—R, R] the inclusion map. Consider
a diffeomorphism

oo M x (—00,C) x [-R,R] - M xR x [-R, R]

such that pc = id on M x (—oo,c—1) X [-R, R]. Then .F|_g g = ¢5 jc" Fan[-R.R)-

U

Then we claim that the sheaf Fy 7 (arx|—r g)) can be uniquely extended to M x
R x R when R is sufficiently large, by proving that the two ends of Ay are simply

conical Lagrangian movies of | Ji_, L; and J]_, K.
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For any A C T*°(M x R), we define
A, ={(z,t +ir,r; &, 1, —iT)|(x, t;€,7) € A, r € R}
Lemma 4.3.9. Let L4, ..., L, be closed exact Lagrangians in T*M . Suppose that

forany 1 <i < j <p, there exists c¢;; € R,

Wfront(Li) C M x (Cij -+ ]_, +OO), 7Tfront<Lj) C M x (-OO,CZ'j — 1)

Then the conical Lagrangian | J;_, ZM NT*(M xR x R) is the conical Lagrangian

movie of |Ji_, L; under a homogeneous Hamiltonian isotopy.

Proof. We can in fact define a diffeotopy ¢, : M x R — M x R such that the
Hamiltonian diffeomorphism ¢* : T*(M x R) — T*(M x R) satisfies the condition.

Define ¢, such that
¢7«<.T,t) = (.fC,t + 2'7’), Ci—1; + 1<t< Ciit+1 — 1.

Then by the assumption, clearly (JI_, Lir, NTI55(M x R X Reg) is the conical

Lagrangian movie of [ J/_, L; under ¢¢ (1 € (—00,0]). O
With these preparations, we are now able to finish the proof of our main theorem.

PRrROOF OF THEOREM [4.0.8] By Lemma [£.3.8 for any R > 0, there exists a
sheaf quantization

y[fR,R] S Shf/(M x R x [—R, R])
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We know that VNT*(M x (—o0,0]) = [JI_, L; x (—o00,0] x {i}, and their Legendrian
lifts are (J7_, Lir, N T*(M x R x Reg). For each R > 0,

p » p »

JZLie NT(M xR x {—R}) = | JT_ir(L:)).

=1 =1

Since Zl is compact, we know that when R > 0 is sufficiently large, for any 1 <i <

j < p, there exists ¢;; € R,

ﬂfront(T—iR<Li)) C M x (Ci]‘ + 1,+OO), ﬂfront(T—jR(Lj)) C M x (—OO,Cij — 1)
Fix this R > 0. Then we can apply Lemma4.3.9] and get an equivalence of categories

Sh P_lTJLR(Zi)(M X R) :> Sh p T (M X R x (—OO, —R])

i=1ti,m;

Given the sheaf quantization Fyar-(avx[-r,r) € Shi(M xR x [-R—1,R+1]), by
Theorem extend it to Fyrrs(mx(—oo,r) € Sha, (M x R x (—oo, R + 1]). For
the other end, we apply the same argument and thus we get #y € Shi(M x R x R)
which completes the proof. Essential surjectivity is proved in the same way as in the

compact case. O

4.4. Doubling and Quantization of Lagrangian Cobordisms

Given an exact Lagrangian cobordism L between Legendrian from A_ to A, C
JY(M), following Section [2.1.2) we can identify it with a conical Legendrian cobor-

dism L C J(M x Rsy).
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For conical Lagrangian cobordisms, we do not have a sheaf quantization functor
in general, due to lack of control on the size of the tubular neighbourhood of the
Legendrian at the negative end. In fact, we need the prescribed data near the negative
end A_. The main theorem is thus a conditional sheaf quantization theorem Theorem
4.0.91

Let T; : JH(M x Rsg) — JH(M x Ryg) is the Reeb flow. Similar to the sheaf
quantization theorem of Guillermou and Jin-Treumann [84,94], we first construct a

doubling functor using a small Reeb push-off in a Weinstein tubular neighbourhood

Loc(L) < Shy, M x R)

(Z)UTE(Z)(

and then push one of the copies to infinity through a Legendrian isotopy and get
Loc(L) — Shz(M x R).

For conical Legendrian cobordisms, one can easily see that at the negative end
the radius of the Weinstein tubular neighbourhood T (L) U T.(L) loses control, so
one may not get a uniform Reeb push-off for some fixed time ¢ > 0, and then fail
to connect the small Reeb push-off with some large Reeb push-off. This is why the
doubling construction does not provide a sheaf quantization without extra conditions.

Therefore, our strategy is to construct the doubling separately near the negative
end and away from the negative end. Near the negative end, using the sheaf singularly

supported on a single copy of the Legendrian, one can immediately define a sheaf

supported on a double copy of the Legendrian by hand, while away from the negative
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S_ St S S

Figure 4.2. The conditional doubling construction which define sheaves

in T_.(L)UT.(L) for a conical Legendrian cobordism.

end, we have good control on the radius of the Weinstein tubular neighbourhood
theorem and the original doubling construction works. Then we show that one can

push off one of the copies to infinity.

4.4.1. Doubling for conical Legendrian cobordisms

In this section, we will mainly follow the strategy in the previous section to construct
the doubling functor. Recall that Shy(M xR)q consists of sheaves with acyclic stalks

at M x {—oc}.

Theorem 4.4.1. Let L C JYM x Rsyg) be a conical Legendrian cobordism from
A_C JY M) to A, C JY(M). Then there exists a fully faithful conditional doubling

functor

w © Sha (M x R)o X usn,_(a_) #Shz(L) = Shy gy 1) (M x R x Rag)p.
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4.4.1.1. Doubling near the negative end. We turn to the doubling construc-
tion on conical Legendrian cobordisms. We construct the doubling functor near the
negative end of the Legendrian cobordism, using the information Shy_(M).

More precisely, assume that L N JY(M x (0,s_)) is conical. Consider ¢(A_) the
length of the shortest Reeb chord on A_. Then for € > 0, pick sy > 0 such that
€ < soc(A) < s_c(A_). We show the existence of the doubling functor on the

conical end M x R x (0, sp).

Lemma 4.4.2. Let L C JYM x Rsg) be a conical Legendrian cobordism from
A C JY M) to Ay C JH(M) that is conical on J'(M x (0,s_)) for e < soc(A_) <

s_c(A_). Then there exists a doubling functor
W) Shy_ (M x R) = Shy. 75 ) (M x R x (0,5_))

such that i;}lw(zo’s*)(ﬁ) =wy_omy_(F).

Proof. Define the projection 7 : M xR x (0,ty) = M xR by 7(z, z,t) = (z, z/t),
and let
W (F) = Cone(T_ (7 ".F) = T.(n " .F)).

Then it is clear that when SS*®(.%) C A_, SS* (w(zo’s‘)(ﬁ)) C(T-(L)UT.(L))N
T*°(M x R x (0,s_)). Finally, the identity
i W F) = wy_omp_(F)

S0

follows from the exact triangle of functors T, — T, — wp o my. Ul
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Remark 4.4.1. We explain why it is necessary to assume the existence of a sheaf
F € Shy_ (M x R)g in the construction. In fact, this is the obstruction to go from
Proposition to Theorem . Lack of a Weinstein tubular neighbourhood on
with positive radius at the negative end makes it difficult to connect T,p(Z) U TP(Z)
and T_(L) UT.(L), following the notation in Proposition .

For example, consider the trivial 1-dimensional conical Legendrian cobordism, by

the reparametrization identifying J' (pt x (0, 4+00)) with J'(pt x R) as in Figure

(middle), one may assume that
L = {(s,%€*, £e)|s € R}.

One can easily check that inf d(x,2") = 0 under the standard complete adapted

x,m’Gz

metric. Then lack of a Weinstein tubular neighbourhood of positive radius with respect

to the standard metric will prevent the Legendrian isotopy between T_,(L) U T,(L)

and T_(L)UT.(L) from being extended to a Hamiltonian isotopy.

Next, we prove full faithfulness of the functor near negative end. Recall that
Shx(M x R)g is the subcategory of sheaves with acyclic stalks at M x {—oo}. This

will be used frequently in the statements.

Lemma 4.4.3. Let L C JY(M x R.g) be a conical Legendrian cobordism from
A C JYM) to Ay C JHM) that is conical on J*(M x (0,5_)). Then for F,9 €
Sha_(M x R)qg,

Hom(T.(x'.7),T_.(m7'94)) ~ 0.



142

Proof. Since SS®(T_(771.%))NSS>(T.(m~'¥)) = @, by Proposition [3.1.7, we

know that
SS®(Aom(T.(n ' F), T(n7'9))) C —To(A x (0,5_)) + T_e(A_ x (0,5_)).

Therefore, a point (z, z, 5;y,0,0) € SS*®(Hom(T.(m~ .7),T_(7~'.F))) means there
are points (z,t;&,1) and (x,t;¢,1) € A_ such that (z,z,s) = (x,st +¢€,8) =

(x,st' — e, s) and
(x,2,8;9,0,0) = —(x,st + €,5;8,1,t) + (z,st" — €, 8,88, 1, ).

In other words, s(t' —t) = 2¢ and thus ¢ = ¢ — ¢ > 0. By microlocal Morse lemma

B.1.3] we know that
HOm(TE<7T71JOZ), T,e(ﬂ'ilg» = HOm(Te(’ﬂ'ilyﬂMXRX(o’s/_), T,E(ﬂ'ilg”MXRX(O’s/_)).

Write 717 | pxr(o,s ) = T F 0,5 ). For s’ < s_ sufficiently small, since 7717 (.5 )
has acyclic stalk at —co, T_.(7'9)|(0.+ ) is a local system on supp(T.(7¥)| 0.5 ))-

Then we know that
SSOO(%Om(Te(W_IEH(O,S’_)vT—E(ﬂ—_lg”(O,S’_))) C _SSOO(TE(W_Iy)l(O,S’_ﬂ

consisting of points (z,t,s;y,7,0) such that 7 < 0. Therefore, by microlocal Morse
lemma again,

Hom(Te(ﬂily)’(()’S/_),T,€<7T71g)’(073/_)) = 0.
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This proves our claim. ]

Lemma 4.4.4. Let L C JYM x Rsg) be a conical Legendrian cobordism from

A C JH (M) to Ay C JH(M) that is conical on J*(M x (0,s_)). Then
Hom(T_. (7~ .7),T.(r'4)) ~ Hom(.F7,¥9).

Proof. We know that (z,z,s;y,0,0) € SS®(Hom(T_(n'.F7), T.(x~.F7))) if
there are points (x,t;£,1) and (z,t';£,1) € A_ such that (z,z2,s) = (x,st —¢,5) =

(z,st' +¢€,s) and
(,2,8y,0,0) = (z,st —€,8;8,1,t) + (x,st' + ¢, 8,8, 1,1).

In other words, s(t' —t) = —2¢ and thus 0 = ' — ¢ < 0. By microlocal Morse lemma

3.1.3] we know that
Hom(T_ (7 %), T.(n"'¥)) = Hom(T_e(W_lﬁ)|MX]RX(3L7L),Te(w_lgﬂMxRx(sL,sf)).

Then for s < s_ sufficiently close, the fronts T (A_ x (s",s_)) and T.(A_ x

(s",s_)) are Legendrian movies of a Legendrian isotopy. Hence by Theorem m
and Proposition

H0m<T76(771g)‘(8’,,s—)7 Te(ﬂilg)l(i,s—))
=Hom(T_c/s_ F,T./s_9) = Hom(F,9).

This proves our claim. U
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Remark 4.4.2. Alternatively, one can use the fact that T, = Ko 1) % H to

show that
Hom(rn '\F n7'9) = @HOM(T_g(W_I(?),TE(W_Ig))
e>0
= Hom(T_. (7 '), T.(v'9)).

Then the result follows from Theorem|5.5.1,.

Proposition 4.4.5. Let L C JY M x Rsg) be a conical Legendrian cobordism
from A_ C JY(M) to A, C J'(M) that is conical on J'(M x (0,s_)). Then the

doubling functor is fully faithful
w* ) Shy (M x R)g = Shy 5z (M x R x (0,52))o.

Proof. It suffices to show that for any .#,% € Shy (M xR), with acyclic stalks

at —oo,
Hom/(Cone(T_.(7 *.F) — T.(x L.F)), Cone(T_ (77 '9) — T.(n'9))) ~ Hom(.F,¥9).
First, we prove that
Hom(T.(m %), Cone(T_(7'4) — T.(x7'9))) = Hom(F,¥9).
By Lemma we know that for s’ < s_ sufficiently small,

Hom(Te(ﬂ_lgz), T_E(W_lg)) = HOm<T€<7T_1y)|(O7S/_)7T_e(ﬂ_lg)“o’s/_)) = 0.
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On the other hand, we know by Theorem that
Hom(T.(n ' F), T(n'9)) = Hom(T.(7 " F )| 0.5 1 Te(77'D)| 0.5 )) = Hom(F,9).

Since the natural continuation map given by the Reeb flow T; factors through the

restrictions to M x R x (0,s" ). This implies that
Hom(T.(m %), Cone(T_ (77 '4) — T.(x7'9))) = Hom(F,¥9).
Next, we prove that
Hom(T_(7 *.%),Cone(T_(77'9) — T.(x~'¥))) = 0.
By Lemma , we know that for s’ < s_ sufficiently close to each other,

Hom(T_e(W_lﬁ),Te(W_lg)) = Hom(T_E(W_lf)kS/_,s_),Te(ﬂ_lg)hs/_,s_))

= Hom(%,9).
On the other hand, we know by Theorem that

Hom(T_o(x L F), T_(n"'9)) = Hom(T_(n*Z)|(s oy, Te(m D) (s s.))

= Hom(.7,9)
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Since the natural continuation map given by the Reeb flow T; factors through the

restrictions to M x R x (s, s_). This implies that
Hom(T_ (7 *.F), Cone(T_.(7'9) — T.(r'¥))) = 0.

Combining the two equalities, we can therefore conclude that the doubling functor

is fully faithful near the negative end. O

Proposition 4.4.6. Let L C JYM x Rsg) be a conical Legendrian cobordism
from A_ C JH (M) to Ay C JY(M) that is conical on J*(M x(0,s_)). Then Lfiowf(io’s‘)

15 the left adjoint of the restriction
i~ Shy(M x R x (0,5-))g = Shy_(M x R),.

Proof. It suffices to show that for any .#,% € Shy (M x R), with acyclic stalks

at —oo

Hom(Cone(T_. (7" .F) = T.(n 7 %)), 7'9) ~ Hom(ZF,9).

This follows from the Lemma [4.4.3] and 4.4.4] O

4.4.1.2. Doubling away from the negative end. We construct the doubling
functor away from the negative end using the doubling construction with some uni-
form Reeb pushoft.

In fact, by Lemma , there exists a complete adapted metric on J'(M x

(S0, +00)) such that LNJ' (M X (so, +00)) admits a tubular neighbourhood of positive
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radius. Therefore, we get a fully faithful doubling functor

w%so#oo) s wSh(L) = Shy (gyur, @) (M X R X (s0, +00)).

Lemma 4.4.7. Let L C JY(M x Rwg) be a conical Legendrian cobordism from
A C JY (M) to Ay C JH (M) that is conical on J' (M x (0,s_)) for e < soc(A_) <

s_c(A2). Given F € Shy (M xR) and £ € ,uShE(Z), suppose
ma_ (y) = ZXiz

Then for the inclusions i, . y: M x R x (so,5-) = M xR x (0,s_) and il

(s0,5-) °

M xR x (sg,5_) = M x R x (59, +00), we have a canonical isomorphism
. — 0,5 . — 80,100
(i) W () = (i, ) T (2),

Proof. Since L is conical on J*(M x (sq,s_)), there is a canonical equivalence

by Guillermou-Kashiwara-Schapira that
Shy (M xR) = Shz(M x R x (sg,s-)),

it suffices to show that for any s; € (s9,s-) and the corresponding inclusions i, :
M xR x {si} = M xR x(0,s_) and i, : M x R x {s1} = M x R x (89, +00),

there is an isomorphism
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) is local with respect to small open

On the other hand, as our construction of w%so’
subsets U x I x J C M x R x (sg,s_), it is compatible with the construction on a

single slice wy_ and there is an obvious isomorphism that

(i) Wl TN L) = wn_ (i3 L) = wa_ o ma_(F).

Then the isomorphism follows from Lemmal4.4.2{that i 'w> """ (F) = wpy_omy_(F).

Remark 4.4.3. Instead of defining the doubling functor for the Legendrian cobor-
dism in J*(M xRsyg), one may consider defining the doubling functor on the truncated
cobordism in J'(M x (sq,+00)), where a Weinstein neighbourhood of positive radius
always exist. However, then there will be obstruction to apply Reeb pushoff to send
one copy of the Legendrian to infinity, see Remark[4.4.4. As we will explain, actually
both the construction of doubling and the construction of pushing one copy to infinity

come down to the question about the tubular neighbourhoods.

Using the above lemma, we can prove the well-definedness of the doubling functor

in Theorem [4.4.1] which is
wy - ShA_ (M X R) X uSha (A_) ,uShz(z) — ShT,E(Z)UTe(f)<M x R x R>0).

Next, we will need to address the full faithfulness of the doubling functor. This
follows immediately from full faithfulness on the negative end Proposition [4.4.5] and

full faithfulness away from the negative end Theorem [4.3.1]
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Moreover, we can show the adjunction property in the following proposition.

Theorem 4.4.8. Let L C JYM x Rsg) be a conical Legendrian cobordism from
A C JYM) to Ay C JY(M). Then when restricted to the subcategory of sheaves

with compact supports, Lz owg is the left adjoint of the functor
(i_,mz) : Shz(M x R x (0,400))o = Sha_ (M x R)o Xusn, (s uShz(L).

Proof. On the negative end, for any .# € Shy (M x R), and ¥ € Sh;(M x

R x (0,s-))o, by Proposition we know that
Hom(w\™*"(F),9) = Hom(Z,i"'9).

Away from the negative end, for any .2 € uSh; (L) and ¢ € Sh; (M xR x(sq, +00))o,

by Theorem (4.2.10, we know that
Hom(w{** (L), 9) = T(L, yhom(L, m(¥))).
On the overlap region, suppose my_ (%) = i~'.Z. We also have
Hom(wa_(ZL),i2'9) = T'(A_, phom(iZ1 L, ma_(i2'9))).

Therefore, we can conclude that globally the adjunction holds. U
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4.4.2. Separation of double copied Legendrians

Given the doubling construction in the previous section, now we will pull the double
copies L and TE(Z) apart and get the sheaf quantization functor for the conical

Legendrian cobordism L.

Proposition 4.4.9. Let LC JY M x Rsg) be a conical Legendrian cobordism
from A_ C JY (M) to Ay C JY(M). Then for any e, > 0, there exists a canonical

equivalence
Shiur @y (M X R x Rso) - ShZUTe/(Z)(M X R x Rso).

Proof. Following Proposition|4.3.3, we need to show that there exists some neigh-
bourhood Us(A) of A that is disjoint from (J,5 Tu(A).

First, we find a neighbourhood of the negative end of L. Recall h(A_) =
MaX(z¢nea_ b — Ming e e, t. Assume that L is conical on JYM x (0,s0)), and
moreover fix e/2syh(A_) < ¢/2. Then there exists a neighbourhood of L N J*(M x
(0,50)) of radius €/2 that is disjoint from (-, T,(L). This is because for points in
Uuse T (L) N JY(M x (0,e%2sy)), the distance between the ¢ coordinates is at least
¢/2, while for the other points, the distance between the s coordinates is at least €/2.

Then, we find a tubular neighbourhood away from the negative end of L. In fact,
by Lemma [2.2.4] the Lagrangian projection L NT*(M X (sg, +o0)) admits a tubular
neighbourhood of positive radius €;. Therefore, following Lemma [2.2.1] consider

a tubular neighbourhood of L N JY(M x (sq,+00)) of radius ¢ = min(e, ¢;). Then
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LNJYM x (sg, +00)) is disjoint from Uuse T,(L). Indeed, for points in Uwse T.(L)N
JY(M x (0,e%sy)), the distance between the z coordinates is at least ¢, while for
the other points, the distance between the z coordinates is again at least ¢. By

considering the union of the two neighbourhoods, we complete the proof. U

Remark 4.4.4. Suppose one starts by working on J'(M x (sg,+00)) where the
doubling construction exists for some uniform ¢ > 0. Then there will be serious
difficulty when one tries to pushoff one of the copies by the Reeb flow. This is
because by choosing a complete adapted metric on J'(M x (sg, +00)), different from
the restriction of the one on J*(M x Rsg), the negative end becomes asymptotically
horizontal and there will no longer be a tubular neighbourhood of A with positive
radius that is disjoint from >, Tu(A).

For example, consider the trivial 1-dimensional conical Legendrian cobordism as
in Figure (right), by the reparametrization identifying J'(pt X (1,+00)) with

J'(pt x R), one may assume that
L ={(s,+e*, +ty/2 + ¢*)|s € R}.

One can easily check that inf d(z, Ty, (2")) = 0 under the standard complete

$,.Z’/EZ
adapted metric. Lack of control on the tubular neighbourhood will forbid us to connect

the obvious Legendrian isotopy from L U T.(L) to L U Tyy.(L) by a Hamiltonian

150topy.
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Based on the proposition, we can prove finish the proof of Theorem [4.0.9, Let
tmax(Ay) = maxepen, t, tmin(A-) = mingepnea, t and the height be h(Ay) =
tmax(Ay) — tmin(Ay). Suppose that L is conical on JY(M x (s4,+00)). We choose

¢ >0 and s, > 0 such that s;h(A}) < s h(Ay) < €.

Proor or THEOREM [4.0.9. Using Theorem [4.4.1] and Proposition 4.4.9, we
know that there exists a doubling functor (fully faithful on the subcategory of com-

pactly supported sheaves)

wh o Sha (M X R) Xpusny () #Shi(L) = Shiz, )M x R x Ryy).
Then by restricting to M x (—00, s, + 8 tmax(A1)) % (0, 5", ), we get a functor
Sha (M X R) Xusn, (a_) pShp(L) — Shi(M x (—00, 8, + 8 tmax(Ay)) x (0,57)).

Choose a diffeomorphism ¢ : M X (—00, s’ 4+, tmax(A1)) X (0, 87) = M xRx (0, s.)
that is the identity on M x (=00, s /24 8 tmax(Ay)) x (0, 5',). We will get the first

equivalence
Shy(M x (—00, 5" + 8 tmax(Ay)) % (0,8)) = Shz(M x R x (0,5)).

Then since L is conical on J!(M x (s, +00)), consider the equivalence induced by

Guillermou-Kashiwara-Schapira that

Shy(M xR X (s4,s)) = Shy(M x R x (s1,+00)).



153

We will therefore get the second equivalence
Shy(M xR x (0,s")) = Sh; (M x R x (0, +00)).

Therefore, combing the first equivalence and the second equivalence, we can conclude
that there exists a conditional sheaf quantization functor.

Now, it suffices to show that the sheaf quantization functor is fully faithful when
restricted to the subcategory of sheaves with compact supports at the negative end
Sha_(M xR)o. Let j : M x (—00,5", 4+ 8 tmax(A4)) x (0,5,) = M xR x R, and
@ M X (00,8, + 8 tmax(Ay)) X (0,8,) = M xR x (0,5,) be the diffeomorphism.

By Theorem [4.4.8| we have

Hom(V(F,2), Y (F, L)) = Hom(p™ ' j W (F, L), ¢ j Wi (F, L))

= Hom(w%(ﬁ, f)yj*w*@_lj_lw%(ﬁy Z))

~ Hom((Z, £), (iy", mp)(w;(F, .2)))

L

=Hom((#,2),(F,2)).

This concludes the proof of the full faithfulness property.

Finally, it suffices to prove essential surjectivity in order to conclude that this
is an equivalence. In fact, for any .# € Sh;(M x R)y, we can easily show that
(i F,mz(F)) = F. Actually, when constructing the doubling w; (i=" %, mz (%)),
we have

wz (iZ'F,mz(F)) = Cone(T_(F) — T.(F)).
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At the negative end, this identity follows from the definition, while away from the

negative end, this identity follows from the definition and the exact triangle of func-

tors in Corollary [£.2.8 O
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CHAPTER 5

Action Filtration, Persistence and Reeb Chords

Estimating the number of Reeb chords has been a basic question on Legendrian
submanifolds since Arnold’s time [9]. When the contact manifold is (Y,¢) = (P x
Ry, ker(dt — 0p)) where (Y,dfp) is an exact symplectic manifold, one can pick the
contact form o = dt — 0p, and then the Reeb vector field is 9/0t. For A a closed

Legendrian, consider the Lagrangian projection

Trag ' A = P xR = P.

The Reeb chords between Legendrian submanifolds correspond bijectively to inter-
section points of their Lagrangian projections.

For the number of self Reeb chords, when n is even, there is a topological lower
bound coming from [mpag(A)] - [TLag(A)] = x(A)/2. Some flexibility results tell us
that this is sometimes the best bound one can expect [53|. However, under some
extra assumptions, there are rigid behaviours beyond this purely algebraic topological
bound.

Using pseudo-holomorphic curves, a number of celebrated theorems on the num-
ber of self Reeb chords have been found [39}[115[131]. In particular, for Legendrians

A C P x R, using Legendrian contact homology, works by Ekholm-Etnyre-Sullivan,
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Ekholm-Etnyre-Sabloff and Dimitroglou Rizell-Golovko [45[56,58| showed that, un-
der some assumptions, the number of self Reeb chords is bounded from below by
half of the sum of Betti numbers.

Other than estimating self Reeb chords, estimating the number of Reeb chords
between A and some Hamiltonian pushoff ¢k (A) has also been an important question.
When the contact Hamiltonian comes from a symplectic Hamiltonian on P, this
question reduces to the Arnold conjecture for (immersed) Lagrangian submanifolds
TLag(A) [9)].

Many Legendrians can be displaced from themselves so that there are no Reeb
chords between A and ¢} (A). However, when the norm of the Hamiltonian is suf-
ficiently small, one can get estimates on the number of Reeb chords between A and
¢} (A) using pseudo-holomorphic curves [7}35,46/110]. In particular a recent result
by Dimitroglou Rizell-Sullivan [47], using the persistence of Legendrian contact ho-
mology, showed that for Legendrians A C P x R, under certain assumptions, there
is a lower bound of the number of Reeb chords in terms of Betti numbers, when the
oscillation norm of the Hamiltonian is small comparing to the length of Reeb chords.

The main purpose of this chapter is to set up the correspondence and estimate
the number of Reeb chords using microlocal sheaf theory.

For self Reeb chords of a Legendrian A C 727 (M x R), we have the follow-
ing results analogous to Ekholm-Etnyre-Sullivan [56], Ekholm-Etnyre-Sabloff [58§]

and Dimitroglou Rizell-Golovko [45], where they showed the same inequality under



157

the existence of a finite dimensional representation of the Chekanov-Eliashberg dg
algebra, or Sabloff-Traynor [136] where they used generating families.

A Legendrian submanifold A C 775 (M x R) is chord generic, if the Lagrangian
projection 7p.g(A) is immersed with only transverse double points. Let Q(A) be the
set of Reeb chords on A. Assume that the Maslov class u(A) = 0. Then there is a
grading on Reeb chords of A given by the Conley-Zehnder index; see Section [2.3.2

Let Q;(A) be the set of degree i Reeb chords on A.

Theorem 5.0.10. Let M be orientable, A C T)25(M x R) be a closed chord
generic Legendrian submanifold and k be a field. If there exists a k-coefficient pure

sheaf F € ShS (M x R) with microlocal rank r such that supp(F) is compact, then
|Qi(A)] + [Qn—i(A)] > bi(A; k).

In particular, the number of Reeb chords

Here b;(A; k) = dimy H'(A; k).

Theorem 5.0.11 (Theorem [1.5.1)). Let M be orientable, A C T:55(M x R) be
a closed chord generic Legendrian submanifold and k be a field. If there exists a k-
coefficient sheaf F € ShS (M x R) with perfect stalk such that supp(F) is compact,

then

CIES 0
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Here b;(\; k) = dimy H*(A; k).

Remark 5.0.5. The condition that supp(.%) is compact may be thought of as an
analogue of the linear at infinity condition on generating families [136]. If we drop
this condition, then there will be counterexamples. Consider the positive conormal
Viieso(M x R) C T35 (M < R) (which is just the zero section M C J*(M)). There
is an obvious sheaf Kyrxo +00) with the prescribed singular support. However that

Legendrian has no Reeb chords.

Remark 5.0.6. When there is a sheaf F € Sh{(M x R) with perfect stalk,
then one can show that |84] necessarily the Maslov class p(A) = 0. However this
condition is not necessary to get estimates on number of Reeb chords. In general,
one can consider the triangulated orbit category Sh4 (M x R) /i) consisting of sheaves
of 1-cyclic complezes (see [100] and |84}, Section 3]). When there is a sheaf F €

ShY (M x R) ), then we still expect that

but we do not work out the details here.

Remark 5.0.7. In [45,56.(58] they imposed the condition that the Legendrian A
is horizontally displaceable, meaning that there exists a Hamiltonian isotopy ©3; (s €
I) such that there are no Reeb chords between A and o} (AN). In Section we
show that if A is horizontally displaceable, then any F € Sh (M x R) necessarily

has compact support.
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Howewver, there are Legendrians that are not horizontally displaceable but admit

sheaves with compact support. For example let
To: M xR — M xR, (z,t) — (z,t+¢)

be the vertical translation. Then the double copy of positive conormals VXQOSTC(M) oM x
R) C T755 (M x R) (which is the zero section and its Reeb pushoff in J'(M)) is not
horizontal displaceable but it admits a nontrivial sheaf with compact support. This

means that our theorems work in a slightly more general setting.

Remark 5.0.8. Conjecturally r dimensional representations of the Chekanov-
FEliashberg dg algebra should be equivalent to microlocal rank r pure sheaves (see [30]).
Therefore Theorem [5.0.1( is just an analogue of [45L(56,58|. However, Theorem

5.0.11) has no direct analogue in the literature to our knowledge.

For Reeb chords between a Legendrian A and its Hamiltonian pushoff ¢} (A), we
have the following results, analogous to Dimitroglou Rizell and Sullivan [47]. Define

the oscillation norm of the Hamiltonian to be

1
| Hsllose = / ( max H, — min HS) ds.
0 zePxR zePxR
Denote by [(7) the length of a Reeb chord 7. Assume that the Maslov class p(A) = 0,

which ensures the existence of a grading on chords of A (see Section [2.3.2)), and let

¢i(A) = min{l(v)|vy is a Reeb chord, deg(vy) =14 or n — i}.
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Order them so that ¢;,(A) > ¢, (A) > ... > ¢, (A).

Theorem 5.0.12 (Theorem [1.5.2)). Let M be orientable, A C T5(M x R) be a
closed Legendrian submanifold of dimension n, and k be a field. Suppose there exists
a k-coefficient pure sheaf F € ShS (M x R) such that supp(F) is compact. Let H,

be any compactly supported Hamiltonian T, 25 (M x R) such that for some 0 <k <n
s llose < €5, (A)

and (A) is transverse to the Reeb flow applied to A. Then the number of Reeb

chords between A and o (A) is

Here b;j(A; k) = dim H? (A; k).

Remark 5.0.9. [t is shown |47 that this bound is sharp for Legendrian unknotted

spheres with a single Reeb chord.

Remark 5.0.10. Dimitroglou Rizell-Sullivan considered [47| Legendrians that
only admit augmentations over a subalgebra of the Chekanov-FEliashberg dg algebra
AY(A) € A(N). We conjecture that, by combining our technique and Asano-Ike’s
technique |12|, if there exists F € Shﬂ’\quAT(M x R x (0,1)), one might get analogous

results.
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We are also able to recover the nonsqueezing result of Legendrians admitting

sheaves into a stablized/loose Legendrian [47] as a byproduct.

5.1. Action Filtration on Sheaf Homomorphisms

We recall the definitions we made in the introduction and prove some basic prop-
erties. As is explained in the introduction, we consider to add an extra R factor in
order to see the Reeb chords. We follow the construction of Shende’s lecture notes,
which goes back to Tamarkin [153 Chapter 3. Similar constructions can also been
found in Guillermou [84, Section 13 & 16], Nadler-Shende [124, Section 6] and Kuo

[104].

Definition 5.1.1. Let g : M xR? — M xR be q(z,t,u) = (x,t) andr : M xR?* —
M xR be r(z,t,u) = (x,t — u). For a Legendrian submanifold A C T3 (M x R),

let
Aq = {(Iafvt’Tv u, 0)|($,§,t,7’) S A})
A ={(z,§t+u,mu,—71)|(z,&,t, 7 € A}

For a sheaf F € Sh®(M x R), let
Fa=q'F, Fo=r"'F.

Here, A, is the movie of A under the identity contact isotopy, while A, is the

movie of A under the vertical translation defined by the Reeb flow. It is not hard to
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k[-1] k

Figure 5.1. When M is a point, A C R consists of two points 0 and 1,
the front of the Legendrians A, and A, are shown on the left. For . =
kjo,1), the sheaf J#om(%#,, #,) and its projection u, € om(%#,, #,) are
shown on the right. The blue points are coming from the Reeb chord
corresponding to the dashed blue line.

observe that every intersection point for some A and Reeb translation 7.(A) where

T.: T35 (M x R) = T (M xRy (2,6,t,7) = (2,6t +¢,7)

T

comes from a Reeb chord of A. Lemma [£.1.4 shows that those are all covectors
pointing toward du direction (i.e. in M x R, x T*R,,) that lie in the singular support

of Hom(%,,%,), indeed,
SS*(H om(F,,%,)) N Graph(du) = @.
SS®(Hom(F,,%9,)) N Graph(—du) — QL (A).

The following corollary produces an acyclic complex, which will be used to deduce
Sabloff duality. The reader may compare it to the acyclic complex produced in

generating family (co)homology [136, Section 3.1].
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Lemma 5.1.1. For A C T/55(M x R) and F,9 € Sh4(M x R) such that

supp(-% ), supp(¥) are compact,
(M x R, A om(F,,9,)) ~ 0.
Proof. Since S5(.%,) N 55%(¥,) = A, N A, =0, by Proposition [3.1.7]
Hom(F,,9,) ~ DMF, QY.

Since supp(.%),supp(¥) are compact, we know that for sufficiently large ¢ > 0,

Ti.(A) N A = @. Hence for large ¢ > 0,
supp(D'.-#, ® 4,) C q ' (supp(F)) Nr ! (supp(¥)) C M x [—c, c]*.
Therefore consider the function ¢, (z,t,u) = u, Ot | supp(H#om( F,.4,)) 18 proper and
SS(H#om(F,,%9,.)) N Graph(dy, ) = &.
One can apply microlocal Morse lemma |3.1.3| and see that
D(M x R* #om(F,,9,)) ~T(M x R x (=00, —c), #om(F,,9,.)) = 0.

This completes the proof. O

Similar to the case in Legendrian contact homology, where people defines two
A,-categories Aug_ and Aug,, here we also define two dg categories of sheaves.

The idea comes from the definition of the generating family cohomology.
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From now on, the projection M x R?, (x,t,u) — u will be denoted by u.
Definition 5.1.2. For A C .55 (M x R) and Z,9 € Shy(M x R), let

Hom_(#,9) = F(Ufl([o, +00)), Hom(%4,%,)),
Hom (Z,9) =T(u"((0,+)), Hom(%,,%9,)).

The main theorem in this section is the following:

Theorem 5.1.2. For A C T 5(M x R) and #,9 € Shy(M x R) such that

supp(-#) and supp(¥) are compact. Then
Hom (#,9)~ Hom(%,T_(¥)), Hom,(¥#,9) ~ Hom(%,T.(¥))
when € < c(A). Consequently, by Theorem
Hom_(Z,94) ~T(M, N*Hom(r{*F ,7,'9)), Hom (F,9) = Hom(ZF,9).

Example 5.1.1. Let M be a point, A C R consists of two points 0 and 1 (see
Figure . For . =K1, the sheaf

u*f%”om(yq, ﬁr) ~ k(—l,O}[_l] () k(O,l]'
Therefore as the projection u : R* — R is proper on supp(7€om(%,, %,)), we have

Hom_(F,.F) = T([0, +00), ko[1] ® k(p1]) = k[—1]

)

H0m+(§, 32) = F((O, +OO),]1§(0’1}) = k.
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Now we prove Theorem [5.1.2] The first part of the proof
L(u=*((0, +00)), Hom(Z,,4.)) ~ Hom(F,9)

is essentially due to Guillermou [84, Corollary 16.6]. Here we adapt the proof of

Jin-Treumann [94, Proposition 3.16].

ProoF oF THEOREM [5.1.2 Consider Hom(%#,¥). Let C be the minimal
length of chords v € Q(A). As in the proof of Corollary we can choose

¢4 (x,t,u) = u, and by microlocal Morse lemma [3.1.3] when ¢y < ¢(A),
(M xR x (0,cp), om(F,,%,)) ~T'(M xR x (0,400), 7 om(F,,%,)).
Now it suffices to show that for 0 < ¢ < ¢q
(M xR x (0,¢9), om(F,,%9,)) ~ Hom(F, T, .(Y)).

This follows from Guillermou’s result which we now recall. Note that when 0 < ¢ < ¢
there are no intersection points between A and T.(A). Hence (A, UA,) N T (M x
R x (0,¢)) is the movie of a Legendrian isotopy (one can consider a Hamiltonian

supported away from a neighbourhood of A that is equal to 1 near | T.(N)).

e<c<c(A)

By Guillermou-Kashiwara-Schapira’s Theorem [3.3.1, we know for any 0 < ¢ < ¢
I'(M xR x (0,¢9), Zom(F,,%9,)) ~ Hom(F,T..(Y)).

This proves the assertion.
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Then consider Hom_(%#,%). First of all note that for sufficiently small ¢ > 0,
there are no Reeb chords of length less than ¢, in order words (by Lemma , no
points in (—A, + A,) N Graph(—du). Hence applying microlocal Morse lemma [3.1.3]
to u™t((—¢,+00)) and u=*([0, +00)) we know

I'(M x R x [0, +00), #Zom(F,,%9,)) ~ lgnF(M X R x (—€,+00), 7 om(.F,,9,))

e>0

~Hm (M xR x (—¢,0), #om(F,%,))

e>0

~ (M xR x (—cp,0), #om(%#,,%,)).

where i, : uH((—€,+00)) < M x R? is the inclusion. Similarly, (A, U A,) N
T°(M x R x (—cp,0)) is the movie of a Legendrian isotopy. By Guillermou-

Kashiwara-Schapira’s Theorem [3.3.1}, we know for any 0 < ¢ < ¢
I'(M xR x (—c¢,0), Zom(F,,%,)) ~ Hom(F,T_..(9)).

This proves the assertion. O

Remark 5.1.2. The reason Hom(%,9) # Hom_(.F,9) is that for the homo-
morphism

G om(F g, G,) & A om (i 10 F g, 10209, )-

(Using the language in Nadler-Shende [124) Section 2|, this is because the gapped

condition fails for A, and A, as there exist Reeb chords whose lengths shrink to zero



167

when u — 0.) Howewver, for tensor products we can easily get

it Z,09)~it,(DF)il,9.

u=

The following corollary can be viewed as a version of degeneration to Morse
flow trees in Legendrian contact homology (that certain pseudoholomorphic curves
degenerate to Morse gradient flows) in for example [58, Theorem 3.6, Part (4)]. It
says that certain sheaf homomorphisms descend to Morse theory. A similar result in

sheaf theory can also been found in [92, Section 4.3].

Corollary 5.1.3. For A C T'55(M x R) and F € Sh4(M x R) a microlocal

rank r sheaf such that supp(.%) is compact, then
T(u=Y(0), Duco(:Hom(Fy, F,))[1] = C*(A; k).

Proof. Note that we have an exact triangle
i;;o,%ﬂom(fq, Fr) = i;>0,*i;;0%p0m(£zq7 Fr)
= Ducoigto o om(Fy, F))[1] T .

Here iy>0 : ([0, +00)) <= M xR? and @, : u*((0, +00)) < u~*(]0, +00)) are the
inclusions. Taking global sections and compare it with the exact triangle in Theorem

4.0.6, we know that

Tueo(M x R, il o Hom(Fy, F))[1] =~ C*(AK).
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However, write i,>_. to be the inclusion u™((—¢, +00)) — M x R?. We also have

Luo(M x R? i g om(Fy, ;) ~ Hom(Ku—o, iy20 7 om(Fy, F,))

~ lim Hom(i,2_Ky<o, iys_ Hom(Fy, F,))

>0

This isomorphism is because for sufficiently small € > 0, there are no Reeb chords
of length less than ¢, and thus (by Lemma , no points in ((—A,) + A,;) N
Graph(—du). Therefore by microlocal Morse lemma the sections on u!([0, +00))

are the same as u™!((—¢, +00)) for small € > 0.

Luo(M x R? i 1 om(Fy, F,)) ~ 1'£1I-[om(i_1 Ku<o, iys_ A om(Fy, F,))

u>—e
e>0

~ @Hom(

e>0

—1 —1 Tz T
i< Ku<0, iy 7 om(F g, F))

~ Im T (u™" ((—e€ ), Tuco(Hom(Fy, 7,)))

e>0

~ T(uw10), Toeo(Hom(Z,, F,))).

Here ijyj<e : u '((—€,€)) — M x R? is the inclusion. The second equality holds
because Lemma enables us to apply microlocal Morse lemma restrict from

u™((—€,+00)) to u™'((—e,€)). This proves our assertion. O

5.2. Persistence Modules and Hamiltonian Isotopy

5.2.1. Persistence Modules and Sheaves

A persistent module is roughly speaking an R-direct system of modules. It has been

studied by a number of people, for example in [32}33].
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Definition 5.2.1. Letk be a ring. A persistence module Mg is a family { M, }acr
of graded k-modules, together with a family {faga, : Moy — Ma, }ag<a, Such that

foaras © fagar = fagas 0NA foo = idpr,. My is tame if for any o € R, dim M,, < oo.

Definition 5.2.2. Let Mg, Ng be two persistence modules. They are (€, €')-

interleaved if there exists
Go : My — Noye, &0 My — Ny,
,QZ}Oz : Na — Ma+e> ¢:x : Na — Ma+e’

such that the following diagrams commute

M N
fa,a+e+e’ = 1/}0‘4'5 © (fba’ fa,oz+e+e’ - gb/a+e’ o w::y

The interleaving distance between Mg, Ng is
d(Mg, Ng) = inf{e + €| Mg, Ng are (e, €')-interleaved}.

One of the origins of the study of persistence modules is to study real functions
on a manifold. Let f € C®(X) and X¢ = f~'((a, +00)). Then {H*(X})}acr is
a persistence module. A crucial result in [32] is that the distance of a family of
persistence modules { H*(X$)}aer when f changes is controlled by the C°-norm of
f

d(H*(XF), H*(Xg)) < deo(f, 9)-
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Remark 5.2.1. In [32] the authors were assuming that ¢ = 1, ¢’ = ' and
only got the bound by 2dco(f,g). However, when Usher-Zhang |158|, or Asano-Ike
[11] were trying to define an analogue of the interleaving distance and apply that to
symplectic topology, they found that one had to allow the case where ¢ # 1, ¢ # )/

in order to get a better bound dco(f,g). Therefore we adapt their definition here.

In this paper, we will use the language of constructible sheaves on R instead of

persistence modules. Here is the classification result of these sheaves.

Theorem 5.2.1 (Guillermou [86, Corollary 7.3]; Kashiwara-Schapira |89, The-
orem 1.17]). Let F € ShY_y(R) be a constructible sheaf. Then there exists a finite

(index) set A such that

F ~ Pk, [l

acA

FEach interval (uy,va] is called a bar.

Note that for any constructible sheaf .# € Sh?_,(R), we can associate a tame
persistence module by M, = H*T'((—o0, a), % ). All definitions and results in persis-
tence modules can be stated in 1-dimensional sheaf theory easily. In fact, one can
probably show that the category of tame persistence modules is equivalent to the
full subcategory of constructible sheaves in Sh?_,(R). However we won’t discuss it

here.

Now we define the interleaving distance for sheaves in arbitrary dimensions.

Definition 5.2.3 (Asano-lke [11]). Let #,9 € Shb_ (M x R) be two con-

structible sheaves. Let T, : R — R be the translation T.(x,t) = (z,t + ¢). They
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Figure 5.2. The sheaves k45, and Kk, ;) in two different cases.

are (€, €')-interleaved if there exists
O F TG,V G =Ty F,
G —>T. . F A F—>T..9
such that the following diagrams commute

s
tJ

4
0,e+¢’ = TE,*¢ o gbv tE)/,e—l-e’ = TE',*QS/ o ¢,
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where tfﬁ 2 I = Toyp € 1s the natural map. The interleaving distance between

F .9 is

d(F,9) =inf{e+€|F,9 are (e, €)-interleaved}.

Example 5.2.2. Consider the sheaves K(qypy and K, py in Shb_o(R).

Since

their singular supports satisfy v < 0, we need to choose the translation in the negative

direction U. : R = R, x — x —c. Then if a,d’,b, b are distinct, by Proposition|3.1.

Hom(Kap), K p)) = Kiap)na v

There exists a degree zero non-vanishing map iff @’ < a and b’ < b. Now we estimate

the distance between K, p) and Kq, p,] i two specific cases.
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Suppose ag > ay, by > by and ag < by (Figure left). When e+ € > by —ay, the
natural map

T0,e+¢ - k(a1,b1] — k(m—e—e’,bl—e—s’}

becomes zero, so we can choose all the maps to be zero. Now we assume that € +¢ <

by — a1, which means the natural map as a composition

T0,e+¢€ - k(al,bl] — k(ao—e’,bo—e’] — k(al—e—e’,bl—e—e’]

is nonzero. For the second map to be nonzero, we require ag—€ < ay and by—€ < by,

i.e. € > max{ag — ay, by — b1 }. Now we choose any
e>0, € >max{ag—as, by — b}
Then maps in the composition
To,ete * Kiar,b1] = K(ag—e'po—e] = K(aj—e—e/,by—c—e/]
can be chosen to be nonzero. For the other composition
To,ete * Kiag,bo) = Kiar—epi— = Kag—e—e/ bo—e—e’);

we have ag — € — € < a; — e, by — e — € < by —e. Therefore the maps can also be

chosen to be nonzero. Therefore we can show that the distance is

A(K(agbo]> K(ay 5,]) = Inf{e + €'} = max{a; — ao,by — bo}.
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Suppose ag > ay,by < bi. Then (ag,by] C (a1,b1] (Figure[5.4 right). Without loss

of generality, we may still assume that e +¢ < by — ay, which means the composition

T0,e4¢ - k(a1,b1] — k(ao—e’,bo—e’} — k(al—s—e’,bl—e—e’]

is monzero. For the first map to be nonzero, we require ag—¢e' < ay < by—¢€, i.e. € >
ag — ay. For the second map to be nonzero, we require ag — e < by —e — e < by — €,

i.e. € > by — by. Therefore one can show that

d<k(ao,b0]7 k(ahbl]) = inf{e —f- 6/} = (ao — al) + (bl — bo)

For the other two cases, one has similar results. In conclusion, one can see that
the persistence distance is measuring how far the bars differ from each other (in fact

it is the Gromov-Hausdorff distance between the intervals).

Here is a basic property we're going to use from time to time. It basically says

that the persistence distance is a pseudo metric.

Lemma 5.2.2. Suppose #,9 are (ag,by)-interleaved, and 4,7 are (a1,b)-

interleaved. Then F, 7 are (ag + a1, by + by)-interleaved. In particular,

AT, H) < d(F,9) +d9, ).



174

Proof. We have the following commutative diagrams that give the natural maps
T0,a0+bo and T0,a14b1 -

Tbo,*zpl

o) Ta ,*¢ (;5/
F o Tao’*g ———>0 Ta0+b07*ﬁ, g Tbo,*g —_— Ta0+b07*g,

T ,+0 !
G LTy I =25 Ty 4,9, A5 Ty, .G

’
bo,*é

T
SN 7

Therefore we can construct the following maps that give the natural map 7 4+ay+bo+5: :

Tao,*'yo(ﬁ Ta0+a1+b1,*'¢)OTa0+al,*5
—

F

o7
Ta0+a1,*% > Ta0+bo+b0+b1,*¢747

Tal,*¢/°7/ Ta1+a0+b0,*5,OTa1+a0,*¢/\
s

I Toytap «F

Ta1 +ao+b1+bo 7*%'

This proves the assertion. O

5.2.2. Continuity under Hamiltonian Isotopy

Given a Hamiltonian isotopy ¢% (s € I) on T.25(M x R), Guillermou-Kashiwara-

Schapira defined an equivalence functor called sheaf quantization ®3; : Sh2_ (M x
R) — Sh?_o(M x R) (Theorem [3.3.1)). Asano and Tke studied how the quantization

of a Hamiltonian isotopy changes the interleaving distance. Recall that
1
| H ||ose = / (max Hy, — min Hy) ds.
0

Theorem 5.2.3 (Asano-Tke [11)). Let H be a compactly supported Hamiltonian
on T (M x R) and @5 (s € I) be its sheaf quantization functor. Then for F €
Sh7—>0(M X R);

d(F, @y (F)) < | Hl|ose-
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To make the section self-contained, we give a proof of the theorem (the version
we're going to use is a little bit weaker as we will add the proper assumption in the

following lemma, but that’s unnecessary). Denote by 7, the following cone in R?:
Yap = {(1,0)| —ar < 0 < bt} C R%

Lemma 5.2.4 (Guillermou-Schapira [89, Proposition 5.9]; |11} Proposition 4.3]).

For 7 € Shy~o(M xR x I) and sy < s1 € I, if there ezists a,b,r € Ry such that
SS(A)YNT* (M xR x (sg—r,s1+71)) CT*M x (RXI)X"7p),

Suppose the projection myxr : M x R x I — M x R is proper on supp(s¢). Then
the natural morphisms
TO,a(sl—so)—i—s :WMXR,*(%|MXRX[SO,81)) — Ta(s1—so)+5,*7rM><R,*(%|M><]R><[so,sl))7
T0,b(s1—50)+€ - TMxR,* (%|M><]R><(so,s1]) — Tb(s1—50)+e,*7TM><R,*<%|M><R><(so,s1])

both vanish.

Proof. We will only check the first assertion. Without loss of generality, we may

assume that I = R. Write m = my;«g. Consider the diagram

{z} xR2 —~ M x R

{(z} xR —= M xR
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Since 7 is proper on supp(#¢), by proper base change formula we have
z_lﬂ*('%p“uo,m)) = W*f_l(i%ﬂhw,ul))'

Hence we may in fact assume that M is a point.
Recall (v),)° = {(t,s)] —b~'t < s < a~'s}. By microlocal cut-off lemma, we
know that

T ~ /S\*(ﬁlk(fy:’b)o ®]/7;1%) = S*F('y:’b)OXRQ (@1%>7

where s(t,s,t',8') = (t +t',s+ ), pi(t,s,t',s") = (t,s) and pa(t, s, t',s") = (t',5).

Also, note that SS™(kgyjug,u)) N SS>(H#) = (). Hence

7T>|<(jthx[ug,ul)) ~ 7T>x<F]R><(uo,ul]jf x~ 77*/5\*FD<]/9§1%>

~ 1,5, 0om(kp, py ' ),

where D = ((7y,)° x R?) N {(t,s,t',s")[so < s + 5" < s1}. Let To(t,s,t', ) =

(t+c,s,t,s). Then
T. .8 om(kp, Dyt H) ~ W*’s\*%om(ki(m,@lﬁ),

and the natural map 79, is induced by kp — kfc( D)
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Now we consider to decompose pa(t, s, t',s") = (t',s') as p(t,s,t',s") = (t,t',5)

and po(t,t',s") = (t',s'). Then we know
Hom(kp, py ') ~ Hom(kp, p py tH) ~ Hom(kp, ppy ) —1]
~ p.som(pkp, py ' A) 1],
Hom(Kg, Dy H) = putom(pikg, ), py ' H) 1],
Hence it suffices to show that pkp — ﬁlki(D) is zero. However, when t < 0, the
support of the sheaf kp in the fiber p~1(¢,#',s') N D = 0; when ¢ > 0,

Pt s)ND = (sg— 5,51 — 8N (=b""t,a ).

When the support of kp in the fiber of pis empty or a half closed half open interval,
the stalk (pikp),s) = 0; when it is an open interval, then the stalk (pikp) s s 7#
0. Hence

supp(Dikp) = {(t, ¥, )|t > 0,50 < 8 +a 't < 51}

Therefore when ¢ > a(s1 — s9) we know supp(pi1kp) Nsupp(pr kz 1)) = 0 (see Figure

. This completes the proof. Il

PROOF OF THEOREM [5.2.3 The movie of a subset A C T*(M x R) under the

Hamiltonian isotopy ¢% (s € I) is

AH - {(xvtusaé.?Ta U)|($,t,§,7’) = @%(I’Oatﬁh&)?TO)a V= _THS o @?{(ﬁfb,f/T)}
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Figure 5.3. The figure on the left is the open cone (%\{,b)OQ the one in
the middle is the subset D forgetting the ¢’ coordinate; the one on
the right is the projection p(D) forgetting the ¢’ coordinate, where the
fibers in the yellow region are half closed half open intervals and the
fibers in the red region are open intervals.

Therefore it follows immediately that in an interval [s;_1, s;], one can choose r > 0

small such that
SS(AH)NT (M xR x (si-1 —r,5;+71)) CT*"M x (R X 1) X Yap,)

where a; = maxge(s,_, —rs;4r) Hs, bj = —Milge(s, —rs,4r) Hy. This will enable us to
apply Lemma later.
Write 7 = myxr : M xR?* — M xR. To connect | prxrxis; 1} and J|pxrx s},

we consider the following exact triangles

1
() pt st sison) = TP |l risi]) = T (P |t (o)) =,

1
W*(%|M><R><(si,1,si]) _> T{-*(%‘MXRX[SZ‘,LSZ']) % W*(%’MXRX{Sifl}) _) .
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Consider the commutative diagram given by natural morphisms under translation

+1
7-[->(<(f%|]\4><R><[Si,l,si)) — 7T*<%|MXRX[S¢,1,SZ']) — 7r>k(¢%|]\4><]1§><{5i}) -

o _ -
T0,c T0,c - T0,c
_ —
A
+1

Tc,*ﬂ'*(%|M><R><[si_1,si)) - c,*ﬂ'*(c%ﬂ|M><]R><[si_1,s,-]> - c,*ﬂ'*(%|M><R><{si}) -

By Lemma [5.2.4] when ¢ = a;(s; — s;_1) +¢, the left vertical arrow is zero. Hence by

the commutative diagram

+1
7T*<%|M><R><{Si}) — W*(%’MXRX[Si_l,Si))[l]

6 -
-~ T0,c 0

Tc,*'fr*(%‘MXRX[sifl,si]) I c,*ﬂ*(%|M><R><{si}) - C,*W*(%’MXRX[Si—l,Si))[1]7

the composition
7T*(<%ﬂ|MxRx{si}) — Tc,*ﬂ-*(%lMxRx{si}) — Tc,*ﬂ*(%|MxRx[si,1,si))[1]
is zero. In other words, there exists a morphism
T () Mxrx{s:}) 2, T T (| MxRx[s5_1,5:])
that makes the diagram commute. This shows that

7T*<%|MXR><{SZ'})7 7T>l<(<%|]\4><R><[81',1751‘])
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are (0, a;(s; — s;—1) + €)-interleaved. Similarly,

W*(%|M><R><{si,1})7 71->i<(¢%|]\4><R><[Si,l,si])

are (b;(s; — si—1) + €,0)-interleaved. By Lemma |5.2.2 this means 7, (7 |y xrx{s;_1})
and 7, (I | pxrx{s;}) Will be (bi(s; — si—1) + €, a;(s; — si_1) + €)-interleaved.
Now we choose a division of [0, 1], then by Lemma|5.2.2] we know m, (€| prxrx{0})

and 7, (I |vxrx{1}) are (a, b)-interleaved where
a_zaz si — si_1) + Ne, b_Zb i —si1) + Ne
=1
are the Riemann sums. Therefore by letting ¢ < 1/N we know that

0=sp<...<sy=1 — (si—1—7,8i+T) (si—1—T,8+T)
1=

d(, () < inf {i ( max H,—  min HS) (s; — 511)} ,

so the result follows. O

Using this machinery, we now study our sheaf #om(%,,¥,) for #,4 € Sh*(M x
R). As we have seen in previous sections, the last R component encodes the length
of all Reeb chords on A. Hence in order to get information on how the Reeb chords
change under Hamiltonian isotopies, we project the sheaf to the last component R

viau: M x R* - R, (z,t,u) — u and estimate the persistence structure on

u I om(Fy,9,).
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By Lemma m, this is a constructible sheaf in Sh?_,(R). Here is our main result

in this section.

Definition 5.2.4. Let g : M xR?* — M xR be q(z,t,u) = (x,t) andr : M xR?* —

M xR be r(z,t,u) = (z,t —u). For sheaves F,4 € Sh*(M x R), let
HOM(—oo100)(F Y ) = wIom(Fy,9,).

Theorem 5.2.5. Let A C T 5(M x R) be a compact Legendrian, H be a
Hamiltonian on TS5 (M x R) and @5, (s € I) be its sheaf quantization. Then for

F, 4G € Shy(M x R) with compact support,
A(A Moo 100)(F G ), H 0N (0, 400) (T, P (D)) < || H | s

Proof. First of all we extend H to a compactly supported Hamiltonian on
Tr55 (M xR?). Namely choose a compactly supported cutoff function 8y on T35 (M x

R) such that

Bo

Useretr = 1.

Let Hy = BoH be a compactly supported Hamiltonian on 7727 (M x R). Then we can
define ﬁ0($, t,u, &, 7,v) = Polw,t —u, &, 7)H (x,t —u, &, 7). Since supp(% ), supp(¥)
are compact, we may assume that there exists ¢ > 0,

a " (supp(F) N (U (i (7 (supp(#))) ) € M x [=e, ],

sel
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where 7 : T**°(M x R) — M X R is the projection. Choose a compactly supported

cutoff function 3, on T2 (M x R?) such that

Bl’MX[—c,C]Q =L
Then let f[(x,t, u, &, T, V) = Bl(a:,t,u)ffo(x,t, u, &, 7,v). One can see that
Hom(Fy, (Py9Y),) = Hom(Z,, % (9,)) = Hom(F,, ®5(9,)).
We try to show that

d(u S om(Fy,9,), u. I om(Fy, (P39),) < d(G,, ®1(9,)).

Namely, if ¢,, 9" are (e, € )-interleaved, then w,.#om(.%,,%9,), w.78om (%, 94') wil
also be (e, ¢ )-interleaved. Let T.(z,t,u) = (z,t + ¢,u) and U.(z,t,u) = (z,t,u — c).

Then since roT, =ro U, and ¢ = qo U,,
Hom(F,,1..9,) = Hom(U. Ty, Ups9,) = Up € 0om(Fy, 9, ).
For any morphism ¥, — T, .%¥/ there is a canonical morphism
Hom(Fy,9,) — Hom(F,, T..9)).
Therefore there is always a canonical morphism

Hom(Fy,9,) — Ueolom(Fy, 9.

r
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By abuse of notations, we also write U, : R — R, u + u — ¢. Note that uwo U, = U,,

so one will have a canonical morphism
w I om(F,,9,) — Uesundom(Fy, 9)).

This shows that if 4, 94/ are (¢, €)-interleaved, then u,€om(%#,,9,), u.€om(F,,9")

will also be (e, ¢)-interleaved, and hence completes the proof. O

Here are two examples about J#0m(_oo 1o0)(K(zo,t0),#) for the skyscraper sheaf
K(zo10) and F € Shh (R?). We will see that J20m (oo to00)(Kuo t0): -F ) detects Reeb
chords between A and the cotangent fiber T’ (Zﬁo)(M x R).

Note that although k1) ¢ Shr~o(R?), one can still apply the same argument

in Proposition and Lemma {4.1.4, and find that JZ0m_ 4o0)(K(ge o) ¥ ) €
Sh,<o(R).

Example 5.2.3. The first example is about birth-death of Reeb chords (F z'gure
right). We consider a family of Legendrians Ay, = {(z, £3(x + 5)Y/2/2, (v + 5)%/?)|z +
s > 0} € JYR) whose front projections are standard cusps {(z,t)|t> = (z + s)3}.
Consider Reeb chords from Ay to the fiber T(’B’%R? At s =0, a pair of Reeb chords

are created.

For F € Mod(k), consider the sheaf

Fo = F{(a;,t)|0§t<(ac+8)3/2 or (z45)3/2<t<0}"
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~ ks T

Figure 5.4. Birth-death of Reeb chords (on the right) and swapping of
Reeb chords (on the left). On the top, the black Legendrians are (A;),

,O0

while the red curves are (TEB 1)RQ)q. The w-axis is horizontal, the ¢t-axis
is vertical, while the s-axis is pointing into the blackboard.

Then consider u,7€om((ko1))q, %r). One can see that
w I om((Ko,1))gs (Fs)r)u=e = TR, Hom(Kko,1), TexFs)) = Fol @t)=(0,1-0)-
Therefore when s < 0, we have Hom(— +o0)(K(0,1), Fs) = 0. When s >0,
HOM (o0, 100) (K(0,1); Fs) = Flu_s3/2,1153/7)-

In other words, the birth of Reeb chords creates a new bar.

When the Hamiltonian isotopy swaps the length of two Reeb chords, the be-
haviour of the sheaf J#0m_ 4o0)(—, —) under the isotopy may be more compli-

cated. However, there are still very specific cases where the behaviour is relatively

clear.
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Example 5.2.4. The second example is a specific case of swapping of Reeb chords
(Figure left). We consider a family of Legendrians Ay = {(x, 1, £(z + s))|z €
R} C JY(R) whose front projections are standard crossings {(x,t)|t = +(z + s)}.
Consider Reeb chords from A4 to the fiber T(B’%Rz At s =0, a pair of Reeb chords

are swapped.

For Fy, Fy, F3, Fy € Mod(k), suppose for F = %,

Fli@wzlaly = Fil{@yeizys F {e@i<—la = Fal{@y) i<l
F{@)la<o,—t<z<ty = Fol{@y)o<o,—t<a<tts F |{@y)le>0—t<e<ty = Fil{(y)z>0,-t<z<t}-

The sheaf F is characterized by the diagram (see Ezample or [148, Section
3.3])

F1—>F3

L

Fy, — F}.
such that this is a (homotopy) push out diagram (since we consider complezes of
sheaves, this means that Tot (Fy — Fy@® F3 — Fy) ~ 0; see [148, Section 3.3 & 3.4] ).
Then u, I om((ko,1))q) Fr)ume = Fs|(@t)=(0,1-c). Fors <0, Hom (oo 100)(K(0,1), Fs)

15 determaned by the diagram

F, — Fy, — F}.
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When s > 0, H0M( oo 100)(K(0,1), Fs) is characterized by the diagram
Fl — F3 — F4.
Decomposing the sheaf as @ e k{5, 4. [nal, we have for s <0,

%Om(—oo,—&—oo) (k(O,l)a ys) = Vv(—oo,—l—oo) D ‘/(—oo,—s] D ‘/(—oo,s}
EB ‘/(_S’S] EB ‘/(_57""00) EB Vv(s,—i—oo)-

When s > 0,

HOM(—c0,+00) (K(0,1), Fs) 22 U(—o0,100) D Ul—o0,—5] D V(o
N> U(fs,s] S% U(fs,Jroo) S U(S,Jroo)-
Using the condition Tot (Fy — Fy @ F3 — Fy) ~ 0, one can show that
‘/(—s,s] = U(—s,s] = 07
Vicoo—s] = Uloos]s Vicsitoo) =2 Uls o)

‘/i—oo,s] = U(—oo,—s]7 ‘/(37-&-00) = U(—s,—i—oo)a

‘/(—oo,—i-oo) = U(—oo,+oo) .

Hence in this specific case, swapping of Reeb chords swaps starting/ending points of

bars (Caution: this may not be true in general).
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5.3. Application to Estimations of Reeb Chords

Our goal in this section is to relate the number of Reeb chords with Hom  (F#,.%)

and J0m(— s +00)(-F, ¥ ), and hence finish the proof of Theorem [5.0.10} [5.0.11| and
£.0.12

5.3.1. Local Calculation for Microstalks

By Lemmal4.1.4] we know that certain covectors in the microsupport of #om(.%,, .%,)
correspond to Reeb chords. The microlocal Morse inequality (Proposition (3.1.4)) re-
lates the global section of sheaves to its microstalks. Hence it suffices to determine

if the ranks of the microstalks
Fuﬁui(%0m<ﬁ¢b y?“))(xuti,ui)

are as expected. This will follow from concrete local calculations. Here is the main

result.

Proposition 5.3.1. For A C T/5(M x R) a chord generic Legendrian and
F € ShA (M x R) a sheaf with perfect microstalk F, let {(z;,0,t;,0,us, v;) yicr be the
set

((=Ay) +Ar) N {(x,0,¢,0,u,v)|u > 0,v < 0}.

Suppose (x;,t;,u;) corresponds to a degree d; Reeb chord in Lemma|4.1.4. Then

FuSui (‘%ﬂom(yq’ﬂr))(m,ti,ui) = HO’ITL(F, F)[—d,]
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First of all, let’s recall from Section that the degree of a Reeb chord v €

Q. (A) is defined as follows. Suppose at a = (z,&,t,7) and b = (z,&,t+u, 7) (u > 0),
n — deg(vy) = d(a) — d(b) + ind(D?*hg) — 1,

where d(b),d(a) are Maslov potentials at b,a, and hy = hy — h, for hy, h, whose

graphs at b, a are mgon(A). By Morse lemma, we assume that in local coordinates

ho(x) = u, hy(z)= —Za:f + Z 3

i<k j>k+1

Next, by microlocal Morse lemma as in Example we consider

X (u; — €,u; + €), Hom(F,, F,))

it

Ly<u, (F€0om(F, ffr))(%ti,ui) = Cone(I'(U,
— DUy, ps % (wiyu; + €), om(F,, F.)))[—1].

Since ((—A,) +A,) N{(z,0,t,0,u,v)|u > 0,v > 0} = 0, we know that
F(Uy, s % (w; — €,u; +€), om(Fy, Fy)) = D(Uyg,p, X (i — €,w;), om(Fy, F,)).

Hence it suffices to calculate
Cone(T'(Uy, 1, % (u; — €,u;), Hom(Fy, F,))
— DUy, 1, % (wiyu; + €), 7 om(.Z,, ﬁr)))[—l].

Note that (AJUA, )NT*>(Uy, 1, X (ui—€,w;)) and (AJUA, )T (U, 1, % (u;, u;+e€)) are

movies of Legendrian isotopies. Hence by Guillermou-Kashiwara-Schapira Theorem
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[3.3.1], it suffices to compute
Cone(I'(Uy, 4, % {u; — €/2}, Hom(F,, F,)))
— DUy, 1 % {ui + €/2}, Hom(Fy, F,)))[—1]

(as long as we can keep track of the restriction map). From now on, we write
U™ =Up, X {ui —€/2}, U" =U,, ;. x {u; +¢/2}.
Since (—A,) N A, = 0, by Proposition [3.1.7]
Hom(F,, F,) ~D'F, & F,,
where D'.Z, € Sh_, (M x R?). Now write

UE N (2, t)|t > hy(2)} = Uy, UE N {(, )|t < hylw)} = Uy,
U N{(z, )|t < ha(x) +u; £€/2} = Uy, U N {(,t)[t > ha(z) +u; £ ¢/2} = U5,

Without loss of generality by microlocal Morse lemma, as in Example or (148,

Section 3.3] we may assume

leg;q‘qu = QO‘U%O’ D,igaq’Uq,l = Ql‘Uq,l?
L%’|Ufo = R0|U307 §T|Ufl = R1|Ufl~

In addition here we claim that

Cone(Q — Qo) ~ D'F[—d(b)], Cone(R; — Ry) ~ F[d(a) + 1].
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Lemma 5.3.2. Let F € Sh.oc oot (R™) and @(z,t) = ¢. Then

R™ xR 0,—

..........

Proof. We assume that 7 g [0, 100) = F1|R7x[0,400) A F [k (—00,0) = FO|R7 % (—00,0)-

Then we have an exact triangle
Tos0(:F)00) = F1 = Fy = .
Therefore by taking the dual we have
D'Fy — D'Fy = D'Tyso(:F ) 0.0) — -

HOWGV@I‘, we claim D,Lgé\‘Rnx(O’Jroo) = D,F]_‘Rnx(o’Jroo) and Dlﬁ‘[&"x(foo,o] = D/FO‘R"X(—OO,O]'
We will only check the stalk at R™ x {0} (other stalks can be computed easily). In
fact

D' Z 0 =T ({(0,...,0)}, #om(F k)) ~ T(R"™, s#om(F,k)),

and the latter consists of morphisms ¢; : Fi — k, ¢ : Fy — k such that the following
diagram commutes:

F I Fy




191

ArN{u=ui-€/2} ArN{u=ui+el/2}

for

______

{u=ui+ €/2}

Figure 5.5. When n = 2 and k = 1, the open subsets U~ (on the left)
and U™ (on the right).

Such pairs (¢1, ¢g) corresponds bijectively to ¢o : Fy — k (¢; will just be the

composition of ¢g and the restriction map F; — Fp), so
Hom(.Z,k) ~ Hom(Fy,k) = D'Fj.
Therefore we know that

..........

This proves the assertion. O

Suppose first 0 < £ < n. Now we compute RI'(Ug, +,) x{uite/2}, R om(Fy, F,))

separately. At u = u; — €/2, we know that

Ugi NU, = D* x D" % % (0,1],Uyo N U, = D* x D" % % [0,1),

Ugi NU = D* x D% x [0,1], Ugo N Uy = D* x (5" 7571 % (0,1)) x (0,1).
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Qu®R:

m G @
/ UaNUn \Qm Un Q1R ey Q1R

Figure 5.6. When n = 2 and k = 1, the stratification on Ugo N U, C U™

At u = u; + €/2, we know that
Ui NUY = DF x D"* % (0,1], UgoN U = D x D% x [0, 1),
Upa NUS 2 (S*71 % [0,1)) x D% x [0,1], Ugo N Uy = D* x D% x (0,1),
and the boundary regions around m are (Figure
Ut NU MU N Uy = D x D*7*,
Uyo N U NUgo N Uy = Dk x Dk,
Ut VU NUo N Uy = SFL % D" F,

where D¥ C S* is the lower hemisphere and D¥ C S* is the upper hemisphere.
Jr

PROOF OF PROPOSITION [5.3.7]. Suppose first that 0 < k < n. At u = u; —€/2,

since (—A4) NA, N V;quU;1,+(M X R) = () (recall y;quU;1,+(M x R) is the outward

conormal), we know by microlocal Morse lemma that

MU, DF,@ %) =TU,NnU,,DF &%) ~Q®R;.
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At u = u; + €/2, since (—=A,) NA, Nv>™ (M x R) =0, we also know that (see

Uq,0NU T+
Figure
DU, D'Z,® %) =T(UyNUS, D' F @ F,).

Here U, o N U;fo — D" % D" with a statification D**! x Dk DX x D"k and

Sk=1 % D" *_ In addition

D' 7, @ Z|perixpn-r = Qo @ Ry,
D7, ® ﬂrb{;xm—k = Qo ® Ry, D'Fy ® F|pr ypnr = Q1 @ Ry,

D/Lng ® yr|5k—l><ank - Ql ® Rl.

It suffices for us to do calculations on Ekﬂ, so from now on we will drop all the D"~*
terms. In order to calculate the (derived) global sections using Cech cohomology, we
need to consider a refinement of the current stratification on m, whose stars
give a good cover (meaning that any finite intersection is contractible) of the region.

We consider the stratification of S¥~! by OA*, whose stars are

StAliy. 0] = U Apriy ity = ﬂ StAR,)-

{11722777'U}C{2/1’Z/2$77’{11,}C{07197k+1} I<j<v
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N E b

Figure 5.7. The stratification in the case k = 2 (left), and the re-
striction maps pointing from lower dimensional strata to higher di-
mensional strata (right). These are restriction maps because given
the triangulation, the stars of lower dimensional ones contain stars of
higher dimensional ones. The green indices on the left are labels of the
simplices OAF.

Consider the stars which give a good cover (Figure [5.7|left). Therefore the (derived)

global section is (Figure right)
[(Upo N Uy, D' 7y @ F,)
~ Colim((Q1 ® Ry)®* ™ — (Q1 @ Ry)PF D2
= (1 ® R = (Qo @ Ry) & (Q1 ® Ro) = (Qo ® Ry)).

Before starting to compute the microstalk, we need to keep track of the restriction

functor
Q1R — Colim((Q1 ® Rl)@k+1 —(Q1® R1)®(k+1)k/2 o

= (Q1® R)¥ = (Qo® Ry) @ (Q1 ® Ro) — (Qo ® Ro))-
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Note that in U = U, 4,) % (u; — €,u; + €), the Q1 ® Ry term is supported on V' ~

D* x D% x [0, 1] x (0,1], where the restriction map is the one induced by
C*(D* x D" x [0,1] x (0,1]; K) — C*((S*' x [0,1)) x D"* x [0, 1]; K),

which is homotopic to the restriction map C*(AF;K) — C*(0AF;K), where K =

Q1 ® Ry. Hence the restriction map is just the diagonal map

§: QIR — (Q® R+

x = (zx, ., x).

Since the cone of the restriction map is

Cone(C* (A% K) — C*(0A%;K)) =~ C*(A*, 0A*; K) ~ k[—k],
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we are able to calculate the microstalk:
Pugui(Dlagzq®9r)(xi,ti,ui)
~ Cone((Q1 ® Ry) = Colim((Q1 ® Ry)®*™ — ...
= (Q1 ® R = (Qo ® Ry) @ (Q1 ® Ro) = (Qo ® Ry)))[—1]
~ Tot ((Q1 ® Ri) — (Q1 @ Ry)®**! — .
— (Q1® R)¥* = (Qo ® Ry) @ (Q1 ® Ro) — (Qo ® Ry))
~ Tot (0 —=0— ... (Q1®Ry) —

— (Qo ® Ry) ® (Q1 ® Ry) — (Qo ® Ry))

12

Tot ((Q1 ® R1) — (Qo ® R1) @ (Q1 ® Ry) — (Qo ® Ro))[—k].
By Kunneth’s formula, we can conclude that
Tot ((Q1 ® Ri1) = (Qo ® R1) @ (@1 ® Ro) = (Qo ® Ro))[~]
~ Tot (Q1 — Qo) ® Tot(Ry — Ro)[—k]
~ (D'F[—d(b) — 1] ® F[d(a)]) [-k] = D'F & F[d;].
Finally the only case left is the case when k& = 0 or n. The strategy is the same.

When k = n, the sections at u = u; — ¢/2 are

U~ D'7,®.%) =T(U NU,, D' % ® %) ~ Q1 ® Ry.
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The sections at u = u; + €/2 are
DU D' Z, @ %) =T Uy N Uy, D'y @ F,)
~ Colim((Qy ® Ry)®"™! — (Q1 ® Ry)® /2 —
= (Q1® R = (Qo ® R1) @ (Q1 ® Ro) = (Qo ® Ro))[-1].
Hence by the same argument using Kunneth’s formula, the microstalk is
Tucu, (D' Fy @ Fo) o)
~Tot ((Q1 ® R1) = (Q1 ® Ry)®" — ..,
= (Q1 ® R)™"™ = (Qo ® Ry) @ (Q1 ® Ro) — (Qo ® Ry))

~Tot (@1 ® R1) = (Qo® R1) @ (Q1 ® Ro) — (Qo ® Ry))[~n]

~Tot(Q1 — Qo) ® Tot(Ry — Ro)[—n]

~ (D'F[—d(b) — 1] ® F[d(a)]) [-n] = D'F @ F[d].

When k = 0, the sections at u = u; — €¢/2 are
U, D'7,®.%)=T(U NU,,D'F @ F) ~Q1® Ry.

The sections at u = u; + €/2 are

DU, D%, ® %) = (Uyo N Uy, D'.F, @ 7,

~ Colim ((Q1 ® Ro) ® (Qo ® Ry) — (Qo — Ry)).
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Therefore the microstalk is
Loz (D' Zy @ F0) o)
~ Cone(Q; ® Ry — Colim ((Q1 ® Ro) ® (Qo ® Ry) = (Qo — Ro)) )[~1]
~ Tot(Q1 ® Ry — (Q1 @ Ro) ® (Qo ® R1) = (Qo — Ro))
~ Tot(Q1 — Qo) ® Tot(Ry — Ry)
~ D'F[-d(b) — 1] @ Fld(a)] = D'F @ F[~d,).

Hence the proof is completed. O

When u < 0, we consider {(x;,0,t;,0,u;, ;) }ier be the set
(~Ag) + M) 1 {(,0,£,0,u, )] < 0, < 0}.

The calculation in Proposition [5.3.1] still holds, except that we have to be careful
about the gradings.

We always assume that in our local model, when v increases, the point a is moving
up in the horizontal u-direction passing through b. In the case of u > 0, the point
(24,0, 1;,0,u;, ;) comes from a Reeb chord connecting a to b where b is above a, and
as u > 0 increases from 0, b is fixed and a is moving up. Graph(hy), Graph(h,) are

local models of mgene(A) at b, a, and in local coordinates

hy(z) =u; >0, hy(z) = —fo + Z 3

i<k j>k+1
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However in the case of u < 0, the point (z;,0,t;, 0, u;, ;) will then come from a Reeb
chord connecting b to a where a is above b, and now as u < 0 increases to 0, a is
moving up and yet b is fixed. In local coordinates
hy(z) =u; <0, hy(z) = —Zw? + Z 3
i<k J>k+1
Then that the Morse index ind(D?hy,) where hy, = hy — hy will become k instead of
n — k (the order of a and b are switched as their heights are switched). Thus if the

degree of the original chord is d;, the degree shifting will be
—d(b) — 1 +d(a) — k = —d(b) — 1 + d(a) — ind(D?*hy,) = —n + d; — 2.

Proposition 5.3.3. For A C T;2)(M x R) a chord generic Legendrian and
F € ShA (M x R) a sheaf with perfect microstalk F, let {(z;,0,t;,0,us, v;) yicr be the
set

((=Ay) +Ap) N {(z,0,¢,0,u,v)|u < 0,v < 0}.

Suppose (x;,t;,u;) corresponding to a degree d; Reeb chord in the bijection defined in
Lemmalf.1.J Then

Lu<u,(Hom(Fy, F7)) @it = Hom(F, F)[—n + d; — 2].



200

5.3.2. Application to the Morse Inequality

Combining the previous propositions, we are able to prove the main theorems|5.0.10
and [5.0.11] using duality exact sequence. The main ingredient for these theorems will

be the following Morse inequalities.

Theorem 5.3.4. For A C T35 (M x R) a closed chord generic Legendrian and
F € ShY (M x R) a microlocal rank r sheaf, let Q;(A) be the set of degree j Reeb

chords on A. Suppose supp(F) is compact. Then for any k € Z
P2 (=1DF1Q;(A)] = Y (—=1)* dim H/ Hom, (F, 7).
J<k J<k

In particular, for any j € Z, r*|Q;(A)| > dim H Hom (F,.F).

Theorem 5.3.5. For A C T2 (M x R) a closed chord generic Legendrian and
F € Shi{ (M x R) a sheaf with prefect microstalk F, let Q;(A) be the set of degree j

Reeb chords on A. Suppose supp(F) is compact. Then for any k € Z
Z )k ]ZdlmHZHom(FF 1Q;_i( |>Z ¥ dim HY Hom ( (F , F).
i<k i€Z i<k
In particular, for any j € Z,
> " dim H'Hom(F, F)|Q;_;(A)| > dim H' Hom (Z,.F).
i€Z
We now apply the results to relate persistence structure to Reeb chords. We first

prove Theorem (5.0.10} [5.0.11| using persistence of J#0m(_oo 100)(-F, %), and then
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prove Theorem [5.0.12{using the continuity of persistence of #0m o 4o0)(-F, P} (F))

under Hamiltonian isotopies.

Proor oF THEOREM [(£.0.10] AND [5.0.11]. Consider the sheaf J0m oo 4o0)(F,F).

We know
TCOM (o0 400)(F, F) = uH0om(Fy,9,) ~ @k&,c/}[na]'
ael

Since u : M x R? — R is proper on supp(#om(.%#,,%,)), we know that
Lu<c(udlom(Z4,9,))e ~ uLu<c(Hom(Fq,9,) ) u1(c)-
On the other hand, given a bar k., we know that
Luce(keep)e = k[=1], Tuce(Keep)e = k.

Hence by Proposition we will determine the number of starting point/ending
point of bars from the rank of the microstalk.

By Corollary , we know that in degree j+ 1, there are at least dim H7 (A; ]kTQ)
starting points or ending points of bars at u = 0. The starting points of such bars
should come from bars of the form kg ,j[—j] while the ending points of bars should
come from bars of the form k(_g[—j — 1]. By Lemma , the other ending
point /starting point of these bars will correspond to signed lengths of Reeb chords

in Q1(A). By Proposition [5.3.1, we know that for ¢; > 0 that corresponds to a
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degree d, Reeb chord, the microstalk

Lu<e, (usdlom(F4,9,)) e, ~ krz[_d-i-]'

+

Hence the corresponding ending point of a bar ko, ;[—/] should be a degree j Reeb
chord. Similarly for ¢ < 0 that corresponds to a degree d_ Reeb chord, by Propo-

sition [£.3.3] the microstalk

Lu<e (uedlom (%4, %,))e. ~ k”2[—n —2+d_].

Hence the corresponding starting point of a bar k(._g[—j — 1] should be a degree

n — j Reeb chord. Therefore
Qi (A)| + 72| Qi (A)| > r* dim HY(A; k).

This proves Theorem [5.0.10f The proof of Theorem [5.0.11]is similar. U

Finally we prove Theorem [5.0.12] which gives estimates on the Reeb chord-

s between A and its Hamiltonian pushoff ¢k (A) for a contact Hamiltonian flow

oy (s el).

Proor oF THEOREM [5.0.121 Consider the sheaf J70m o to0)(-F,F). We know
from the previous proof that starting points and ending points of bars at u = 0 in
degree j + 1 correspond to a basis of H’(A; k”2). In addition, the corresponding end-
ing point of a bar k(g .,)[—;] should be a degree j Reeb chord, and the corresponding

starting point of a bar k._n[—j — 1] should be a degree n — j Reeb chord. The
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lengths of these bars at time s = 0 will be at least
¢j(A) = cnj(A) = min{l(7)]y € Q;(A) U Qn—;(A)}.
Consider the Hamiltonian %, (s € I). Since
[1H [lose < €jo(A), - ¢, (A),

we know by Theorem m that these bars will survive in J0m_ oo 400\ (F, P} (F)).
We claim that each bar in S#0m_co o0\ (F, 3 (:F)) corresponds to a Reeb chord
between A and oL (A). Namely the proof is similar to Lemma [4.1.4L Note that

A N (P5(A)), = B, 50 (u,1) € ST (A oMo (F, DYy (F)) iff
(IL‘, 0’ t 07 u, V) S (_Aq) + (SO}J(A))M

iff there exists (z,&,t,7) € A, (z,&,t+u,7) € ¢4 (A) (and v = —7). In addition, the
computation of microstalks in Proposition still holds. Hence the endpoints of
bars count Reeb chords both from A to ¢3(A) and from @}, (A) back to A, i.e. the
chords between A and ¢k (A). Thus
r’|Q(A, i (M) > 7 Y dim H (A k).
0<i<k

This completes the proof of the theorem. O
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5.3.3. Horizontal displaceability

As is mentioned in Remark we show that for all horizontally displaceable
closed Legendrians A C T755(M x R), .F € Shi(M x R) with zero stalk near
M x {—oo} necessarily has compact support. Note that under the assumption that
M is noncompact, .# € Shi (M x R) will always have compact support as the front
projection 7(A) is compact in M x R, so we only need to consider the case where M
is compact.

Recall that A C 1725 (M xR) is horizontally displaceable if there is a Hamiltonian

flow ¢ (s € I) such that there are no Reeb chords between A and ¢k (A).

Lemma 5.3.6. Let A,A' C T 5(M x R) be closed Legendrians, and F €

Shh (M x R),.F' € Shh,(M x R) such that the stalks near M x {—oo} are zero.

Suppose there are no Reeb chords between A and A'. Then for any ¢ € R,
Hom(Z,T..F") ~0.
Proof. We know that
Lu<e(usdlom(Fy, F))e = u Ly (Hom(Fy, F)))u-1(0)-

Therefore since there are no Reeb chords between A and A’, by Lemma we
know that Zom_c to0)(F, F') = wdom(F,, F]) is a constant sheaf on R.

Consider now u = —c is sufficiently small so that the front my«r(7T-c«(A")) is

below M x {—C}. Let i,—_. be the inclusion M x R x {—c} < M x R?. Then as
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Proposition [3.1.7] implies that

il Hom(Fy, Fl) = Hom(F, T .7 ) =D FRQT_..F

u=—c

and the stalk of .# is zero near my«gr(A’), it is implied that

(it Aom(F,, FL)) C (~A) C Ti55(M x R).

By microlocal Morse lemma we can conclude that

D(M x R,i,t  Hom(Fy, F)) ~T(M x (—oo, —C), it Hom(F, F.)) ~0.

) "u=—c ) "u=—c

Since J0m(_og 4o0)(F,.F') is constant this shows the assertion. O

Proposition 5.3.7. Let M be compact. If A C T 55(M x R) is horizontal
displaceable, then any .F € Sh4 (M x R) that has zero stalk near M x {—oo} will

have compact support.

Proof. Suppose supp(%#) is noncompact. Then the fact that M is compact and
that . has zero stalk near M x {—oo} necessarily mean that there for any 7' > 0

sufficiently large, there is x € M such that %, # 0. Let
T > sup{t € R|3(z,&) € T*M, (z,&,t,1) € A}.

Then % is locally constant on M x [T, +o00) with nonzero stalk.
Since A is horizontally displaceable, there is a Hamiltonian flow ¢3; (s € I) such

that there are no Reeb chords between A and ¢k (A). Let A’ = ¢L(A) and following
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Theorem F' = 0L (F). F' is also locally constant on M x [C,+o0) for

sufficiently large C' > 0 with nonzero stalk. By Lemma [5.3.6|
Hom(Z,T..F") ~0.

Let ¢ > 0 be sufficiently large such that the front projection myyg(7.(A’)) is above

M x {C}. Then using the formula
Hom(F,T..7)=D'F T, . F
near myxgr(A) the stalk of Zom(.#, T, ..7') is zero. Hence
SS*(AHom(F, T, . F")) C N C T5(M xR).
By microlocal Morse lemma we can conclude that

Hom(Z, T, . F") ~T(M x (C,400), #om(F,T..7')) #0,

which leads to a contradiction. O

5.4. Application to Non-squeezing into Loose Legendrians

In this section we show that the C°-limit of a smooth family of Legendrian sub-
manifolds is not going to be stablized or loose when there exists some non-trivial

sheaf theoretic invariant. Here is the definition and the theorem.
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Definition 5.4.1 (Dimitroglou Rizell-Sullivan). Let U C T,25(M x R) be an
open subset with H,(U;Z/2Z) # 0. A Legendrian submanifold A C T35 (M x R)

can be squeezed into U if there is a Legendrian isotopy Ay with Ag = A and
A CU, [M]#0€ H,(U;Z/27).

Theorem 5.4.1. Let Ajppse C To26 (R™1) be a stablized/loose Legendrian, and
A C TS5 (R™Y) be a Legendrian so that there exists # € Shh(R™ ') whose mi-

crostalk has odd dimensional cohomology. Then A cannot be squeezed into a tubular

netghbourhood of Ajose.

The idea is to detect the Legendrian A by a fiber T(zgjo)R”“ as in Example
First we state a geometric lemma that is needed. This is proved by Dimitroglou

Rizell-Sullivan [47]. For the concepts including formal Legendrian isotopy, loose

Legendrian submanifolds and h-principles, the reader may refer to [116].

Lemma 5.4.2 (Dimitroglou Rizell-Sullivan). For n > 2, let Ajpse C To55 (R™ )
be any loose Legendrian submanifold. Then for any small A > € > 0, Ajypse @5 iS0topic

to A\

loose

that satisfies the following properties:
(1). there exists (xg,to) € R™™ such that there are precisely 2 (transverse) Reeb

chords ~o,v1 from N to T R and

loose (zo,to)

[(v0) = 1(m) = 4;
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® (xo, 7o)

A loose,S™"

Aloose

tonnected sumi

Figure 5.8. On the left there is the loose Legendrian Ay, and on
the right there is a loose Legendrian Agn jo0s formally isotopic to the
unknotted sphere (the front projection should be spinning around its
symmetry axis). In the red region we perform the connected sum
construction.

(2). there exists a Hamiltonian Hg (s € 1) with |Hs||osc < € such that there are

) and T°>, \R™,

no Reeb chords between (,0}{(/\’ (zo,to)

loose

Proof. We first construct a loose Legendrian sphere Agn joose that is formally
isotopic to the standard unknot sphere Agn g and satisfies the properties in the
lemma. Then we take a connected sum Ajose#Asn j00se- 1IN fact, since Ajgge is
compact, one can find (zg,ty) € R"™ such that there are no chords between A
to T, R™™ (in other words the front projection of Al is disjoint from the
hypersurface z = zp). We choose Agn jo0se t0 be the Legendrian sphere in Figure
where the number of zigzags is to be determined. There are precisely 2 (transverse)

Reeb chords 7, v, from Af . to T )R”“ and

/
loose (zo,to

[(v0) = 1(m) = 4;
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It is not hard to see that Agn jo0se is formally isotopic to the standard unknot sphere
Agn & and the front projections of Ajgese and Agn j00se are separated by some hypersur-
face in R"*!. Therefore one can define the connected sum Ajpose#Agn Joose uniquely
up to Legendrian isotopy [44} Proposition 4.9].

We show that Ajgese#Asn joose 18 formally isotopic to Ajpese. This is because first
Agn jo0se 1S formally isotopic to Agn g and this isotopy can be chosen to be fixed
near the neighbourhood where the connected sum takes place. Second we perform a
formal isotopy from Ajgese#Agn st 10 Ajgose. Since locally the connected sum is defined
by connecting two cusps [44) Section 4.2.2] (see Figure [5.8), one can explicitly see
they are isotopic. This proves the claim. Hence by Murphy’s h-principle [116]

Aloose#AS",loose is iSOtOpiC to Aloose-

/

This constructs A} ..

= Aloose#FAsn 100se and by the construction of Agn jpese We
know that condition (1) holds.

Now we show condition (2), that one can choose Agn joose S0 that AjgeseFFAsn 1o0se
can be displaced from T, (ZEO)RHH by a Hamiltonian H, (s € I) with [[Hg||ose < €

so that there are no longer Reeb chords between them. This is because we can add

sufficiently may zigzags in Agn jo0se such that the derivatives of the front
& = 0t)0x; € (—¢/2n,¢/2n), (1 <i<n)

are sufficiently small, i.e. Agn joose is contained in a neighbourhood of R***  JY(R") C
T*°°R""!. Then one can easily find a Hamiltonian H, (s € I) supported in a neigh-

bourhood Ugn+1 of R™™ with ||Hy|lese < € that displaces Agn joose from 1% )R”“.

— (zo,to
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For example, consider a cut-off function 5 € C*°(R) that is equal to 1 in (—€/2,€/2)

and 0 outside <_€7 6)' Let H('Tagat) = 6('&)617 HHHOSC S €,

Hly,,., =&, Xulv,,,, = —0/0x:.

This will displace Agn jo0se from T(zoiO)R”“ d

Next we set up the foundation of the persistence module J°0m (— oo 4o0) (K(zg.t0): F )
in this case. Note that Kz, ) & Shi.q(M x R). However as long as .# € Sh?_,(M
R), all the arguments are still valid. Since Lemma m still holds, one can easily
see that all discussions in Section on the persistence structure still hold for the
sheaf

T OM(— o0, +00) (k(xo,to)v F) = U*%Om((k(zo,to))m Fr).

PRrROOF OF THEOREM [5.4.7] First assume that n > 2. Suppose A can be squeezed
into a contact neighbourhood Ujgese 0f Ajgose. By Lemmal5.4.2, we can apply a contact

isotopy so that the contact neighbourhood Ul is mapped to a contact neighbour-

hood U}, of A Denote by A’ the image of the original Legendrian submanifold

loose*

in U}, By shrinking the contact neighbourhood Uj, .. we may assume that for the
projection mrn O Tont : Ul e — R™, the height of each connected component of U}, .
in the fiber of mrn © Thent 1S less than € where 4¢’ < A — €.

Lemma ensures that there exists (g, ty) € R"*! such that there are precisely

2 transverse Reeb chords from Af_ .. to T, )R”“ starting from (zo, 1) and (xg, t2).

loose (zo0,t

For A’ C U}, ., since the mapping degree [A'] # 0 € H,,(A] s Z/2Z), the preimage

loose’



211

of (zg,t1) and (x¢,t2) under the projection U} ., — Al s @€ P11, ..., P12k+1 and
P2,15 -, P2,2k+1, and

. . _ . > _ !
Lcnin fu(pr) — u(pag)l 2 A= 2€

Consider the Hamiltonian Hy (s € I) with ||H|lose < €+€ < A—2€" and horizon-

tally displaces A;___ from the cotangent fiber T(Zﬁo)Rn+1 as in Lemma m For a

loose ,

/

loose, there will be a Hamiltonian H, (s €

sufficiently small neighbourhood Uj . of A
I) with ||Hgllose < €+ € that horizontally displaces U}, . For % € Shy(R"™) we
calculate

'%aom(*ooﬂroo) (k(l“o,to) ) (I)il(gz)) .

By Lemmald.1.4] w(p11), ..., u(p12k+1) and u(pa1), ..., u(p2,2k+1) correspond to all the

starting points and ending points of the bars. In addition, for each point the number
of bars k(. (either starting or ending there) in the sheaf is at least the rank of the
microstalk of .%. Denote the rank of the microstalk of .% by 2r + 1. We argue
that there must be a bar starting from u(p; ;) and ending at u(ps ;). Otherwise all
bars start at some u(p; ;) will end at some w(p, ;) for ¢ # j. However, there are odd
number of points u(py1), ..., u(p12x+1), so there should be (2r + 1)(2k 4 1)/2 bars
connecting them, which leads to a contradiction.

Now that we know there is a bar starting from wu(p; ;) and ending at u(ps ;), it will
have length at least A — 2¢/. By Theorem under the Hamiltonian H, (s € I)
with [|Hllose < €+ €, this bar will persist since € + ¢ < A — 2¢/. This leads to a

contradiction.
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{(x, y, O] x=x0, y=0}
Aspin

e

Figure 5.9. The front spinning of a standard unknot.

Finally when n = 1, we apply the spinning construction [55| Section 4.4] (Figure
to a stablized Legendrian knot: namely consider a real line ¢ = ¢, that is disjoint
from the front projection Ajese, A’ and spin around the front along the line z = x;.
The standard zigzag thus gives a loose chart for the new Legendrian Ajgose spin and
Apin In THGR3. Tt is clear from the front projection that, if there is a sheaf with
singular support on a knot, then there is also a sheaf with singular support on its
spinning. In fact, we consider R*\{(z,y,t)|r = zo,y = 0} ~ R? x S and the
projection

7 R\{(2,9,t)|r = 20,y = 0} X R* x §' — R5.

Now take the sheaf 77'.% then SS™ (77 1.%) = A,

tpin- Note that supp(F) is compact,
so 7~ L% has zero stalk near the line {(z,y, )|z = xo,y = 0} and we can easily extend

it to a sheaf on R3. Then applying the argument above will complete the proof. [J
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CHAPTER 6

Adjoints of Microlocalization and Sperical Adjunction

Spherical adjunctions are introduced by Anno-Logvinenko [8] in the dg setting
and then by [49] in the stable oo setting, as a generalization of the notion of spherical
objects [144]. Like spherical objects, spherical adjunctions provide interesting fiber
sequences and autoequivalences of the categories called spherical twists and cotwists.

In algebraic geometry, when we have a smooth variety X with a divisor ¢ : D —

X, the push forward functor and pull back functor

ix : Coh(D) = Coh(X) : ¢

form a spherical adjunction between the dg categories of coherent sheaves, where the
spherical twist is — ® Ox (D).

In symplectic geometry, as is suggested by Kontsevich-Katzarkov-Pantev [98]
and Seidel [140|, we have another interesting class of spherical adjunctions inspired
by long exact sequences in Floer theory [58|135,/138,/141). For a symplectic Lef-
schetz fibration 7 : X — C with regular fiber F' = 7 !(00), let FS(X,m) be the
Fukaya-Seidel category associated to Lagrangian thimbles in X and F(F) the Fukaya

category of closed exact Lagrangians in I’ [139]. The cap functor

Ar: FS(X, 1) — F(F)
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defined by intersection of the Lagrangians with F' admits a left adjoint U called the
(left) cup functor [4] (see also |6, Appendix A]). In an unpublished work, Abouzaid-
Ganatra proved that N and U form a spherical adjunction for general symplectic
Landau-Ginzburg models [4]. On the other hand, using the formalism of partially

wrapped Fukaya categories |76,[151], Sylvan considered the Orlov cup functor
Up : W(F) - W(X, F)

associated to any Weinstein pair (X, F) and showed that the U is a spherical functorﬂ
as long as the Weinstein stop F' C 0,,X is a so called swappable stop [152]. In this
case, the spherical twists/cotwists are the monodromy functors defined by wrapping
around the contact boundary.

In microlocal sheaf theory, Nadler has also shown that functors between the pair of
microsheaf categories over the symplectic Landau-Ginzburg model (C", 7 = 2 ... z,),
aftering (heuristically speaking) adding additional fiberwise stops, form a spherical
adjunction. Then, by removing the fiberwise stops, the spherical adjunction for the
original pair is also obtained [122], but it is unclear how general this argument is in
sheaf theory.

Our main result provides a general criterion for the microlocalization functor
ma : Sha(M) — puShy(A) to be spherical. Under the equivalence of Ganatra-

Pardon-Shende [74], the left adjoint of microlocalization m/y is equivalent to the Orlov

IThe data of a spherical functor is equivalent to the data of a spherical adjunction, as will be
explained in Section Here we use spherical functors because the adjoint functor is not explicit
from Sylvan’s work.
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cup functor on wrapped Fukaya categories, while we expect that the microlocalization

my is the cap functor on Fukaya-Seidel categories (see Remark [6.0.2/and |6.0.3]). This

is based on joint work with C. Kuo.

Let M be a real analytic manifold. Consider a fixed Reeb flow T} : T**°M —
T M. Recall that a (time-dependent) contact isotopy ¢ : T5°M xR — T M is
called a positive isotopy if a(9y;) > 0. In the definition, we use the word stop for any
compact subanalytic Legendrians (following [76}[151]), meaning that Hamiltonian
flows are stopped by the Legendrian.

The geometric notion of a swappable subanalytic Legendrian originates from
positive Legendrian loops that avoid the Legendrian at the base point [42], and is
explicitly introduced by Sylvan [152]. Here our definition is slightly different from

[152).

Definition 6.0.2. A compact subanalytic Legendrian A C T**°M is called a
swappable stop if there exists a compactly supported positive Hamiltonian on T M\ A
such that the forward flow sends T.(A) to an arbitrary small neighbourhood of T_.(A),

and the backward flow sends T_(A) to an arbitrary small neighbourhood of T.(A).

We also introduce the notion of geometric and algebraic full stops, both called
full stops for simplicity. We will see in Proposition that a geometric full stop

is always an algebraic full stop.

Definition 6.0.3. Let M be compact. A compact subanalytic Legendrian A C

T M is called a geometric full stop if for a collection of generalized linking spheres
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at infinity > C T*°M of A, there exists a compactly supported positive Hamiltonian
on T**M\A such that the Hamiltonian flow sends ¥ to an arbitrary small neigh-
bourhood of T_(A).

More generally, when M is compact, a compact subanalytic Legendrian A C
T**M is called an algebraic full stop if the category of compact objects Sh§ (M)

1S proper.

Example 6.0.1. There is a large class of examples of swappable stops and full
stops in Section . Here are two cimple classes of examples. (1) For a subanalytic
triangulation S = {Xa}aer, the union of unit conormal bundles \J,c;vy>"M is a
algebraic full stop (we suspect that it is also a geometric full stop and a swappable
stop, but we cannot prove that). (2) For an exact symplectic Landau-Ginzburg model
7. T*M — C, the Lagrangian skeleton cr of a regular fiber at infinity F = 71 (00)

is a swappable stop and when 7 is a Lefschetz fibration it is a geometric full stop.

We are able to state our main result, which provides a general criterion for the

microlocalization functor m, to be spherical.

Theorem 6.0.3 (Theorem [1.2.1). Let A C T**°M be a compact subanalytic
Legendrian that is either a full Legendrian stop or a swappable Legendrian stop.

Then the microlocalization functor along A and its left adjoint
mp ShA(M> = ,U,ShA<A) : mﬂx

form a spherical adjunction.
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Remark 6.0.2. According to |74}, Proposition 7.24] there is a commutative dia-

gram between microlocal sheaf categories and wrapped Fukaya categories

W(F) ,uShfF(cF)

Urp l j miF

W(T*M, F) —— She,(M).

Therefore by restricting to the subcategory of compact objects, our theorem recovers

the result by Sylvan [152] that
Ur : W(F) — W(X, F)

is spherical in the case X = T*M. However, different from |152], we are able to

explicitly construct the left and right adjoint functors in the proof.

Remark 6.0.3. For a Lefschetz fibration = : T*M — C with regular fiber at
infinity F = 71 (c0), W(T*M, F) is generated by Lagrangian thimbles |75, Corollary
1.14] and is a proper category |74, Proposition 6.7] (when M = T" and F is the
Weinstein thickening of the FLTZ skeleton [133|, this is also proved by [105]), and

hence

Sh? (M)~ Sh¢ (M) ~W(T*M, F).

Since it is expected that W(T*M, F) ~ FS(T*M, 7}, there should be an equivalence
Shi (M) ~ FS(T*M,x) (when M = T", Zhou has sketched a proof in his thesis
2As pointed out in [74) Footnote 2], if one takes W(T*M, F) as the definition of the Fukaya-

Seidel category then this is tautological. However a comparison result between W(T*M, F') and
the Fukaya-Seidel category defined in [139, Part 3] is not yet in the literature.
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[162]). Therefore, our theorem should be viewed as a sheaf theory version of the
result [4] that

Np : FS(T*M,w) — F(F)

15 spherical. However, since we do not know a commutative diagram

FS(T*M, ) —= Sht (M)

F(F) pShe, (cr),

that result [4] does not directly follow from ours.

We can write down the spherical twists and cotwists as follows. Previous work of
Kuo [104] has defined the positive wrapping functor 20} (resp. negative wrapping
functor 20 ) sending an arbitrary sheaf in Sh(M) to Shy(M) by a colimit (resp. a
limit) of positive (resp. negative) wrappings into A. The spherical cotwist (resp. the
dual cotwist) Shy(M) — Shy(M) for my is explicitly as the functor defined by

wrapping positively (resp. negatively) around T%*°M once along the Reeb flow.

Proposition 6.0.4. Let A C T*°M and T; : T**°M — T**°M be a Reeb flow.
Then the spherical cotwist and dual cotwist are the negative and positive wrap-once

functor (where € > 0 is sufficiently small)

Sy =W, 0T ., Si=;oT.



219

Remark 6.0.4. By [74] Proposition 7.24], we know that the cup functor Ng on
partially wrapped Fukaya categories is isomorphic to the left adjoint of microlocaliza-

tion mY on sheaf categories. Therefore, we have a commutative diagram

W(T*M, F) — Sh, (M)

sﬁfl ls;‘;

W(T*M, F) — Sh¢ (M),

such that our wrap-once functor SciF 15 1somorphic to the wrap-once functor of Sylvan

[152].

We will also write down a formula for spherical twists and dual twists in Section
Corollary [6.4.9) which can be interpreted as the monodromy functors.

On the other hand, from the perspective of Fukaya categories, following a proposal
of Kontsevich, Seidel has conjectured [140] that for a symplectic Lefschetz fibration,

the spherical dual cotwist is the Serre functor
o' FS(X,7) = FS(X,7),

and proved partial results [141-143|, while from the perspective of Legendrian con-
tact homology, Ekholm-Etnyre-Sabloff have proved Sabloff duality [58],135] between
linearized homology and cohomology. These results predict a Serre functor, which
should be the Poincaré-Lefschetz duality on the category of constructible sheaves

with perfect stalks
Sy o ShY (M) — Shy (M).
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We show that in the sheaf theoretic setting, the spherical cotwist functor S, ® wyy is
indeed the Serre functor on Shl}\(M ), which implies a folklore conjecture on Fukaya

categories in the case of cotangent bundles.

Proposition 6.0.5 (Proposition |6.3.4). Let A C S*M be a full or swappable sub-
analytic compact Legendrian stop. Then Sy Quwyy is the Serre functor on ShY (Mo of
sheaves microsupported on A with perfect stalks and compact supports. In particular,

when M is orientable, Sy [—n] is the Serre functor on Shy(M)o.

Remark 6.0.5. Since our wrap-once functor is isomorphic to the wrap-once func-

tor of Sylvan [152], we can prove that the negative wrap-once functor of Sylvan
Sy : PropW(T*M, F) — PropW(T*M, F)

is the Serre functor when M is orientable. In particular, when F = m1(00) is the

fiber of a symplectic Lefschetz fibration, then Sy is the Serré functor on W(T*M, F').

Remark 6.0.6. Spherical adjunctions together with a compatible Serre functor,
in the smooth and proper setting, implies existence of a weak relative right Calabi-
Yau structure [99], but we do not expect the relative Calabi- Yau structures for general

Weinstein pairs to be proved this way. See the discussion in Remark|6.3. 1}



221

6.1. Adjoint Functors of Inclusions Are Wrappings

Following the framework of Ganatra-Pardon-Shende |76|, for a positive Hamil-

tonian flow ¢ : T*°M x [0,1] — T**°M, we will define the canonical map
Hom(F,94) — Hom(F, V. |¥Y)

by the multiplication with a canonical element (called the continuation element)
¢, € H'Hom(¥,%¢). In microlocal sheaf theory, the continuation element has been
studied by for example Zhou [163] Section 2.5] and Kuo [104, Section 3.1].

For a positive Hamiltonian flow ¢ : T*°°M x [0, 1] — T*°° M, recall that Lemma
implies that there are continuation maps induced by canonical maps K(_sc ) —
)

) (F) = W (F),Vu<u

a7

For simplicity, we will write .#¥ = W) |(.%). Then we have continuation maps

F = FPN p>0.

Proposition 6.1.1 (Kuo [104, Definition 3.3 & Proposition 3.4]). Let ¢ be a
positive Hamiltonian on T**M and .F € Sh(M). Then there is a canonical contin-

uation element ¢, € H'Hom(F,V,(F)), such that

(1) co =id € H'Hom(ZF , F);

(2) Cporp) = Cyp O Cyp € HOHom(ﬁ7 yww));
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(3) ¢, = ¢y € H'Hom(F, F?) if ¢ and ¢ are isotopic relative to boundary

TN x {0,1}.

Consider X C T"*°M a closed subset. We define the positive wrapping category
(which is the diagram category when we take limits and colimits), following |76

Section 3.4] and [104, Section 3.2].

Definition 6.1.1. Let X C T™*°M be a closed subset. Then the positive wrapping
category W (T*>° M\ X) consists of positive Hamiltonians compactly supported away
from A, and the composition of G and H in the wrapping category is the composition

G o H as Hamiltonian flows.

One can show that the wrapping category W (T*>*° M\ X) is filtered |76, Lemma
3.27] |104, Proposition 3.17]. In particular we can take colimits with respect to the
wrapping category, which leads to the following theorem, that colimit/limit over

increasingly positive/negative isotopies provides a description for the tautological
gly p g p p p g

inclusion Shx (M) C Sh(M).

Theorem 6.1.2 (Kuo [104, Theorem 1.2]). Let tx. : Shx (M) — Sh(M) de-
note the tautological inclusion. Then the left and right adjoints are given by the

positive/negative colimiting/limiting wrapping

Wi(F) = colim F?, W (F) = lim Fe
PEW (T2 M\ X) PEW+ (T2 M\ X)

For & € Sh(M), it is in general hard to compute 20% (%) (resp. Wy (%)) since it

is given by a colimit (resp. a limit) over a rather large index category. Nevertheless,



223

when X = A and SS5°(¥) are both isotropic, the underlying geometry can sometimes
provide a cofinal (resp. final) one parameter family %, so that 4% = ¢ and 203 (¥¢) =
colimy oo % (resp. W, (¥) = lim;, o %4). In this case, a natural question is when,

for a fixed F' € Sh(M) also with isotropic singular support, the canonical map

Hom(Z,9) — Hom(F, 20, (9))

is an isomorphism. One such a case which we will encounter is the following:

Lemma 6.1.3. Let A be compact subanalytic Legendrian and F,94 € Sh(M) be
sheaves with Legendrian singular supports. Assume that SS®(F)NA = &, and there
is a positive isotopy @y, t € R, on T M such that for any open neighborhood ) of A,
there is T = T(A) such that o' (SS>(¥)) C Q fort > T, and SS=(F)Ng'SS>(Y) =

& for allt > 0, then the canonical map

Hom(Z,9) — Hom(F, 2, (¥))

is an isomorphism. A similar statement holds for Hom(¥,.7) — Hom(20,(¥), .7 )

when given a negative isotopy satisfying a similar condition.

Proof. This is essentially [104), Theorem 5.15]. The point is that we would like
to apply the main theorem about nearby cycle, [124, Theorem 4.2]. Although we
did not assume compactness on supp(.%#) and supp(%¥) here as in [104, Theorem

5.15], the compactness assumption on A will be sufficient to implied the gappedness

condition for [124, Theorem 4.2]. O
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Remark 6.1.1. In practice, when we can find an increasing sequence of positive
Hamiltonian flows ©f, k € N, such that for any open neighborhood Q0 of A, there is
K € N such that ¢F(SS®(¥4)) C Q for k > K, then the condition in the lemma
holds. Indeed, we can define a time dependent smooth Hamiltonian ©' such that
PH(SS®(94)) = ¢F ,(SS®(94)) whent € [k+1—e¢,k+1]. That satisfies the condition

i the lemma.

Using the description of the adjoint functors ¢} and ¢y : Sh(M) — Shy(M) in
terms of positive and negative wrappings, we are able to provide geometric interpre-
tations for both the Sato-Sabloff exact triangle Theorem 4.0.6[ and the Guillermou
doubling functor Theorem [4.0.7]

Theorem [6.1.2] induces the identification
Hom(W,T_(%),9) = Hom(T.(¥),¥9) = Hom(F,T_.(9))
and the definition of phom and adjunctions implies that
T(A, phom(.F,4)) = Hom(mima(F),9).
Then by Sato-Sabloff exact triangle Theorem [4.0.6, we have

Hom(W, T (F),9) — Hom(ZF,9) — Hom(m\m(F),9)
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Equivalently, we have the exact sequence
!

. +1
mymp — id — Qﬂj{Tg —

between endofunctors on Shy(M). A similarly discussion holds for the right adjoints

so that we have the exact sequence
_ . 1
W, T . — id — mjymy RN

Definition 6.1.2. We define the positive and negative warp-once functor Sy and

Syt Sha(M) — Shy(M) as the compositions
S{(F) = WT(F), §;(F) = W,T_ (),

Corollary 6.1.4. Let A C T**°M be a closed subanalytic Legendrian. Then

there are exact triangles of functors
: T oae 1
mhmy — id — SF 5, Sy — id — mimy .

Then, we recall the adjunction property of the Guillermou doubling functor in

Theorem [4.2.10| and [4.2.9] Then Theorem [6.1.2] immediately implies the following

result.
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Corollary 6.1.5. Let A C T**°M be a closed subanalytic Legendrian. Then

there are equivalences
mh = WL owa[—1], m)y =Wy own : uSha(A) — Sha(M).

In particular, the left and the right adjoint ml and m% can be decomposed to a

inclusion followed by a quotient:
puSha(A) = Shr,ayur_.a) (M) = Sha(M).

Then one can see that in particular, the exact sequence is compatible in Corollary

is compatible with the exact sequence in Corollary that
+1
T . —T. — wpomy —

once we apply 204 and 20, using Theorem m

6.2. Spherical Adjunction, Cotwists and Natural Transformations

With the preparation in the previous sections, we are able to prove Theorem

6.0.3] Our main result in the section is the following theorem.

Theorem 6.2.1. Let A C T**°M be a compact subanalytic Legendrian full stop

or swappable stop. Then the microlocalization functor

mp ShA(M) — ,LLShA(A)
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is a spherical functor.

Theorem [6.0.3] is going to be a formal consequence of Theorem [6.2.1] as we
will discuss in Section [6.2.1] In particular, this will imply that the left adjoint of

microlocalization is also a spherical functor.

Corollary 6.2.2. Let A C T**°M be a compact subanalytic Legendrian full stop

or swappable stop. Then the left adjoint of the microlocalization functor

mh : uSha(A) — Sha(M)

s a spherical functor.

In Section |6.2.2] we will construct the long exact sequence and natural trans-
formation between the left and right adjoints. Then in Section [6.2.3] we introduce
the notion of full stops and swappable stops following [152] and explain how these

conditions lead to Theorem [6.2.1]

6.2.1. Spherical adjunction and spherical functors

First of all, we recall the definition of spherical adjunctions in Dykerhoff-Kapranov-

Schechtman-Soibelman [49] in the setting of stable co-categories.

Definition 6.2.1 (|49, Definition 1.4.8]). Let <7, A be stable (co0-)categories and

F:of =%:F
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be an adjunction of co-functors. Let T' and S’ be the functors that fit into the fiber
sequences

T —idy — FoF' FloF —»id, — 5.

Then F : of = % : F' is called a spherical adjunction if T' and S’ are autoequiva-

lences.

Given a spherical adjunction F! - F', one can in fact show that both ' and F' are
spherical functors in the sense of Anno-Logvinenko [8]. We recall the definition of

spherical functors in the setting of dg categories |8] and in the general case |38,49|.

Definition 6.2.2. Let o/, % be stable (c0o-)categories and F : of — P an (oo-
)functor, with left and right adjoints F* and F". Let the spherical twist T', dual twist

T, cotwist S and dual cotwist S’ be the functors that fit into the fiber sequences
FoF'—idy - T, T —idy — F o F*,
S—idy — F'oF FfoF —id, — S

Then F' is a spherical functor if the following conditions hold:

(1) the spherical twist T is an autoequivalence;
(2) the spherical cotwist S is an autoequivalence;
(3) the composition F' o T|—1] — F'o F o F" — F" is an isomorphism;

(4) the composition F" — F" o F o F' — S o F'[1] is an isomorphism.

Proposition 6.2.3 ([49, Corollary 2.5.13]). Let F': & = % : F' be a spherical

adjunction. Then both F and F' are spherical functors.



229

Remark 6.2.1. Given a spherical adjunction F' - F, let T be the inverse of
T and S the inverse of S'. One can construct the right adjoint of F by setting
F" = F' o T[-1], and the left adjoint of F' by setting F; = F o S[1]. In fact, any

spherical functor has iterated left and right adjoints of any order.

Therefore, to prove a spherical adjunction F - F', it suffices to show that either
of the functors is a spherical functor as in Definition [6.2.2 Moreover, the following

theorem shows that it suffices to prove any two out of the four conditions.

Theorem 6.2.4 (Anno-Logvinenko (8], Christ [38]). Let <7, % be stable cate-
gories, and F : of — A a functor satisfying any two of the four conditions in Def-
inition [6.2.4. Then F is a spherical functor. Moreover, T,T" and S, S’ are inverse

autoequivalences.

From the discussion above, we know that in order to prove Theorem [6.0.3] it

suffices to prove Theorem stated at the beginning of the section.

6.2.2. Natural transform between adjoints

Given the adjoint functors and the candidate cotwist in Section [6.1, we will inves-
tigate the relation between the left and right adjoints via the algebraically defined

natural transformation by the cotwist

mj — m} omy oml — Sy omi[1].
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The composition of the natural transformations should induce an equivalence in
order for microlocalization to be a spherical functor, as stated in Definition |6.2.2
Condition (4).

For . € Shy(M) and 4 € puShy(A), we thus need to prove that the algebraically

defined natural morphism

Hom(ZF,m\(9)) — Hom(ZF, mymam’(94)) — Hom(ZF,Sym,(4)[1])

is an equivalence. On the other hand, Proposition [6.1.2] and [4.1.2] imply that

Hom(Z,m\(9)) = Hom(T.(.F),wx(9)),

Hom(Z,Symh(9)[1]) = Hom(T.(F), W wa(9)).
Positive isotopies will then induce a geometrically defined natural morphism
Hom(T.(F),wa(9)) = Hom(T.(F), W wr(¥)).

Our main result in this section claims that the algebraically defined natural morphism
induces an isomorphism if and only if the geometrically defined natural morphism

induces an isomorphism.

Proposition 6.2.5. Let A C T*>*M be a compact subanalytic Legendrian. Then

for F € Sha(M) and G € pSha(A), the natural morphism induced by adjunctions

Hom(Z,m\(9)) — Hom(Z, mymam,(¥)) = Hom(F, Sym’(4)[1])
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is an tsomorphism if and only if the natural morphism induced by positive isotopies
Hom(T(F),wa(4)) = Hom(T.(F), W wx(¥))

s an isomorphism.

We need to unpack the algebraic adjunctions between microlocalization and its
left and right adjoints using results on the doubling functor.
Firstly, we consider the natural transformation to the cotwist mj omy — Sy [1].

The following lemma follows directly from Corollary that there is a fiber se-

quence T, — 1. — wp 0 Mmy.

Lemma 6.2.6. Let A C T M be a compact subanalytic Legendrian. Then for
F € Shy(M) and 9 € puSha(A), there is a commutative diagram induced by natural

transformations

Hom/(Z,miymym’(4)) — Hom(F,Symh(9)[1])

| |

Hom(wyma(F), Wiwa(9)) — Hom(T.(F), W wr(¥)).
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Proof. Consider .# € Shy(M) and 4 € uSha(A). Theorem implies that

it suffices for us to show the following diagram

Hom(Z ,wamp o Wiwa(9)[—1]) = Hom(F,T_ (W wa(¥)))

| |

Hom(wyma(F), Wiwa(¥)) —= Hom(T.(F),Wwr(9)).

Since the two horizontal morphisms are induced by the transformation wyomy[—1] —
T . and respectively T, — wy o my in Corollary 4.2.8, we can conclude that the

diagram commutes. O

Secondly, we need to consider the unit id — my om!, which is slightly more diffi-
cult. The following lemma relies on Corollary 4.2.8] and the fact that the adjunction
in Theorem 4.2.10| factors through the doubling functor by computation in Theorem

A0 7
L(A, phom(ma(F),9)) = Hom(wama(F),wa(9)) = Hom(T.(F),wa(9)).

Lemma 6.2.7. Let A C T**°M be a compact subanalytic Legendrian. Then for
F € Sha(M) and G € uSha(A), there is a commutative diagram induced by natural

transformations

Hom(Z,mymymh(9))

| |

Hom(T.(F),wa(9)) — Hom(wamp(F),Wiws(9)).
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Proof. Consider .# € Shy(M) and 4 € pShy(A). By Theorem [6.1.2] it suffices

to show that there is a commutative diagram

Hom(Z ,wpa(9)) — Hom(F,wamy o Wiwa(9)[—1])

lz lz

Hom(T.(F),wr(9)) — Hom(wama(F), Wiwa(9)).

where the morphism on the top is induced by adjunction, and the morphism on the

bottom is the composition
Hom(T(F),wa(4)) = Hom(wamp(F),wa(9)) — Hom(wymp(F), Wiwa(9)).

Consider the unit of the adjunction between m, and m}, = 20} ow,[—1] in Theorem

4.2.10 Then we know that the morphism on the top factors as

L(A, phom(ma(F),9)) — T(A, phom(my(F), my o Wiwa(9)[—1]))

Lz lz

Hom/(Z,wa(9Y)) Hom(Z , wamy o Wiwa(9)[—1]).

Since the top horizontal morphism factors through Hom(wayma(F), Wiwa(9)), it

suffices to show that the following composition factors through I'(A, phom(ma (%), 9))

Hom(T.(F),wa(9)) = Hom(wamna(F),wa(¥4)) = Hom(wyma(F), W wr(¥)).
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Since the adjunction in Theorem [4.2.10] factors through the isomorphism of doubling

functor in Theorem
Hom(T(F),wa(9)) = Hom(wyma(F),wa(94)) = T(A, phom(mp(F),9)),

we can conclude that the diagram above indeed commutes. Il

PROOF OF PROPOSITION [6.2.5l We consider the following commutative dia-
gram, where the horizontal morphisms are induced from the identity wy o my =

Cone(T_. — T¢), and vertical morphisms are induced by positive isotopies

Hom(T(F),wa(¥9)) —= Hom(wp o mp(F),wp(¥)) Hom(T.(F),wx(¥))

| | |

Hom(T.(F),wa(9)) = Hom(wp o mp(F), 00, ocwn(9)) = Hom(T(F), W} owr(¥)).

Lemma [6.2.6] and [6.2.7] imply that the algebraically defined natural transformation

of functors is an isomorphism if and only if the composition of morphisms in the
second row is an isomorphism.
From the computation in Theorem compared with Theorem and

4.2.10, we know that horizontal natural morphisms in the first row are isomorphisms

Hom(T.(F),wa(9)) = Hom(wy o mp(F),ws(4)) = Hom(T.(F), wx(9)).
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Therefore, the composition of horizontal morphisms in the second row is an isomor-
phism if and only if the geometrically defined vertical morphism in the last column

is an isomorphism. O

6.2.3. Criterion for spherical adjunction

With the presence of the adjunction pairs, fiber sequences and natural transforma-
tions in the previous sections, in this section, we will study the spherical cotwist and
its dual cotwist, and prove Condition (2) & (4) in Definition under geometric
assumptions. As we will see in the proof, both Condition (2) & (4) in will rely on
some full faithfulness of the wrapping functor 277} .

In this section, we will use the word stop for a closed subanalytic Legendrian in
T**°M (meaning that the positive wrappings in T M are stopped by the subana-
lytic Legendrian), which comes from the study of symplectic topology and wrapped
Fukaya categories [76}/151].
6.2.3.1. Spherical functor for full stops. We assume that M is compact in this
subsection. First, we introduce the notion of an algebraic full stop, which has been

frequently used in wrapped Fukaya categories.

Definition 6.2.3. Let M be compact and A C T**°M be a compact subanalytic

Legendrian. Then A is called a full stop if Sh§ (M) is a proper category.

Remark 6.2.2. Recall that from Theorem ([121, Theorem 3.21] or [74]
Corollary 4.23]), we know that Sh4(M) = Sh¥P(M). From Proposition we

know that in our case ShS (M) is smooth, which then implies Corollary that
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ShS (M) C ShS(M). On the other hand, when ShS (M) is moreover proper, then we

know that [74, Lemma A.§]
ShS (M) = ShY(M).

Conversely, when M and A are both compact, then if ShS (M) = Shb (M), we can

also tell that Sh§ (M) is proper using for example Proposition |3.4.4}

Example 6.2.3. Let S = {X,}aer be a subanalytic triangulation on M. Then
the union of unit conormal bundles over all strata A = vg™ M = J,c; Vx> M defines

a full stop |74} Proposition 4.24].

We recall our notion of a geometric full stop in the introduction. For the definition

of generalized linking disks, see for example |74} Section 7.1].

Definition 6.2.4. A closed subanalytic Legendrian A C T**°M 1is called a geo-
metric full stop if for a collection of generalized linking spheres ¥ C T*>°M of A,
there exists a compactly supported positive Hamiltonian on T**°M\A such that the

Hamiltonian flow sends D to an arbitrary small neighbourhood of T_.(A).

Following Ganatra-Pardon-Shende 74, Proposition 6.7], we prove that a geomet-

ric full stop is an algebraic full stop.

Proposition 6.2.8. Let A C T**°M be a geometric full stop. Then A is also an

algebraic full stop.
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To prove the proposition, we recall the following definition by Kuo in [104]. Let
M be compact, and t;\sTlA(M ) be the category of constructible sheaves with perfect
stalks whose singular support is disjoint from A. Let Cy (M) be all continuation maps
of positive isotopies supported away from A. Then the category of wrapped sheaves

is [104} Definition 4.1]
tosha (M) == roshy (M) /Ca(M).

We have Homysh, (v (F, G) = colimpep + (1= pan\ay Hom(F, G¥), and [104, Theorem
1.3]
201 : wshy (M) = ShS(M).

PROOF OF PROPOSITION [6.2.8 We prove that toshy (M) is a proper category.

Namely, for any ., ¥ € roshy (M),
Homsh, (v (F,9) € Perf(k).

Indeed, note that SS*°(¥) C T**°M\A is compact. Thus there exists a cofinal wrap-
ping ¢ € WH(T*>*M\A) such that ¢ (55%°(¥)) is contained in a neighbourhood

of A, and is in particular away from SS*°(.#). Therefore

Homysh, () (F,9) = @ewfgigM\A)Hom(y’ G ~ ck%igHom(ﬁ,%%)

~ coimHom(F,9) = Hom(%,9) € Perf(k),

k—o0

which completes the proof for the first case of a geometric full stop. O
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Example 6.2.4. Let 7 : T*M — C be an exact symplectic Lefschetz fibration
(whose exzistence is ensured by Girouz-Pardon [82]), and F = 7= (o0) a regular
Weinstein fiber at infinity. Then the Lagrangian skeleton of the Weinstein manifold
A =cp CT5*®°M defines a full stop |75, Corollary 1.14] & |74, Proposition 6.7] under
the equivalence between wrapped Fukaya categories and microlocal sheaf categories
[74].

Let A = Ay C S*T™ be the FLTZ skeleton associated to the toric fan ¥ |69,[70,
133]. Gammage-Shende (under an extra assumption) |73| and Zhou (without extra
assumptions) [164] show that it is indeed the Lagrangian skeleton of a regular fiber
of a symplectic fibration 7w : T*T™ — C, which is expected to be a Lefschetz fibration
when the mirror toric stack Xs, is smooth. The fact that A is a full stop (when Xy

is smooth) is also independently proved by Kuwagaki using mirror symmetry [105].

When A C T**M is a full Legendrian stop, we know that Shy (M) = Ind(Sh4 (M)).
Therefore we only focus on results on the small category Sh§ (M).
To show Condition (2) that S} and Sy are equivalences, we appeal to Section

4.1.3| where S} is shown to abide Serre duality (up to a twist) on Sh% (M).
A A

Proposition 6.2.9. Let A C T**°M be a compact full Legendrian stop where M

s a closed manifold. Then there is a pair of inverse autoequivalences

St ShY (M) = Shy (M) : Sy.
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Proof. For 7,94 € Shi (M), we claim that
Hom(F,9) — Homwen, ) (Te(F), T(9)).

Indeed, consider a sequence of descending open neighbourhoods {2 }reny of A C
T*>M such that .1 C Q; and Mken 2 = A. Let the sequence cofinal wrapping
be the Reeb flow T3, on T M\, and identity on §1;. Then

Homugh, (1) (Te(F), T(9)) = colimHom (T5(F ), T.(Y))

6—0t

= colimHom(F,T._s(9)).

6—0+

Then the right hand side is a constant since Hom(#,T._5(9)) < Hom(%,¥4) by
the perturbation trick Proposition [4.1.2]
On the other hand, we also know that 207} : wshy (M) — ShS (M) is an equiva-

lence [104) Theorem 1.3]. Therefore
Hom,(T(F),T(¥)) = Hom(W} o T.(F), W} o T(¥)) = Hom(S{ (F), S{(¥)).

Since Sy is the right adjoint of Sy, we know that Sy o S\ = idgs (ar)-
Then consider .#,9 € Sh4(M). Sabloff-Serre duality Proposition implies
that

Hom(Sy(F),S5(9)) = Hom(¥9 @ wy,/, Sy (%)) = Hom(F,9).

Then since S} is the right adjoint of S}, we know that Sy o S} = idgps (ar)- U
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Next, we show Condition (4) that there is a natural isomorphism of functors

mj = Sy omh[1], which again requires Serre duality in Section [4.1.3]

Proposition 6.2.10. Let A C T**°M be a compact subanalytic full Legendrian

stop. Then for any F € ShY (M) and 4 € uShS(A) there is an isomorphism
Hom(Z ,m\(4)) — Hom(wp o mp(F),m\(4)) = Hom(T.(F),m"\(4))

Proof. Let p; € uSh{(A) be the corepresentatives of microstalks at the point
pi; on the smooth stratum A; C A, which (split) generate the category uSh§(A)
following Proposition [3.4.2 By Proposition [6.2.5] it suffices to show that for any

F € Shh (M),
Hom(T.(F),wa(1;)) =~ Hom(T(F), 005 0 wa(p)).

Note that mf (u;) € Sh(M). By Sabloff-Serre duality Proposition 4.1.6, we know

that the right hand side is
Hom(T(F), miy (:)[1])" = Hom(F, T_c o mi\ (i) [1])" = Hom(mjy (11:)[1], 7 @ war).

On the other hand, since .# is cohomologically constructible, by Theorem [4.2.9] and

Proposition [3.1.7] the left hand side is

Hom(T(F), wa())’ = p.(DyyF © wa())” = Hom(DyyF © wa (i), p'k)

= Hom(wa (i), Dar o DYy F) = Hom(wp (i), F @ war).
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Moreover, the continuation map is exactly induced by the continuation map wy (;) —

201 o wa(p;). Therefore, the result immediately follows from Proposition m O

By Proposition [6.2.9| and [6.2.10 we can immediately finish the proof of Theorem

and hence the full stop part in Theorem [6.0.3]
6.2.3.2. Spherical functor for swappable stops. Next, we define the notion of
a swappable stop, which is introduced by Sylvan [152], but is a priori weaker than

his terminology.

Definition 6.2.5. Let A C T**°M be a compact subanalytic Legendrian. Then
A is called a swappable Legendrian stop if there exists a positive wrapping fizing A

that sends T.(A\) to an arbitrarily small neighbourhood of T_.(A).

Example 6.2.5. The Legendrian stops in Example|6.2.4] are swappable, and we
congecture that Legendrian stops in Example [0.2.5 are swappable as well. More gen-
erally, when F C T**°M 1is a Weinstein page of a contact open book decomposition
for T**>M [80.,91], then it is a swappable stop.

Howewver, swappable stops are not necessarily full stops. For instance, for the
Landau-Ginzburg model 7w : T*M — C that are not Lefschetz fibrations, F* C T*>*M
will in general not be a full stop (one can consider m : C" — C; 7 = z129...2,
[2,122] ). Sylvan [152, Example 1.4] also explained that one can take any monodromy
mvariant subset for the Lagrangian skeleton of fiber of a Lefschetz fibration and get

a swappable stop.
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Example 6.2.6. There is another way to get new swappable stops from old onesﬁ.
Consider A C 0,,X to be a swappable stop in 05X the contact boundary of some
Liowville domain, and 0., X' the contact boundary of some other Liouville domain.
When we take the Liouville connected sum of X and X' along some subcritical Wein-
stein hypersurface F — 05X and F — 0, X' |15, as the skeleton c¢g is of subcritical
dimension, the positive loop of A will generically avoid cp. Therefore, A is also swap-
pable in Os(X#rpX').

In particular, let X = C" and F = C" 1, then X#rX' is the 1-handle connected
sum of C™ and X', which is Liouville homotopy equivalent to X'. In particular, for
any swappable stop A C D*"~' C S*~1 (for example, the skeleton of any page of
contact open book decomposition), putting it in a Darbouz ball in T**° M, we will get

a swappable stop in T**°M.

When A C T**°M is a swappable Legendrian stop, then there exists a cofinal
positive (resp. negative) wrapping that sends T.(A) to an arbitrary small neighbour-
hood of T_.(A) (resp. sends T_.(A) to an arbitrary small neighbourhood of T.(A)).
So there exists a (cofinal sequence of) positive contact flow i, k € N, supported
away from A such that o} (T.(A)) is contained in a small neighbourhood of T (A)
for k> 0. We will fix the cofinal sequence of positive flow and check condition (2)

and (4) of Definition by considering this particular wrapping.

Proposition 6.2.11. Assume A is swappable. The functors S¥ and Sy are

equivalences.

3The authors would like to thank Emmy Murphy who explains to us this construction.
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Proof. It’s sufficient to check that they are fully-faithful since Sy S} is an ad-
junction pair. The computation is symmetric so we check that Hom(Sy (%), S{(¥4)) =

Hom(%,%9), or equivalently, the canonical map
Hom(F,G) = Hom(T.(F),T.(9)) — Hom(T.(F),200} o T.(4))
is an isomorphism. First apply Proposition so that the map factorizes as
Hom(T(Z),T(4)) = Hom(T(F), T.5(9)) — Hom(T.(F), 00} o T.(4))

for some 0 < § < €. Then by the swappable assumption, for a sequence of descending
open neighbourhoods {Q }ren of A C T**M such that ., C Q, and Mien % =
A, there exist (an increasing sequence of) positive Hamiltonian flows ¢, k& € N,

supported away from A such that
Pe(Te(A)) © Torjp(S)

for k> 0. Thus we are in the situation of Lemma O

Proposition 6.2.12. When A is swappable. The canonical map mjy — m/ o

my omb — Sy omh[1] is an isomorphism.

Proof. By Proposition [6.2.5] it’s sufficient to show that the map

Hom(T(ZF),wa(4)) = Hom(T.(F), W} ocwx(¥))
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is an isomorphism. Since SS*®(wy(¥)) C T_(A)UT.(A), we can again flow it forward
by the Reeb flow T for some 0 < § < € by Proposition such that the above

map factorizes as
Hom(T.(F),wa(9)) = Hom(T(F), Ts owp(4)) — Hom(T.(F), W} o wa(¥)).

But then the same proof from the last proposition applies. By the swappable assump-
tion, for a sequence of descending open neighbourhoods {2 }ren of A C T M such
that Q1 € Qp and (,y % = A, there exist (an increasing sequence of) positive

Hamiltonian flows ¢!, k € N, supported away from A such that
Pr(Te(A) UT_e(A) C Tyyp() U T i (A)

for £ > 0. We can again apply Lemma to conclude that the map is an isomor-

phism. Il

By Proposition|6.2.11}and [6.2.12] we can immediately finish the proof of Theorem

and hence the swappable stop part of Theorem [6.0.3]

6.3. Spherical Adjunction and Serre Duality on Subcategories

Spherical adjunction on the category of all sheaves and microsheaves will also
tell us about information on the corresponding subcategories. Restricting attention
to the pair of sheaf categories of compact objects, and the corresponding pair of

sheaf categories of proper objects when the manifold is compact, which are the sheaf
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theoretic models of suitable versions of Fukaya categories, we can show the following

corollary.

Corollary 6.3.1. Let A C T**°M be a closed subanalytic Legendrian. Suppose
A s either a swappable stop or a geometric full stop. Then the microlocalization

functor along A on the sheaf category of objects with perfect stalks

ma : ShA (M) — uShy (A)

is a spherical functor. Respectively, the left adjoint of the microlocalization functor

on the sheaf category of compact objects

mh : uShS(A) — ShS (M)

is also a spherical functor.

We also prove that Sy is in fact the Serre functor on Shy (M), when A is a full stop
or swappable stop. Thus we will prove the folklore conjecture on partially wrapped
Fukaya categories associated to Lefschetz fibrations formulated by Seidel [140] (who
attributes the conjecture to Kontsevich) with partial results in |[141-143|, in the

case of partially wrapped Fukaya categories on cotangent bundles.

6.3.1. Spherical adjunction on subcategories

In this section, we will restrict to the subcategories of proper objects and compact

objects of sheaves. Over the category of proper objects of sheaves (equivalently,
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sheaves with perfect stalks), we will show that the microlocalization
ma @ ShY (M) — uShh(A)

is a spherical functor, and over the category of compact objects of sheaves, we will

show that the left adjoint of the microlocalization
mh : wShS (M) — ShS (M)

is a spherical functor. We know that autoequivalences coming from twists and
cotwists immediately restrict to these corresponding subcategories. As a result, once
we know the corresponding functors restrict, they will be spherical.

First, we consider the subcategories of compact objects. For the spherical ad-
junction m!Y - my. We know that the left adjoint m’ preserves compact objects,

i.e. we have

mh : uSh§(A) — ShS(M).

However, it is not clear whether microlocalization my also preserves these objects.

Lemma 6.3.2. Let A C T**M be a subanalytic Legendrian stop. When m’y

admits a right adjoint, the essential image of the microlocalization functor
ma : ShY (M) — uSha(A)

is contained in ppShy(A)
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Proof. We know that m/, preserves colimits as it admits a right adjoint. Now
since the right adjoint of m, preserves colimits, we can conclude that m, preserves

compact objects. U

Whenever my F m} is a spherical adjunction, we know by Remark that m/
admits a right adjoint. Therefore spherical adjunction can always be restricted to
the subcategories of compact objects, as we have claimed in Corollary

Then we consider the subcategories of proper objects. We know that the mi-
crolocalization functor preserve proper objects (or equivalently objects with perfect

stalks), i.e. we have

ma : ShA (M) — uShy (A).

However, it is not clear whether the left adjoint m’ and right adjoint m/ preserves

these objects.

Lemma 6.3.3. Let A C T**°M be a subanalytic Legendrian stop. When m’y
admits a right adjoint, the essential image of the left adjoint of microlocalization

functor

m’y : uSh(A) — Shy(M)

is also contained in Sh (M).

Proof. We recall Theorem [3.4.3] that

ShY (M) = Fun®(ShS (M), Perf(k)), pshb(A) = Fun®(uShs (A, Perf(k)),
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where the isomorphism is given by the Hom(—, —) pairing on Sh§ (M) x Sh (M)
and respectively on 1Sh§ (A)%? x uSh% (A). Then since we know that microlocalization

preserves compact objects
ma : Shiy (M) — puShi(A),

the right adjoint m/y clearly preserves proper objects. O

Whenever my F ml is a spherical adjunction, we know by Remark that
m) admits a right adjoint, so the adjunction m) = mj can be restricted to the
subcategories of proper objects.

Therefore by Remark the spherical adjunction my F ml can always be
restricted to the subcategories of proper objects, as we have claimed in Corollary
0.0 11

As we have seen, the candidate right adjoint of m! will simply be the microlo-

calization functor

mp ShA(M) — /LShA(A)

The candidate left adjoint of m}, by Remark [6.2.1}, is the functor

ma o Sy [1] : Sha(M) — psha(A).

The readers may be confused about the non-symmetry as m! is supposed to be

the cup functor on wrapped Fukaya categories and there is no non-symmetry there.

We can provide an explanation as follows. Consider the category of wrapped sheaves
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in [104], we have a preferred equivalence 20} : toshp (M) — Sh§(M). If we try to
instead replace the domain Sh§ (M) by toshy (M), then m} can be replaced by the

doubling functor wy[—1], and one can easily see that

mjy = mp o WY, mh =my o W;[1].

Then m’, (resp. m!) is indeed the cap functor by wrapping positively (resp. nega-

tively) into the Legendrian A and then take microlocalization, i.e. the sheaf theoretic

restriction.

6.3.2. Serre functor on proper subcategory

In this section, we finally prove that Sy is in fact the Serre functor on Sh (M),
when A is a full stop or swappable stop. Thus we will prove the folklore conjecture
on partially wrapped Fukaya categories associated to Lefschetz fibrations in the case
of partially wrapped Fukaya categories on cotangent bundles.

Let o be a stable category over k. Recall that 7 is proper category if for any
XY € o,

Homy(X,Y) € Perf(k).

When o7 is a proper category, by the above lemma, we are always able to define the

(right) dualizing bi-module <7*.
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Definition 6.3.1. For a proper stable category <f , the (right) dualizing bi-module
o™ is defined by

F*(X,Y) = Hom,(X,Y)" = Homy(Hom,(X,Y),k).

Definition 6.3.2. For a proper stable category <7, a Serre functor S, is the

functor that represents the right dualizing bimodule </*, i.e.
Homy(—,—)" =~ Homy(—, Sy (—)).

Proposition 6.3.4. Let A C T**°M be a full or swappable compact subanalytic
Legendrian stop. Then Sy ® wyr is the Serre functor on Sh(M)y of sheaves with
perfect stalks and compact supports. In particular, when M is orientable, S [—n] is

the Serre functor on Sh%(M)o.

Proof. First, by Lemma , we know that Sy : Sh% (M) — Sh4 (M) preserves
perfect stalks. Moreover, when M is noncompact and A is a swappable stop, we
argue that S, also preserves compact supports. By the swappable assumption,
for a sequence of descending open neighbourhoods {4 }reny of A C T*°M such
that Q1 C Q and Miken % = A, there exist (an increasing sequence of) positive

Hamiltonian flows ¢!, k € N, supported away from A such that

o (T-c(A)) C T ()
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for k > 0. Without loss of generality, we can even assume that ¢ are all supported
in some common compact subset. Since M is noncompact, consider any unbounded
region U such that A N S*U = &. Then there exists an open subset U’ ¢ U C M,

O (T(A)) N S*U’ = @ for k> 0. Then
LU, Sy (F)) = P(U', lim K (1) o T_E(F)> ~0.
k—o0

Since SS®(SL(F)) C A, we get I'(U, Sy (F)) = 0, which implies that S, (F') has
compact support.
Since we have concluded that Sy : Sh4 (M )y — Shb (M), preserves perfect stalks

and compact supports, the proposition then immediately follows from Theorem [6.1.2

and [4.1.6 O

We should remark that, even though Proposition is true in general, the
above statement is not without the assumption on A C T**°M. For example, in
Section (6.5 we will see an example where S fails to be an equivalence on Sh% (M).

Finally, we explain the implication of the above result in partially wrapped Fukaya
categories. Ganatra-Pardon-Shende [74) Proposition 7.24] have proved that there is
a commuative diagram intertwining the cup functor and the left adjoint of microlo-

calization functor

W(F) pSh, (cr)

Ur l j m?F

W(T*M, F) —— She,(M).
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Sylvan has shown that the spherical twist associated to the cup functor is the wrap-
once functor |[152], and hence it intertwines with the wrap-once functor in sheaf

categories. Consequently, we have proven that the negative wrap-once functor
Sy PropW(T*M, F) — Prop W(T*M, F')

is indeed the Serre functor on Prop W(T*M, F').
In particular, let 7 : T*M — C be a symplectic Lefschetz fibration and F' =
71 (o0) be the Weinstein fiber. Let ¢ be the Lagrangian skeleton of F. Then by

Ganatra-Pardon-Shende |74,75] we know that
Perf W(T* M, F) = Prop W(T* M, F)

is a proper subcategory. Therefore, Sy is the Serre functor on partially wrapped

Fukaya category associated to Lefschetz fibrations.

Remark 6.3.1. Finally, we remark that according to the result of Katzarkov-
Pandit-Spaide (99|, existence of spherical adjunction in the next section together with
a compatible Serre functor will imply existence of the weak relative proper Calabi- Yau

structure introduced in |21] of the pair

ma : ShA (M) — uShy (A)

(even though we do not explicitly show compatibility of the Serre functor, we believe

that it is basically clear from the definition in |99 ).
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However, we will see in the last section that spherical adjunction does not hold
in all these pairs that are expected to be relative Calabi-Yau (on the contrary, as
explained in Sylvan [152] or Remark[{.2.6, when we consider microlocalization along

a single component of a Legendrian stop with multiple components

we will still get spherical adjunctions, but the pair is unlikely to be relative Calabi-
Yau). We will investigate relative Calabi-Yau structures separately (and hopefully,

in full generality) in future works.

6.4. Spherical Pairs and Perverse Schobers

The description of spherical pairs comes from the relation between spherical func-
tors and perverse sheaves of categories (called perverse schébers) on a disk with one
singularity [96]. For a perverse schober on D? with singularity at 0 associated to the

spherical functor

F:o - A

consider a single cut [0,1] € D2 Then the nearby category at 0 is </ while the
vanishing category on (0, 1] is &, and the spherical twist is determined by mon-
odromy around D*\{0}. Kapranov-Schechtman realized a symmetric description of

the perverse schober determined by the diagram

2 v g,
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by considering a double cut on the disk [—1, 1] C D% The nearby category at 0 is €
while the vanishing category on [—1,0) (resp. (0,1]) is B_ (resp. #,). The nearby
category € will carry a 4-periodic semi-orthogonal decomposition. Such a viewpoint
will provide new information of the microlocal sheaf categories.

Given our formalism of spherical adjunctions, we will prove as a corollary spher-
ical pairs which give rise to non-trivial equivalences of microlocal sheaf categories
over different Lagrangian skeleta that do not a priori require non-characteristic de-
formations (while in known examples of such equivalences, [48,165| the Lagrangian

skelata are related by non-characteristic deformations).

Definition 6.4.1. Let AL C S*M be two disjoint closed subanalytic Legendri-
an stops. Suppose there exists both a positive and a negative compactly supported
Hamiltonian flow that sends Ay to an arbitrary small neighbourhood of A_, whose
backward flows send A_ to an arbitrary small neighbourhood of A. Then (A_,A)

is called a swappable pair.

Remark 6.4.1. When AL C S*M are Lagrangian skeleta of Weinstein hypersur-
faces F. C S*M, we do not know whether (X, Fy) are in fact Weinstein homotopic,
though in some examples we will mention we suspect that they are. Moreover, it is
in general a hard question when a singular Lagrangian will arise as the skeleton of a

Weinstein manifold |61, Problem 1.1 & Remark 1.2].

We will show that a swappable pair of Legendrian stops produces a spherical pair.
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Theorem 6.4.1 (Theorem [6.4.10). Let Ay C S*M be a swappable pair of closed
Legendrian stops. Then Shy_(M) ~ Shy, (M), pShy_(A_) ~ pShy, (Ay), and there

1 a spherical pair
ShA_(M) — ShA+UA_ (M) = ShA+(M)

Remark 6.4.2. As in the previous result, we can show that the spherical pair
can be restricted to the subcategories of compact objects of sheaf categories, which

therefore leads to a result on partially wrapped Fukaya categories.

Remark 6.4.3. For symplectic topologists, this result may seem boring since
one may suspect that the corresponding Weinstein pairs turn out to be Weinstein
homotopic. However, when considering Fukaya-Seidel categories given a Landau-
Ginzburg potential, the Weinstein hypersurfaces Fy can be fibers of different potential
functions. Therefore, studying the behaviour of their Lagrangian skeleta provides a

way to compare the categories directly.

In this section, we discuss how the adjunctions give rise to spherical pairs and
semi-orthogonal decompositions, and prove Proposition and Theorem [6.4.10
Using Proposition [6.4.8, we will also give an explicit characterization of the spherical
twists and dual twists.

We will provide precise definitions of the terminologies in this section and then

show the results in the introduction. Note that none of the arguments in this section
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essentially relies on microlocal sheaf theory, and therefore they can all be rewritten

using Lagrangian Floer theory.

6.4.1. Semi-orthogonal decomposition

Firstly, we explain how spherical adjunctions give rise to 4-periodic semi-orthogonal
decompositions and spherical twists are given by iterated mutations Halpern—Laistner-
Shipman [90] in the case of dg categories and Dykerhoff-Kapranov-Schechtman-
Soibelman [49] in general (this is how Sylvan proved that the Orlov cup functor

is spherical [152]).

Theorem 6.4.2 (Halpern—Laistner-Shipman [90], [49]). Let F': o — B be an
oo-functor, and € be the semi-orthogonal gluing of o/ and A along the graphical
bi-module T'(F'). Then F is spherical if and only if € fits into a 4-periodic semi-
orthogonal decomposition such that o/ = /. The dual twist is the iterated

mutation T,y = R,y o Ry, and the dual cotwist is Sg = Loy o L.,

Remark 6.4.4. Given a pair of semi-orthogonal decompositions € = (A, B) ~
(B, ), the right mutation functor is the equivalence R, : o/, — </ defined by

the composition of embedding and projection.

Therefore, restricting to our setting of sheaf categories, our main theorem is

equivalent to the following statement.

Proposition 6.4.3. Let A C T**°M be a compact subanalytic Legendrian stop.

Then under the fully faithful embedding wy : pSha(A) — Shr_ (ayur. ) (M), there is



257

a semi-orthogonal decomposition

Shr_ ot ) (M) = (usha (), Shr,a)(M)).

Proof. We can check that Shy__ayur.(a) (M) is the semi-orthogonal gluing (i.e. the
Grothendieck construction) of ©Sha(A) and Sha(M) along the graphical bi-module

['(my). First, we show that

(WSha(A), Shr, ) (M)) = Shr_ wyur.a) (M),

By Theorem [£.2.10], Remark [£.2.4] and [4£.2.5], we know that

Hom(wp(F), T(9)) ~0, Hom(T(Y),wp(F)) ~ Hom(my(¥),.F).

This proves full faithfulness.
For essential surjectivity, consider .# € Shy_ ayur,(a)(M). Then Theorem [4.2.9]

and Remark implies the following fiber sequence
QU;,E(A)UTG(A)wT—e(A)mTe(A)(y) — F = QBCJF:(A)<§)'
Since QU%L_G(A)UTE(A)wT_e(A)mT_e(A)(3;) = wamr_ (a)(F), we can conclude that
wamy_ ) (F) = F — Qﬁrzm)(ﬁ),

where QUJT“_G(A)(E) € Shyny (M) and myp_ (p)(F) € uwSha(A). This shows the es-

sential surjectivity and thus shows the semi-orthogonal decomposition. U
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Corollary 6.4.4. The semi-orthogonal decomposition can be restricted to com-

pact objects, namely there is a semi-orthogonal decomposition
Shi_ . yurny (M) = (Sh, 4 (M), pShi(A)).
Proof. Consider the fiber sequence of categories
pSha(A) = Shr_ nyur.ay(M) = Shaay(M).

For 7 € Shg _nyur.a)(M), we know that QUJTZ(A)(Q’) € Shf, (M) since by QU’TLé(A)

is the stop removal functor as explained in Remark and Proposition [3.4.2
Moreover, by Proposition [3.4.2| we know that the fiber of the stop removal func-

tor is compactly generated by the corepresentatives of microstalks at T_.(A) in the

category Shy_ (ayur.(n)(M), which by definition are

mlT,e(A)Wi) =7 (MUT(A) WT-e(A) (pi) = wa(pa),

where 1; € uShy(A) are corepresentatives of the microstalks in the category pSha(A).
Then when restricting to compact objects, the fiber is pShq(A) (split) generated by

pi € pShi(A). O

Remark 6.4.5. We explain how this is related to Sylvan’s proof of the spheri-
cal adjunction [152) Section 4]. Sylvan considered a sectorial gluing of the original

Weinstein sector (X, F) and the Ag-sector F(2) = (C, {e*™V~1/300}o<j<0) x F, and
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showed semi-orthogonal decompositions for the ambient sector (X, F')Up F'(2). How-

ever, the sector (X, F) Up F(2) is exactly (X, T_.(F)UT.(F)).

Example 6.4.6. Let A C J'(M) = S (M x R) be a smooth Legendrian with
no Reeb chords (i.e. A is the Legendrian lift of an embedded Lagrangian). Then by
[84) Proposition 24.1] we know that the compactly supported sheaves Shy(M x R)q ~
0, and therefore the compactly supported sheaves with singular support on the double

copied Legendrian is

ShT_e(A)uTE(A)(M X R)o ~ ,uShA(A)

It is interesting to consider the case when A is a singular Legendrian with no Reeb
chords, which should relate to the framework of Nadler-Shende [1241146| where they
embedded the Lagrangian skeleton of a Weinstein sector into unit cotangent bundles

via the h-principle.

Example 6.4.7. Let Ajppse C JHM) = S¥_o(M x R) be a stabilized or (not
necessarily smooth) loose Legendrian [40, Chapter 7; 116; 117]. Then by [148,
Proposition 5.8] we know that the compactly supported sheaves Shy,, . (M xR)y ~ 0,
and therefore the compactly supported sheaves with singular support on the double

copied Legendrian is

ShT—é(Aloose)UTe(Aloose) (M X R)O = MShAlooss (AZOOSE)'
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Moreover, from the point of view of K-theory, the semi-orthogonal gluing (i.e. the
Gronthendieck construction) fits into a (diagram of ) simplicial co-category being the
relative Waldhausen S-construction. Following Dyckerhoff-Kapranov-Schechtman-

Soilbelman [49], we state the following conjecture.

Conjecture 6.4.5. The relative Waldhausen S-construction of the left adjoint

of microlocalization functor is the simplicial oo-category
Sn(mi\) = ShU?:g Tje(A)(M>‘

Remark 6.4.8. Consider a sectorial gluing of the original Weinstein sector
(X, F) and the A, -sector F(n + 1) = (C,{*™V=U/+o0}i 1) x F. Then
our geometric model for Waldhausen S-construction is

(X,F)Up Fln+1) = (X, U 7 (F)).
0<j<n

Going back to semi-orthogonal decompositions and spherical adjunctions, com-
bining Theorem [6.4.2| and Proposition [6.4.3, we immediately get the following corol-

lary from the spherical adjunction we have proved.

Corollary 6.4.6. Let A C T**°M be a swappable Legendrian stop or full Legen-
drian stop. Then under the fully faithful functor wy : pSha(A) = Shr_ nyur.a) (M),

there are semi-orthogonal decompositions

Shr_.myur.ay (M) == (uSha(A), Shr,ay(M)) ~ (Shr_ (a) (M), uSha(A)).
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Conjecture 6.4.7. When A C T**°M be a swappable Legendrian stop or full

Legendrian stop, we expect that the simplicial co-category
Ly
Sn(my) = Shyr_7,.(1) (M)
can be lifted to a paracyclic co-category.

In fact, the semi-orthogonal decompositions

Shr_ yur.ay (M) = (uSha(A), Sh,ny(M)) = (Shr_.(a) (M), pSha(A))

also provide (trivial) examples of spherical pairs, which we now introduce.

For a diagram of oco-functors over stable oo-categories
AR N
where Fy admit fully faithful left and adjoints Fir, we can write
o =ker(Fy) =" (F1%B.) = (F.8,)", o, =ker(F.)="(Fr%_)=(F.%_)"

and write t+ : @ — % (which admits left and right adjoints % and (). The

following definition is essentially a reinterpretation of the conditions in Theorem

0.4.20

Definition 6.4.2. A diagram of oco-functors over stable co-categories

2 ¢z,
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15 called a spherical pair if Fiy admit fully faithful left and right adjoints ij such

that

(1) the compositions FioF_ B, — B_, FloF, : B_ — B, are equivalences;

(2) the compositions L’+ ov_ gy o, 1o — o, are equivalences.

Then Corollary immediately implies the following proposition.

Proposition 6.4.8. Let A C T*>*M be a swappable Legendrian stop or full

Legendrian stop. Then there exists spherical pairs of the form
pshr_ (a)(T-e(A)) <= Shr_ yora) (M) = pshr,a)(T-e(A)).
Meanwhile, there is also a spherical pair
Shr_ (M) = Shr_ o) (M) <= Shy,a)(M).

Remark 6.4.9. We can restrict the spherical pairs to the subcategories of com-

pact or proper objects as explained in Section and Corollary [6.4.4)

Moreover, from the description in Theorem [6.4.2] we can show that the spherical
twists (resp. dual twists) are simply the positive (resp. negative) monodromy functor,

under the inclusion by the doubling functor.

Corollary 6.4.9. Let A C T**°M be a swappable Legendrian stop or full Leg-

endrian stop. Under the inclusion wy : pShy(A) = Shr_ ayur.a)(M), the spherical
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dual twist is computed by

S;_e( ) © SI_“_G(A)UTE A)|wA(uShA(A))[2]-
Similarly, the spherical dual cotwist is computed by
S+

S;_E( o S+

A)UTe(A |ShTe<A>

Proof. By Proposition [6.4.8]and Theorem [6.4.2] it suffices to show that the right

mutation functor

Rusnaay : wa(uSha(A)) = Shr_ yur.a) (M) — wa(usha(A))

is the functor ST )7, (a)lwa(usha(a)[l]. Consider the pair of semi-orthogonal de-

compositions
Shr_ .oty (M) = (uSha(A), Shr,(a)(M)) = (Shr_ a)(M), pSha(A)) -
The first semi-orthogonal decomposition is realized in Proposition by
mr_ wymr_.n)(F) = F = Wi, )7

Following a similar argument, the second semi-orthogonal decomposition is realized

by the fiber sequence
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Therefore, one can show that the right mutation functor associated to the pair of

semi-orthogonal decompositions using Theorem [4.2.9 and Remark [4.2.6]

Rusnyn) (wame_ ) (F)) = miy_ aymr_.a) © my_ aymr_.a)(F)[1]
= mg“_e(A)mTfe(A) © méf_E(A)mTﬁ(A)(fg\)[l] = mg‘_e(A)mTfe(A)('g\)[l]

=W, wunwWr-.ymr-.w)(F)[ = S5 auraywamr_ ) (F)[1].

One can also compute R,gp,x)+r in the same way, which implies the result on
spherical twists.

For spherical cotwists, it suffices to show that the left mutation functor is
Jr
S (A)UT (A )‘ShTE(A)(M)'
Then using the above semi-orthogonal decompositions, we have

Lshy, () (W7, () F) = Wy oW = St .ot © Wy () F -

One also can compute Lgp, , (a) in the same way. This implies the result on

spherical dual cotwists. Finally, we note that from the computation

S;’__G(A)UT oSy A)UT.(A) (QUi(A)g;) =05 (A) OQHJTr (A) (QUi(A)ﬁ) = S}:(A)(QH; (A) F),

which confirms the last assertion. O
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Remark 6.4.10. Note that the functor S;,C(A)uTe(A) intertwines T_.(A) and T.(A)
by a positive isotopy. Hence applying the functor twice has the effect of the mon-

odromy functor.

These seem to be trivial examples of spherical pairs. In the following section, we
will provide some examples that are less trivial, namely pairs of different subanalytic

Legendrians.

6.4.2. Spherical pairs from variation of skeleta

In general, there are subanalytic Legendrian stops that give rise to spherical pairs
which are not necessarily homeomorphic. For example, Donovan-Kuwagaki [48] have
considered two specific examples from homological mirror symmetry of toric stacks.

They presented equivalences between sheaf categories
Shy, (T™) = ShS (T™)

that are mirror to certain flop-flop equivalences of the mirror toric stacks defined
by GIT quotients [18] (more generally, it is discussed in [165] how different GIT

quotients are related by semi-orthogonal decompositions).

Remark 6.4.11. Unlike in algebraic geometry, where the equivalence is between
derived categories of varieties related by flops that are only birational equivalent, in
symplectic geometry, we expect that the Weinstein sectors (T*T™, A_) and (T*T™, Ay)

are Weinstein homotopic (see [40,61| for the definition), even though the Lagrangian



266

skeleta and associated Landau-Ginzburg potentials |73,133,164] are different. This

reflects the flexibility on the symplectic side.

Here we provide a general criterion for this type of equivalences between microlo-
cal sheaf categories. In known examples of such equivalences between microlocal
sheaf categories, the Legendrian stops are required to be related by non-characteristic
deformations [48,165]. However, we provide a criterion that does not a priori require
existence of non-characteristic deformations thanks to the equivalences from spheri-
cal adjunctions (though it often turns out that the Legendrian stops are related by
such deformation).

Note that any two Legendrian stops are generically disjoint after a small contact

perturbation.

Definition 6.4.3. Let AL C T**°M be two disjoint closed subanalytic Legendrian
stops. Suppose there exists both a positive and a negative Hamiltonian flow that sends
Ay to an arbitrary small neighbourhood of A_, and there also exists a positive and a
negative Hamiltonian flow that sends A_ to an arbitrary small neighbourhood of A .

Then (A_,A,) is called a swappable pair.

Both of the following examples are considered in [48][165], though from a different

perspective.
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Example 6.4.12. We can consider the mirror to the flops associated to Xog =

C?/Zy. On the one hand, consider the Deligne-Mumford quotient stack
X_ = [C?/Zs).

On the other hand, consider the minimal resolution

X = 627/22 = Tot(Ocp1(—2)).

Under homological mirror symmetry (or coherent-constructible correspondence) of
toric stacks [105], the mirrors are Weinstein sectors (T*T? Ay) as shown in Fig-
ure[6.1 One can show that after a small Reeb perturbation, (T_(A_), T.(Ay)) and
(T.(A2), T_(Ay)) are both swappable pairs of Legendrian stops, as shown in Figure
61

We can also consider the Atiyah flops associated to Xo = {(z,y, z,w)|zy — zw =
0} C C* and their mirror. There are two crepant resolutions along two exceptional

rational curves

X, = Tot(Op, (—1)%2).

Under homological mirror symmetry (or coherent-constructible correspondence) of
toric stacks [105), the mirrors are Weinstein sectors (T*T3,Ay). One can similar-
ly show that (T_(A_),T.(Ay)) and (T.(A_), T_(Ay)) are both swappable pairs of

Legendrian stops.
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Figure 6.1. The figure on the left illustrates the swappable pair AL C
S*T? mirror to the flops associated to Xy = C?/Z,, where all the
covectors are pointing downward. The figure on the right illustrates a
cofinal wrapping that sends 7".(A) to a neighbourhood of T,(A) and
one that sends T.(A, ) to a neighbourhood of T_.(A).

The main theorem of the section is the following statement, that swappable pairs

of Legendrian stops induce spherical pairs of sheaf categories.

Theorem 6.4.10. Let Ay C T**°M be a swappable pair of closed Legendrian
stops. Then Shy_ (M) ~ Sha (M), usha_(A-) ~ pshy, (Ay), and there is a spheri-
cal pair

ShAi(M) — ShAJruA, (M) — ShA+(M)

Proof. We notice that since (A_, Ay) is a swappable pair, this implies that Ay
are independently swappable in T M: in fact, we can wrap A_ into a small neigh-

bourhood of Ay, and then follow the wrapping which sends the neighbourhood of
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A back into a small neighbourhood of A_. Therefore, the left adjoints of microlo-
calization

mhy, : psha, (As) — Sha, (M)

are spherical functors whose spherical twists are SL. On the other hand, for any

F € Shy_(M) and & € Shy, (M), we can define the swapping functors
RX_,A+(32) = SX_UML? = QITLLQZ, RL,A_(E?) = SX_uAﬂ = Qﬁj\_g_
From Corollary [6.4.9] the compositions of swapping functor give the spherical twists
Sy = RJAFJ”A_ © RX_,A_p S/JL = RX_,M © RX+,A_'

As a result, we know that R} Ay RL A_ are equivalences. Similarly we can also
consider spherical cotwists and show that the corresponding co-swapping functors

are equivalences. This implies that
ShA7 (M) ~ ShAJr (M), /ULShA7 (A_) ~ ,uShM (A+>

Then consider two new pairs of Legendrian stops (A_, T.(A_)) and (T_(A4), Ay),

obtained by a sufficiently small Reeb push-off. We show that there are equivalences

Sha_ur.ay(M) ~ Shy_un, (M) ~ Shr_ (a,yua, (M),
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such that the corresponding restrictions are the swapping functor
Ry a0 Sha (M) = Shy ay(M), Shy,s y(M) — Sha, (M)

Then since Sha_ur(ay(M) and Shr (a,yua, (M) are both endowed with semi-
orthogonal decompositions by Proposition [6.4.3] this will complete the proof.
Consider the non-nagative wrapping that fixes A_ while sending 7.(A_) into A,
and another non-negative wrapping that fixes A_ while sending A, into T.(A_).
Viewing A_ UT.(A_) and A_UA, independently as two Legendrian stops, the above

observation shows that they form a swappable pair as well. Hence we have

RX_UTE(A_),A_UA+ : ShA—uTe(A—)(M) - ShA—UA+(M)>

Ry oo omasy @ Shacoa, (M) = Shy_ur (M),

where RT

A_UTL(A_)A_UA, and R, AL A_UT.(A_) AT€ inverse equivalences by the defini-

tion above. Hence we have shown the equivalence
Sha_un (M) >~ Sha_ur,(a_y (M)

which realizes Shy_ua, (M) as semi-orthogonal decompositions.
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Finally, to identify the projection functors with the stop removal functors, i.e. pos-

itive wrapping functors, we only need to notice that the following diagram commutes

wl DU
Sha (M) <—— Shx_ua, (M) === Shy_ua, (M) — Shy, (M)
H Wi o, Tz 2 jwewuu
Sha (M) <— Sha_uray(M) — Shy_(x,yun, (M) —= Shy, (M).
wi Wi
This completes the proof of the theorem. O

We now explain how the above result gives rise to more general equivalences and
autoequivalences of microlocal sheaf categories other than the spherical twists and
cotwists defined by wrapping around. In particular, we will discuss the relation to
the work of Donovan-Kuwagaki [48], who provide autoequivalences that are mirror
to the flop-flop equivalence in two specific examples.

Throughout this subsection, we will work with the subcategory of compact objects
Sh§ (M) instead of the large stable category Shy(M).

Let Ay = Ag U Hx C T**°M be subanalytic Legendrian stops such that there
is a positive Hamiltonian isotopy fixed on Ag that sends H_ to an arbitrary small
neighbourhood of A, and a positive isotopy fixed on Ay that sends H, to an arbitrary
small neighbourhood of A_.

Then by a small perturbation, we know that the pair

(T—G(A_)7 Te(A-‘r))v (T—€(A+)v TE(A_))
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form a swappable pair. By results in the previous section, the following compositions

are equivalences

Shiy (M) = Shi a yura,)(M) = Shi, (M),
Shiy, (M) — Sh%_e(A+)UTE(A_)<M) — Shi_(M).

Example 6.4.13. Weinstein pairs in Examplel6.4.12 will give examples. Suppose
Ao =A_NA,. We can then write A = Ag U Hy, where Hy are Legendrian disks
with boundary OHy C Ay as in Figure [6.3. In fact, we expect that the Weinstein
thickenings of AL are Weinstein homotopic, and the Weinstein thickening of A_UA

is a Weinstein stacking [108| of the two Weinstein hypersurfaces.

Figure 6.2. The figure on the left and in the middle are the Legen-
drian pairs Ay C S*T?, where all conormal directions are pointing
downward. The figure on the right is A_UA, = A UH_UH, C S*T*?
where H. have the corresponding colors as A.

In the above equivalences, the autoequivalence obtained by compositions
ShS_ (M) = Shfu(M) = ShS_ (M)

is no longer the spherical twist by wrapping around the contact boundary as Theorem

Yet we expect that under appropriate assumptions, these autoequivalences
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are spherical twists of a spherical pair
Shi_(M) < Shi_ya, (M) — Shi (M),

and are mirror to the spherical pair associated to the flop-flop equivalence from
Bozenta-Bondal [18]. Donovan-Kuwagaki [48] have proved this for Example [6.4.13]
However, currently, using microlocal sheaf theoretic methods, almost the only

way to get semi-orthogonal decompositions or reversed inclusions
Shiy (M) < Shi_ya, (M)

is to assume that A are full stops, i.e. Sh§, (M) = Shf, (M) [41, Section 6.3].
Using homological mirror symmetry or coherent-constructible correspondence, it is
possible to prove semi-orthogonal decompositions for some limited cases of non-full
stops like Example [481/164], but to our knowledge, for the moment there is

no general statement.

6.5. Example That Wrap-once Is Not Equivalence

When introducing the notion of a swappable stop, Sylvan has already noticed
the strong constraint that swappability puts on the stop [152]. Now we have proved
that full stops also implies sphericality. However, it is not know whether being a full
or swappable stop is a necessary condition, or even whether any condition is really

needed to show spherical adjunction.
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Here we provide an example where S} : Sh (M) — Sh§ (M) is not an equiva-
lence. Moreover, our computation implies that in this case, my does not preserve
compact objects and m’ does not preserve proper modules (or equivalently, sheaves
with perfect stalks).

In order to compute the wrap-once functor, we need the following geometric

criterion for cofinal wrappings.

Lemma 6.5.1 (|76, Lemma 3.29]). Let ¥ C T%*°M\A be a subanalytic Legen-
drian, and @y be an increasing sequence of contact flows on T*>°M\A. Suppose there

exists a contact form a on T**°M\A such that

1

li i ¢ dt = oo.
fn ), i (O ) dt = o0

Then {px }ren is a cofinal sequence of wrappings in the category of positive wrappings

of ¥ in T M\A.

Proposition 6.5.2. Let M =T" =R"/Z", A = Ty"°T" C T**T" (n > 2), and
B(0) be a closed ball of radius € around 0. Then Sy (1o) = Wy o kg g ¢ ShY(T™).

In particular, Sy does not induce an equivalence on the proper subcategory Shy (T™).

Proof. Let € > 0 be a small positive number and 7 : 7" — [0, 1] be a smooth

cut-off function such that for small neighbourhoods B./o2(0) C Bk2(0) around 0

we have

nlee/QkQ(O) =0, 7]|T"\ op2(0) 1.
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Let the decreasing sequence of negative Hamiltonians be Hy,(z,&) = —k n(z)|€[* and
the contact flow be ¢,. Rescale the contact form on T*T™\T§T™ by a function §(z) —
00, © — 0. One can easily check by the above lemma that ¢ is a cofinal sequence
of positive wrappings on T**T™\A. We will show that limy_,., K (@) 0 kgg does
not have perfect stalk at 77\ {0}.

For simplicity, we now assume that n = 2. Consider the universal cover 7 : R” —
R"/Z" = T". Let the lifting of the Hamiltonian be H(x, &) = —kn(m(z))|€|* and

the lifting of the flow be ;. Then

K (pr) o kg = ™ (K (@) © kggy)-

We then show that in each region of the form OJ,, = [m +e,m + 1 — €] X [e,1 — €]

where m > 0, when k > m + 1 we have

k < T(0m, K(pr) 0 ki)

In fact, for the outward unit conormal bundle of B.(0), under the Hamiltonian Hy,
the boundary arc of the sector Sy in between the rays 6 = arcsin(e/k?) and 0 =
arctan(1/k) —arcsin(e/k?(1+k2)'/2) will follow the inverse geodesic flow H, = —k|¢|?

determined by 0y, = k0/0r. Therefore there is an injection

k — F(S}€7 K((,Ok) o km) — F(Dn% K(@k) © k?((]))
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Figure 6.3. The black circles are the boundary of the regions where
the Hamiltonian Hj are cut off by the function 7. The blue sectors
are the sectors which completely follow the inverse geodesic flow as
they do not intersect the black circles. Since radii of the the black
circles decreases (and converges to 0), the slope of the lower edge of
the sectors that follow the geodesic flow also decreases (and converges
to 0). Even though the slope of the upper edge of the sectors are
decreasing as more and more black circles appear on the top right pat
of the plane, the sequence of sectors will not shrink to nothing and can
go arbitrary far away.

Then under the projection map 7 : R" — R™/Z™ = T" write O = [¢, 1—¢| X [¢, 1—¢] C

T". We know that when k > m + 1,

Therefore, I' ([, ]}eroloK(gpk)okm) ¢ Perf(k). Since l}LrgloK(gpk)Okm € Shyzeopn (TT)
is constructible, we can conclude that the stalk at 2’ # x is isomorphic to the sections

on [, and hence is not perfect. O

Corollary 6.5.3. Let M = T™ and A = Ty™T™ C T**°T™ (n > 2). S& is not

an equivalence on Sh(T™).
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Proof. Assume that S} is an equivalence on ShS(T™). Consider the equivalence
ShE (T™) ~ Fun®™(ShS (T™)°P, Perf(k)) given by the homomorphism pairing as stated

in Theorem [3.4.3] For .F € Sh§(T"),4 € Sh4(T™), since
Hom(Sy(F),9) = Hom(Z, 5, (9)),

we know that S, has to be an equivalence on Sh(7T™). This contradicts the propo-

sition. 0]
Corollary 6.5.4. Let M = T" and A = Ty™T" C T**T™ (n > 2). Then my
does not preserve compact objects.
!

Proof. This follows immediately from the fiber sequence mj omy — idgp, (1n) —

e O

Remark 6.5.1. We believe one can also show that m!, does not perserve proper

modules (or objects with perfect stalks) using a similar argument.

We can then deduce the following geometric result which shows that the Weinstein

stop is not a swappable stop.

Corollary 6.5.5. Let M = T™ (n > 2) and A = T;T™. Then the Weinstein

hypersurface Fy defined as the ribbon of A C T**°T" is not a swappable hypersurface.
We can compare our result with the following result of Dahinden [42].

Theorem 6.5.6 (Dahinden [42]). Let M be a connected manifold with dim M >

2. Suppose there exists a positive Legendrian isotopy Ay C T*°M such that Ay =
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A =A=Tr°M and A NA =@(t € (0,1)). Then M is simply connected or

M = RP™.

Dahinden’s theorem does not imply that the Weinstein ribbon F of A C T**M
is a swappable hypersurface, because firstly, it is in general unknown whether the
exact symplectomorphism F), defined by the positive loop sends the zero section to
itself (note that this may be closely related to the nearby Lagrangian conjecture).

Therefore, our corollary is at least a priori stronger than the theorem.
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CHAPTER 7

Functorial Specialization and Lagrangian Cobordisms

Consider a Liouville domain X and a Liouville subdomain X’ following Section
2.4 Abouzaid-Seidel [5] first constructed a partially defined Viterbo restriction func-

tor between their wrapped Fukaya categories.
W(X) --» W(X')

Recently, using the framework of Liouville sectors, Sylvan |152] managed to define
the Viterbo restriction functor for Liouville domain X and a Liouville subdomain X’
(see also [75, Section 8.2])

W(X) — W(X').

which is a homological epimorphism (i.e. the right adjoint is fully faithful) when X, X’
are Weinstein. This can be generalized to Liouville subsector embeddings (that send
sectorial boundary to sectorial boundary) following Section 2.4 On the other hand,
from the prespective of microlocal sheaves, using the technique of Nadler-Shende
[124], we also get the specialization functor whose left adjoint (after restricting to

compact objects) is the Viterbo restriction

pShe,, (cxr) < wShey (cx).



280

However, the constructions of Viterbo restrictions are highly nontrivial, and to
the author’s knowledge, neither of the works explained how to show that Viterbo
restriction is functorial, in the sense that compositions of embeddings induce com-

positions of functors. We show that this is indeed the case.

Theorem 7.0.7 (Theorem . Let Xy, X1, and X5 be Weinstein sectors with
Lagrangian skeleta cx,, cx,, and cx, equipped with Maslov data, such that i1 : Xo —
Xy and 19 : X1 — X5 are Liouville subsector embeddings sending sectorial boundary
to sectorial boundary. Denote by ®;; : pShey (cx,) < fuShey, (cx,) the embeddings of

microsheaf categories. Then
@12 o q)(n ~ q)OQ : NSthO (CXO) — /LSthQ (CXQ).

Our main application of the Viterbo (co)restriction is Lagrangian cobordisms
between Legendrian submanifolds. Consider the symplectization (Y x R,,d(e"a))
of the contact manifold (Y, ker «). Following |63] Section 2.8], Chantraine |27] and
Ekholm [50], for instance, considered the category of Lagrangian cobordisms.

Under certain conditions on (Y, ker a) (for example, when Y has no closed Reeb
orbits or when it has an exact symplectic filling) previous works in this field con-
sidered a dg algebra called Legendrian contact homology/Chekanov-Eliashberg dg
algebra A(A) associated to a Legendrian submanifold A generated by Reeb trajecto-
ries starting and ending on A [36/,57]. We consider the version that is a dg algebra
over the dg algebra C_,(2,A) where Q,A is the based loop space of A [60]. Fol-

lowing [50} /59|, a Lagrangian cobordism L from A_ to A, is expected to induce a
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homomorphism
o7 A(AL) = AAL) ®c_,(a.a_) C—(Q%L).

The representations of A(A) over k are called augmentations. Given an augmentation

e_ : A(A_) — k, its restriction
e_lo .y C(QAD) = k

defines a rank 1 local system 6, € Hom(Co(%A_); k) = H'(A_;k*). For any rank
1 local system d;, € Hom(Co(Q%L); k) = H'(L;k*) that restricts to 5 on A_, we

are able to define

€— 76L)

@
er = ®pe_,0r)  A(ML) 5 AA) ®c_an ) Con(L) 2 k

(see |129| for the case of Legendrian knots).

For augmentations of A(A), Bourgeois-Chantraine [19] defined a non-unital A.-
category Aug_(A), while Ng-Rutherford-Sivek-Shende-Zaslow [127] defined a (strict-
ly) unital A.-category Aug, (A) for Legendrian knots in Rgtdﬂ A Lagrangian cobor-
dism L from A_ to A, is expected to induce a functor between the corresponding

augmentation categories

Oy 0 AugL(A) X Locl (A_) Locl(L) — Aug+(Ay),

IThe =+ signs come from the fact that Aug_(A) can be defined using small negative Reeb pushoffs
of A, while Aug (A) is defined using positive pushoffs of A.
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where Loc!(—) stands for rank 1 local systems.

Let Y be the ideal contact boundary of a Weinstein manifold X. Consider a
Lagrangian cobordism L C Y x R between Legendrian submanifolds from A_ to
Ay C Y. View (X,A_), (X,A;) and T*L as a Weinstein sector following Section

Al then there 1s a subsector embedding (alter cutting off cylindrical ends
2.4] th here i b beddi f i ff cylindrical end
(X A ) UT* A_ ><[ 1 1] T L — (X A+>

Considering their partially wrapped Fukaya categories, by gluing formula, we can

write the Viterbo restriction functor as
W(X,AL) = W(X,AL) @wrsa_xj—11)) W(T*L).

By the Legendrian surgery formula [14}[20,52,|60], we know that there is an e-
quivalence between Legendrian contact homology (with loop space coefficients) and

partially wrapped Fukaya categories
Perf W(X, A) ~ Perf A(A).

Hence the Viterbo restriction functor indeed realizes the Lagrangian cobordism map
between the dg algebras.

Therefore, we construct a Lagrangian cobordism functor between microlocal sheaf
categories using the result of Nadler-Shende |[124]. Our construction is independent

of Floer theory and symplectic field theory.
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Theorem 7.0.8 (Theorem [1.4.2)). Let X be a Weinstein manifold with subana-
lytic skeleton cx, A_; AL C 0,X be Legendrian submanifolds, and L C 0, X X R
an ezxact Lagrangian cobordism from A_ to A.. There is a fully faithful Lagrangian

cobordism functor between microlocal sheaf categories
(I)L . ,uSthuAfo(cX UA_ X R) X uSha (A_) ,uShL(L) — ,uSthuA+><R(CX @) A+ X R)7

such that concatenations of Lagrangian cobordisms give rise to compositions of cobor-
dism functors.
In particular, when X = T*M, there is a fully faithful cobordism functor between

sheaf categories
O 0 Sha (M) Xushy (a_y pShr(L) = Sha (M).
Remark 7.0.2. The fiber product of categories
pSheua_xr(ex UAZ X R) X,0n, (a_y uShr(L)
is defined as the homotopy pull back of the following diagram
wSheyun sxr(ex UAZ X R) — uSha_ (A_) <— pSh(L)

where the arrows are the restriction functors in Section [3.4 In particular, when

X =T*M the restriction functor

ShA_ (M) — /LShA_ (A,)
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is the microlocalization functor.

Remark 7.0.3. When the Legendrian A is has vanishing Maslov class and rela-

tive second Stiefel-Whitney class, we know by Theorem[3.2.] that
wSha(A) >~ Loc(A).

The category of local systems is derived Morita equivalent to the chains on based
loop space , i.e. Loc(A) ~ Mod C_,(2A); the category of compact local systems
Loct(A) ~ Perf C_,(QLA).

Remark 7.0.4. Our result also works in the singular setting, including immersed
exact Lagrangian cobordisms with vanishing action self intersection points (which lift-
s to immersed Legendrians with no Reeb chords), and even subanalytic Lagrangian

cobordisms between subanalytic Legendrians satisfying the condition above (see Re-

mark|[7.2.9).

On the other hand, in Section 4.4} we explained that an exact Lagrangian cobor-
dism L C JY(M) x R can be lifted to a Legendrian cobordism L € J*(M x Rs)
with conical ends. Following Pan-Rutherford, the dg algebra map can be viewed as

a bimodule [130]. By enhancing with loop space coefficients, we expect
A(A) @c@un ) Cu(QuL) = A(L) = A(Ay)

Indeed, we peoved a sheaf quantization result Theorem [4.0.9|which realizes the cobor-

dism functor by extending the sheaf on the negative end together with local systems
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by the sheaf quantization functor and then restricting the sheaf to the positive end.

We prove that these two approaches are equivalent.

Theorem 7.0.9 (Theorem [1.4.3). Let L C JY(M) x R be an exact Lagrangian
cobordism from A_ to Ay C T'S5(M x R), and L € TS5(M x R x Rsg) be the

conical Legendrian lifting. Then there is a commutative diagram

) Shz(M x R x Ry)
1_,my,

Sha (M x R) X s, sy 1Shr(L) - Sha, (M x R)

where 1 : M xR x s_ — M x R x Ryqy for s > 0 sufficiently small and i, :

M xR Xx sy — MxR xRy for s >0 sufficiently large.

Full faithfulness of the Lagrangian cobordism functor induces a number of strong
implications, including a number of exact triangles that are analogous to the ones in
Legendrian contact homology deduced by Chantraine-Dimitroglou Rizell-Ghiggini-
Golovko using the Cthulhu complex [31].

In particular, combining with the systematic approaches to compute the number
of microlocal rank 1 sheaves over F, for certain Legendrian surfaces using flag moduli
developed by Treumann-Zaslow [157] and Casals-Zaslow [26] have developed, we
will be able to get new obstructions to Lagrangian cobordisms for these Legendrian
surfaces.

The following examples of Legendrian surfaces A, are considered in [43] and

[137] (A4 are the unknotted Legendrian surfaces and A, , are Clifford Legendrian
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surfaces). Dimitroglou Rizell showed that those Ay ;’s admit Z/2Z-coefficient aug-
mentations and generating families only when k£ = 0, and hence it may not be easy
to study Lagrangian cobordisms between them when k£ > 1. However, using the

Legendrian weave description, we are able to show the following.

Theorem 7.0.10 (Theorem. Let T tngnot, I cuige be the 2-graphs in S? shown
in Figure and A yninot, Acugr the corresponding Legendrian weaves in JYS?) C
T**R3. Let A, be the Legendrian surface with genus g by taking k copies of Acuy
and g — k copies of Ayngnot- Then
(1) for any ¢’ < g, there are Lagrangian cobordisms from Ay to Ay and also
from Ny i to Agi;
(2) (Dimitroglou Rizell) for any k > 1, there are no Lagrangian cobordisms with
vanishing Maslov class from Ago to Ay i,
(3) for any k > 1,k' > 0, there are Lagrangian cobordisms L from Agj to Ay
such that dim coker(H'(L) — H'(Ayz)) > 2;
(4) for any k < k', there are no Lagrangian cobordisms L with vanishing Maslov
class from Ay y to Ay g such that H'(L) — H'(Ayx); in particular there are

no such Lagrangian concordances.
Remark 7.0.5. Part (2) is a direct corollary of either [43] or [157].

Roughly speaking, the Legendrian Ay, is closer to being Lagrangian fillable when
k is smaller (in particular Ay are the only Lagrangian fillable ones). We would

expect that it is difficult to have a Lagrangian cobordism from A, to Ay if & > k.
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Figure 7.1. On the left is the Clifford Legendrian torus and its corre-
sponding 2-graph, and on the right is the unknotted Legendrian torus
and its corresponding 2-graph.

Our theorem shows that, for k& > £/, there are indeed obstructions for Lagrangian
cobordisms to exist from A,y to Ay assuming either (2) k = 0 or (4) H'(L) —
H*'(A, ) is surjective. On the contrary, as long as we assume (3) k > 1 and H*(L) —
H'(A, ) is not surjective, then we enter the world of flexibility and there are no
obstructions for Lagrangian cobordisms (and dim coker(H*(L) — H'(A,)) can even

be very small).

7.1. Functorial Specialization of Weinstein Subsector Embeddings

In this section, we review the construction of Nadler-Shende [124] realizing em-
bedded exact Lagrangians as objects in the microlocal sheaf category of the La-
grangian skeleton. We explain how their result essentially gives a specialization
functor for any Liouville subsector embeddings. Finally, we prove the functoriality

Theorem [T.0.7

7.1.1. Specialization of Lagrangians in Weinstein Sectors

We state the series of results by Nadler-Shende [124], and explain why they induce

specializations functor for any Weinstein subsector embeddings.



288

Basically, Nadler-Shende are able to embed the Weinstein manifold (X, d\) into
the contact boundary of some cotangent bundle and thus construct a microlocal sheaf
category puShe, (cx) from the Lagrangian skeleton cx of X. Moreover, they are able
to construct functors with respect to Liouville subsector embeddings and homotopies
that are fully faithful.

Firstly, let us recall their construction of the microlocal sheaf category uShe, (¢x)

for any Weinstein manifold X with subanalytic skeleton c¢x ([124, Section 8§]).

Remark 7.1.1. [t is explained in [74, Section 7.7] how to make the Lagrangian
skeleton c¢x of a Weinstein manifold X subanalytic. Namely any Weinstein manifold

admits some Weinstein structure with a subanalytic skeleton.

Gromov’s h-principle [65, Theorem 12.3.1] enables us to embed the contactization
of the Weinstein manifold (X x R, ker(dt — \)) into the contact boundary of a higher
dimensional cotangent bundle T**°N, as long as (1) dim7*N > dim X + 2 and
(2) there is a bundle map ¥, : TX X TR — T(T**N) covering a smooth embedding
f i X XR < T*N such that ¥y = df and ¥q|7x«r is a symplectic bundle map into
the contact distribution {7+ . The second condition is purely algebraic topological.
For example, N = R™ for sufficiently large m, this is satisfied as long as X is stably
polarizable [146].

Consider the symplectic normal bundle vxyg(T*°N) of X X R < T**N. As-
sume that by choosing dim 7*N > 0 to be sufficiently large, we can find a Lagrangian
subbundle (X xXR), C vx«r(T**°N) by choosing a section o of the Lagrangian Grass-

mannian of the normal bundle vx.g(T**°N), as in [124, Lemma 9.1]. This is a null
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homotopy of

X xR — BU — BLGr

(where BLGTr is the classifying space of the stable Lagrangian Grassmannian). Let

the Legendrian thickening of ¢y be

CXo = (X X R)a|cx><{0}'

Definition 7.1.1. The microlocal sheaf category on a Weinstein manifold X,

with a chosen section o in the stable Lagrangian Grassmannian, is defined by

1Shey = pShey ey xio}-

Remark 7.1.2. Nadler-Shende showed that this microlocal sheaf category is in-
dependent of the Lagrangian skeleton and the contact embedding we choose. It does
depend on the thickening because that is determined by the section in Lagrangian

Grassmannian.

Remark 7.1.3. More generally, the existence of a section in the stable La-
grangian Grassmannian can be relaxed to simply the existence of a section o :
X x R — BPic(k)|xxr, which is classified by Maslov data [124, Definition 10.6],
i.e. a null homotopy

X x R — B?Pic(k),



290

and the microlocal sheaf category can be defined by 0_1,uSthic(]k)|CX. The Maslov
data for ring spectrum coefficients are carefully studied by Jin [93] and |124, Section
11]. When k is a ring, this is ensured as long as 2¢1(X) = 0.

Therefore, from now on we will always assume the existence of a section in the

Lagrangian Grassmannian of the stable normal bundle without loss of generality.

Given a Weinstein subdomain X’ C X equipped with Maslov data, let X' =
A — df be the Liouville form on X such that the Liouville flow Z) is transverse to
05 X', and cxs the skeleton of X’ under the Liouville flow Z),. Then the primitive
flv : U — R determines the Legendrian lift of the skeleton ¢y in X x R being

Ty = {(a:,f(x))|x S CX/}. Define

wShy , = uShz

Cx/ CX/,U|CX/‘

In particular, when X’ = T*L is a Weinstein subdomain, we write L for the Leg-
endrian lift of L and consider puShy. It will be natural to construct an embedding
functor

LLSth, (FX’) — ,U,Sth(CX).

Nadler-Shende’s main result is about constructing such an embedding functor and
proving its full faithfulness. When X’ = T™*L, this realizes exact Lagrangian sub-

manifolds L C X as objects in the microlocal sheaf category.

Definition 7.1.2 (Nadler-Shende [124, Definition 2.9]). Let A¢,A; C Y (¢ € R)

be two families of subsets in a contact manifold. A¢, A are gapped if there exists
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€ > 0, so that for any ¢ € R there are no Reeb chords connecting A with A¢ with

length shorter than €.

Theorem 7.1.1 (Nadler-Shende [124) Theorem 8.3 & 9.7]). Consider a subana-
lytic Legendrian Ay C X xR, which is either compact or locally closed, relatively com-
pact with cylindrical ends. Let 90% : X xR — X xR be a contact isotopy for ¢ € (0, 1]
conical near the cylindrical ends. Let Ay C X xR x (0, 1] be the Legendrian movie of
@S, and Ay be the closure of Ay in X xRx[0,1]. Let Ag = AgN(X xRx{0}) € X xR
be the set of limit points of g@%(Al) as ¢ — 0.

Assume that for some contact form on X x R, the family ¢5, (A1) (¢ € (0,1]) is

self gapped. Then there is a fully faithful functor
IUShAl (A1> — MSh/\o (AO)

In particular, when X’ C X is a Weinstein subdomain (with Liouville comple-

ment), consider the Liouville vector field Z, on (X, d\) defined by
(Zy)dN = .

The Liouville low of Z) for negative time will compress c¢x/ onto ¢y as z — —oo0.

The Liouville flow on X extends to a contact flow ¢7 in X x R with

dyp3/dz =t0/0t + Z,,
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and thus we can consider the Legendrian movie of ¢x, under the flow. The theorem
then gives a fully faithful embedding of microlocal sheaves on ¢xs to sheaves on
lim,_, o 05 () C cx x {0}. Write ¢ = 2. Applying the flow ¢% (z € (—oc,0])

or ¢5 (¢ € (0,1]), we have [124, Section 8.2]

,uSth, (CX’) — wShiim, 0% (Exr) (hm z%—m@%(EX’))
= p1Shyy s e (M eso 0% (€x1)) < uShey (cx)

For the proof of the theorem, consider a contact embedding X x R «— T**°N
and choose a Lagrangian section (X X R), C vxyxr(7T*°N). One can pull back the
contact form and the contact isotopy via the projection vxug(T**N) — X x R.
Then ¢%, (A1) (C € (0,1]) is self gapped iff 5, (A;) (¢ € (0,1]) is. Hence one can
replace X X R in the theorem by T*>N.

The proof consists of two steps. First, we need to construct a fully faithful
embedding from uSha(A) back to Sh(NN) where we have Grothendieck’s six functors;
second, we need to construct a fully faithful functor between subcategories of Sh(N).

Here is the first step, the antimicrolocalization construction, which we have dis-
cussed in Section ; see |75} |84, Section 8;|152] for related constructions. Unlike
our approach, the approach of Nadler-Shende is highly nonexplicit (and in particular
it is hard to deduce adjunction and exact triangles). However, their construction is

done for Legendrians relative to collar ends, which we only sketched an approach in

Section 4.2.11
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Definition 7.1.3. Let A C T**°N be a subanalytic Legendrian with cylindrical

end OA, i.e. a contact embedding
(T*(U x (—1,1)) x R,0A x [0,1)) — (TN, A).

Let ps (s € R) be some Reeb flow on T*>*°N. For OALsx[0,1) C T*(U x(—1,1)) xR,

connect the ends OA+g by a family of standard cusps OA x <. Then
(A,ON)F =A_UA U (OA x <).

Theorem 7.1.2 (Nadler-Shende [124) Theorem 7.28]). Let A C T**N be a
subanalytic Legendrian, which is either compact or locally closed, relatively compact
with cylindrical ends. Let ¢ be the shortest length of Reeb orbits starting and ending

on A. For e < ¢/2, the microlocalization functor

Shaonyz(N)o — pSha_ (A—¢)

admits a right inverse. Here the subscript 0 means the subcategory of objects with 0

stalk away from a compact set.

By applying the antimicrolocalization functor, we now only need to construct a
functor in Sh(N). Namely we consider the nearby cycle functor and show that it
is fully faithful in our setting. This full faithfulness criterion is proposed by Nadler

[120] and proved for families of Legendrians by Zhou [163, Proposition 3.2].
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Definition 7.1.4. For a fibration mg : N x R — R, let the projection of the
cotangent bundle to the fiber be I1 : T*(N x R) — T*(N x R)/myT*R. For F €

Sh(N x R), the singular support relative to mg is
SSH(F) =1(SS(F)).

Theorem 7.1.3 (Nadler-Shende [124) Theorem 5.1]). Let .7#,9 be weakly con-
structible sheaves on N x R x R\{0}. Write j : N x R x R\{0} — N x R? and

i: NxRx{0} - N xR% Suppose

(1) SS®(F), SS®(F) N wiT*(R\{0}) = 0;

(2) The family of pairs SS°(F),SS2(Y) are gapped for some contact form.

Then we have a natural isomorphism
L' #om(5,.7,5.9)) = Hom(i 5.7, i '5,9).

Finally, instead of considering the whole category Sh(N), we need to restrict to

the subcategories Shy, gr)=(IV) and Shy, ang)= (V). Therefore we need the follow-

ing estimate, which follows from Proposition [3.1.9) and [3.1.10] [97, Theorem 6.3.1 &

Corollary 6.4.4].

Lemma 7.1.4 ([124), Lemma 3.16]). For # € Sh(N x Ryy), denoting j : N X

R>0—)NXRZO (lndi:NX{O}—)NXRZO;

SS(i7Yj,.Z) c I(SS(Z))NT*(N x {0}).
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Note that by Theorem [3.3.2] since Ay is the Legendrian movie of A; under the

flow ¢S, (¢ € (0,1]), we have a quasi-equivalence of categories
pSha, (Ar) 2 pSha, (An).

Using Theorem together with Lemma [7.1.4] Theorem now immedi-

ately follows.

7.1.2. Functoriality of the Specialization Functors

Having explained the construction of Nadler-Shende, we prove the functoriality of
the specialization functors Theorem [7.0.7] Our strategy is as follows.

Let Xy, X1, X2 be Weinstein sectors with Lagrangian skeleta cx,, ¢x,, ¢x, equipped
with Maslov data, such that iy : Xg — X; and 715 : X; < X, are Liouville
embeddings sending sectorial boundaries to sectorial boundaries. Denote by ®;; :
puShey. (cx,) = uSthj (cx;) the embedding of microlocal sheaf categories. @ is de-
fined by using the Liouville flow to compress cx, to the ambient skeleton cx, directly,
and ®q5 0 Oy, is defined by first compressing cx, to the skeleton cx,, and next com-
pressing cx, to the ambient skeleton cy,. We will try to define a 2-parametric family
of contact flow that interpolates between them. Then following the construction,
®y; and P15 0 Py are two different compositions of nearby cycles, and the theorem
is reduced to commutativity of the nearby cycle functors.

Therefore, we need the commutativity criterion of nearby cycle functors in for

example [123] or |[101},/113]. In order to keep the proof self contained, we extract
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the main technical lemma as follows, which is a base change formula that does not

hold in general.

Write the projection maps
m: N X [O, 1] X [O, 1] — [O, 1], (m,tl,t2> — i, (Z = 1,2)
and m=m X mp: N x [0,1] x [0,1] — [0,1] x [0,1]. Write the inclusions

N x {0} x (0,1] — = N x [0,1] x (0, 1]

s

N x {0} x [0,1] —= N x [0,1] x [0,1].

Proposition 7.1.5. Let % € Sh(N x [0,1] x (0,1]) be a sheaf such that

(1) i#S85%(F) N msT=(0,1] = @,
(2) SS=(F) N wT*=((0,1] x (0,1]) = @,

(8) SS®(F)NT**N x {(0,0)} is a subanalytic Legendrian.

Then there is a natural isomorphism of sheaves

i .F i T
Remark 7.1.4. For the applications, % will always be the push forward of a
sheaf %y € Sh(N x (0, 1] x (0,1]), in which case Condition (1) can be easily checked.

We choose to state a more general result without assuming that.
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Remark 7.1.5. We remark the importance of Condition (8). The following
example is due to an anonymous referee. Let N = R, S = {(z,t1,t2)|t1 = xty} C
N x[0,1] x (0,1] and .# =kg. Then Condition (3) does not hold and one can check

that the base change formula does not hold.

We have a natural morphism 7 j* F — 4.1 L.Z by adjunction. Since the natural
morphism induces quasi-isomorphisms on stalks on N x 0 x (0, 1], it suffices to show
that the it also induces quasi-isomorphisms on stalks on N x {(0,0)}.

First we compute the stalks of Z_lj Z at (r,0,0). The following lemma is ba-

sically [124, Corollary 4.4]. Let U, be a sufficiently small open ball around x € N,
Do,0)(€) = [0,€) x [0,€) for € > 0 sufficiently small, and Df, ; (€) = [0,€) x (d,¢€) for

0K e.

Lemma 7.1.6. Let F € Sh(N x [0,1] x (0,1]) be a sheaf so that i#*SS>(F) N
w3 T%*(0,1] = @, SS>®(F) N a*T*>*((0,1] x (0,1]) = &, and SSX(F) NT**N x
{(0,0)} is a subanalytic Legendrian. Then for x € N, U, C N a sufficiently small

open neighbourhood and € > 0 sufficiently small,
3* (xOO F(U XD(QQ)( ),ﬁ)

Proof. Since SS*(Z)NT*>N x {(0,0)} is a subanalytic Legendrian, for a small

neighbourhood U, x D(g)(€) of (x,0,0) € N x [0,1] x [0,1], we have

S5=(F) NN x {(0,0)} =
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for sufficiently small neighbourhoods U, by general position argument.

Consider N x (0,1] x [0,1]. Since SS>®(.Z) N 7w*T*>((0,1] x (0,1]) = &, we can
get an injective projection to the relative singular support in the relative cotangent
bundle SS*(F) — SS>°(%) on N x (0,1] x (0,1]. Hence there is an injective

projection
S (F) N s 0V % (0,1] % (0.1]) = SS2(F) N 55N x Doy (e).

Then consider N x {0} x (0, 1]. Since i*5S5>(F)Nw5T*>(0,1] = & and v, % {0} x Do (e) 4 (VX
{0} x (0, 1]) only consists of covectors tangent to N x {0} x (0, 1], there is also an

injection

SS®(FVWE topxoe) . (X0} X (0,1]) = i* SS™(F) W 1oy poe (VX {0} x (0, 1])
Then since i# S5 (F) N w3T*°°(0, 1] = &, we have an injective projection

FSS®(F) OE oy (N X {0} X (0,1]) = 7SS (F) NN x {0} x Dy (e).

However, as ¢ — 0 the limit points in the above relative singular support are con-
tained in SS®(.Z) N V0w N x{(0,0)} = @. Therefore, the set of the limit points in
the relative singular support is empty. Hence we can conclude that for sufficiently
small € > 0,

SS®(F) N v (N x[0,1] x (0,1]) = @

UL XD(O 0) (6)
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Consequently, by non-characteristic deformation lemma Proposition applied
to the family U, x Do )(e) and U, x D?O’O)(G) for sufficiently small € > 0 and § < e,

we can conclude that

~ I'(Uy x D}y )(€), F) = T(Uy x Dy g(€), F). O

Then we compute the stalks of j,i '.# at (x,0). Let U, be a sufficiently small
open ball around z € N, Dy = [0, €) for € > 0 sufficiently small and Dj = (9, €) for

0K e

Lemma 7.1.7. Letd € Sh(Nx(0,1]) be a sheaf such that SS>®(4)Nm*T*>(0,1] =

&, and SSX(9Y) NT**°N x {0} is subanalytic Legendrian. Then for any x € N,

U, C N a sufficiently small open neighbourhood and e > 0 sufficiently small,

3G 0y = T (U, x Dy(€),9).

Proof. Since SS*(¥) N T**N x {0} is a subanalytic Legendrian, for a small

neighbourhood U, x Dy(¢€) of (x,0) € N x [0, 1], we have

SSR(G) Ny i N x {0} = @

by general position argument. Since SS*°(¥¢) N 7*T*>(0,1] = &, we have an in-

jective projection to the relative singular support in the relative cotangent bundle
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SS®(Y) — SS(¥). Hence there is an injective projection
SS*(G) OV by (N X (0,1]) = SS(Y) N o N x Do(e).

as € — 0 the limit points in the above relative singular support are contained in
SS2(9) N7 LN x 0 = @. Hence we can conclude that when e > 0 is sufficiently
small, the intersection between relative singular support and u;}foi]\f x Dy(€) is empty.

Therefore, by non-characteristic deformation lemma Proposition |3.1.2 applied to the

family U, x Dg(€) and U, x Dg(¢), we have

3+Gw.0) = T(Uy X Dol€), ju4) ~T'(U, x Dole), j.4)

~ (U, x Dy(€),9) ~T (U, x Dy(e),%). O

Remark 7.1.6. The above lemmas will also follow from the weak constructibility

of F [123, Section 2|. For the applications, we believe that in fact both conditions

hold.

PROOF OF PROPOSITION [Z.T.5l We apply Lemma to .# and apply Lemma

[7.1.7 and Theorem [3.1.10 to i~1.%. Then it suffices to show that

I'(U, x E(()O’O)(e),ﬂ) ~T(U, x Eg(e),ﬁ).
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Since SS=(.Z) N TN x {(0,0)} is a subanalytic Legendrian, for a small neigh-

bourhood U, x D(g)(€) of (x,0,0) € N x [0,1] x [0,1], we have
SSE(F) 5N x {(0,0)} =

for sufficiently small neighbourhoods U, by general position argument. Write DZ’QO) (e,€') =
[0,€') x (0,€) for 0 < € < e. Since SS®(.F) N7 *T*>*((0,1] x (0,1]) = @, we know

that there is an injective projection

SS>®(ZF)N l/leD L(N x(0,1] x (0,1]) = SS(F)N l/l*JooiN X D(OO)(E ).

(0, 0)(66)

However, as €, ¢ — 0, the limit points of the relative singular support are contained
in SS,(.Z)nN vioeN x {(0,0)} = @. Hence we can conclude that when ¢, ¢ > 0
are sufficiently small, the intersection of the relative singular support and V,?ff’iN X
Dg, 0)( ¢’) is empty. By non-characteristic deformation lemma Proposition m

applied to the family DE’O,O)((—:, ¢'), we can conclude that
I'(U, x ﬁ?O,O)(E)’ F) =T (U, x ﬁg(e,e'),ﬁ) ~ (U, x E;(e),ﬁ).

This completes the proof. Il

Remark 7.1.7. When applying non-characteristic deformation lemma, one should
notice that (U, x E?O,t)) 15 precewise smooth. Therefore, we need to use the con-
dition that SS*° (%) N w*T*>°((0,1] x (0,1]) = & rather than only considering the

intersection with wiT*°°(0, 1] and w5T*>°(0,1]. For the same reason, we need to use
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the estimate on SS*(F) NT**N x 0 x 0 rather than the estimates on SSX(.F)
and SSE(F)NT**N x 0 x 0. The author is grateful to an anonymous referee for

pointing out the mistake in the proposition.

We can start the proof of the theorem. Let A\; be the Liouville form, Z; the
Liouville vector field, and o7 the Liouville flow on the Weinstein sector X;. Consider

the lifting of the flow % in TN that satisfies
dyZ. [dz = t0/0t + Z),
on X; x R. Then we know that

lim SOZ (ch) C cxy, lim QOZZQ<CX0)7 lim SOZZQ(CX;l) C CX,-
2——00 2——00 Z——00

Write ¢< = ZC Now consider the 2-parameter family of contact Hamiltonian

gbC" gb 0@y ¢. Then gzﬁf = 9022, gz%" = . In particular, the limits satisfy

lim 6%"(—) = lim 6, (=) = lim_¢7, (=),
lim 65"(—) = 6%, (lim 6%, (-)) = 0%, (lim_e¥,(-)).
Write A = {({,))[0<n < <1 A={((n)]0<n<¢ <1} and Ay = A\{(0,0)}.

Proor oF THEOREM [Z.0.7. Consider the 2-parameter family of contact flows

qb%" ((¢;m) € A). By Theorem [3.3.2| Remark (3.3.2} for 7 € uShey (cx,), we can get

a sheaf

VS(F) € pShiey, ), ((ex0)7).
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i j }il

Figure 7.2. The diagram of maps in the proof of Theorem .

where (cx, )5 is the Legendrian movie of ¢x, under the contact flow ¢%" (in Definition
. Applying the antimicrolocalization theorem [124] Theorem 6.28|, we write
\If%"(ﬁ Jabl € Sh(N x A) for the image of \If%"(ﬁ ) under the antimicrolocalization
functor.

From Figure one can notice that ®gy and P15 o Pg; are (compositions of)
nearby cycles along different boundary edges of A. Therefore it suffices to show that
the nearby cycle functors commute and they agree with the 2-parametric nearby
cycle functor. In order to apply Lemma [7.1.5 in our argument, note that firstly

S S‘X’(\IJ%?(L? )) N T T**A = & since the singular support is the Legendrian movie

under a contact flow, and secondly 55720(\1/%7(9)) NT*>([0,1] x {0}) is subanalytic

Legendrian by the fact that

3 Cv
nlér—l;lo ¢Z/T]<CX0) g cXQ?

lim 677 (ex,) € d5(cxa),
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where the right hand sides are subanalytic Legendrian. Therefore, in all following
cases Lemma [7.1.5| will apply.

(1) Firstly, we consider ®u, (%) (Figure [7.2|left). Note that ¢% compresses cx,
to cx,. Write i5: N x (0,1] =& N x A, (z,{) = (x,(,(), j: N x (0,1] = N x [0, 1]

and i : N x {0} < N x [0,1]. Then since gb%c = 5,

Do (F )y = 17520, (Favt = i 4 (i5 " VSN(F)) oy

Write 75 : N x [0,1] < N x A, (2,¢) = (2,(,¢), j : N x A = N x A and

i: N x{(0,0)} = N x A. By Lemma and Remark [3.3.3] we know that in fact

~ ._1-—1= ~ =—1=
(I)og (y)dbl — 1 125 j*qf%n(cga)dbl — 1 j*qf%n(cga)dbl.

(2) Secondly, we consider ®15(.%) (Figure right). Note that ¢? compresses
¢x, to cx,. Therefore,

Write g : N x (0,1] = N x A, (z,n) — (x,1,n). Since %" = ¢7,, we know that

Do1 (F)avt = i 5V (Fant = i G (ig U (F)) -

Write j, : N x A < N x Ay where Ag = A\{(0,0)}, and iy : N x [0,1] —

N x A, (z,n) = (x,1,7n). By Lemma and Remark [3.3.3, we know that in fact

~ P _._1_.
Do (F)avt = 1Ty G0 VS (F )b
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Then we consider ®15 0 $p(F) (Figure right). Write i; : N x (0,1] —
N x Ao, (x,¢) = (x,¢,0) where Ag = A\{(0,0)}. Let % be the contact flow on
T*>°(N x[0,1]) defined by the pull back vector field 7*Z, for m : Ay = (0,1] x[0,1] —
(0,1], and ¢S, = @2°. Let WS, : Sh(N x {1} x [0,1]) = Sh(N x A,) be the

Hamiltonian isotopy functor as in Theorem [3.3.1 Thus by Lemma [7.1.5]

~ . _._1_.
(\1122 ° g1 (ﬁ))dhl — \IJCZg (2 Y, ]07*\11%77(35)%1)

~ . ——1-= ~o—1E
— 1 L (Zo JO,*\II%n(gz)dbl) — 1]0,*‘1’%}(9)%1-

st

Therefore, by Lemma again, we can show that

D15 0 Py (F)am = i 4. (T, o D1 (F)) 4 — flj*ifljo,*‘l’%n(y)dbl

~ _._]._.

~ - _._]._. vy
=i, J1,*]0,*‘I’%n(ﬁ)db1 — 1 ]*‘D%n(ﬁ)dbl-

Therefore, we can conclude that ®go (F) =~ P19 0 Doy (F).

(3). On the level of morphisms, the base change formulas provide natural trans-
formations between the morphism spaces, and the gapped full faithfulness theorem
for nearby cycles Theorem [124] Theorem 4.1] shows that the natural transfor-

mations are quasi-isomorphisms, and hence completes the proof. Il

As a corollary, we can immediately get the invariance of the microlocal sheaf

category under any Liouville homotopies of Weinstein sectors.
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Corollary 7.1.8. Let X, X’ be Weinstein domains with Lagrangian skeleta cx, cx.

Suppose the Liouville forms X\, X' are homotopic through Liouville forms. Then

pShey (ex) =~ uShe, (cxr).

Proof. We view X, X’ as Weinstein domains with contact boundary. By choosing
a sufficiently small Weinstein neighbourhood (with contact boundary) of cx/, we get

a Liouville embedding X’ < X, and thus a functor

qDX’,X . ,uSth,(cX/) ~ ,uSth(Cx).

Then by choosing a sufficiently small Weinstein neighbourhood (with contact bound-

ary) of cx, we also get a Liouville embedding X < X', and thus a functor

(I)X,X’ : ,LLSth<Cx) — ,LLSth/(CX/).

Then the theorem implies that ®x x/ o ®x/ x = id and ®x/ x o Px x» = id. Hence

they define inverse equivalences of categories. U

Remark 7.1.8. Oleg Lazarev has pointed out to the author that [109, Proposi-
tion 2.42] has shown that for any Liouville homotopy between two different Weinstein
structures on X, there is a Weinstein structure on the Liouville movie X x T*[0,1]
which agrees with the two Weinstein structures on the two ends. With this propo-
sition, one can show that the argument in [124) Theorem 9.14] implies the above

corollary as well. However, to the author’s knowledge, when there is only a Liouville
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embedding of Weinstein manifolds Xo — X3, it is not true that X1\ X, carries a
Weinstein structure, and hence for Liouville embeddings, it still seems necessary to

use our main result.

7.2. Lagrangian Cobordism Functor by Specialization

The goal in this section is to apply the functorial specialization constructions
in the previous section to the setting of Lagrangian cobordisms between Legendrian
submanifolds. Using the full faithfulness of the cobordism functor, we prove a number
of exact sequences and applications, which are analogous to results by Chantraine-
Dimitroglou Rizell-Ghiggini-Golovko [31].

Moreover, we also compare our construction with Guillermou-Kashiwara-Schapira
[88] in the case when the Lagrangian cobordism is induced by a Legendrian isotopy,
and compare with Jin-Treumann [94] in the case when the Lagrangian cobordism is

a Lagrangian filling of a standard brane.

7.2.1. Construction of cobordism functor

In this section we construct the Lagrangian cobordism and prove full faithfulness,
which is the first part of Theorem [7.0.8] The proof here will be relatively concise,
yet it still includes an outline of the constructions in Section [7.1.1} The reader may

find more detailed explanation in those sections.



308

v

Figure 7.3. A schematic picture on how attaching Lagrangian cobor-
dism L to the relative Lagrangian skeleton M UA_ x Ry of the sector
(T*M,A_) gives a Weinstein subsector in (7T*M, A, ).

PrOOF OF THEOREM [7.0.8 PART 1. By Section[7.1.1 Gromov’s h-principle [65)
Theorem 12.3.1] enables us to embed the contactization of the Weinstein manifold
X x R into the contact boundary of a higher dimensional cotangent bundle TN .

Consider the symplectic normal bundle vx g (T**°N) of X x R < T**N and
as in Remark we assume that there is a Lagrangian subbundle (X x R), C
vxxr(T5*°N) by choosing a section in the Lagrangian Grassmannian of the normal
bundle vy g (T*°>°N). Consider the subanalytic Lagrangian skeleta ¢cx UAL x R and
the Legendrian lifts (cx UAL X R) x {0} in X x R. Let the microlocal sheaf category

supported on ¢x U AL x R (which is independent of the embedding we choose) be

pSheUny xR = S R(cxUAL xR)y lexUAL XR-

Since (X,d\) is a Weinstein manifold, we know that outside a compact subset
K, we have X\ K = 0,X x R where the Liouville flow Z, = ¢"9/0s. Suppose L N
O X X (—00, —19] = A_ X (—00,0]. Glue LNOxX X [—rg, +00) with A_ X (—o0, —1¢]

along A_ x {—7r}, and denote by A_ x R U L their concatenation in X. Note that
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this is the same as L, but we use the notation to emphasize that we will view it as
the union of two separate parts to apply the cosheaf property later.

We can glue the Legendrian lift L of the Lagrangian L to the skeleton cx UAL xR
in the contactization X x R. As the primitive of L defined by df;, = |, is a constant
when the R coordinate in 0,,X X R satisfies r < —rg, we may assume that f;, = 0

when r < —rg. The Legendrian lift of L is defined by
L={(z, fr(z))|z € L} € X x R.

Then we consider the sheaf of categories uShy. Since L coincides with A_ xR C X x
{0} when r < —rg, we can glue LN X X [—r, +00) x R with A_ x (—oo, —rg] x {0},
and get their concatenation in X x R. Denote it by A_ x RUL. We can thus consider
the sheaf of categories uSh, _ \ Uz

Since puSh_ is a sheaf and cosheaf of dg categories, we have a quasi-equivalence

of categories
uShe o sror (ex UAL X RUL) 5 pShegon xa(cx UA- X R) Xpsn, ay wShz (L).

We construct the specialization functor by the inclusion (also explained in Section

after Theorem [7.1.1))

O p“SthLJA,xRuf(CX UA_ xRU E) — l/«Shcqu+xR(cX UA+ X R)
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Consider the Liouville flow ¢% (2 € R) on X for negative time, which will compress
cx UAL X RU L onto cx UA, xR as z - —oo. The Liouville flow on X extends to

a contact Hamiltonian ¢7, in 7%*°N with
dypy/dz =t0/0t + Zy.

Write gbc = @154, and consider the Legendrian movie of cx UA_ x RU L under the
flow ¢% (2 € (—00,0]) or ¢, (¢ € (0,1]). Since M UA_ x R is the Legendrian lift of
a Lagrangian skeleton while L is the lift of an embedded Lagrangian, there are no
self Reeb chords and the gapped condition automatically holds. By Theorem [7.1.1
[124] Theorem 8.3], the nearby cycle functor gives us a fully faithful embedding of

microlocal sheaves on the Legendrian movie of cxy UA_ x RU L to sheaves on
lim ¢f(ex UA- xRUL) = PL%‘bCZ(CX UA_xRUL) Cex UA, xR

The full faithfulness of @, follows from Theorem [7.1.1] The special case when X =

T*M follows from Lemma B.2.1] O

Remark 7.2.1. The functor ®; can also be obtained in the setting of partially
wrapped Fukaya categories. Indeed one can consider Weinstein manifolds with stops
(X,Ay) and view T*L as a Weinstein sector. First apply the cosheaf property of

partially wrapped Fukaya categories |75, Theorem 1.27] to get

W(X,A) OW(T*(Ax[~1,1]) W(T*L) =5 W(X Ups (Ax[=1,1]) TL)
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or in other words
W(X, A_) @ Loce(A) LOCC(L) = W(X U (Ax[-1,1)) T*L).

Then one can view X Upsax—1,1))T*L as a Liouville subsector of (T*X,A) (the com-
pliment is a Liouville cobordism). Since X Urs(ax[—1,1)) T L 1s Weinstein, following

[75, Section 8.3] or [152] one can define a Viterbo restriction functor
W(X, A+) — W(X UT*(AX[—LH) T*L)

Remark 7.2.2. In fact the main theorem works in more general settings, as long
as the gapped condition in Definition 1s satisfied. For example, when i : L —
OsoX X R is an exact Lagrangian cobordism with vanishing action self intersection
points, i.e. for the primitive i*A = dfy, fo(x) = fo(z') whenever i(x) = i(z'), then
L can be lifted to an immersed Legendrian with no Reeb chords and the theorem
still holds. Similarly, when Ay are subanalytic Legendrians and L is the Lagrangian
projection of a subanalytic Legendrian cobordism, the theorem still applies as long as

the gapped condition holds.

Then we show that concatenations of Lagrangian cobordisms give rise to com-
positions of our Lagrangian cobordism functors. Therefore our cobordism functor
defines a functor from the category of Lagrangian cobordisms to the category of

(small) dg categories.
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We recall how concatenations of Lagrangian cobordisms are defined. Let Lo C
05X X R be a Lagrangian cobordism from Ag to Aq, and L, be a Lagrangian cobor-
dism from A; to Ag. Suppose Loi N 0 X X (—00, —7¢) U (19, +00) are standard

cylinders. Then the concatenation Ly U L, is an exact Lagrangian such that

(1) (Lo U L) N9 X x (—00,0) 2 ;™ (Lo) N 9o X X (—00,0);

Here ¢7 is the Liouville low on d,,.X x R C X.

Our strategy is as follows. @1, is defined by using the Liouville flow to com-
press Lo U Ly to the skeleton all at once, and @7, o (®r, X idzeer,)) is defined by
first compressing Ly to the skeleton while fixing L;, and next compressing L; to the
skeleton. We will try to define a 2-parametric family of contact flow that interpolates
between them. Then following the construction, ®7,uz, and @7, o (Pr, X idree(r,))
are two different compositions of nearby cycles, and the theorem is reduced to com-

mutativity of the nearby cycle functors.

ProoOF OF THEOREM [7.0.8 PART 2. Consider the lifting of the Liouville flow
©7 in T**°N that satisfies

dypy/dz =t0/0t + Z)

on X x R. Suppose that the concatenation (LyU L1) NOxX X (—€,€) = Ay X (—¢,€).
Let n : R — [0,1] be a cut-off function such that 7|_o,—q = 0 and 7| 100) = 0.

Then we consider a flow ¢%, on 0, X xR defined by Z’ = n(r)Z, = n(r)e"d/0r, such
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that
©7|00 X x(—00,—6) = P> P71]000 X x (e,400) = 1d.

Note that ¢7, defines an exact Lagrangian isotopy of Ly U L, which can be lifted to
a Legendrian isotopy of ZO UL, Therefore, lift ¢7, to a contact flow on X x R and

still denote it by ¢%,. As a contact flow,

Write ng% = gpl;c and ngC, = cplél,c. Consider the 2-parameter family of contact
Hamiltonian (b%," = ¢5 0 ¢ ¢ Then ¢<ch = 5, (bgﬁ = ¢7,. In particular, the limits

satisfy

lim 637 (=) = lim 6% (=) = lim_¢5(-),

C_>0 Z——00

lim 657(—) = ¢ (lm ol (—)) = 0% lim_% ().

Yy——00
Write A = {(¢,)[0 <n < ¢ <1} A={(¢,)]0<n<¢<1}and A = A\{(0,0)}.
From Figureone can notice that ®;, 7, and ®1,0(Pr, Xidree(z,)) are (compo-

sitions of) nearby cycles along different boundary edges of A. Under the perspective

of Theorem [7.0.7, we can write

E() :?XUAO XR>0, El :fXUAO XR>0UE(), EQ :?XUAO XR>0UZ0UZL
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Since the limits under the Liouville flow is the Legendrian lift of the Lagrangian

skeleton,
lim QS%?(C)(UAO X RUZ()UZl) QCXUAQ XR,
7,§—=0
llﬂ(l)qb%,n(tx U A() x RU Zo U Zl) - Qb%(CX U Al x RU Zl),
n—

we can apply Lemma and Theorem[7.0.7] More precisely, following the notation

there, when computing @z, we have
d Fapl = i, (i OSNF)) ST S F
Loury (F)ant = 17 (i3 OSN(T)) = 1 1Y (F )an-
When computing the composition of ®7, and (®r, X idpeez,)) We have

Dry o (Pry X idroe(r))(F)avt — i ' js (W%(‘PLO X idroe(£1)) (F )abl)

~ ] e 1 ~ =—1=
= i 1]0,*‘1’%77(3;)%1 — 1 ]*\D%n(gz)dbl-

Therefore we can conclude that concatenations of Lagrangian cobordisms induce

compositions of the functors. [l

Finally, we remark that when L is a Lagrangian concordance from A_ to A,
i.e. L is diffeomorphic to A_ x R, we have in particular the following simple fully

faithful embedding.
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Corollary 7.2.1. Let X be a Weinstein manifold with subanalytic skeleton cx,
A_ AL C 0 X be Legendrian submanifolds, and L C 0, X X R a Lagrangian con-

cordance from A_ to A.. Then there is a fully faithful functor between the categories
(I)L . uShcqu_XR(cX UA_ X R) — USthUA+><R(cX U A+ X R)
In particular, when X = T*M, there is a fully faithful functor between proper sheaves

CDL : ShA_(M) — ShA+<M)

7.2.2. Full Faithfulness of Lagrangian Cobordism Functor

For Lagrangian cobordisms Lg, Ly from A_ to A,, Chantraine-Dimitroglou Rizell-
Ghiggini-Golovko [31] constructed an acyclic Cthulhu complex Cth(AL, Ly, L;) con-
sisting of linearized contact homologies of AL and the Floer chain complex of Ly, L1,
and hence produced a number of exact sequences. Similar to Chantraine-Dimitroglou
Rizell-Ghiggini-Golovko [31], we are able to get a series of exact triangles from a La-
grangian cobordism, most of which are simple corollaries of the full faithfulness of
our functor ®;.

We will always assume in this section that the smooth Legendrians and La-
grangians have vanishing Maslov class and relative second Stiefel-Whitney class.
Then by Theorem |84, Theorem 11.5], uShy (A-) ~ LOC(A,),,LLShZ(Z) ~

Loc(L). Hence we have a quasi-equivalence

,uSthuA_XRuL(cX UA_ X RUE) = NSthUA_XR(CX UA_ x R) X uSha (A-) ,uShL(L)
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First, we state the results we can get and their applications.

Corollary 7.2.2 (Mayer-Vietoris exact triangle). Let X be a Weinstein manifold
with subanalytic skeleton c¢x, and A_, A, C 0,,X be Legendrian submanifolds. Sup-
pose there is an exact Lagrangian cobordism L C 0,,X X R from A_ to Ay. Suppose
there are sheaves F~,9~ € puSh?_z  r(cx UA_ X R) with trivial monodromy along

A_, and their microstalks at A_ are F,G. Denoting by
Ft=0,(F7), 9T =d,(9),

the images of F—,9~ glued with trivial local systems on L with stalks F,G, then

there is an exact triangle

[(phom(F+,9%)) — T'(phom(F~,97)) ® C*(L; Hom(F, G))
— C*(A_; Hom(F,G)) = |

A flexible Weinstein manifold [40, Chapter 11] is a Weinstein manifold whose
attaching spheres of index-n critical points are all loose Legendrian submanifold-
s [116]. Similar to the result in [31], we are able to prove a stronger result that
any Legendrian submanifold in the boundary of a flexible Weinstein manifold whose
microlocal sheaf category of proper objects over k = Z /27 is nontrivial does not ad-
mit a Lagrangian cap. Assuming the equivalence between partially wrapped Fukaya
categories and Legendrian contact homologies, this means that any Legendrian sub-
manifold whose contact homology over k = 7Z/27Z has a proper module does not

admit a Lagrangian cap.
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Corollary 7.2.3. Let X be a flexible Weinstein manifold with subanalytic skele-
ton ¢x, and A_ C 05X be a connected Legendrian submanifold. Suppose that
1ShY i wr(ex UA_ x R) contains a nontrivial object with trivial monodromy a-

long A_. Then there is no Lagrangian cobordism from A_ to @ with Maslov data.

Remark 7.2.3. Since there are examples whose partially wrapped Fukaya catego-
ry only has higher dimensional representations [106,107], by the equivalence between
Fukaya categories and sheaf categories [74] and the fact that [121, Theorem 3.21] (or

Section
1Sh? (cx) = Fan®(uShe (cx)?, Perf(k)),

this corollary is expected to be stronger than the result in [31]. Note that there are
also examples whose Legendrian contact homology is nontrivial but has only higher

dimensional representations [149].

Remark 7.2.4. The assumption that the sheaf has trivial monodromy along A_
is necessary. For example, the Clifford Legendrian torus Acyg discussed in Theorem
does admit a microlocal rank 1 sheaf. However, there is a Lagrangian cobor-
dism from a loose Legendrian sphere to Acyg [26, Example 4.26], and hence there is

a Lagrangian cap by [66].

PROOF OF COROLLARY [L.2.3l Let .#~ € uSh! \_,p(cxUA_XR) be anonzero
object with stalk at A_ being F'. Suppose there is an exact Lagrangian cobordism
from A_ to @. Then since .#~ has trivial monodromy and the stalk [ at A_ is

nonzero, it can be extended to a local system on L with nonzero stalk. Glue .~ with
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the local system and write #+ = & (% ~). Since X is flexible, I'(phom(F T, F1)) ~

0. From the Mayer-Vietoris exact triangle we know that (by setting ¥~ = .% )
I'(phom(F~—, F7)) @ C*(L; Hom(F, F)) ~ C*(A_; Hom(F, F)).
However, the fact that H°(L; Hom(F, F)) ~ H°(A_; Hom(F, F')) will force
H(uhom(F~,. 7)) =0,
i.e. idz- = 0, which gives a contradiction. ]

Remark 7.2.5. The fact that flexible Weinstein domains have trivial microlocal
sheaf categories follows from [74], the vanishing result for their symplectic coho-
mologies |[118|, Theorem 3.2] (using the embedding trick |66, Corollary 6.3]) and
Abouzaid’s generation criterion |1]. In fact using the embedding trick and the re-
striction functor [124] (or Section we can also get a sheaf theoretic proof of

this fact.

The next exact sequence is the following, analogous to results in [31, Theorem

1.1] and Pan |128| Theorem 1.2].

Corollary 7.2.4. Let X be a Weinstein manifold with subanalytic skeleton cx,
and A_; A, C 0,,X be Legendrian submanifolds. Suppose there is an ezvact La-
grangian cobordism L C 0,X X R from A_ to A.. Suppose there are sheaves

F 9" € pShY n yrlex UA_ X R) with trivial monodromy along A_, and their
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stalks at A_ are F,G. Denoting by
Ft=0,(F7), 9T =d,(9),

the images of ¥~ ,9~ glued with trivial local systems on L with stalks F,G, then

there 1s an exact triangle
T(phom(F+,91)) — T(phom(F~,47)) — C*(L, A_: Hom(F,G))[1] = .

Remark 7.2.6. Following [128, Theorem 1.6], restricting to the subcategory
(ShY i wr(ex UAZ X R)py C puSh?_y g(ex U A X R) with trivial monodromy

along A_, the functor defined by gluing with the trivial local system on L
NSthuA,xR(CX UA_ X R)yi — MShIc)XUAerR(CX UAL X R)yi

is injective on objects as long as H*(L,A_) = 0. The proof is the same as [128],

where one uses the fact that
H(uhom(F,9)) = HO(uhom(F~,97))
preserves the identity.

In particular, when A_ = @, i.e. when L is an exact Lagrangian filling of A, by
choosing the trivial rank 1 local system on L, we are able to get a sheaf quantization
Z* of L and this recovers the Seidel isomorphism [51]. The first proof in sheaf

theory when X = T*M is obtained by Jin-Treumann [94].
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Note that in contrary to [51], the proof in sheaf theory does not require W(X) or
pSh (¢x) to vanish (because the sheaf categories are always identified with Fukaya
categories, but they are expected to be the Chekanov-Eliashberg dg algebra or its

representations only when the ambient manifold is flexible).

Corollary 7.2.5 (Nadler-Shende). Let X be a Weinstein manifold with suban-
alytic skeleton c¢x, and Ay C 0,X be a Legendrian submanifold. Let k be a ring.
Suppose there is an exact Lagrangian filling L C X of Ay with vanishing Maslov class
(and relatively spin when chark # 2). Then there is F € pSh 5, «r(cx UMy XR)
such that

[(phom(F+, F7)) ~ C*(L; k).

Proof. Pick the rank 1 trivial local system on pSh% (L) ~ Loc®(L). Then Corol-

lary gives the result. O

After stating the long exact sequences and their applications, we explain their
proofs, which all follow immediately from the following lemma as a corollary of full

faithfulness.

Lemma 7.2.6. Let X be a Weinstein manifold with subanalytic skeleton ¢x, and
A_JAL C 0,.X be Legendrian submanifolds. Suppose there is an exact Lagrangian
cobordism L C 0,,X X R from A_ to A,. Suppose there are sheaves F~,9~ €

uShE i wr(ex UA_ X R) with trivial monodromy along A_, and their stalks at A_
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are F,G. Denoting by
FT = @L(ﬁ_)a Gt = q)L(g_)?

the images of F~,9~ glued with the trivial local systems on L with stalks F,G, then

there 1s a homotopy pullback diagram

C(phom(F*,97)) —— T(phom(F~,97))

| |

C*(L;Hom(F,G)) —— C*(A_; Hom(F,G)).

Proof. Denote by :%J\:Jr,fg* the sheaves in “Sh?XuA,xRuZ (ex UAL XRU Z) ob-

tained by gluing . ~,%~ by the constant sheaf on L with stalk F,G. Then by the

sheaf property of uSh®(—), we have a pullback diagram

F(uhom(ﬁ*, {?*)) — ['(phom(F~,97))

| |

C*(Ly;Hom(F,G)) —— C*(A_; Hom(F,Q)).

By full faithfulness of ®, we know that
F(uhom(ﬁ:ﬂgﬁr)) = T(phom(F,97)).

This proves the assertion. O
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PROOF OF COROLLARY [1.2.2] The result immediately follows from the lemma.

g

PRrROOF OF COROLLARY [7.2.4l Note that the restriction map on cohomology

C*(L; Hom(F,G)) — C*(A_; Hom(F, 7)) fits into an exact triangle
C*(L; Hom(F,G)) — C*(A_; Hom(F,G)) — C*(L,A_; Hom(F, G))[1] RANY
Since a pullback diagram preserves (co)fibers, this gives the exact sequence
T(phom(F*,41)) = T(phom(F~,47)) — C*(L,A_; Hom(F, G))[1] 5,

and hence completes the proof. O

7.2.3. Hamiltonian invariance of Cobordism Functor

We show the basic property that the Lagrangian cobordism functor is invariant
under Hamiltonian isotopies in the symplectization that fix the positive (convex)

and negative (concave) ends.

Theorem 7.2.7 (Hamiltonian invariance). Let X be a Weinstein manifold, Ay C
O0xX be Legendrian submanifolds, and L C 0, X XR be a Lagrangian cobordism from
A_ to Ay. Suppose there is a compactly supported Hamiltonian isotopy ¢3; (s € I)
on 0so X X R. Then

(I)z >~ (I):;}I(L), (I)L ~ CI)S@};(L)
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Again, we can only consider the dg categories pShe,ua,xr(cx UAx X R) and

Loc(L), and show that

b, ~ O (L) : uSh chAfo(CX UA_ x R) X Loc(A_) LOC(L)

O
— ,uSthuAJrXR(CX UA, X R)
Then the results will immediately follow from the properties of adjoint functors.
Our strategy is to compare ®7, and @, (1) by constructing a 1-parametric family
of Lagrangian cobordism functors, and then Theorem [88] will allow us to show
that @, >~ @, (1) from the initial condition ®p, > Do ().
Identify ¢x U AL x R and L with their Legendrian image in some higher dimen-
sional contact manifold 7> N, and lift ¢}, to a contact Hamiltonian flow on T%*°N.

Consider (cx UA_ x R) x I. Then we have a Lagrangian cobordism functor
Dryr s pShiexur_ xryxnurxn(((ex UAZ X R) x I) U (L x 1))
- :U/Sh(cXUA+><R)><I((cX U A+ X R) X I)

On the other hand, let Ly be the Legendrian movie of L (in Definition under

the Hamiltonian flow ¢9;. Then we have a Lagrangian cobordism functor

Dry  1wShi o xmyxnuiy (((x UAZ X R) x I) U Ly)

— NSh(cqu+xR)xI<(cX U A+ X R) X ])
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For F € uSh (cx UA_ x RUL), write m : T*®(N x I) — T**N. We

cx UA_ xRUL

consider
T H(F) € uSh(yun_xryxnuixn (((ex UA X R) x 1)U (L x I)).

On the other hand, by Theorem the Hamiltonian isotopy ¢j; defines a canonical
sheaf

W, (F) € uSh((chA_XR)XDUzH(((cX UA_XR)x U ZH)

Lemma 7.2.8. Let m : N x I — N be the projection, is : N x {s} <= N x [
be the inclusion, and Ly be the Legendrian movie of L under the Hamiltonian flow

@i (s € I). Then for any F € pSh__\  pozlex UA- X RU Z),
L (7 (F)) = OUF), i D, (W(F)) = By 1)(F)

Proof. First of all, let ¢Z be the Liouville flow on T*°°(N x I') defined by (¢%,1d).
Let \If% be the equivalence functor defined by the Liouville flow % (2 € (—o0,0]) or
¢ *,00
¢% (¢ € (0,1]) on T**(N x I), and
N x {0} 2 Nx [0,1] €2 N x (0, 1],

N><[x{O}ZNxIx[0,1}<j—7N><I><(0,1].
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Write (\Il%(\ll(}{(ﬁ)))dbl € Sh(N x I x (0,1]) for the image of \11%(\11%(35)) under the

antimicrolocalization functor in Theorem [124]. Then by Remark [3.3.3]

i_l (W%(W%(ﬁ)))dbl = \IJ%(Z;IKIJ%(ﬁ))de

s

Similarly, write i; ' ® 7. (77 (F))an € Sh(N x{s}) for the image of i; 1@ ; (77 1(F))

under the antimicrolocalization functor. By Lemma we have

i @ (7)) an = is_lz;;z* (\Ij%(ﬂ_l(ﬁ)))dbl

i 2 (U5 7)) gy = PL(F v,

On the other hand, write i;'®, (7 '(F))an € Sh(N x {s}) for the image of
i;'®p, (771(F)) under the antimicrolocalization functor. By Lemma again

we also have

.— — ~ . _._1_.
Ls 1CI)LH (7T 1(‘g\»dbl — 1 127 JZ (\P%(\Ij%(g»)dbl

— ZEljZ:* (‘IJCZ(Zgl‘IJ(;-I(’?>>)db1 = (I)WS}[(L)<’gZ)dbl'

Therefore the proof is completed. O

PROOF OF THEOREM [7.2.7 For .% € uSh (cx UA_ x RUL), we

cx UA_ XRUZ

consider

7 HF) € nShieyin_sryxnuixn (ex UA- X R) x I) U (L xT)).
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On the other hand, for the Hamiltonian isotopy ¢} we consider by Theorem [3.3.2]
W9 (F) € uShye, on wmyxryr, ((ex UAZ X R) x I) U Lg).
There is a natural morphism 7—!(.%) — U9 (%), and thus a natural morphism
Dryr(nH(F)) = Or,, (VY (F)).
We will show that this is a natural quasi-isomorphism. In fact,
Cone (Pryr (77 (F)) = Pr, (V5 (F))) € uShiexun, xmyxr((ex UAL x R) x I).

By Lemma [7.2.8, we also know that when s = 0,
g Cone (Dpr (77 (F)) = B, (V9 (F)))
~ Cone (iy @ (77 (F)) = iy p,, (VY(F)))
~ Cone (P, (iy '~ (F)) = @1 (ig 'Y (F))) ~ 0.
As by Theorem [3.3.2] ig" : uSh(e i, xmyxr ((ex UL X R) X T) = pShe,un, xr(ex U

Ay x ]R) defines an equivalence, we can conclude that the mapping cone is identically

zero, and thus

(I)LX[(Wil(fg» l) CI)LH (‘II(I]-I(‘?))

Therefore by restricting to s = 1 and applying Lemma again the proof is

completed. [l
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7.2.4. Comparison with the Isotopy Functor

When there is a Legendrian isotopy ¢35 (s € I) from Ay to Ay, it will define a
Lagrangian cobordism L from Ag to Ay |27] or |68, Section 4.2.3]. Hence we have a

fully faithful Lagrangian cobordism functor
(I)L : ShAO(M) — ShA1 (M)

On the other hand, Guillermou-Kashiwara-Schapira [88] constructed a sheaf quanti-
zation functor ¥y from a Hamiltonian isotopy given by taking convolution with an

integral kernel. We will prove the following comparison theorem.

Theorem 7.2.9. Let A, C T*>*°M (s € I) be a Legendrian isotopy induced by
o3y (s € 1), with vanishing Maslov class, and L the Lagrangian cobordism from Ag
to Ay coming from the isotopy. Then for ® the Lagrangian cobordism functor and

Uy the sheaf quantization functor,
O, ~ Uy ShAO(M> — ShA1<M)

In this section we show that when the Lagrangian cobordism L from A_ to Ay
is induced by a Hamiltonian isotopy in Theorem [88], i.e. A = A and A, =
¢1(A), then our Lagrangian cobordism functor agrees with the sheaf quantization
functor given by the Hamiltonian isotopyf}

2The author is very grateful to Vivek Shende, who essentially explains to the author the strategy
of the proof that appears here.
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Our strategy is similar to the proof of Theorem (Hamiltonian invariance),

that is, to realize the Lagrangian cobordism as a functor
Shi (M x I) — Sh} (M x I

where Ag is the Legendrian movie of A under the Hamiltonian flow ¢3%; (s € I). Then
Theorem [3.3.1] [88] will enable us to conclude that &, ~ ¥y at M x {1} from the
initial condition at M x {0}.

First, recall the construction of Lagrangian cobordisms induced by a Hamiltonian
isotopy [27]. Suppose the contact Hamiltonian is H : T**°M — R. Then consider
the homogeneous symplectic Hamiltonian to be FAI(x, €)= [&|H(x,&/[€|) - T*M — R.
Let 1 : [0, +00) — [0, 1] be a cut-off function such that n(r) = 0 when r is small, and

n(r) = 1 when r is large. Then the Lagrangian cobordism induced by H is

Leh e
n(€D A )

One can see that L coincides with A x R. when || is small, and coincides with
oL (A) x Rog when [¢] is large.
Now we try to construct a Lagrangian cobordism L from A x I to Ay, so that

the restriction to T*M x {0} is just A x R, and the restriction to T*M x {1} is L.

Let

Boy s TVS(M x 1) = T*(M x I); (2,€,5,0) = (¢55(2.€), 5.0 — sH o oz, €)).
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Then the Lagrangian cobordism L induced by @% (t € I) will satisfy our conditions.
Recall that to define the Lagrangian cobordism functor, we need to consider a
proper embedding e : T*M < T**°(M x R). For example, consider a Riemannian

metric g, let gog be the geodesic flow, and define

e(z,8) = (0, (2,€), [€[g/2,1).

Then we are going to work with the (singular) Legendrians (M U A x R.()= and
(MU g (A) x Rag) C TG (M % R).

Let .F € uShiipm.,(MUA X Rs). Let gozﬁ be the Hamiltonian flow on 7™M
that extends to 7,25 (M x R). Then by Theorem [3.3.2} there is a canonical sheaf
v 5(F) € uSh%u%g(Awa)(M U goiﬁ(A X R-p)) whose restriction to M UA x Ry

is 7, this means ¥, 7(%) is the unique lifting of ¥ under the (restriction) functor

uShMU@;FI(AXR>0) = MShMUAxR>O(M UA x R>0) X Loc(A) LOC(L)

1) [’LSh/MUAXR>O(M UA x R>Q>.

In other words, by abusing notations, we can write
o (F) = 2L(V,5(F)).

Lemma 7.2.10. Let L be the Lagrangian cobordism from A x I to Ay induced by

P i 2 T (M XR) x {5} < T°(M xRx 1) be the inclusion and m : T*>(M xR x
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I) — T°°(M xR) be the projection. Then for any F € puShyuaxr.,(MUAXR-),
iy Or(r™H(F)) = 01.(F),

where Ly = ' (A x Ryg) 4s the Lagrangian cobordism induced by pt,;.
gOan sH

Proof. First of all, 92 be the Liouville flow on 7™*(M x R x I) defined by
(p7,id). Let \If% be the equivalence functor defined by the Liouville flow ¢Z (2 €
(—00,0]) or ¢% (¢ € (0,1]) on T**(M x R x I), and

MXRX{O}%MXRX [0,1]<j—ZM><R>< (0, 1],
MXRX[X{O}EMXRX[X[O,l]&MXRXIX(O,l].

Write (\If%(\llzﬁ(ﬁ)))dbl € Sh(M x R x I) for the image of \If%(\lfgﬁ(ﬂ)) under the

antimicrolocalization functor in Theorem [124]. Then by Remark [3.3.3]
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Note that \I/% is the equivalence functor defined by the Liouville flow on 7% (M x

R x I). Then by Lemma m there is a natural morphism

e — ~ P _._1_. —_
i (T (P ))an = i Nz Tz, (VY7 (F)) gy

=i 25 (W (0 () g

S iy iz (V500 2 () gy = o (F ).

and thus we complete the proof. O

PROOF OF THEOREM [7.2.9 Consider the Lagrangian cobordism L induced by
@ By Lemma 7.2.10} we know that for ig : T°°(M x R) x {0} < T*>(M xR x I)

and m: T*°(M xR x I) = T%*°(M x R),
i OHT) = Buea(F) = .

By Theorem and Remark it 1SharoaxR-)x NUE (M UAXRo) x T)U

L) = pShyiuaxrs,(MUA xR5) is an equivalence and its inverse is the Hamiltonian

isotopy functor ¥% in Theorem [88]. Therefore
Cp(nH(F)) = Uy (F).

Finally, by restricting to M x {1} and apply Lemma [7.2.10| again, we can conclude

that (I)L(y> :\I/H(y) ]
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7.2.5. Comparison with the Filling Functor

When A_ = (), a Lagrangian cobordism from A_ to A, is a Lagrangian filling. Jin-
Treumann [94] constructed a sheaf quantization functor Loc(L) — Sha, (M) from

any Lagrangian filling L of A, that is, a fully faithful embedding
W't Loc(L) = Sha, (M),

as we have explained in Section [£.4 We will show the following comparison result.

Proposition 7.2.11. Let U C M be an open subset with subanalytic boundary,
Ay = l/aofM be the inward unit conormal and L the standard Lagrangian brane
associated to U with Legendrian boundary A, . Then for ®p the Lagrangian cobordism

functor and W{T the Jin-Treumann sheaf quantization functor,
@ ~ V" Loc(L) < Shy, (M).

In fact, using Nadler-Zaslow correspondence [119,(126] or Viterbo’s sheaf quan-
tization construction [159], if one can prove additionally the functoriality of &
and WU{T as functors from infinitesimal Fukaya categories, then ®; ~ ¥J' for any
Lagrangian filling of any Legendrians A, .

When A_ =), L is a Lagrangian filling of A,. In this section we basically show

that for costandard Lagrangian branes, our fully faithful functor

¢, 2 Loc(L) < Shy, (M)



333

coincides with the functor Jin-Treumann constructed [94]. Again, the reader may
skip this section.
Fix an embedding e : T*M < T**°(M xR). For example, consider a Riemannian

metric g, let ¢} be the geodesic flow, and define

e(z,€) = (vg " (2,€), [€[5/2,1).

Then M UA xRy C T%*°(M x R) is a (singular) Legendrian.
Let U C M be an open subset with subanalytic boundary OU. The outward

conormal of U is denoted by v; , M. Then the Lagrangian skeleton M U v, M is

shown in Figure [7.4]

Definition 7.2.1. Let my : U — [0,+00) be the defining function of OU such
that m;;*(0) = OU. Let fy = —In(my). Then the graph of the evact 1-form L =

Ly = Lgs, CT*M 1is the costandard Lagrangian brane associated to U.

When L intersect the ideal contact boundary [81] of T*M at v;; 7 M such that
it is tangent to vg; , M to infinite order (for example, when 0 is a regular value of
my), it can be viewed as a Lagrangian filling of ;5" M, equipped with a different
primitive f{; that is bounded on L = Ly. Via the embedding e, its image L will be

a Legendrian in T°°(M x R) that coincides with v{; | M at infinity.

PROOF OF PROPOSITION [Z.2.11]. Consider a complex of local systems .%;, on L
with stalk F'. Note that the projection 7y : L < T*M — M defines a diffeomorphism

L=U. Write #y = mp,..%1. We will show that both functors send %, to Zy.
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Figure 7.4. The Nadler-Shende construction (left) and the Jin-
Treumann construction (right). The grey regions are the supports of
the corresponding sheaves. The thin lines on the left are the skeleton
M Uy . M embedded in J'(M), and the thick lines there are the two
copies of Lagrangian fillings. The blue lines are the family of cusps
OA x <.

(1) We first compute @y, : Loc(L) — Sh(M). Let the vertical vector field 9/0t
be the Reeb vector field. Consider the skeleton M Uvy; M and its positive/negative
Reeb pushoff (MUvy; - M)... Lift L to a Legendrian L that coincides with M Uy M
when the radius coordinate r = In |¢| in T* M is sufficiently large. When 7 is large, we
cut off the Legendrian (v;;™ M), and connect them by a family of cusps ;=M x <,

and also cut off L. and connect them by a family of cusps I/(*]:OjM x <. We consider
Loc(L) = pShz(L) < Shg o)< (M x R),.

Here the subscript 0 means the subcategory of sheaves with 0 stalk outside a compact
set. Hence there is a sheaf .74, with singular support in (E, 8Z)j whose microlocal-

ization along L_.is given by %, given by the antimicrolocalization functor Theorem

f124)



335

Running the Liouville flow @3 for z € (—o0, 0] or ¢ for ¢ € (0,1], we can get a
sheaf on M xR x (0, 1]. Note that the end (uZ}’f’fM)ie (which coincides with 8fi€) is
preserved by Liouville flow up to a Reeb translation (due to change of the primitive
fi; of Ly), and the limit points

lim_¢5(L,OL)7 = lim ¢%,(L,0L)F < T/55(M x R) x {0}
_)

Z——00

are exactly (U Uvy _M)Z. The resulting sheaf is therefore in Shg,; pp=(M x R).

Now we apply the microlocalization functor
Sh(ﬁUV&_M): (M X R)O — /’LSh(UUVa_M)_g ((U U V(*J,iM)_€> :> Shy577M<M)0.

The microstalks for points in U _, are F, and those for points in M_\U_, are 0. The
microlocal monodromy along U is determined by % = 7y, ..#, because topologically
taking the limit lim, , . ¢%(L) under the Liouville flow gives a homotopy equiva-
lence L >~ lim,, o ¢%(L) ~ U Uwvj; M =~ U that is homotopic to the projection
7. L > U.

(2) Then we consider W' : Loc(L) — Sh(M). In [94] they considered the
Legendrian lift L of L whose front projection onto M x R is the graph of the function
fu. Then consider the positive/negative Reeb pushoff Ziﬁ, which are the graphs of

the functions fiy + €. We have |94]

Loc(L) = pShz (L) < Shz (M x R),.
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Then there is a sheaf .%},, with singular support in L_. U L, given by the antimi-
crolocalization functor |94} Section 3.15], whose microlocalization along L_. gives the
local system .Z. Write Dy, = {(z,t)|t = fu(z) £ €}. Indeed the sheaf is supported
in the region

Dicoy ={(z, )| fv(z) —e <t < fu(x) + €}
with stalk F'. This is because the sheaf has zero stalk below D_. = {(x,t)|t =
fu(z) — €} and hence for sufficiently small ¢ > € (as in Example [3.2.4)

Fr=mg_(Fan) = Tot(Filp_. = Faulp ) = Falp_.-

In addition, the monodromy of the local system in the region D|_.. bounded by

w(L_¢) and 7(L,) is also determined by .%, since for mp : M x R — M,

yébﬂD[_e,e) - 771741 (fgzcllb1|D_e)|D[_e,e>-

Now we consider a Legendrian isotopy to move 'L} along the positive Reeb direc-
tion. Jin-Treumann showed that |94, Section 3.18] for S > T' > 0 sufficiently large

we have

1
IM x (—o00,T)

Shy (M x R) Shy (M x (—00,T))

—€

Shz (M X R),

—€

—eULeys

and hence one can get a sheaf F' in Shy (M x R) with stalk F' supported in the

region Di_c 1) = {(z,t)|t > fu(x) — €} above D_,, and the monodromy in this
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region determined by %, since

ig‘,|D[7e,+oo) = 7T]\_Jl (ﬁ/|D7€)

D[75,+oo) :

Finally we push forward the sheaf to S h”?},f v (M) via the projection my : M x
R — M. Note that in the fiber of the projection {z} x R (z € U), the sheaf is
Fy>p(z), and 7T$7*(FTZfU(x)) = F. Hence the projection will give a sheaf supported
on U with stalk F. In addition we claim that the monodromy defines the local system
Fu = T % on U because the projection of L onto M via L < T25 (M x R) —
M x R — M coincides with the projection ny, : L — T*M — M which gives the
diffeomorphism L = U.

Hence ®;, ~ W' : Loc(L) — Sh(M) when L = Ly is a standard Lagrangian

brane corresponding to the open subset U C M. O

7.3. Examples and Applications in Lagrangian Cobordisms

We now focus on some concrete examples of Legendrian submanifolds and La-

grangian cobordisms and explain what the Lagrangian cobordism functor on sheaves

will tell us. In particular, we will prove Theorem [7.0.10|

7.3.1. Examples of cobordism functors

We consider the elementary Lagrangian cobordism given by attaching a Lagrangian

k-handle (0 < k < n). The local model of the front projection in R"*! is shown in

Figure [7.5] and
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Figure 7.5. On the left is the front projection of A_, and on the right
is the front projection of A, after attaching a Lagrangian 1-handle
connecting the two cusps along the dashed line, where in the middle
of the tube (the grey slice) there is a unique Reeb chord.
The front projection of Ay gives a stratification on R™*!, such that on each

stratum the sheaf is locally constant. Hence we are able to get a combinatoric model

given by stalks on each stratum and the transition maps given by the microlocal

Morse lemma as in Example [3.1.5] and [3.2.4, We will explain how objects behave

under the cobordism functor.

For the stratification given by Ay, denote by Vi € R"*! the domain whose ,, -
coordinate is bounded by the front projection of Ay and Uy C R™"! the domain
whose x,,1-coordinate is unbounded on each vertical slice {(xy,...,z,)} X R (see
Figure and . For a sheaf in Sh} (R"*1), suppose the stalk in the region V_

is B and the stalk in U_ is A (Figure . Suppose the microstalk of .# is
F ~ Tot(A — B).

Instead of doing concrete computations, we will describe objects under the La-
grangian cobordism functor in three steps by only using a few properties of our

functor:
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- N
Figure 7.6. On the left is the front projection of A_, and on the right

is the front projection of A, after attaching a Lagrangian 2-handle
connecting the S!-family of cusps along the disk.

(1) determine the stalks in U, and V using the fact that the cobordism functor
is identity outside a compact set in R"*! and hence the stalks are preserved;
(2) determine the microlocalization along A, (relative to boundary), which is
a local system with stalk F', using the fact that the Liouville flow fixes the
end A, and hence the cobordism functor preserves the microlocalization;
(3) determine the local system in V. using the fact that B ~ A& F, and hence
the local system with stalk /' on A, determines a local system with stalk
F on V, and a local system with stalk B on V. (relative to boundary at
infinity in R™™1).
The information above will uniquely determine the sheaf.
Before starting to determine the sheaf .#* € Sh} (R™™), we first note that
F~ € Shi (R™') has an image in Sh}  (R™*!) via the cobordism functor iff it can
be lifted into

Shh (R™) X Loeb(A_) Loc®(L).

Since A_ =2 Sk=1 x Dn=*+1 while L = D* x D" *+1_ this is the same as saying that

the microlocalization ma_ (%) can be trivialized over Sk=1,
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Remark 7.3.1. Note that not all complexes of local systems in Loc®(S*) (k > 2)
are trivial. For example for the Hopf fibration = : S® — S?, mkgs is a nontrivial
complex of local system on S%. The reason is that although H*(S*) =0, H*(S*) # 0

and that will give extension classes in Ext!(kgr[l — k], kgr).

Here is how the sheaf .Z* is determined. (1) Firstly, note that away from the
cusps, the Lagrangian cobordism is just a standard embedded cylinder Ay x R, and

hence is fixed by the Liouville flow. The functor
1ShE i pgscror (R U Ag X RUL) = pShlary,wm (R U A x R)

is the identity. This shows that the sheaf should remain the same away from compact
subsets in R™™!. Then one can see explicitly that the stalks of .# ' are determined
by % ~, where the stalk in the region V, must be B and the stalk in U, must be A.

(2) Secondly, note that the complex of local systems m,_ (% ~) on A_ has stalk F.
After gluing with a local system .7, on L, by restriction we can determine a complex
of local systems on A, x {4+00}. Note that the restriction of the local system along
0L = OA4+ x R is determined by the microlocalization on 9A_.

Since Ay x {+oo} is preserved by the negative time Liouville flow ¢% up to a

Reeb translation (due to the change of the primitive f, of L), the functor

wShion. «ksouL(M UA_ X RsgU L)
— /ﬁShﬁmH_oo ©% (MUA_ xRsoUL) (lim ., _pz(MUA_ xR U L))

— /J/Sh’l])WUA+><R>0 (M U A+ X R>O)
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A
\ / ~
A A
B >‘ '< B B
B B
/B y \ /_ \
Figure 7.7. The microlocal sheaf on Sh} (R™*') (left) and Shf  (R™*!)

(right) before and after the Lagrangian 1-handle attachment. Here we
assume Ay C 770 (R™ x R,).

is an equivalence on Ay x {400} induced by the Reeb translation (Theorem [3.3.2)).
Hence the complex of local systems on A} x {+o0} is preserved by the nearby cycle
functor. Therefore, after applying @, the microstalk on A, is still F', where the
microlocal monodromy is still the same as the restriction of the local system £,
onto A,.

Note that the restriction of the local system to boundary £7|oa, g is the pull
back of the given local system mgp_(.%). Therefore, after applying the cobordism
functor we get the microlocalization in the fiber of Loc®(Ay) — Loc’(OA,) at the
point mgp_(F).

(3) Finally, we determine the local system in the region V.. Note that V, is
not contractible relative to boundary at infinity 0V, = S*~! x D" %+ In partic-
ular, globally there could be nontrivial monodromy coming from our choice of the
local monodromy relative to boundary, parametrized by the fiber of Loc®(V,) —

Locb(0V). Because there are transition maps

A—-B— A
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whose composition is a quasi-isomorphism. Without loss of generality, we assume
that it is the identity [148, Corollary 3.18]. Then there is a splitting of chain com-
plexes

B~A@Tot(A— B)~Ad F.

Therefore since the microlocal monodromy along A, has been determined by the
local system on L we chose, so is the monodromy of the sheaf in V. if we identify
F |y, with Ay, @& L]y, , where Ay, is just the constant local system and %y, is a
local system on V, with stalk F' that extends ZL|A+.

In fact topologically (V,,0V,) ~ (L,A_) =~ (D¥ x D=kl Gh=1 x pn=ktl) 1y
considering the projection map L — R?"*! x R — R?"*1 — R+ We claim that
Ly, = Z relative to the boundary OV, = S¥=1x D"+ = A_ meaning that they
live in the same fiber of the restriction functor. Indeed, the restriction of %3, and
2, to Ay should both be £ |4, , but Z; |, extends uniquely to L since the inclusion
Ay < L is just DF x S"F — DF x D"k+1 Therefore .Z|y, ~ % (respectively,
the restriction of Zyy, and £, to Ay = OA_ agree, but Z7|pa, extends uniquely
to OV, so the local systems live in the same fiber).

Now we look at several different k-handle attachments to see what these data are
in specific cases when 0 < k < 2.
7.3.1.1. Lagrangian 1-handle attachment. When k = 1 there are 2 disconnect-
ed strata inside the cusps of A_ (Figure |7.5{ and . The sheaf Z_ € Sh% (R"*1)

can be extended only when the microlocal monodromy along S° x R® C A_ can be
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extended to a local system along D' x R™ C L. This is equivalent to saying that the
microstalks on two components F' ~ F.
Let the stalk in the region V_ bounded by the 2 cusps be B, B’ and let the stalk

outside be A. Then using the splitting of chain complexes

B~A®Tot(A— B )~ A& F~A®Tot(A— B')~ B,

where F' = Tot(A — B) ~ Tot(A — B’) is the microstalk, we know that the
condition implies that B ~ B’. After applying the cobordism functor, the stalk in
V. bounded by the front of A, is B and the stalk outside is A.

There is a choice we need to make for the quasi-isomorphism between all the B’s,
and that is coming from our choice for the local system on L. Different identifications
may give different monodromies along A, relative to the boundary at infinity 0L =
SO x Dm,

Namely, when gluing with a local system on L, we assign an extra quasi-isomorphism
fr bewteen the stalks F' on both components of A_. After applying ®, the mi-
crostalk on A, is still F', where the quasi-isomorphism from F' on the left to F' on

the right is given by fr. Then by the quasi-isomorphism

B~A®F,

the transition map of B from left to right will be given by fp = (ida, fr).
In particular, if the microstalk F' ~ k" (.%_ is pure), then the choices are classified

by GL,.(k). When F ~ k (Z_ is simple), then the choices are classified by k*.
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Remark 7.3.2. One can compare our computation with the computation in |23,
Section 5] for Legendrian links and |26, Section 5.5] for Legendrian surfaces, by
decomposing those cobordisms into a composition of Reidemeister moves and a handle

attachment.

What we described is only the local picture, globally there are different possibil-
ities. Let’s fix F' ~ k (this means .%_ is simple). (1) When the 1-handle L connects

two different components of A_, then
HY(A_; k™) = HY (L; k™).

Consider the moduli space of rank 1 local systems on A (coming from the derived
moduli stacks of local systems) given by Loc;(A) = [H'(A;k*)/H°(A;k*)], and
consider the framed moduli space of rank 1 local systems on a manifold A given by
Lol (A) = H'(A;k*) with framing data, i.e. fixed trivializations of stalks, at each

component. Then
Locy (M) x [k* /k*] = Loe, (L), Locl"(A_) = Locl"(L).

Consider the derived moduli stack of microlocal rank 1 sheaves RM; (AL ). Denote by
M (A+) the classical moduli stacks defined by the 1-rigid locus (the 1-rigid locus of
RM; (A+) consisting objects with no negative self-extensions is always an Artin stack,

but they may not coincide with the derived stack | [147] Section 2.4]. Assuming that

3The flag moduli space considered in [261[157] is, strictly speaking, slightly different as they do not
remember the trivial k*-action by only taking quotients of flags by PGL, (k) instead of GL, (k).
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these classical moduli stacks coincide with the derived stacks, we have an embedding
Mi(AZ) x KX /k*] = Mi(AZ) Xpoe a_y Loci (L) = My(Ag).

Consider MY (A ) the classical moduli stacks defined by the 1-rigid locus with fram-

ing data at each component of Ay. Then we have an embedding
MIA) = MIA) X prin ey Locl (Lik%) > MI(AL).

(2) When the 1-handle L is attached on one component of A_, then the moduli

spaces of rank 1 local systems satisfy
HY(A_; k™) x k* = HY(L; k).
Therefore, for the moduli spaces of rank 1 local systems we know that
Loci(A_) x [k* /k*] = Locy (L), Lol (A_) x kK* = Locl"(L).

Hence assuming that the classical moduli stacks of microlocal rank 1 sheaves M (AL)

coincide with the derived stacks, we have an embedding

My(AZ) x [K* /K] = My (AZ) X poera_y Loer (L) = My (AL).

The moduli spaces they consider are equal to M (A) considered here after further taking quotients
by the trivial k*-action.
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For the moduli stacks of microlocal rank 1 sheaves with framing data at each com-

ponent M{T(Ai), we have an embedding
MIT(AZ) XK= MY (M) X pirn gy Lo (LK) = MT(AL).

Remark 7.3.3. In [78] the authors considered augmentation varieties for Legen-
drian links of positive n-braid closures, and for any such 2 Legendrian links connected

by a 1-handle cobordism they showed that
Aug(A_) x k* — Aug(A,).

That is because when considering Aug(A) they always fix n marked points and do
not change the number of marked points when the number of components increas-
es/decreases. This should be thought of as equivalent to the moduli space of microlo-
cal rank 1 sheaves together with framing data at n base points 147, Section 2.4] or

equivalently trivialization data of microstalks at n base points.

7.3.1.2. Lagrangian 2-handle attachment. When k = 2, the sheaf #_ € Sh} (R"!)
can be extended only when the microlocal monodromy along S* x R*™! € A_ can
be extended to a local system along D? x R"™! C L. As C*(D?*k) = k, this is
equivalent to saying that the microlocal monodromy is trivial along S x R*~! C A_.

As in the case k = 1, there is a choice we need to take into consideration which
is the contracting homotopy from the local system on S! to the trivial one, and

the choice of the contracting homotopy will give different (higher) monodromies
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relative to the boundary at infinity L = S' x D"!. Consider a triangulation of
D? = A% Then this gives a stratification D?. The 1-dimensional strata gives us

quasi-isomorphisms
f01IF—>F, flgiF—>F, foziF-}F.

For the 2-dimensional stratum, we need to assign an extra chain homotopy Hy;o from

f02 to f12 ¢} fOl; i.e. H012 F— F[—l] such that

Hy126p — dpHo12 = fo2 — fi2 © for-

The (higher) monodromy along A, is preserved by the functor ®; and hence

determines the microlocal monodromy of .%, along A, . Using the quasi-isomorphism
B~A&F,

the monodromy data of F' determines the monodromy data of the stalk B in .%,.
When F ~ k" (the sheaf is pure), then the contracting homotopy data is trivial,
and hence any such sheaf with trivial monodromy in Sh (M) extends uniquely to
a sheaf in Shi, (M).
Suppose the classical moduli stacks of microlocal rank r sheaves M,.(A+) coincide
with the derived stacks (with fixed framing data at a point). For [§] € m(A_), let
MY (A_) be the substack consisting of sheaves with trivial microlocal monodromy

along . Then for L a Lagrangian 2-handle cobordism attached along 3, we have an
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embedding of algebraic stacks

MI(AL) = M, (As).

T

For the moduli stacks of microlocal rank r sheaves with framing data at each com-
ponent, we get a similar embedding.

7.3.1.3. Lagrangian k-handle attachment (k > 3). When k& > 3, we need
to choose higher homotopy data to ensure that the monodromy of the complex of
local systems along the attaching sphere S*~! x D"=%*! ¢ A_ can be extended to
D* x D"=**1 ¢ L. The monodromy along A, is preserved by the functor ®; and

hence determines the monodromy of .%, along A, . Using the quasi-isomorphism
B~A&F,

the (higher) monodromy data of F' determines the (higher) monodromy data of B
in Z,.

However, in the special case when F' ~ k", there will be no nontrivial higher
homotopy data, and since the attaching sphere is changed from S* to S*~! (k > 3),
we know that any local system is trivial, so any such pure sheaf in Sh (M) extends
uniquely to a pure sheaf in S hﬁ+(M ).

Suppose the classical moduli stacks of microlocal rank r sheaves M,.(A1) coincide

with the derived stacks (with fixed framing data at a point). Then for L a Lagrangian
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k-handle cobordism (k > 3), we have an embedding of algebraic stacks
MT(A—) — MT(A-i-)-

For the moduli stacks of microlocal rank r sheaves with framing data at each com-

ponent, we get a similar embedding.

7.3.2. Applications to Legendrian surfaces

In this section we use the computation of the number of microlocal rank 1 sheaves
to prove the results Theorem [7.0.10} We will frequently refer to [157] and [26] for
the theory of Legendrian weaves (which are certain type of Legendrian surfaces) and
their moduli space of microlocal rank 1 sheaves.

First, we recall that the correspondence between the front projection of Legen-
drian weaves and their planar graphs are illustrated in Figure ??. The combinatoric

constructions of Lagrangian handle attachments for Legendrian weaves are illustrated

in Figure 7.8 and proved in [26, Theorem 4.10].

PRrROOF OF THEOREM [7.0.10l (1) We start from A, ;. Consider the local picture
near a degree 3 vertex of the graph. Consider a Lagrangian 1-handle cobordism in the
shadowed region (Figure left). This will give a cobordism from A,y to Agiq .
Then consider a Lagrangian 2-handle cobordism in the shadowed region (Figure
middle). This gives a cobordism from Agyq; to Ayy. For general Ay, Ay, the

cobordism can be constructed by concatenation.
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> <

Figure 7.8. The graph on the left is a Lagrangian 1-handle attachment
in Legendrian weaves; in the middle is a Lagrangian 2-handle attach-
ment in Legendrian weaves; on the right is a Legendrian connected
sum cobordism. A, are on the top while A_ are on the bottom.

| - > o

Figure 7.9. Taking connected sum with Acpg (left) and with Aypknot
(right). The cobordisms are from left to rlght in each picture. The
labelling 0, 1, 0o, z is a kP! coloring (so that regions sharing a common
edge have different colors), which determines a microlocal rank 1 sheaf.

(2) This is essentially proved by Dimitroglou Rizell [43]. First of all, notice that
Ay admits an exact Lagrangian filling by taking a sequence of Lagrangian 1-handle
cobordisms (Figure . Next, we claim that for any & > 1, Ay does not admit
exact Lagrangian fillings. Assuming the claim, then clearly there cannot be exact

Lagrangian cobordisms from Ay to Ay .
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) )mO— )~

Figure 7.10. The cobordism from A,x to Ayr1x to Ayx (from left to
right). The grey regions are the places where we attach Lagrangian

handles.

o @995

Figure 7.11. The Lagrangian filling of the Legendrian surface Ay by
Lagrangian 1-handle cobordisms in all the shadowed regions and finally
fill the unknot on the left by a Lagrangian disk.

We now prove the claim using sheaves. One way is to apply [157, Theorem 1.3].
An alternative approach is the following [26, Theorem 5.12]. In the cases we are

considering here, we know that
Mi(A) = [MT(A) /K],

and hence the flag moduli spaces in [26[[157] are identified with the framed moduli
space of sheaves with framing data at a single point. When k > 1, one can consider
locally a triangle in the graph. A microlocal rank 1 sheaf is characterized by a kP!

colorings of regions (such that any regions sharing a common edge have different
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O—0O

Figure 7.12. A Lagrangian 2-handle cobordism from Agz joese (right) to
AChff (left)

colors). Without loss of generality, one can assume that outside the triangle, the 3
regions are colored by 0,1 and oo (Figure . Then the possible choices for colors

in the triangle region are k*\{1}, i.e.
MY (Mg ) = MY (Age-1) x (K\{1}).

When k = Z/2Z, then there are no available choices and hence there are no microlocal
rank 1 sheaves with Z/2Z-coefficients on Ay ;. Hence there cannot be any Lagrangian
fillings. The claim is proved.

(3) First we should note that as explained in |26, Example 4.26] there is a
Lagrangian cobordism L, from Acug to a loose Legendrian 2-sphere Agzoose by
a Lagrangian 2-handle attachment (Figure , where the fact that Ag2jese is
loose follows from [26, Proposition 4.24]. Hence there is a Lagrangian cobordis-
m from Agp = Ag1p—1#Acug to a genus g — 1 surface Ay_1 17 A2 100se, and

Ag—1 k—1#Ns2 1o0se 15 also loose.
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We now apply |66, Theorem 2.2]ﬁ First we need to construct a formal Lagrangian
cobordism, that is, a smooth cobordism ¢ : Ly < RS from Ay p—1#As2 100se 10 Ag p,
and a family of bundle maps ¥, : TL; — TR|, such that ¥y = di), ¥, = di) near
positive and negative ends, and ¥, is a Lagrangian bundle map.

Note that A, and A, ,_; are formally Legendrian isotopic for any £ > 1, k" > 0.
This means that there is a smooth isotopy ¥} : Ay — R> ¢ € I, together with a
family of bundle maps W, ,, s,t € I, such that V| ; = dyy, ¥, = dyy, Vi, = diy,
and W), are Lagrangian bundle maps into the contact distribution. Given a formal
Legendrian isotopy, we can consider a smooth cobordism L = A x I from Ay to Ay
being

Vi L= R x I, (e, t) = (¥(x),1),

and a family of bundle maps ¥, : TL — T(R® x I)|;, such that ¥y = dip and ¥, is a

Lagrangian bundle map by considering the homotopy such that
\Ijs|TAt = \Ifsyt, \Ijs|(8/6t> = (1 — S)dw(a/at) =+ 38/87".

Therefore, we can get a formal Lagrangian concordance from Ay ;i to Ayp. By
part (1) we know that there is a genuine Lagrangian cobordism from A,y o to Ag 1.
Thus by concatenation, we will get a formal Lagrangian cobordism (L;, %, ¥y) from

Ag—1 p—17# N2 1o0se t0 Ag iy, and in fact

Hl (Ll) 1> Hl (Ag—Lk—l#ASQ,loose)'

4The author thanks Emmy Murphy for pointing out that the Lagrangian cap construction helps
build cobordisms in this setting.
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Then by |66, Theorem 2.2] there is a Lagrangian cobordism Ly from Ay ;1 #A g2 100se

to Ay such that
HI(LI) :> Hl (Ag—l,k—l#ASQ,loose> - k29_2‘

Taking the concatenation of Ly and L;, we will get a Lagrangian cobordism such
that

dim coker(H' (Lo U Ly) — H'(Ay1)) = 2.

(4) We show that there cannot be Lagrangian cobordisms L with vanishing
Maslov class from A,y to Ay for k& < k' such that H'(L) — H'(A,y). Indeed
consider a degree 3 vertex in the graph of A, ;. Taking connected sum with Acyig
and Aunknot Will give Ay and Ay j_;. As explained in Part (2), a microlocal rank 1
sheaf is characterized by the number kP! colorings of the graph (Figure . The

possible choices for colors in the triangle region are k*\ {1},
MY (Ng) = MY (Agorpmn) x (K\{1}).

On the other hand, for A, ;_1, assume the upper half region and lower half region are
colored 0, 00 (Figure . Then the possible choices for colors in the bi-gon region
are k™ i.e.

M{T(Ag,k—ﬁ - M{T<Ag—17k—1) x k™.

In particular, MY (Ay ) (Fy)| < |IMT(Ayx_1)(F,)|, and by induction | M (A )(F,)| <
M (Ag) (F) -
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When H'(L) — H'(A, ) is surjective, in the fiber product

M{T(Ag,k%) X HY(Agkik*) HI(L5kX) - M{T(Ag,k)

| |-

HY(L; k) - HY(Ag s k),

the horizontal map r at the bottom is a projection map, and hence so is 7 (in fact the

vertical map on the right P is called the period map in [157, Section 4.7]). Therefore
[(MT(Ng) Xaria, gy H (LK) (F)| = [MT (Mg ) (Fy)| > [MT (Mg ) (Fy)].

However, a fully faithful Lagrangian cobordism functor ®; should induce an embed-

ding
M{T(A%k) XHl(Ag’k;]kX) Hl(L, kx) — M{T(A%k/).
That is a contradiction. O

Remark 7.3.4. For the Lagrangian cobordism from Ay to Ngi1x and to Ay,
one can see (in Figure that the ascending manifold of Lagrangian 1-handle
and the descending manifold of the Lagrangian 2-handle have geometric intersection
number 1. Since these Lagrangians are reqular [62], one can cancel the pair of critical

points so that the Lagrangian is Hamiltonian isotopic to a cylinder.
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7.4. Lagrangian Cobordism Functor as Correspondence

When Ay C T35 (M x R), we have obtained two approaches of constructing
Lagrangian cobordism functors. One is by composing the (conditional) sheaf quan-

tization functor on L with the restriction functor to the positive end explained in

Section
v it
Sha (M x R)g Xusn, pShr —= Shz(M x R x Ryg)g — Sha, (M x R)g.
The other is given by the functorial specialization functor of Nadler-Shende [124]
Sha (M x R) X5, puShy, ~% Sha, (M x R).

In this section, we prove Theorem [7.0.9] which will imply that they are identical.
Indeed, since by Theorem [4.0.9, Wy, is the right inverse of (i=',m7) the fiber product
of restriction to the negative end and microlocalization along the cobordism, once

we prove that ®7 o (iZ',m;) =4}, this will indicate that

it oW, =®p0 (it ,mz) oV, = ;.

7.4.1. Construction of a suspension Lagrangian cobordism

We note that in the statement of Theorem [7.0.9, the Lagrangian cobordism functor
of Nadler-Shende is defined by attaching to the negative end the Lagrangian L along
the radius (vertical) direction, while the conical Lagrangian cobordism is defined by

connecting by the Legendrian L along the base (horizontal) direction. In order to
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investigate the relation between the two pictures we have to consider both directions
(and connect them in a geometric way).
Our goal in this section is thus to define a suspension exact Lagrangian cobordism

YL C T*(M x (1,400) x Ryg) that is diffecomorphic to L x R, such that

(1) the symplectic reduction of the suspension to XLy C T*(M x Ryg) x {s_}
is the exact Lagrangian cobordism L;

(2) the symplectic reduction of the suspension to XL, C T*(M x Rsq) % {s4}
is the trivial Lagrangian cobordism A x Ry;

(3) the suspension XL C T*(M x (1,+00) x R5p) is an exact Lagrangian cobor-

dism between the Legendrian lifts from L to A, x (1, +00).

Here we view the Lagrangian cobordisms L and A, x (1,+00) as in a subdomain in
the the symplectization J'(M) x (1,+00) = T*(M x (1,+00)). This will simplify
some of the formulas in the discussion.

First, consider the trivial exact Lagrangian cobordism L x Roy € T*(M X

(1,+00) x Rsg) of the Legendrian lift L C JX(M x (1,400)), i.c.
L x Ry = {(x,s,r;srf,rt,st+w)|(:p, s;8€,t; st +w) € Z}
Then, a natural approach is to define a diffeomorphism

Qb : (17+OO) X IR>0 = (1,+OO) X R>0
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S+7‘+ B

sils+r+_
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Tk J ||

—1 ks
S_ T4 .
i o o
s
s:1r+
0 — 0
1 s_— s,ls+ S S 1 S

Figure 7.13. The diffeomorphism ¢ on a subdomain of (1,+o00) X
(0, +00). The grey region represents where the Lagrangian cobordism
L C T*(M x (1,400)) is not cylindrical. The pink regions are where
Condition (1) & (2) are satisfied. The two blue lines are the preimage
of ¢~ ({s} x (0,+00)) for s < s_ and s > s,. The two yellow regions
are the regions in ¢~ !((1,s_) x (0,+00)) that are not controlled by
Condition (3).

that sends the negative end (1,400) x {0} to (1,+00) x {0}, sends the positive end
(1,400) x {400} to {1} x Ry, sends {1} x Ry to {(1,0)} and sends {+o00} x Ry

to {+00} X Rug UR-g X {+00}, which will extend to an exact symplectomorphism

@ :T*(M x (1,400) x Rog) = T*(M x (1,4+00) x Ryg).

However, there is some technical difficulties to define the suspension cobordism using
the diffeomorphism defined globally on (1, 4+00) X R, and instead we will consider
only a certain subdomain.

Fix s_ > 1 and r_ > 0 sufficiently small, and respectively s, > 1 and r, > 0

sufficiently large. Suppose the Lagrangian cobordism L is conical outside T%(M X
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(s_,s4)). Consider the diffecomorphism from a subdomain on the plane to the plane
¢:(1,400) x Rog \ (1,54] X [ry, +00) = (1,400) x R that satisfies the following

conditions:

(1) ¢(s,7) = (s,7) for s > 1 and r < r_ sufficiently small;
(2) ¢(s,7) = (si's,s,7) for s > s, and r > r, sufficiently large;
(3) #(s,7) = (s,7) for 1 < s < s_ sufficiently small and r < s-'r,, ¢(s,7) =

(ryr~t, s”'rys) for s_ < s < sy and s_'ry <71 <71y,

See Figure [7.13] This induces a symplectomorphism (partially defined on the sub-

domain)
Y T*(M X ((1,400) x Rug \ (1, 54] X [T+,+oo))) = T*(M X (1, 400) X R>0).

Using the (partially defined) symplectomorphism, we define the suspension Lagrangian

cobordism as follows.

Definition 7.4.1. Let L C T*(M x (1,+00)) be an exact Lagrangian cobordism
between Legendrians. Then the suspension Lagrangian XL s the exact Lagrangian

submanifold o(L x Rsq) C T*(M x (1,400) X Rsg).

Remark 7.4.1. We explain the reason why the construction is more complicated
than one may imagine. In fact, the Lagrangian L x R-¢ is conical with respect to
the r-direction. In particular, the Liouville flow along the r-direction determines the

positive/convex end (1, +00) X (14, +00) and negative/concave end (1,400) x (0,7_).
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Then we need to deform (1,400) X Ry in a way so that the Liouville flow
changes and the new positive/convexr end becomes (s, +00) X (1, +00) while the neg-
ative/concave end stays the same. Moreover, after the deformation the Lagrangian
L x R<o should stay conical with respect to the r-direction, in order for it to be a
Lagrangian cobordism.

Therefore, it is in fact natural to come up with this complicated diffeomorphism,
where Condition (1) € (2) ensure that the Lagrangian stay conical and the positive
and negative end are exactly what we need. The reason to cut off the top left corner
(1,54] X [r4,+00) is to make sure that the conical condition is not violated on the
top left corner after deformation (so that we only need to move (s4,+00) X (ry, +00)
horizontally along the s-direction without extra uncontrolled deformation).

This discussion also explains why we do not try to define XL as both a cobordism
from bottom to top and a cobordism from left to right, but rather only require that
the behaviour of its symplectic reduction on the left and right slices. It seems that
requiring the Lagrangian XL to be tangent to both the horizontal and the vertical

Liouwille flow would make it too difficult to construct.

Consider the suspension Lagrangian Y.L and its positive/negative ends with
respect to the R.g direction. Suppose L x Rsp N T*(M x (1,00) x (0,7_)) =
{(z,s,7; 7€, rt, st + w)|(z, s; s, t; st +w) € Z} With the assumption that ¢(s,r) =

(s,r) for r < r_ (which is the bottom pink region in Figure , we know that the
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induced symplectomorphism on this region is the identity,
SLNTHM x (1,00) x (0,72)) = {(=, s, 75 sr&, v, st + w)|(z, s; 5, t; st + w) € Z}

With the assumption that ¢(s,r) = (s;'s, s r) for s > s and r > r, (which is the
top pink region in Figure , we know that the induced symplectomorphism sends
(z,5,7:€,0,p) to (z,s7's, s,7; €, 540,57 p), which, after coordinate changes, implies

that
SLNTH(M x (1,00) X (s474,00)) = {(z,s,7;57€, 7, 5t)|(2,€,¢) € Ay}

Hence we can conclude the following lemma:

Lemma 7.4.1. Let L C T*(M x R.q) be a conical Legendrian cobordism from
A_toAy. Then XL C T*(M x (1,00) x Rsq) is an exact Lagrangian cobordism from

the Legendrian lift L to the trivial Legendrian cone A, x (1,00).

Then consider the symplectic reduction of XL along the hypersurface T*M x

T*(1,400) x T*R+yg, i.e.
SL, = my(SLATM x T*(1, +00) x T*Rsg) € T*M x T*Roy

(which are the blue lines in Figure [7.13]).
First, consider the slice T7*M x {s} x T*R.( for 1 < s < s_ sufficiently small.

On T*M x {s} x T*(0,s~*r,), we know that the symplectomorphism is induced by
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o(s,r) = (s,r), so
SL,NT*M x T*(0,s"'ry) = A_ x (0,5~ 'ry);

on T*M x {s} x T*(syry,+00), we know that the symplectomorphism is induced by

¢(s,7) = (s1's,s,7), so since the first coordinate s3's is fixed
YL,NT*M X T*(syry,+00) = Ay X (s474,+00);

on T*M x {s} xT*(s_r,,s_'s,r,), we know that the symplectomorphism is induced

by ¢(s,r) = (ryr—1,rys), so since the first coordinate r 7! is fixed
SL,NT*M x T*(s_ry, s 'syry) = LOT*(M x (s_ry,s " s 1y)).

Finally, consider S L, N T*M x T*(s_'r,,s_r,) (which is the left/bottom yellow
region in Figure [7.13]). Suppose that v;(0) = ¢~'(s,0). Consider the isotopy from
the curve 7; to the line segment 7, connecting (s,s_'r) and (s_,s~'r;'). We use

the following lemma (see for example [114], Section 3.3)):

Lemma 7.4.2. Let X be an exact symplectic manifold. Let C,, 0 < u < 1
be a smooth family of coisotropic submanifolds in X and %, = ker(wx|rc,) be the

characteristic foliation on TC,. Then there is a family of exact symplectomorphisms

Py - Co/ﬁ() 1) Cu/ﬁu
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Moreover, let L C X be an exact Lagrangian. Suppose that L h Cy, for any 0 < u < 1.

Let L, = m,(LNC,) C C,/F, be the symplectic reduction. Then

Proof. Using the isotopy extension theorem, there is a family of exact symplecto-
morphisms ¢, : X — X such that ¢,(Cy) = C,. Properties of symplectomorphisms
then ensure that it preserves characteristic foliations ¢, (%)) = %,. Then we obtain
the first part of the claim.

For the second part of the claim, note that L t ¢, (Cp) if and only if ¢, (L) th Cy.

Since

LN pu(Co) = pule, (L) N Co),

we can conclude that m(p; (L) N Cp) are exact Lagrangian isotopic and thus are

Hamiltonian isotopic. O

Since L x Rog NT*(M x (1,5_) x (s='r4,r,)) is the trivial suspension of the

Legendrian cone A_ x (1,5_) x (s_'r,,r,), where
A x (1,400) x Rog = {(z, 8,75 87, 1t, st)|(x, &, t) € A_}.

Thus L x Rog M T*M x T: ((1,5-) x (s-'ry,ry)) for any 0 < uw < 1. Using
Lemma , we know that the symplectic reduction of L x R along T*M x
T2 ((1,5-) x (s”'ry, s_ry)), is Hamiltonian isotopic to the reduction along T*M x

T3 ((1,5-) x (s='ry,5.7r,)). We can easily tell that the symplectic reduction along
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T"M x T3 ((1,5-) x (s~'r,,s_r,)) is the trivial Legendrian cone, i.e.
SLoNT*M x T (s~ 'ry,s_ry) 2 A x (s7'ry, s_ry).

Similarly, we consider XL, N T*M x T*(s"*s,r,,s,ry) (which is the right/top
yellow region in Figure [7.13). Let v1(f) = ¢~ '(s,0). We can connect v; to the
line segment 7o. Since L x Rog N T*(M x (s”'sy,s_sy) x (sZ'ry,ry)) is the trivial
suspension of the Legendrian cone Ay x (s”'s;,s_54) x (s”'r,,r,), we can apply

Lemma again. Therefore, we can conclude the following lemma:

Lemma 7.4.3. Let L C T*(M x (1,+00)) be an exact Lagrangian cobordism
from A_ to Ay. Then for 1 < s < s_ sufficiently small, the symplectic reduction
YLy C T*(M x {s} x Rsg) is Hamiltonian isotopic to the Lagrangian cobordism

L C T*(M x Rsq) under a compactly supported Hamiltonian isotopy.

Then, consider the slice T*M x {s} x T*R.q for s > s, sufficiently large. Let
71(0) = ¢7(s,6). Since L x RogNT*(M X (s4, +00) X Rsg) is the trivial suspension
of the Legendrian cone A} X (sy,+00) X Ry, we can apply Lemma for the
deformation induced by the isotopy from 7; to the line segment v,. We can easily
tell that the symplectic reduction along T M x T~ ((s4, +00) X (r_, 1)) is the trivial

Legendrian cone, i.e.
YL,NT (M x (r_,ry)) 2 Ay x (r_,ry).

Therefore, we can conclude the following lemma:
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Lemma 7.4.4. Let L C T*(M x (1,+00)) be an exact Lagrangian cobordism
from A_ to Ay. Then for s > sy sufficiently large, the symplectic reduction XLy C
T*(M x {s} x Rsg) is Hamiltonian isotopic to the trivial Lagrangian cobordism Ay X

Rog C T*(M x Rsg) under a compactly supported Hamiltonian isotopy.

7.4.2. Comparison between the two constructions

Given the suspension exact Lagrangian cobordism XL C T%(M x (1,400) x Rxq)

from L to A, x R+, we will prove the following commutative diagram of sheaves of

categories
izt irt
UShpUA_xRso) X puShy WShr < MSh(MxR>O)U(sz>O) Xushy, WShsr = pWSharoa, xRso)
¢)L l q:'EL L q>A+><]R>O l
izt iyt
S haro(a, xR0) ST (MR )AL xB2,) S TAT(A 4 xR 50)

where @, wr., ~ id, and =% and j;l are (obvious) equivalences with composition

being the identity. Hence the diagram simplifies to

=1
J_
IS T R ) O(ExRag) XSk, WO hsL —— HShMUA_xRoo) Xushy HSPL

— |

+
MShMU(A+ xRs0)
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Using the fact that the cobordism L to A, x R, diffeomorphic to L x R and the

negative end is equal to Z, we have a canonical identification of categories

HSP(p R ) U(ExRa) X uShe HSTmL = SRR )R-

1

Therefore, we will show that j~' ~ (i~ ,m7) and jit ~i37', and hence complete the

proof of Theorem [7.0.9

Lemma 7.4.5. Let L be an exact Lagrangian cobordism from A_ to A, and 3L

the suspension exact Lagrangian cobordism. There is a commutative diagram

~_1 ~_1
J— Iy

IS A xRo0) Xpsha WShL = WSh(y g U(ExRa) Xushy BOhsL > WSharua, xR

@L l @z;L L q>A+><]R>0 l
.—1 -—1

J_ I+
S hAU(A xRo) ISP (AR 0)U(A 4 xR2,)

:uShMU(A+ xR>0)»

Proof. Recall from Section the construction of the Lagrangian cobordism

functor. Fix a contact embedding T*(M x R.g) < T**°N. Write
N x {0} 5 N x [0,1] < N(0,1]

and let ¢CZ, 0 < ¢ <1 is the contact Hamiltonian flow that lifts the Liouville flow on
T*(M x R). For Z € puShyuaxrso) Xushy #Shr, the image under the Lagrangian

cobordism functor ®;, is defined by

OL(F)av =i G (V2(F )an),
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Then consider % & ,uSh(MX]Rw)U(Zwa) X ushy, WShsr. Write
NXR>0X{O}i>NXR>OX 0, 1] ngwa (0,1]

and let gzﬁCZ, 0 < ¢ < 1is the contact Hamiltonian flow that lifts the pull back Liouville

flow on T*(M x R x R.(). We apply Proposition and Remark and get

O P )an = i (V22 P am) =i 5. (2 U (F )am)

_1=—1=

=i (Y (P am) = 521 G (VP )aw) = 52 (T ) ant

This prove the commutativity for the square on the left. Using the same argument,

we have commutativity for the square on the right. ]

In the next lemma, we explain why there is an identification j;l ~ z'jrl.

Lemma 7.4.6. Let L be an exact Lagrangian cobordism from A_ to Ay and XL

the suspension exact Lagrangian cobordism. There is a commutative diagram

“Sh(MXR>0)U(Z><R>O) X uShy, ,UShEL

\

2 i IS hAU(A L xRs)-

R

i1
luSh(Mx]R>O)U(f><]R>0) i
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Proof. Using the property that the symplectic reduction L, = A, X Ry, there

is a commutative diagram

ISR R u(ExRse) — WOIL

1 -—1 —1

MShMU(A+XR>O) — ILLShA+ <~ MShA+XR>()

The restriction j;l is the restriction functor on the homotopy pull back which com-

mutes with the above diagram

j;l : /“LSh(MXR>0)u(Z><R>0) X uShy, ,uSth — /vLShMU(A+><R>O) XHShmr ,U,ShA+><R>O.

However, since XL is diffeomorphic to L x R, the restriction is an equivalence
uShsy, = wShy. Thus there are equivalences of the homotopy pull back given

by natural restriction functors

HSP(p R ) U(ExRo) X uShe HSsL ——= ISR 1r. )0 (E xRo)

it l j iy’

MShMU(A+><R>0) xuShA+ //LShA+XR>() - uShMU(A+XR>O)'

Therefore, the diagram in the statement commutes by the commutativity of the

restriction functors. O

In the final lemma, we explain why there is an identification between j~! and

(i:l,mz).
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Lemma 7.4.7. Let L be an exact Lagrangian cobordism from A_ to A, and 3L

the suspension exact Lagrangian cobordism. There is a commutative diagram

MSh(MXR>0)U(Z><R>O) X ush, WShsr

l - UShpUA_ xRso) X pShy HShL.
/

il m~
,uSh(MXR>0)U(Z><R>O) (i mz)

Proof. Using the property that the symplectic reduction XL, = L, there is a

commutative diagram

mg

MSh(MXR>o)U(ZxR>o) — uShy =—— pShyy

= e

uShyua_ xrsg) —— Sha_ <—— uShy,

The restriction j~! is the restriction functor on the homotopy pull back which com-

mutes with the above diagram

3:1 : IUSh(MxR>0)U(E><R>O) Xpushy, WL = WShau(A_xRs0) Xpshy_ WS-
However, since XL is diffeomorphic to L x R, the restriction is an equivalence
uShsr = wShr, and the composition determined by the trivial cobordism is the
identity uShy <~ pShyr — uShy. Therefore, the composition is the microlocaliza-
tion my

'uSh(MxR>0)U(E><]R>O) _—L_> ILLShL & ,UShEL — pJShL
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Therefore, the diagram in the statement commutes by the equivalence of the homo-

topy pull back

MSh(MXR>0)U(Z><R>0) = XuShLMShZL

given by natural restriction functor and commutativity of all the restriction functors.

U

Combining Lemma [7.4.5] [7.4.6] and [7.4.7], we can conclude Theorem [7.0.9] which,

by the discussion at the beginning of this section, implies that the Lagrangian cobor-
dism functor obtained by the specialization functor over Lagrangian skeleta in Section
[7.2) and the functor obtained by the conditional sheaf quantization functor on the

Legendrian cobordism in Section [£.4] agree with each other.
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